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The irreversible statistical mechanics of incompressible hydro- 
magnetic turbulence driven by external forces is treated by 
methods which do not require that the system be close to a state 
of detailed balance. The equations of motion are expressed in 
terms of linearly independent modes formed from the wave-vector 
components of velocity and magnetic fields, and the nonlinear 
interaction is exhibited as the sum of individually conservative 
three-mode interactions. A fundamental statistical equation is 
constructed giving necessary and sufficient conditions for all 
members of a distribution of time-functions to satisfy the equations 
of motion; it involves only second-, third-, and fourth-order 
distribution moments. A variational criterion is proposed for 
specifying a distribution consistent with the fundamental equa- 
tion under physically appropriate constraints. It leads to a com- 
plete formal solution of the statistical problem. This solution is 
not exploited. Instead, two statistical hypotheses based on the 
assumption of high mode density are advanced. With their aid, 
each three-mode interaction is treated as a small perturbation on 
the motion due to all the three-mode interactions and the external 
forces. The moments in the fundamental equation for the station- 


ary case thereby are expressed in terms of the diagonal elements of 
the time-covariance matrix and distribution-averaged infinitesi- 
mal-impulse-response matrix of the system. Closed equations are 
obtained which fix these matrix elements in terms of the covariance 
matrix of the external forces. If the statistical hypothesesare sound, 
this provides a theory of unbounded turbulence (infinite mode 
density) driven by Gaussian-distributed homogeneous forces which 
is exact at all Reynolds numbers based on rms velocity and the 
macroscale determined by the driving forces. The general theory 
is specialized to obtain integro-differential equations determining 
the covariance scalars and modal impulse-response functions for 
stationary, isotropic hydromagnetic turbulence. In the nonmag- 
netic case, the asymptotic inertial-range solution yields the wave- 
number spectrum E(k) = 2mc(ev9)4k-! and the modal time-autocor- 
relation function J;(2v9kr)/(vokr), where 0 is the rms velocity in 
any direction, ¢ is the mean rate of energy-cascade/unit-mass, and 
c is a universal number fixed by the theory. This contradicts the 
Kolmogorov similarity hypotheses; independent arguments are 
advanced against the latter. 





1, INTRODUCTION 


HE turbulence problem is of considerable interest 

from the standpoint of both irreversible statistical 
mechanics and nonlinear field theory. A Gibbsian 
statistical mechanics of turbulence may be developed 
by taking the real and imaginary parts of the wave- 
vector components of the velocity field as phase-space 
coordinates analogous to the canonical variables of 
Hamiltonian systems.’ There are crucial differences, 
however, between this system and those for which 
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and 1957 Annual Meetings of the American Physical Society 
[Bull. Am. Phys. Soc. Ser. IT, 1, 341 (1956); 2, 45 (1957)]. 
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classical statistical mechanics has been most successful, 
as may be illustrated by comparison with a dilute 
gas of hard spheres. 

In such a gas, the particles are noninteracting 
most of the time, and the interaction can be well 
described in terms of transition probabilities due to 
two-particle collisions which represent a small time- 
averaged perturbation to the Hamiltonian of the 
uncoupled particles. In the turbulent fluid, the motion 
of a typical Fourier mode is strongly dependent on 
simultaneous and continuous interaction with many 
other modes and the effects of interaction cannot be 
lumped into collision terms. 

We must also note that in turbulence the mean 
energy of the individual Fourier modes typically 
depends strongly on wave number and varies markedly 
among modes which interact significantly. In this 
respect, the system is analogous to a gas of particles 
in which the temperature changes by its own order of 
magnitude within a mean free path. Methods of 
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irreversible statistical mechanics dependent on small 
departure from detailed balance cannot be used to 
describe the transport of energy across the wave-number 
spectrum. 

The turbulence problem also may be formulated 
directly in terms of the moments of the velocity 
distribution.‘ Of particular interest is the velocity 
space-time covariance, which determines the spectral 
distribution of kinetic energy in frequency and wave 
vector. Equations of motion for various moments 
readily are obtained, but as a consequence of the 
nonlinearity of the Navier-Stokes equation the equa- 
tions of motion for second-order moments contain 
third-order moments, those for the third-order moments 
contain fourth-order moments, and so forth, leading 
to an infinite sequence of equations involving moments 
of indefinitely high order. This situation, which provides 
a central difficulty in turbulence theory, suggests that 
the Navier-Stokes equation in itself does not provide a 
complete definition of the problem. 

It is well known that for the stationary state of a 
Hamiltonian system with many degrees of freedom 
the specification of mean energy leaves the higher 
distribution moments highly undetermined, since the 
Gibbs ensemble may be an essentially arbitrary function 
of the many constants of motion. An additional 
principle must be invoked to fix the physically approp- 
riate distribution. If dissipation and driving forces 
are introduced, the ambiguity persists unless the full 
statistical distribution of the driving forces is specified. 
It seems clear by analogy that the statistics of the 
turbulence problem cannot be made determinate 
unless the equations of motion are augmented by 
additional conditions on the distribution. The equations 
of motion alone fix all the solutions but do not choose a 
distribution from among them. 


2. DESCRIPTION OF THE PRESENT APPROACH 


The present treatment is based on a probability 
measure in a space of time-functions, thereby differing 
from the Gibbs statistical mechanics which treats the 
evolution of an ensemble of instantaneous values; 
the latter appears not to provide a full statistical 
description of turbulence driven by external forces 
(Sec. 4.1). The Liouville equation is replaced by a 
fundamental statistical equation which contains (in 
the present problem) only second-, third-, and fourth- 
order moments but expresses necessary and swfficient 
conditions for all the time-functions in a distribution 
to satisfy the equations of motion (Sec. 4.2). This 
exhibits clearly the indetermination of the statistical 
distribution by the equations of motion alone. The 
variational criterion which yields the Maxwell-Boltz- 
mann distribution in the Gibbs statistical mechanics 

‘G. I. Taylor, Proc. Roy. Soc. (London) A151, 421 (1935); 
164, 15 (1938). 


°G. K. Batchelor, Theory of Homogeneous Turbulence (Cam- 
bridge University Press, New York, 1953). 
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is examined in the time-function formulation, and a 
generalization is proposed for dissipative systems 
driven by external forces (Sec. 4.3). This leads to a 
complete formal solution of the statistical problem and, 
alternately, provides a principle for reducing the 
infinite sequence of moment equations to a finite, 
complete set involving only the moments in the 
fundamental equation, with the assurance that the 
solutions belong to distributions which satisfy all the 
moment equations of all orders. 

The variational procedure is not exploited (it involves 
severe difficulties) ; instead, two hypotheses appre priate 
to the case of high mode density and statistically 
independent modal driving forces are advanced. The 
first (Sec. 5.1) states that as the mode density increases 
without limit (approach to infinite domain) the 
statistical dependencies among any finite number of 
Fourier modes tend to zero. It is pointed out that this 
hypothesis does not conflict with the observed non- 
normality of the velocity-field distribution. The second 
(Sec. 5.2) states that as the same limit is approached 
the weak statistical dependencies among certain 
small groups of modes become due entirely to the 
most direct paths of interaction which link these modes ; 
several arguments are given for this. The two hypotheses 
lead to a treatment of the dependencies (Sec. 6) in 
which the individual three-mode interactions which 
make up the total nonlinear interaction (Sec. 3) are 
introduced as small perturbations. The diagonal 
elements of the distribution-averaged infinitesimal- 
impulse-response matrix of the system play an essential 
role; they are introduced as unknowns and determined 
simultaneously with the diagonal elements of the 
time-covariance matrix (Secs. 7, 8). No assumption 
is made or implied concerning Reynolds number based 
on rms velocity and the macroscale determined by the 
driving forces; ii the two hypotheses are sound, the 
theory is exact at all Reynolds numbers for unbounded 
homogeneous turbulence driven by Gaussian-distributed 
forces. The results for the stationary isotropic case 
(Sec. 9) contradict the Kolmogorov theory, and it is 
argued (Sec. 10) that the latter fails because of an 
implication of the fact that the Fourier coefficients of 
the velocity field are collective coordinates referring 
to the entire domain. 

The structure of turbulence as pictured above is 
rather interesting from a general theoretical viewpoint. 
Each mode is strongly coupled to the system as a 
whole in the sense that (apart from external forces 
and damping) its entire motion is due to the interaction. 
However, very many elementary three-mode interac- 
tions contribute to the motion of a given mode, and 
the coupling among any few given modes is quite weak. 
In part this is a consequence of the particular collective 
coordinate description used; it is not true in the 
x space representation of the velocity field. It would 
appear that a variety of many-body and nonlinear field 
problems could be formulated so as to permit treat- 











ment by methods of the type used here, in contrast 
to formulation in terms of coordinates such that each 
dynamic variable interacts principally with at most a 
few others at any given instant. The possibility of ap- 
plication to quantum-mechanical systems is of par- 
ticular interest.t 


3. REPRESENTATION OF THE FIELDS BY 
LINEARLY INDEPENDENT VARIABLES 


We shall assume that the equations of motion of 
an incompressible, highly conducting, and nonrelativ- 
istic hydromagnetic fluid subjected to external body 
or boundary forces may be written® 


tu; (k)+ vk?u;(k) -” tkiP :;(k)> yw; (k—- k’)w,(k’) 


—u;(k—k’)u,(k’) J+ P;;(k)F;(k), (3.1) 
w;(k)+ vk?w ;(k) = ik ;>- [us (k—k’)w,;(k’) 
—u;(k—k’)w,(k’)], (3.2) 


where the dots denote differentiation with respect to 
time. Here u;(k), wi(k), F;(k) are related to the velocity 
field %,(x), magnetic induction B;,(x), and external 
force field F(x) by 


=Duui(ke**, By(x) = (4rup)* Daw (ke**, 


FP i(x)=pXixFi(k)e*'*, (3.3) 


and P,;(k)=6,;—k?k,k;. The summations range over 
all wave vectors allowed by the boundary conditions. 
The quantities p, v, u, 7, c, and p= (4myo)'c? denote, 
respectively, density, kinematic viscosity, permeability, 
conductivity, velocity of light in vacuo, and “ohmic 
viscosity”’; they all are assumed constant throughout 
the fluid. The fields also obey the divergence conditions 


kyu;(k) = hyw,(k) =0, (3.4) 


which are preserved by (3.1), (3.2), if imposed initially. 
The total energy per unit mass is 


= $5). [ui* (k)u;(k)+w,* (k)w,(k) J. 


Energy is conserved by the nonlinear interaction of 
the Fourier modes in the sense that if v, 9, and F(k) are 
put equal to zero, (3.1), (3.2), and (3.4) yield B=0. 
In order to deal with a denumerably infinite set of 
dynamic variables, and still permit the description of 
rigorously homogeneous statistical distributions, we 
shall adopt the artifice that all the fields obey cyclic 
boundary conditions on the faces of a cube of side L. 
The limit Z—« corresponds to the physical case of 
infinite domain. The allowed k vectors are all those 


ii;(x) 


(3.5) 


t Note added in proof.—In the context of the quantum-mechani- 
cal many-body problem, the present methods represent two 
principal departures from current approaches. First, no attempt 
is made to diagonalize the system even approximately ; instead, 
a representation is sought which is sufficiently nondiagonal that 
the weak dependence property holds. Second, the desired solution 
is obtained by consideration of perturbations about the exact 
statistical state of the system, not an uncoupled state or a state 
in which the coupling is treated in a phenomenological fashion. 
6S. Lundquist, Arkiv Fysik 5, 297 (1952). 
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whose components along the coordinate axes are 
integer multiples of 2r/L. We shall further assume, 
however, that there is no uniform velocity or magnetic 
field, so that u(0)=w(0)=0. These conditions, and 
the cyclic boundary conditions, are preserved by the 
equations of motion, provided F(0)=0. 

The coefficients u(k) and w(k) are not linearly 
independent; assignment of their initial values is 
restricted by (3.4) and the reality requirements 


u;(—k)=u,*(k), wi(—k)=w,*(k). 


In the statistical-mechanical treatment it is a great 
advantage to work with variables for which an arbitrary 
assignment of initial values is admissible. For this 
purpose we introduce those real and imaginary parts 
of the vector components of the u(k), w(k) which are 
linearly independent under (3.4), (3.6). 

The vector components of u(k), u(—k), w(k), 
w(—k) comprise, for given k, a total be twenty-four 
real and imaginary parts, of which only eight are 
linearly independent. We shall pick from each wave- 
vector pair k, —k one member, say k, and choose as 
these eight variables the real and imaginary parts of 
the components of the vectors u(k), w(k) along pairs 
of perpendicular axes in the plane normal to k. For 
the sake of notational simplicity, let all the independent 
real and imaginary parts so chosen (for all pairs k, 
—k allowed by the boundary conditions) be ordered in 
some single one-dimensional sequence and denoted by 
qa/V2, where a is a serial index whose values label 
individual variables. Then for given k, any admissible 
values of u(k), u(—k), w(k), w(—k) correspond to, 
and are fixed completely by, some choice of values of 
eight of the gq. The gq are analogous to the canonical 
variables of Hamiltonian systems, as we shall see later. 

It follows from the linear relations between the 
q’s and the u(k), w(k) that (3.1) and (3.2) may be 
written in the combined form 


Gat Vaqa= 2 Aapy96qr+ fas 
By 


(3.6) 


(Aapy i Aas); (3.7) 


where the coefficients Ags, and damping factors vq are 
functions of their indices (but not of the q’s or of time), 
and the f’s are related to P;;(k)F;(k) as the q’s are 
to u;(k). (We shall frequently denote the row-vectors 
with elements g. and f, by q and f. No summation 
convention will be used for the Greek indices.) It is 
readily verified from (3.1), (3.2), and the definition 
of the q’s, that each »% is positive and proportional to 
either v or >. It follows from (3.5) and the definition 


of the q’s that 
E= 30 04a’. 


It is apparent that (3.7) and (3.8) exhibit a great 
forma! ord in comparison with the original 
Eqs. (3.1), (3.2), (3.4), (3.5), and (3.6); they provide 
sth identical equations for ordinary turbulence 
and hydromagnetic turbulence. We shall derive now 


(3.8) 












1410 


some important properties of the Aggy, thereby express- 
ing in the new formalism the structure of the nonlinear 
interaction among the Fourier modes. 

We remarked béfore that if », #, and F(k) are set 
equal to zero, then (3.1), (3.2), and (3.4) yield H=0. 
Therefore, setting the » and f, equal to zero in (3.7), 
we have 


E=DqeGa= x Aasy4a997=9, (Va; fa=0). (3.9) 
a a, fe 


Since any assignment of initial values to q represents 
admissible fields, (3.9) must be an identity. Setting 
all the g’s equal to zero except some particular three, 
Quy Try Jo, We deduce that 


AyotAnroutA our= 0. (3.10) 


If the triangle interaction of the modes q,, 9a, Je is defined 
by the terms 2A,yGrgoy 2AnrouGoQu, 2Acugdug. in the 
respective equations of motion for g,, 9, Ye, it follows 
that this elementary interaction contributes zero to 
E in (3.9) and is individually conservative.” 

Most of the Aas, defined by (3.7) vanish; it follows 
from (3.1), (3.2) that Aasy#¥0 only if ga, gs, gy corre- 
spond to wave vectors k, k’, k” related by k-k’+k” 
=0, where the + signs are to be taken independently. 
We also note, from (3.4) and our assumption u(0) 
=w(0)=0, that only pairs of Fourier coefficients such 
that k’ and k—k’ are not parallel to +k (nor, hence, 
to each other) can contribute to the right sides of 
(3.1) and (3.2). It follows that 


Aasy=9, unless a, 8, y are all different. (3.11) 


We may also see from (3.1) and (3.2) that the triangle 
interactions connect real with imaginary parts of 
Fourier coefficients in only particular ways. If an even 
number of the variables ga, Ys, 9y represent imaginary 
parts of Fourier coefficients, then Aggy, Agya, Ayag all 
vanish. The coefficients describing nonvanishing triangle 
interactions obey the symmetry relations 


Aarbyi= Aarbixr= — AaiByrr= AasBivi; (3.12) 


where the indices a, and a; correspond to q’s which 
are, respectively, the real and imaginary parts of a 
single independent vector-component of some given 


7A rate of energy-transfer from wave number k’ to wave 
number k frequently is defined as Ce OnE tn FeO} 
-u*(k)}, since (0/dt)[4u*(k)-u(k)]= 2,-O(k,k’), (w, », F=0) 
[see reference 5]. Conservation then is expressed by Q(k,k’) 
+0Q(k’,k)=0. Actually this representation of the complex of 
triangle interactions in terms of pair interactions is nonunique. 
There is a complementary term olk, k—k’) for each term Q(k,k’) 
in 2y-Q(k,k’). The two terms each depend on all three amplitudes 
u(k), u(k’), u(k—k’) (or their complex conjugates) and it is 
capricious to call Q(k,k’) the rate of transfer from k’ and 
O(k, k—k’) that from k—k’. This is exhibited by noting that 
Y(k,k’)=Q(k,k’)+K(&,k’, |k—k’|), where K is any function 
antisymmetric in each pair of arguments, may validly replace 
QO(k,k’) since Q(k,k’)+Q(k’k)=0 and O(k,k’)+Q(k, k—k’) 
=(Q(k,k’)+Q(k, k—k’). It may be noted that (3.10) is a stronger 
statement than Q(k,k’)+Q(k’,k)=0, since it does not involve 
averaging over the vector components of u(k). 
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Fourier coefficient, with a similar interpretation for 
the other indices. 


4. FORMULATION OF THE STATISTICAL PROBLEM 


The dynamical variables g, form a denumerably 
infinite set. We know, however, that in a physical flow 
sufficiently high wave numbers will be negligibly 
excited because of the action of viscosity. This suggests 
that the truncated system obtained by removing from 
the equations of motion all Fourier coefficients of 
wave number greater than an arbitrarily high limit 
provides a valid representation of the physical situa- 
tion.* This corresponds to retaining in (3.7), (3.8) only 
the terms which involve exclusively a finite set of N 
Ja or the associated f,, where N is arbitrarily large. 
If follows from (3.10) that the nonlinear interaction 
within the truncated system is exactly conservative, 
as in the original system. In the rest of the present 
paper we shall deal exclusively with the truncated 
system; its advantage is that we can speak meaning- 
fully of the dynamics and statistical mechanics of the 
associated conservative system in which dissipation 
and driving forces are taken equal to zero. This is not 
true of the infinite system.’ 


4.1 Gibbs Ensembles and Time-Function 
Distributions 


The application of Gibbs statistical mechanics to 
turbulence has been discussed by Burgers,’ Onsager," 
Hopf,’ and other authors. We shall present briefly 
some results of this approach and then point out its 
inadequacy for the full statistical description of 
turbulence maintained by external forces. We shall 
consider first the equilibrium statistical mechanics of 
the conservative system obtained by placing all 
vq and f, equal to zero in the truncated system. Accord- 
ing to (3.7) and (3.11), we have 


Lad Ga/Oa= 0, (va=0). 


This is equivalent to the Liouville theorem for con- 
servative Hamiltonian systems. It shows that the 
motion conserves measure in a phase space with the 
Ja as Cartesian coordinates, so that the time-invariant 
Gibbs ensembles defined by density p(q) are those 
which satisfy 


(4.1) 


J Op Op 
Lda—= ae A apy9894— = 9. (4.2) 


@ Odq «B.7 09a 


By (3.8), (3.9), p=p(£) is an obvious solution, corre- 
sponding to equipartition of energy." More generally, 


8 We may regard this as the introduction of infinite damping 
(infinite resistance) for the degrees of freedom removed. 

* The inviscid Navier-Stokes equation leads to solutions which 
develop discontinuities. 

10. Onsager, Suppl. Nuovo cimento 6, 279 (1949). 

1 This artificial equilibrium case does not describe turbulence 
at infinite Reynolds number. 














the solutions are arbitrary functions of functions 
X:(q) such that the relations X,;(q)=const are the 
integrals of the simultaneous system 


dqa/ 2 Acpy9e4y =dq/ 2A 879897: (4.3) 
7 7 


According to the theory of such systems, there should 
exist .V—1 independent x;. This implies that there are 
N—1 constants of motion, with a corresponding 
restriction on the ergodicity of the system. 

For f=0, whether or not the dissipation factors va 
vanish, the Gibbs density p(q), prescribed at some 
instant, determines the complete structure of the 
distribution of solutions. Averages of any functions of 
simultaneous values of the g’s may be obtained directly 
by integration over p, and p at later times is determined 
by Liouville’s equation. Nonsimultaneous averages, 
such as (ga(t)gg(t’)), also are fixed by p, but their 
evaluation is not so direct. For the example given, 
ga(t’) could be expanded in a Taylor series about time 
t, the various derivatives in the series expressed in 
terms of q(/) by repeated use of (3.7) and its time- 
derivatives, and the result integrated over p. Since 
nonsimultaneous averages are of great interest in 
turbulence theory, this lack of symmetry of the Gibbs 
method may be considered a disadvantage. 

When external forces act on the system, the situation 
is more serious; averages involving nonsimultaneous 
values of the q’s cannot be evaluated from knowledge 
of p. To see this, we note that when £0, the use of 
(3.7) and its derivatives to express higher derivatives 
of q in terms of lower introduces the time-derivatives 
of f. Thus, the evaluation of (ga(t)ga(t’)) by the Taylor 
series method requires knowledge not only of the 
distribution of q at some instant, but also of the full 
joint-distribution, at that instant, of q, f, and all the 
time-derivatives of f. Alternately, one would have to 
know the full joint-distribution, at an instant, of q 
and all the time-derivatives of q. Therefore, even if 
it were possible to solve the Liouville equation com- 
pletely in the case £0, and obtain p as a function of 
time, this would not provide a full solution of the 
statistical problem. 

The complete statistical description of the dissipative 
system subjected to external forces requires the 
determination of a probability measure W[q( ), f()] 
in the function space of all time-function pairs q(é), 
f(t) which satisfy (3.7). Nonsimultaneous as well as 
simultaneous averages of any functions of q and f 
are fixed thereby. In view of the difficulties just 
discussed, we shall attempt to develop a statistical- 
mechanical treatment directly in terms of time-function 
distributions rather than in terms of instantaneous- 
value distributions which evolve in time. 


4.2 Fundamental Statistical Equation 


Since the measure, or distribution functional, V 
contains the entire structure of the distribution for 
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all times, we cannot hope to find for it an equation of 
motion like the Liouville equation. However, the 
functional equation 


(Lala(t)La(t’))»=0, (4.4) 


where 


La(t)= Gal + regal!) — > Aaprae(ar (0 —fa(t) (4.5) 


and ()y indicates an average taken with measure 
W, provides both a necessary and a sufficient condition 
that all the function-pairs q( ), f( ) in the distribution 
(except possibly for a set of zero measure) satisfy 
(3.7). The necessity of (4.4) is obvious, and it is 
sufficient if satisfied for t=é’. This follows from the 
fact that the left side is a sum with non-negative 
measure ({ )y) over a sum (>oq) of squares of real 
quantities,” so that it can vanish only if L,(t)=0 for 
all a and for all members of the distribution (except 
for a set of zero measure). The integral of (4.4) (with 
t=t') over an arbitrary time interval is the condition 
that the members of the distribution satisfy (3.7) in 
a mean-square sense within the integration interval. 
Equation (4.4) is the fundamental statistical equation 
of the present treatment. 

Since Z,(¢) contains only linear and bilinear terms, 
(4.4) contains only second-, third-, and fourth-order 
moments of the joint-distribution of q and f. Therefore, 
we need evaluate only these moments to determine whether 
a given distribution satisfies the moment equations of 
all orders obtained by multiplying (3.7) with arbitrary 
functions of q and f and averaging. It is important to 
note, however, that not every assignment of values 
to second-, third-, and fourth-order moments which 
satisfies (4.4) corresponds to a possible distribution. 
The non-negativity of Y implies that the distribution 
average of every functional of q and f which is non- 
negative everywhere in the function space must itself 
be non-negative.” 

Despite the realizability restrictions, it is clear 
that the specification of second-, third-, and fourth- 
order moments which satisfy (4.4) must leave the 
higher structure of the distribution largely undeter- 
mined. Since (4.4) represents the entire constraint 
imposed by the equations of motion, this indicates the 
necessity of supplementing them with additional 
conditions. 


4.3 Variational Criterion for Specifying 
the Distribution 


In the Gibbs statistical mechanics of conservative 
systems satisfying Liouville’s theorem, the most 
probable distribution (m.p.d.) is that which minimizes 
JS p\lnpdo where the integration is over all phase 
space subject to the condition /pde=1 and to specifi- 

12 Since W is a probability measure it is everywhere non-negative. 


13 J. A. Shohat and J. D. Tamarkin, The Problem of Moments 
(American Mathematical Society, New York, 1943). 
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cation of mean values of appropriate constants of 
motion. This distribution is the one which can be 
realized in a maximum number of ways by arrangement 
of system-points in accordance with the constraints; it 
is time-invariant. When only the mean-energy is 
specified, p is the Maxwell-Boltzmann (M-B) distribu- 
tion. We shall now examine this variational criterion 
in the time-function formulation and propose a general- 
ization for the dissipative system driven by external 
forces. 

Let q(t) and f(t) be expanded in Fourier series with 
coefficients q(w), f(w) within an arbitrarily large 
interval T. If we adopt the artifice of removing from 
the equations all Fourier coefficients such that |w|>Q, 
an arbitrarily high frequency, the distribution may be 
described by a density-function ®[q(), f()] in the 
space of finite dimensionality with the independent 
real and imaginary parts of the qa(w) and fa(w) as 
Cartesian coordinates. After computing desired 
moments as averages over the finite dimensional space, 
we may take the limits 2+» and then T—~. In the 
present representation, (4.4) may be replaced by the 
equation 


DL X.* (w) La (w)bdz = 0, (4.6) 


where iw %,(w) is the Fourier coefficient of Z,(/) and the 
integration is over the entire space. All the qa(w) enter 
(4.6) with a kind of equal a priori weight. 

For the conservative system all the f’s and v’s 
vanish, and the space collapses to that of the qa(w) 
alone. Let us perform a rotation in this space, trans- 
forming to new Cartesian coordinates which are the 
values ga(tn) of the time-dependent variables at a 
discrete set of instants /,. A system-point in this space 
has coordinates ga(t:), Ja(t2), --- which are related by 
the equations of motion. Since these are first-order 
equations, all the coordinates are completely fixed by 
the location of the point in the subspace corresponding 
to any instant ¢,. The m.p.d. above is the (time- 
invariant) instantaneous distribution realizable in a 
maximum number of ways by arrangement of system- 
points in any of the subspaces, and it therefore should 
correspond to the distribution in the full space of the 
Qa(w) (product space of all the subspaces) which is 
realizable in a maximum number of ways subject to 
the constraints represented by the equations of motion. 
Since (4.6) fully expresses these constraints, this 
suggests the variational criterion that J= / Inédz 
be minimized subject to (4.6), the condition (“dz = 1, 
and appropriate integral constraints such as prescription 
of mean-energy-per-system. 

An immediate complication is that the equations of 
motion confine the system-points to hypersurfaces in 


™R. C. Tolman, Principles of Statistical Mechanics (Oxford 
University Press, New York, 1938). 
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the space of the q.(w) so that the ® thus specified is 
singular and J diverges. This may be handled as 
follows. We may find the (nonsingular) ® which 
minimizes J with the constraint 


TLu* () Reo) bd2 =e? (4.6) 


replacing (4.6). Then we may take the limit «0. 
When the additional constraint is fixed mean-energy, 
this procedure leads to the formal solution 


= lim N(A,u) exp(—A/A—A/y), (4.7) 
40 


where JN is a normalization factor, A= douaXa* (w) %a(w), 
A=DuaIa*(w)Ga(w), and 1/A, 1/u are real, positive 
Lagrange multipliers. The limit \—0 corresponds to 
x—0, as is clear from the fact that A is a sum of 
squared moduli of quantities which vanish when the 
constraints are satisfied for x=0. Of course, we may not 
assert from the crude arguments given that (4.7) ac- 
tually yields the M-B distribution.’ 

For the dissipative system driven by external forces, 
we now propose the criterion that 7 be minimized as 
above, where ® now is defined over the full product 
space of the qa(w) and f.(w). In this case the appropriate 
integral constraints in addition to (4.6’) and normaliza- 
tion are the specification not of mean energy but rather 
of those moments of f which express the known informa- 
tion about the distribution of the driving forces. The 
distribution chosen by our criterion is one in which 
the qa(w) and f,(w) are as statistically independent as 
the equations of motion and other constraints permit. 

The relevance of the M-B distribution to the state 
of a conservative physical system has not been fully 
established in the Gibbs statistical mechanics. Our 
variational criterion for a dissipative, driven system 
would appear to embody a large degree of additional 
arbitrariness, since the absolute measure indicated by 
the Liouville theorem for the associated conservative 
system is of questionable relevance and we have 
presented no basis at all for establishing a probability 
measure in the space of the {.(@). However, if we 
consider the system to have been excited from rest in 
the distant past, the entire distribution should be 
determined by the distribution of f alone. Our criterion 
yields a distribution whose members obey (3.7) and 
which is consistent with any degree of specification of 
the moments of the f distribution, expressed as integral 
constraints on the variation. Its arbitrariness then 
consists only in fixing the higher moments of the 


18 A possible indication of the appropriateness of our procedure 
is afforded by sparcotion to a linear harmonic oscillator with 
equations of motion ¢=ap, p= . Equation (4.7) gives a distri- 
bution of the q(w) and p 2 i which yields the M-B Gibbs ensemble 
and whose members obey the equations of motion [#q(+a)= 
+p(+a); q(w), p@) vanish unless |w| =a]. 
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f distribution which are not explicitly prescribed. 
In an actual physical situation, the f distribution will 
be affected importantly by the reaction of the system 
on its environment, and its @ priori prescription is 
unrealistic in any event. The arbitrariness associated 
with our variational criterion does not seem significant 
in view of this irreducible artificiality associated with 
the entire procedure of treating the external forces 
as parameters rather than as the interaction with an 
explicitly defined environment.!® 

The variational criterion may be used to write down 
a formal solution for the dissipative, driven case, 
corresponding to (4.7) for conservative case. 
Alternately, we may choose not to apply constraint 
(4.6’) directly, but instead find the @ which minimizes 
I with given values of all the moments which appear 
in (4.4), thereby fixing all the other moments in terms 
of these. Then we should be able to form from (3.7) a 
complete set of equations, of which (4.4) is one, to 
determine .the moments in (4.4). Thus the variational 
method provides a principle for reducing the infinite 
sequence of moment equations derivable from (3.7) 
to a finite, complete set with the assurance, since 
(4.4) is satisfied, that the solutions represent distribu- 
tions which satisfy all the possible moment equations 
of all orders. Severe practical difficulties appear to 
arise both in carrying out this procedure and in evaluat- 
ing moments from the formal expression for ® given 
directly by the variational criterion. Thus these 
methods may be only of formal interest. In the follow- 
ing sections we shall develop a simpler method for 
determining the moments appearing in (4.4) based on 
two statistical hypotheses. Once these moments are 
determined, the variational criterion could be used, in 
principle at least, to find the higher moments, but we 
shall not attempt this in the present paper." 


the 


4.4 Stationarity and Homogeneity 


Equation (3.7) is invariant under time-displacement 
and therefore admits distributions whose moments 
depend only on time differences. For this stationary case 
we define the moments 





16 A more realistic problem is turbulence supported by a steady 
shear flow so that there are no external forces as such (the param- 
eters of the steady flow enter the equations of motion in terms 
representing nonconservative couplings between pairs of modes). 
In this case it would seem that the most probable distribution 
should be one which is stable under random infinitesimal perturba- 
tions, and it cannot be asserted without further investigation that 
the variationally determined ® has this property. However, it 
is to be expected by analogy to equilibrium statistical mechanics 
that in a system with very many degrees of freedom physically 
important averages may not be sensitive to the exact.form of 
distribution; thus, the arbitrariness of our criterion may be of 
only academic importance in this case also. 

17 The difficulties involved are, again, severe. It appears more 
practical to find the higher moments by direct extension of the 
methods of Secs. 5-8. 
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Rag(t) = Ga(t+7)Qe(t)); 
Spya(7) = (gp (t+7)qy (t+ T)ga(t)), 
Tynsy (7) = (Qu(t+-7) Q(t 7) 98) (4)), 
Fag(7) = (fa(t-+7) fa(t)), 
Gag(1) = (fa(t+7)4a(t)); 
Hapy(7) = ( fa(t-+ 7)9a(t)qy(t)), 
where the subscript V on the averages has been dropped 
for compactness. We shall denote these moment 
matrices by R, S, T, F, G, H. It follows from station- 
arity that Rag(r)=Rga(—7), with similar properties 
for F. We also note Sgya(7)=Syga(7). Equation (4.4) 
in the stationary case may be written 


8°Raa(T) 
x sym yt Ht Raal(2) + 25 Ant 
a By 


oT 


(4.8) 





OSpya(7) 
x| «tat BD rSinet) + Hoon) 


Or 


+ > AapyA aur pyr(T) 
Bix mr 
OGaa(T) 
$2 Dalia) +Faa()}| = (4.9) 
Or 


where Sym{g(r)}=3Lg(7)+g(—7) ]. 

Equations (3.1), (3.2), (3.4) correspond to «-space 
equations which are invariant under spatial displace- 
ment, inversion, and change of sign of w.* Therefore they 
admit spatially homogeneous, inversion-invariant dis- 
tributions in which u and w are uncorrelated. In 
such distributions, Fourier coefficients associated with 
different wave-vector pairs +k, +k’ are uncorrelated, 
and the real parts of the coefficients are uncorrelated 
with the imaginary parts. If we take the g’s as compo- 
nents along suitable principal axes in the normal 
planes to the wave vectors (the choice may have to 
be different for u and for w), those representing the 
vector components of a given Fourier coefficient will 
be uncorrelated. With all the conditions stated, the 
covariance matrix of the q’s is diagonal: 


Rag(r) =6.gRaa(T). (4.10) 


The homogeneously distributed driving forces implied 
by the conditions above are rather unrealistic physically. 
(They may be visualized as arising from a suitably 
random volume distribution of stirring devices.) Such 
forces clearly are required, however, in a consistent 
idealization of turbulence as a rigorously homogeneous 
and stationary phenomenon. 


5. TWO STATISTICAL HYPOTHESES 
5.1 Weak-Dependence Hypothesis 


Let us take homogeneous turbulence in which the 
energy is spread over many individual modes qq and 


( 18S. Chandrasekhar, Proc. Roy. Soc. (London) A233, 322 
1955). 
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in which the external forces f. for different a’s are 
statistically independent. It is clear from (3.1) and 
(3.2) that the various excited modes are paired dif- 
ferently in the right sides of the equations of motion for 
different modes. Any particular few modes appear in 
only several of the many bilinear terms contributing to 
the motion of a given mode. It then is difficult to see 
how the nonlinear interaction could give rise to other 
than quite weak statistical dependencies among any 
small group of modes. 

Now suppose we increase without limit the dimension 
L of the “cyclic box” confining the turbulence and 
adjust the driving forces to yield some given limiting 
energy per unit fluid volume in any given wave-vector 
range. The number of modes over which the energy 
is spread will increase without limit because of the 
increase of mode density,” and we should expect, on 
the basis of the observation above, that the statistical 
dependencies among any finite number of modes should 
decrease without limit as we approach the case of 
infinite domain. Let us call those cross-moments which 
necessarily vanish in a rigorously independent joint- 
distribution skew moments. Then for turbulence excited 
as described, we hypothesize that as Z— the normal- 
ized values of the skew moments which can be formed 
from a finite number of q’s approach the limit zero and 
the values of nonskew moments so formed approach 
as limits values corresponding to an exactly independent 
joint-distribution of the q’s. 

The weak-dependence hypothesis just stated does 
not conflict with the well-established experimental 
fact® that the two-point velocity distribution in 
turbulent flow is strongly non-normal, although at 
first sight the central-limit theorem might seem to 
indicate a contradiction. Consider a measure of non- 
normality such as ((0%%,/dx,)*)/((0i%,/dx,)?). If 
((0%,/0x;)*) is expanded as a sum of moments of 
the Fourier modes, it readily is seen that the skew 
moments included in the summation outnumber the 
nonskew by a factor the order of the total number of 
modes excited. As L— in the fashion described, this 
number increases as L’, and the fact that the normalized 
skew moments tend individually to zero by no means 
indicates that their total contribution is negligible 
in the limit. Thus the weak-dependence hypothesis does 
not imply the neglect of cross-dependencies in the evalua- 
tion of extended sums over Fourier modes. Crudely 
speaking, although individual cross-dependencies among 
a large group of variables may be very small, the 
effective over-all dependency may be substantial 
because the number of possible cross-dependencies is 
very large compared to the number of variables. 

It is important to remember that the Fourier coeff- 
cients are collective coordinates which describe the 


Let us adjust the labelling of the g’s and /’s during this 
process so that given values of a, 8, etc. continue to correspond to 
given wave-vector neighborhoods. 

*” R. H. Kraichnan, Phys. Rev. 107, 1485 (1957). 
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motion throughout the entire fluid. Observation 
indicates that the small-scale turbulent motion tends 
to concentrate into vortex sheets and filaments. The 
Fourier components of a single such disturbance neces- 
sarily must be strongly correlated in phase, but in 
turbulence filling a large domain there are many such 
disturbances and their Fourier components must inter- 
fere, giving rise to rapid and complicated oscillations of 
phase with k. Again, there is no conflict with the prin- 
ciple of weak dependence. 


5.2 Direct-Interaction Hypothesis 


Now we shall formulate a related hypothesis concern- 
ing the manner in which the presumed weak cross- 
dependencies are determined by the structure of the 
nonlinear interaction. The two hypotheses together 
provide the foundation for a perturbation-theoretic 
evaluation of the skew moments which appear in (4.4). 

Let ga, 9s, Yy be modes such that the coefficients 
Aasy, Agya, Ayes Of their direct triangle interaction, 
which we shall denote by (a,8,y), do not all vanish. 
Because of the three bilinear terms of which 2Aqs,9sqy 
in expression (3.7) for Gat+aJa is one, (a,8,y) can be 
expected to induce a contribution to the triple moment 
(qa9s'Qy""), where q=q(t), q’=q(¢’),---. There will 
also be a contribution to this moment due to indirect 
interaction of ga, 9s, gy through their couplings with 
the rest of the dynamical system. We hypothesize 
that as we approach the limit L—~, for turbulence 
excited as described previously, the triple moment 
becomes determined by the contribution of the direct 
interaction in the sense that if (a,6,y) were removed 
and the other triangle interactions left unaltered, the 
value of (gage’gy"’) would be negligible compared to its 
value with (a,6,7) present. 

For the present we justify the direct-interaction 
hypothesis on the intuitive ground that turbulence is a 
mixing process which degrades information so that the 
indirect interaction of three modes through the tur- 
bulent motion as a whole should not convey phase 
information among them in the limit where the mo- 
tion consists of the excitation of an infinitely large 
number of weakly dependent degrees of freedom. 
It is possible to give some further justification of an 
a posteriori nature by estimating, on the basis of the 
perturbation techniques to be presented in the following 
section, the contributions to (gagg’g,"’) from indirect 
interaction of ga, gs, gy through assumed perturbations 
in classes of triangle interaction chains involving groups 
of other modes. [An example of such a chain is (a,u,A) 
(8,,0) (y,0,u)..] The results which have been obtained 
in this way support the hypothesis.” A rigorous and 
complete investigation of validity seems out of the 
question at present; the difficulties involved resemble 

1 Property (3.12) is important to the analysis. It results in 


cancellation of indirect contributions by symmetry for the 
homogeneous case. 
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somewhat those connected with perturbation expan- 
sions in quantum electrodynamics, with severe compli- 
cations because of the essential nonlinearity of the fields. 

The plausibility of our hypothesis perhaps is enhanced 
by the following argument. Let us consider the distri- 
bution determined by the variational criterion when the 
constraints, in addition to (4.6) and normalization, are 
the specification of the (diagonal) covariance matrix 
of f. We have then a distribution in which essentially 
the variables are as statistically independent as the 
constraints permit; thus, in the case taken it presumably 
corresponds closely to the weakly dependent state. 
Now it is clear from (4.4) and the relation between 
(4.4) and (4.6) that (gags’gy'") only enters into the 
constraints multiplied by the coefficients Aag,, Asya; 
A,as of the direct interaction. If this interaction were 
switched off, we might surmise that (¢ags’¢,'") would be 
negligible in a maximally independent distribution since 
it could not contribute toward satisfying the constraints. 
The situation is complicated by the necessity of satis- 
fying realizability inequalities, but it seems reasonable, 
in view of the presumed weak-dependence property, 
that they would not invalidate this conclusion. 

We shall now extend the direct-interaction hypothesis 
to the other skew moments which enter (4.4). We 
assume that as we approach the limit Z— the value 
of (qqy' fa’), where a, 8, y are all different, becomes 
determined, in the sense stated previously, by the 
contribution from the direct-interaction path consisting 
of (a,8,y) and the coupling of f, to ga. In the case of 
the skew moments (¢9y'q,'"9,'"") which appear in (4.4), 
the selection rules determining which triangle interac- 
tions are nonvanishing establish that the most direct 
paths of interaction which link all four modes are 
chains involving an external mode such as (y,\,q@) 
(a,8,y). The contribution of this path represents a 
distribution-averaged phase relation between the 
quantities gsq,’ and q,’"9,’"" induced by their couplings 
to the mode ga. The selection rules permit several such 
chains for each choice of 8, y, u, 4. We assume that as 
we approach the limit Z—« the values of the fourth- 
order skew moments appearing in (4.4) become 
determined, in the sense stated previously, by the 
contributions from these paths. 

In connection with the plausibility argument just 
given, we may note that (qgq,’f.’") only appears in 
(4.4) multiplied by the coefficients of (a,8,y), while 
the fourth-order skew moments only appear multiplied 
bilinearly with the coefficients of the pairs of triangle 
interactions which constitute the chains we have 
designated as the direct interaction. 


6. EVALUATION OF SKEW MOMENTS 


In the limit Lo, an excited mode interacts with 
an infinitely large number of other modes; thus, the 
triangle interactions which comprise the direct inter- 
action in each of the cases just discussed make an 
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infinitesimal contribution to the motion of the modes 
involved. This suggests that the skew moments 
appearing in (4.4) be evaluated by introducing the 
direct interactions as perturbations on the total 
motion. In the present paper we shall carry out this 
program for the stationary case with Gaussian driving 
force distribution. It is important to note that the per- 
turbations to be considered are about the exact state of 
the system, not a state in which all the modes are 
uncoupled. 

Let us introduce an arbitrary perturbation term 
&.(¢) on the right side of (3.7) for ¢>¢o. If & is small 
enough, we may assume that the perturbation in 
q(t) can be expanded in powers of & in the form 


§q,(t)=d f Surlte ed (t)dt! 
Awa ty 


+5 f f narelts’st’)ex(tbe(Udt'dt”+ +++, (6.1) 
hovig Vt 


0 


where {,(t,t’), myro(t,t’,t’’),--- are certain implicit 
functionals of the unperturbed q and f and satisfy 


ta(t’)=0, (t<2’), mael(t,t’,t!=0, (t<? or t’’),---. 
pr 


For a linear system, 7,.,--- would vanish, and 
tua(t,t’) (which would be independent of the unperturbed 
variable values) would be the impulse-response matrix. 
In the nonlinear case at hand, ¢,,(¢,t’) gives the response 
to an infinitesimal impulse. Since (3.7) is a first-order 
equation, we have ¢,,(t,t)=6,,. For a typical member 
system of a weakly dependent distribution, the off- 
diagonal elements of {,,(4,t’) for ‘>?’ individually are 
infinitesimally small compared to the diagonal elements 
in the limit Z—, since a given off-diagonal element 
represents the response of one mode to a perturbation 
in the equation of motion of another to which it is 
only weakly coupled. 

Now let us imagine that the triangle interaction 
(a,8,y) is switched on at t=¢o. According to our statist- 
ical hypotheses, when L is large (ga(t—7)qs(t)qy(t)) 
should be given to first order by 


(ga (t— 7) Qa (t)Qy(t)) = (6qa(t— 7) Q(t), (t)) 
+ (qa(t—1)598(t)¢y(t))+ (Ga(t— 7) Q(t)dq,(t)), 


where 


(6.2) 


By (0) = 2A yap f trvltstga(taa(tat, (6.3) 
to 


with corresponding expressions for 6ga(t—r), dgs(t) 
involving 2Aasy9a(t’)qy(t’), 2A pya9y(t’)ga(t’) respectively. 
The weak dependence hypothesis rather clearly implies 
that ¢,, is statistically independent of ga and gg in the 
limit J, and for a stationary unperturbed distribu- 
tion (f,,(t,’)) depends only on ‘—/’. Then, to first 
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order, 
(Ga(t— 7) ga(t)6qy(t)) 


oBbue f ban(ty)) 
X (ga(t—1)99(1)a(¢’)qa(0’) at’ 


t—to 
Tr f gor(8)Raa(s—1)Rgg(3)ds, (6.4) 
0 


where s=/—(', 


&ur(s) = (Sur(t, t—s)), (6.5) 


and we have used (3.11) in addition to the weak- 
dependence hypothesis to obtain the third member. 
The matrix g,,(7) gives the average response to an 
infinitesimal impulsive perturbing force. We shall call 
it simply the impulse-response matrix, and denote it 
by g. 

Working out the expressions corresponding to (6.4) 
for the other two terms on the right side of (6.2), 
and letting 4¢+— © to describe the new stationary 
state which is reached sufficiently long after switching 
on the perturbation, we obtain 


Shi then f faa($—1)Rap(s) Ry(s)ds 


T 


4+2A pe f Ru(s—Den(ORn(sds 
0 


+24 ye f Raa(S—7)Rgp(s)gyy(s)ds. (6.6) 


0 


If our statistical hypotheses are well-founded, the 
first-order perturbation theory, and consequently (6.6), 
should be exact for the infinite domain, L>~. 

When the distribution of f is Gaussian, as assumed, 
we may write fa=2Z fan, where the /f., are statistically 
independent infinitesimals, Treating any single fon 
as a perturbation, we obtain in direct analogy to the 
preceding analysis, 





ROBERT H. KRAICHNAN 





foalt+7)aa())= f Saa(S)Fanan(Ss+7)ds (6.7) 


in the new stationary state, where 
Fanee(8) -” (fan(t+S) fan(t)). 


Summing over all n, we have 


4) 
Culr\= f fau(8)Faa(str)ds, (68) 
0 
since Fae(t)=ZFanan(7). 
Again introducing the triangle interaction (a,6,y) 
as a perturbation, the direct-interaction hypothesis 
implies that 


(fa(tt+7)qe(t)qy(t))= ( fa(tt-7)9e(t)q, (t)) 
+ (fall-+1)49(0)8qy(t)), 
where 6q,(¢) is given by (6.3) with a corresponding 


expression for 6égg(t). Asserting weak dependence, 
we find 


(fa(t+ 1) ga(t)5q,(t)) 


(6.9) 


t—to 

= 2A rap f frr(8)Roals) (falt-+7)ge(t—s))ds. (6.10) 
0 

Noting (fa(t+17)ga(t—s))=Gaa(s+7), working out the 

expression corresponding to (6.10) for the other term 

on the right side of (6.9), and letting 4s —>— ©, we obtain 


Hasy(2)=2f ds drgen(0)LAprogs(8)Roo() 
0 0 
+A yaphry(s)Rgs(s) Faa(r+s+7). (6.11) 


The skew moments 73,,,(7) in (4.9) may be evaluated 
by the foregoing methods if, in accordance with the 
direct-interaction hypothesis, triangle interaction pairs 
such as (u,A,a), (a,8,y) are introduced as perturbations. 
For all of the skew Tg,,,(7) in (4.9) except a fraction 
which is vanishingly small in the limit [—,” 8, 7, 
u, and ) all are different, and there are no nonvanishing 
pairs of the form (u,8,a), (a,A,y) or (u,y,a), (@,A,8). 
In this case, for L—> one finds 


nO Ce a) Me Oe J ds f drase(s)Ron(s)Real?—3)Eoa(?—1)Roa(e—) 
@ 0 T 


+3 similar terms obtained by permuting 8 with y and/or wv with » 


+404 prod f asf drges(s)Ryy (S)Saa(7— S)Rup (r— 7)Ry a T) 


+a similar term obtained by permuting 8 with y 


+4E Apadaer'f ds f drRep(1)Ryy (1) Saa(7— 5) 8uu(S— 7) Ra (s— 7) 


+a similar term obtained by permuting u with X, (8, y, u, d all different). 


(6.12) 


® This fraction may be ignored in the limit L—« because the skew 7g,,,(r) appear in observable expressions only in extended 


sums over modes. 
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Finally, for L—+* the weak-dependence hypothesis 
implies 


(BAY). (6.13) 


By (3.11), this case includes all the nonskew 7%,,,(r7) 
in (4.9), 

We now have expressed all the moments in (4.9) in 
terms of the diagonal elements of g, R, and F.* If the 
theory is well-founded, these expressions all should be 
exactly valid in the limit L>~. 


Tpypy (7) = Rag(r)Ryy(7), 


7. NONDISSIPATIVE EQUILIBRIUM 


It is shown in the Appendix that when all v’s and 
f’s vanish and the instantaneous q distribution is 
Maxwell-Boltzmann (M-B)," 


ur(T) = Ryr(7)/R, (7.1) 


where R= Raa(0) (all a) is twice the mean energy per 
mode. In this case we find, using (3.10), that (6.6) may 
be written 


haps ot 
Spya(7) = — =f Raa(t—$)Rgg(s)Ry_(s)ds, (7.2) 
R + 


(r>0), 


which shows that Sgya(7) is an odd function of 7 and 
goes to zero as 7+, provided R(r) falls off suffi- 
ciently fast for large argument. 

If we multiply (3.7) by ga’ and average over the 
distribution, we find 


Raa(t)=AasySpya(t), (Vay fa=0), (7-3) 
B,y 


where the dot now indicates differentiation with 
respect to 7, so that, by (7.2), 
‘ (Aasy)* r t 
Rea(t)+ 2>-- a—nars | am t—5)Rgp(s) 
BY R 0 
X Ry(s)ds=0. (7.4) 


Finally, we may express (7.4), with the boundary 
condition faa(+0)=1, as the “universal” integral 
equation 


z y 
Saa’ (x) =1—2)) (Aas) f ay f digaa (Y—3) 
B.y 0 0 


X ges’ (2) 847 (2), (x>0), (7.5) 


where g(r)=g’(rR’). Equations (7.5) may be solved 
through step-by-step integration, starting at x=0, 
thereby determining all the diagonal elements of 
g(r) and R(r).%* The M-B distribution is a function 
only of E and necessarily has the homogeneity and 
other independence properties expressed by (4.10). 
By (7.1), the off-diagonal elements of both g(r) and 
R(7) then all must vanish. 

% As Lo in the manner described in Sec. 5, Raa(r), Faa(r) 
«1/M, where M=(L/27)*. Then our expressions for the skew 
moments give Saya(r)/[Rgg(0)Ryy(0)Raa (0) }$ © 1/s/M, Haby(r)/ 
[Rep (0)Ryy(0)Faa(O)}$<1//M, — Tpyur(r)/[ Rep (0)Ryy (0) Ruy (0) 
XR (0) 1/M, which supports the self-consistency of the 
weak-dependence hypothesis. 

% Tf the present method is applied to a linear dynamic system, 


the equations analogous to (7.5) become a system of simultaneous 
bilinear algebraic equations under Laplace transformation. 
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It easily is verified that the moments we have 
determined satisfy (4.9) for r=0 and therefore represent 
an exact solution of the statistical problem, provided 
they belong to some everywhere non-negative distribu- 
tion. By using (3.10) and (7.1), it may be shown that 
the skew 7s,(0) given by (6.12) vanish. Then by 
(3.11) and (6.13), we have 


> AgpyA ad Bypr (0) oni 2 (Aapy)?R?, 
Boy 


B,y.mr 


(7.6) 


in the limit > . Both these results may be anticipated 
from the fact that the M-B distribution is a function 
only of E=}> gq. Differentiating (7.2) (noting 
R.a(0)=0), we find 


Y AcpySpya(0) = — 235 (Aapy)?R?. (7.7) 
Boy Buy 


The sum of (7.6) and (7.7) less the derivative of (7.3) 
at t=O then yields (4.9) for r=0, if all the v’s and 
f’s vanish. 

The conservative case we have just treated would not 
appear to be of any direct physical interest, but it 
will be instructive to compare the equations obtained 
with those for the dissipative system driven by 
stationary external forces. 


8. DISSIPATIVE STATIONARY STATE 


Stationary turbulence subjected to viscosity and 
driving forces represents a strong departure from 
equipartition and detailed balance in which the energy 
of the system fluctuates. In this case, (7.1) may not 
be asserted, but we can deduce a set of integro- 
differential equations which determine the gaa(7) and 
Raa(7) simultaneously in terms of the Faa(7). Multiply- 
ing (3.7) by f.’ and averaging, we obtain 


—_ Gaa(T) + YoGaa(T) = > AapyHapy(t)+Faa(7). (8.1) 
By ' 


Now let us introduce an arbitrary infinitesimal pertur- 
bation 6f,, statistically independent of f, with auto- 
covariance 6F g(r). The perturbations in the terms of 
(8.1) may be obtained from (6.8), (6.11) by replacing 
Faq With 5F a. With some manipulation, and the use 
of partial integration for 6Ga(r) [noting that gae(+9) 
=1 and taking 6Faa(*)=0], we find” 


5Gaa(T) = f Laa(1)bFaa(r+7)dr, 


ilna(s)= f Jaa (1) bFaa(r+7)dr+5Fae(7), 
0 (8.2) 


5Hapy(7) =2 f f Saa(?— $)[ A pyaes(s)Ryy(S) 
0 0 


+A yas8vy(s)Rgs(s) n(r—s)6Faa(r+7)drds, 


26 Equation (8.2) may be derived directly by the perturbation 
theory by using only the independence of f and 4f, without 
assuming that the distribution of f is Gaussian. 
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where n(x) = }3(1+./ |x|). Equation (8.1) can be satisfied 
by the perturbed values of Fao, Gao, Hasy only if the 
sums, on right and left sides, of the coefficients of the 
arbitrary auto-covariance 6F.(r+7) are equal. We 
thereby find (making a change of variable), 


Gaa(T)+ VaSaa(T) 
= 25 Aad goal? 5)LAratin(s)Rro(s) 
By 0 


+A yaphr(s)Rgs(s) lds, (r>0). (8.3) 


Now, multiplying (3.7) by ga’ and averaging, we obtain 
Raa(T) + VaRaa(T) = > AapySpya(7) +Gaa(T) . (8.4) 
By 


Equations (8.3), (8.4), (6.6), and (6.8) form a 
complete simultaneous system which should uniquely 
determine both the gaa(r) and the Ra(7) in terms of 
given Fyq(7), if the required conditions Ra(0)=0, 
£aa(+0)=1 are imposed.” If the distribution is known 
to be homogeneous and to satisfy (4.10), this then 
provides a determination of the full matrix R(r).”’ 
To verify the consistency of the present results with 
those of Sec. 7, we may set v, Faa=0 and, using (7.1) 
and (3.10), find without difficulty that (8.3) and (8.4) 
reduce to (7.4). In general, however, (8.3) and (8.4) 
constitute a profoundly more difficult system than 
(7.4). Although (8.3) could be solved for the gaa(r) 
through step-by-step integration from r=0 if the 
Raa(t) were known, the right side of (8.4) for given 7 
depends on g and R for all argument values. The 
difference in difficulty is not surprising when we 
consider that the nondissipative case could have been 
handled in elementary fashion by expanding Raa(r) 
as a Taylor series about r=0, expressing the derivatives 
in terms of instantaneous averages by repeated use of 
(3.7), and evaluating these averages in the M-B 
distribution. 

Although there may be no generally valid relation 
between g and R comparable in simplicity to (7.1), 
we may conjecture that in many cases a useful approx- 
imation will be 


Baa(T) =€"*"Roa(T)/Raa(0), 


For the conservative case treated, (8.5) reduces to 
(7.1), and (since Rea(0)=0) it yields gaa(+0)+r. 
*£aa(+0)=0, as required by (8.3) in the dissipative 
case. For vg very large, (8.5) implies gaa(7)~exp(— aT), 
(r>0), the correct result for the impulse response of 
a system controlled by linear damping. For v. small 


(r>0). (8.5) 


% The condition Rea(0)=0 is necessary for stationarity; by 
(8.4), it is equivalent to the integral condition (8.6). 

*7 It is easily seen that for a distribution satisfying (4.10) the 
off-diagonal elements of gag(r) must vanish also; otherwise, 
homogeneously distributed perturbing forces would induce 
correlations between different wave vectors, which would be 
inconsistent with the symmetry of the equations of motion. 
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enough that the factor exp(—».7) may be ignored 
except for very large r, (8.5) seems qualitatively 
plausible on the intuitive ground that the time char- 
acterizing the relaxation of an initial perturbation of a 
mode through interaction with the rest of the system 
should approximate the characteristic correlation time 
of that mode. 
The equation 


VaR ever (0) = 2 AaprSpre (0) +Gaa(0) (8.6) 


expresses the energy balance in the stationary state. 
The left side is the mean rate of dissipation (per unit 
mass) for the mode ga, Gaa(0) is the mean rate of input 
by the driving force f., and 2AggySg,a(0) is the mean 
rate of input from the triangle interaction (a,8,y).%8 
Equation (6.6) gives Sgya(0)=Syes(0)=Saay(0) [as 
required from the definition (4.8) ], so that by (3.10) 


AasySpya (0) so A gyaS yas (O)+A 7a8Sapy (0)= 0, (8.7) 


which shows that the present theory embodies rigorously 
the detailed conservation properties of the individual 
triangle interactions discussed in Sec. 3. By (7.2), 
Syga(0)=0 for the equilibrium distribution treated in 
Sec. 7, which shows that every triad of modes is in 
detailed balance. In the dissipative stationary case, 
it can be seen from (6.6) and (3.10) that if (8.5) is 
approximately true the individual triangle interactions 
typically transfer energy from strongly to weakly 
excited modes, as should be expected.” This will be 
illustrated in the next section. 


9. ISOTROPIC TURBULENCE 
G.1 Nonmagnetic Turbulence 


In the case of isotropic turbulence, the theory 
developed in Secs. 6 and 8 can be expressed conveniently 
in terms of the characteristic scalars of the moments 
involved, without separating explicitly the several q 
variables belonging to each k. Since only the divergence- 
less part of F(k,‘) appears in (3.1), we may take it 
divergence-free without loss of generality. Then we 
may define the real scalar functions U, F, and G by 


5Pi3(k)U (kr) = (L/2m)*(u;(k, t+ 7) u;*(k,2)), 
3Pi;(k)F(k,r) = (L/2m)*(F i(k, (+7) F *(k,1)), 
2Pi;(k)G(k,r) = (L/2m)*Re{ (Fy (k, t+-7)u;*(k,t))}, 
where Re{ } denotes real part. U and F are even 


functions of 7. In the limit ZL (which is required 
for rigorous isotropy), 


U(k,r)= (ony f O(r,r)e-** *d3y, 


(9.1) 


(9.2) 


*8 We have used Agyg=Aapy, Syfa(r)=Spya(7). 
* This may not be true, however, for triangle interactions 
linking modes for which vq and Gea (0) are very large, in which 
‘case the behavior may deviate substantially from what would 
be anticipated on the basis of near-equilibrium theory. 




















where U(r,r) = (i;(x+r, t+7)a,(x,t)), with correspond- 
ing expressions for F(k,r) and G(k,r). From (3.1) 
(with w=0), we may obtain 


U (kr) +-vk?U (kyr) =S(k,r)+G(k,r), (9.3) 
and 
—G(k,r)+vk°G(k,r)=H(k,r)+F (kr), (9.4) 
where 
S(k,r) = — (L/2m)* Im{ kinda: (us* (k’,t) 
Xtim* (k—k’, t)us(k, i—7))} (9.5) 
and 
H(k,r) = — (L/2m)8 Im{ Rm doe (us* (k’, 2) 
Xtum*(k—k’, t)F i(k, i+7))}. (9.6) 


Im{ } denotes imaginary part. These relations express 
(8.4) and (8.1). 

We may evaluate the summand in (9.5) with the 
methods of Sec. 6 by introducing as perturbations the 
Several triangle interactions which link the modes 
corresponding to wave vectors +k, +k’, + (k—k’).” 
Then, we obtain expressions [equivalent to (6.2) ] 
involving 5u;*(k’,t), 6m*(k—k’, ¢), and éu,(k, t—7). In 
correspondence to the second member of (6.4) we find 
a contribution  (u,*(k’,t)um*(k—k’, )du,(k, t—7)), 
where 


5u,(k, t— 7) 


t—r 


-f g(t’) { — tk Pij(k)(u;(k—k’, ’)ur(k’,r’) 
" 4u;(k’,)u(k—k’, 2) ])di’. (9.7) 


Here g(k,t') is the diagonal element of g(¢’) correspond- 
ing to a mode of wave number &,*! and { } represents 
the contribution to the right side of (3.1) from the 
triangle interactions involved. The indicated average 
may be evaluated by (9.1) upon asserting weak 
dependence. Summing all the perturbation expressions, 
letting fts>— ©, and replacing Sx by (L/2r)*/ak’ 
in the limit ZL, the final result for S(k,r) may be 
written 


C) k+k’ e) 
S(k,r)=ak f k'dk’ f k'dk” J ds 
|k—k’| 0 


0 


< [a(k,k’,k”)g(k,s)U (k’, st+-7)U (R", s+7) 


s b(k,k’,k’)g(k’,s) U (k, ig 7) U (k’’,s) ], (9.8) 
where 
a(k,k’,k’’) = (1—xyz—2y"2*), 
b(k,k’ ,k”’) = 2k! (—2+- xyt+ 272+ y*2 (9.9) 


+22*+ 2xy2*), 


30 As a consequence of weak dependence, the results are inden- 
tical with those obtained by introducing the triangle interactions 
individually, as strictly required by the direct-interaction 
hypothesis. 

41As a consequence of isotropy, the distribution-averaged 
impulse-response tensor has the form P;;(k)g(&,7). 
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x, y, 2 being the cosines of the interior angles opposite 
k, k’, k’’, respectively, in a triangle with these quantities 
as sides. 

The factors a and 6 arise from products of the 
projection operators P;;. They satisfy the identities 


a(k,k’,k””) =a(k,k”,k’) > 0, 
kb (kkk!) = k’b(k’ kk”), 
b(k,k’,k!’) +b (k,R"k’) = 2a(k,k’,k’), 


and express the structure of the triangle interactions 
among the Fourier modes of wave numbers &, k’, 
and k”’. The domain of integration in (9.8) includes and 
is limited to all pairs of values of k’ and k” which can 
form a triangle with k; the limits actually are symmetric 
in k’ and k” since if |k—k’| <k” <k+h’, then |k—k’’| 
SR’ SR+R". 

The quantity E(k)dk=2rk?U(k,0)dk is the mean 
energy/unit-mass lying between k and k+dk. For 
7r=0, (9.3) expresses (8.6) for the isotropic case, and 
it shows that S(k)dk=4k*S(k,0)dk is the mean rate 
of net transfer of energy/unit-mass by the nonlinear 
interaction to modes lying between k and k+dk. The 
identities (9.10) express the conservation properties 
of the nonlinear interaction. It follows readily from 
them that /~*S(k)dk=0 [provided E(k) vanishes 
rapidly enough as k—> ] and that the contributions to 
S(k)dk, S(k')dk’, S(k’)dk” from interactions among 
modes in the intervals dk, dk’, dk’’ add to zero in 
accordance with the detailed conservation properties 
of the triangle interactions. 

Following the procedure which led to (6.8), we find 


(9.10) 


G(n)= f dsg(k,s)F(k, s+7). (9.11) 
0 


Finally, following the procedure which led from (8.1) 
to (8.3), we may obtain from (9.4) the relation® 


g(k,r) +-vk°g(k,7) 
k+k’ 


= —nk f wav f k''dk''b(k,k’ ,k’’) 
0 |k—k’| 


x [ele r-s)e(e UW", (720). (9.12) 


Equations (9.3), (9.8), (9.11), and (9.12) form a 
complete set which should determine uniquely both 
g(k,r) and U(k,r) in terms of given F(k,r), if the 
required conditions U(k,0) =90, g(k, +0) =1 are imposed. 
If the statistical hypotheses underlying the present 
theory are well-founded, these equations should 
provide an exact description of stationary, isotropic 
turbulence in an infinite domain, maintained by 
normally distributed driving forces. The skew fourth- 


8% Equation (9.12) could also be deduced from inspection of 
(9.8) by noting the relation between (8.3) and (6.6). 
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order moments appearing in (4.9) for the isotropic 
case can be expressed in terms of g(k,r) and U(k,7) 
by the methods used above, and then the variational 
principle of Sec. 4.3 could be invoked to determine all 
the higher distribution moments, thus providing, in 
principle, a complete solution. 

The integrodifferential equations for U(k,r) and 
g(k,r) are of a type which does not appear to have 
been studied, and their general solution presents 
formidable difficulties. However, it is not difficult to 
find an asymptotic solution which describes the 
inertial and dissipation ranges of turbulence at very 
high Reynolds number based on macroscale and 
macrovelocity. This problem will be treated in detail 
in a future paper,® but we shall outline the solution for 
the inertial range here because it displays important 
features of the theory. 

Let us anticipate that at sufficiently high Reynolds 
number there exists a range of wave numbers & such 
that (1) all but a negligible fraction of the total energy 
lies below a wave number &.<k, (2) driving forces 
and viscosity effects within the range are negligible, 
(3) mean energy transfer proceeds by a cascade process 
from lower to successively higher wave numbers 
within the range, with negligible direct mean transfer 
from below to above the range, and (4) the times 
characterizing modes in the range are very much 
smaller than those for modes below &. In the limit 
where these approximations are presumed exact, let 
us seek a solution within the range of the form 


U(k,r) =U (k,0)g(k, | 7). (9.13) 


Then it may be found that (9.3) and (9.12) each 
reduce to 


g(k,r) =—3 ‘Ef g(k,7—s)g(k,s)ds, (r>0), (9.14) 
0 


where E is the mean energy/unit-mass. The solution 
which satisfies g(k, +9)=1 is 


g(k,r) =J1(2vokr)/(vokr), 


where 19>=+/(3£) is the macrovelocity (rms velocity 
in any direction). 

Under the assumptions made, the energy-balance 
equation within the range has the asymptotic form 


ca k+k’ 
S(k,0) = rk f wav f k''dk" 
0 |k—k’| 


x La(h,k’,k””)U (R’,0) — b(k,R’,k’) U (h,0) J 


(r>0), (9.15) 


xU(",0) f (k,s)g(k,s)g(k",s)ds=0, (9.16) 


3% R. H. Kraichnan, Report MH-9, Division of Electromagnetic 
Research, Institute of Mathematical Sciences, New York Uni- 
versity, 1958 (unpublished). 
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for U(k,r) of the form (9.13). Equation (9.16) expresses 
conservation in the energy-cascade process and is a 
consistency condition for the reduction of (9.3) to 
(9.14). The solution consistent with (9.15) is 


U (k,0) = c(evo) *k-7?, (9.17) 
where the as yet undetermined constant of proportion- 
ality has been expressed in terms of v, the rate of 
mean energy-transfer/unit-mass by the cascade process 
e, and a numerical constant c.* 

The U(k,r) given by (9.13), (9.15) has a non-negative 
Fourier transform with respect to 7, as it must to be 
a realizable covariance scalar. A consequence is that 
the s integral in (9.16) is positive for any k, k’, and k’”’. 
Then it is easy to see from the first and third of identities 
(9.10) that the terms in (9.16) involving a and b 
respectively represent positive and (typically) negative 
contributions to S(k,0) from the individual triangle 
interactions. Since U(k,0) is a decreasing function of 
k, this suggests that interactions among wave numbers 
k, k’, k” give a net contribution to S(k,0) which is 
positive if k’, k’””<k and negative if k’, k”’>k. 

If k, is any wave number in the range, the quantity 
e defined above equals the net energy-flow/unit-mass 
to all modes k>&, due to all triangle interactions with 
modes k’, k’’<k,, plus the net flow from all modes 
k<k, due to all triangle interactions with modes 
k’, k'’>k,. (These two nonoverlapping classes exhaust 
all the triangle interactions which transport energy 
across wave number &;.) By using this fact, an expres- 
sion for € in terms of g(k,r) and U’(k,r) is readily 
constructed, and the constant c then may be evaluated 
in terms of a definite multiple integral. This completes 
the inertial-range solution. A calculation of the direct 
transfer of energy from all modes <h, to all modes 
>ko>k, gives a result «e(k,/k2)! if ki, ke are both in 
the range. This confirms the initial assumption of an 
essentially local energy-cascade process and provides 
a posteriori justification for using the inertial-range form 
of solution over the entire k’, k’”’ domain in (9.16). 

The energy spectrum corresponding to (9.17) is 


E(k) = 2mc(evo) tk. (9.18) 


This expression contains the macrovelocity v9 in 
contradiction of Kolmogorov’s hypothesis*® that the 
inertial-range spectrum should depend only on e. 
The reason why Kolmogorov’s similarity hypotheses 
are not supported by the present theory, despite its 
prediction of the energy-cascade process central to 
his reasoning, is that according to (9.15) the impulse 
response and autocorrelation functions for modes in 
the inertial range are determined by vo. Thus, although 


4 Tdentities (9.10) show that (9.17) solves S(#,0)=0, where 
S(k,0) is given by (9.8), if g(k,r) and U(k,r)/U(k,0) are any 
functions of the single argument a7 with certain integrability 
properties. 

36 A, N. Kolmogorov, Doklady Akad. Nauk S.S.S.R. 30, 301 
(1941); 32, 16 (1941). 
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asymptotically there is no direct energy-transfer from 
low wave numbers to modes in the inertial range, the 
rates of transfer by triangle interactions within the 
inertial range are dependent on vw. The physical 
interpretation of this phenomenon and the breakdown 
in the Kolmogorov theory implied thereby are discussed 
in Sec. 10. 


9.2 Magnetic Turbulence 


The magnetic case may be formulated in close 
analogy to the foregoing. We shall give only the results. 
Let us define W (k,r) by 


1 P,,(k)W (k,r) = (L/2r)? (w,(k, (+7) w,;*(k,0)), 


and let gm(k,r) be the impulse response for magnetic 
modes. Then, 


(9.19) 


W (k,r) + oR W (k,r) =O(k,7), (9.20) 
U (kr) + vk?U (k,r) =S (kyr) +R(k,r)+G(k,7), (9.21) 
Gm(k,T) +k gm(k,7)=m(k,7r), (r>0), (9.22) 
g(k,r) + vk'g(k,r) = n(k,r)+ Ukr), (r>0), (9.23) 


where 


wo k+k’ a 
O(k,r) =ak f k'dk’ f k’'dk"” J ds 
0 |k—k’| 0 
X[d(k, kk’ )em(k, s)W(R’, st+-7)UCR”, s+7) 
—h(k,k’ kW (k, s— 7) gm(k’,s)U (R's) 
— j(k,k’,k’)W (k, s—r)g(k’,s) W(k’,8) J, 


x k+k’ w 
R(kyr) =ak f wan f pax’ f ds 
0 |k—k’| 0 


<[a(k,k’,k’’)g(k,s)W (k’, st+7r)W (Rk, st+r) 
—c(k,k’,k’’)U(k, s— 7) gm(k’,s)W(k",s) ], (9.25) 


C4 k+k’ T 
m(k,r) = —mk f k’dk! f kak” J gm(k, T—S) 
0 |k—k’| 0 


X[h(k, kk’) gm(h’,s)U (R's) 
+ j(k,k’ Jk’) g(k’,s) W (k’,s) lds, 


(9.24) 


(9.26) 
wo k+k’ 
I(k,r) = —ak f k’dk’ f ki'dk!'c(k,k’k’”) 
0 |k—k’| 
x J g(k, r—S)gm(k’,s)W(k’,s)ds, (9.27) 
0 


and n(k,7) is the right side of (9.12). The new angular 
factors are 


c(k,k’,k!’) = 2k k’'s(1—y°), (9.28) 
d(k,k’ hk’) =2(1+2yz), (9.29) 
h(k,k’ Rk!) = 2k’ (1+-x2y+y"2— 27), (9.30) 
j(k,R’ kh!) = 2k OR! (s—xy—2?s—2xy2*). (9.31) 
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S(k,r) and G(k,r) are given by the expressions pre- 
viously derived. 


10. DISCUSSION 


The function ga(r) describes the relaxation of an 
initial impulsive disturbance by the spreading of its 
energy (apart from viscous dissipation) over many 
modes; thus it describes the effect on the mode qa 
of the mixing action of the motion as a whole. From 
this it can be seen that the theory developed in Secs. 
5-9 may be given the following qualitative characteriza- 
tion: the direct interaction among small groups of 
modes tends to establish mutual phase relations which 
the mixing action of the total motion tends to destroy. 
The exchange of energy among given modes is dependent 
on these phase relations and thereby is affected by 
the general mixing action, as is displayed clearly in 
the asymptotic solution for the inertial range of 
isotropic turbulence outlined in Sec. 9.1. 

The present theory is quite inconsistent with the 
widely accepted hypothesis of Kolmogorov*®5 which 
holds that at high Reynolds numbers modes of suffi- 
ciently high & do not undergo significant direct 
dynamical interaction with the strongly excited low-k 
part of the motion, but are in a statistical state deter- 
mined solely by the rate of energy-cascade. An inspec- 
tion of (3.1) shows that the coefficients of the bilinear 
terms giving interactions with wave numbers <k 
actually are not smaller than the coefficients of terms 
giving interactions with wave numbers ~&, but it 
may be reasoned that the effect of the interactions 
with low wave numbers should be essentially to convect 
local regions of fluid bodily without significantly 
disturbing their small-scale (high-k) internal dynamics. 
A serious flaw in this argument would appear to be 
the failure to recognize that the u(k,/) are collective 
coordinates whose values are determined jointly by all 
the local regions which compose the flow. It was 
pointed out in Sec. 5.1 that in an extensive turbulent 
flow the contributions from different regions should 
interfere to produce rapid variation of phase with k. 
The convection by the low-k motion produces relative 
motion of local regions which then may be expected 
to give rise to rapid and complicated changes of the 
phases with time. This should affect profoundly the 
triple phase correlations which determine the energy- 
transfer among the high k’s.* 


36 Tt may be seen from (3.1) that the action of the low-& part of 
the motion on the high-k part is to couple and induce energy- 
exchange between modes of nearly equal but distinct k’s; it does 
not couple modes to themselves. On the present theory of the 
infinite domain, modes of arbitrarily close but distinct k’s are 
but weakly dependent, and this action properly is described 
as mixing rather than convection. 

As a counter-consideration to Kolmogorov’s original argument 
in the x-space representation, it may be noted that the fine-scale 
structure of high Reynolds-number turbulence consists typically 
not of compact blobs but of a complicated tangle of extended 
vortex filaments and sheets. 
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The empirical discrimination between the present 
theory and the Kolmogorov theory will be discussed in 
a future paper.* 

It was noted previously that if the statistical hypo- 
theses of Sec. 5 are sound, the treatment developed in 
Secs. 6-9 should constitute an exact theory of stationary 
turbulence in an infinite domain supported by homoge- 
neous Gaussian-distributed modal driving forces.*”** No 
assumption has been made or implied concerning the 
size of the Reynolds number based on macrovelocity 
and the macroscale fixed by the driving forces; it 
could even be less than unity. Work in progress indicates 
that the theory can be extended to provide an exact 
description of some cases in which energy is supplied 
to the turbulence by a steady shear flow rather than 
by the physically unrealistic external forces invoked 
in the present paper. In particular, it appears possible 
to give an exact treatment of fully developed turbulence 
in an infinitely long pipe. The present theory also can 
be extended to decaying turbulence, to compressible 
fluids, and to the mixing of a passive field by turbulence. 
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APPENDIX 


Consider any conservative systems q, p with equa- 
tions of motion 


Ga=Qa(9,t), 


37Tt is of interest to note that even if for some reason the 
direct-interaction hypothesis of Sec. 5.2 should not prove strictly 
valid, the infinite domain covariance and impulse-response 
equations could still be exactly correct because the contributions 
to the skew moments from the indirect interaction might be of 
such character that they do not contribute, in the limit, to the 
extended sums over modes in which the skew moments enter these 
equations. 

38In general, the first-order perturbation theory cannot be 
expected to give exactly correct results for turbulence confined to 
a finite volume. It seems likely that it should give good accuracy 
for sufficiently high-k modes but might lead to substantial error 
for low-k modes. 


Pa= Pa(p;t) (A.1) 


KRAICHNAN 


such that 


> 29Ga/8Ga=9, Ladpa/IPa=9, (A.2) 


and with energies 
Ey=4Xe4e, Ep=}Lape’. (A.3) 


Consider a M-B distribution of the composite system; 
the Gibbs density depends only on E,+£, and is 
time-invariant. Let us introduce a conservative coupling 
so that (A.1) is altered to 


Ga=Qat eLipAas(t) ps, Pa=Pa—€dipApa(t)gs, (A.4) 


where ¢ is infinitesimal and A(é) is an arbitrary function 
which vanishes for ‘<0. Equation (A.2) is unchanged , 
and the Gibbs density is invariant under the perturba- 
tion. Therefore, 


5(q. (2) Pr(t))= qu (t)Pa(t))+ (qu(Hbpr(t))=0 (AS) 


for all » and A, where 5q and dp are the perturbations 
in q and p. Noting the statistical independence of 
the unperturbed systems, we find from (A.4), (A.5), 


t 
Aas(t’)[gua(t—t’)Ur9(t—’) 
7 —Ing(t—0’)Rya(t—1’) at’ =0, 


pm 
ap 


(A.6) 


where fua(T), R(t) are elements of the averaged 
infinitesimal-impulse-response and covariance matrices 
for the g’s and Myg(r), Urg(r) for the p’s. This can 
hold for arbitrary ¢,A and for all uw and J only if 


8ualT)/Rya(t) =hyg(r)/Urg(r)=const, (7>0). (A.7) 


Since (A.1) are first-order equations, g,,(+0), 4,,(+0) 
=6,,. Then the solution of (A.7) is 


&r(7)=Ra(r)/R, h(t) =U,ar(7)/R, 


where R is twice the mean energy/mode in the M-B 
distribution and we note R,(0)=6,R, U,(0) =5,,R.¥ 


39 For a linear system, (A.8) is anticipated by the work of 
Callen and his co-workers, who use a different approach [H.B. 
Callen and T. A. Welton, Phys. Rev. 83, 34 i951); Callen, 
Borasch, and Jackson, Phys. Rev. 88, 1382 (1952) ]. The relation 
between the correlation and response matrices associated with 
small fluctuations of macroscopic thermodynamic variables from 
equilibrium is examined by Callen and Greene [H. B. Callen 
and R. F. Greene, Phys. Rev. 88, 1387 (1952). 


(r20), (A.8) 
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Measurements are reported on the successful orientation of 26-hour As’¢ donors in a doped silicon crystal. 
A general discussion is given of the various methods of dynamic nuclear orientation and how they apply to 
As’*, The use of radio-frequency orientation to determine the sign of the nuclear magnetic moment and the 
mixture of total angular momenta carried off by the electron-neutrino system is discussed. As’* has been 
oriented by both saturation of forbidden transitions and double resonance methods. The hyperfine splitting 
of As’ in the doped silicon crystal is +198.42+0.04 Mc/sec; the hyperfine splitting of As’® in the same 
crystal is —93.660+-0.06 Mc/sec. The spin of As* has been shown to be 2; its gyromagnetic ratio, —0.4514. 
The determination of the relative amounts of angular momenta carried off by the 2-32, 2.41-Mev beta ray 
gives a result which is consistent with 5 parts L=0, 2 parts L=1, and 3 parts L=2. An unknown systematic 
error in these last measurements makes it difficult to say precisely what the mixture is. Unsuccessful attempts 
to produce orientation through the Overhauser and Abragam methods are summarized. 





INTRODUCTION 


HEN the work reported in this paper was begun, 

there were only two proposals for radio-frequency 
nuclear orientation—one by Kastler! and one by Over- 
hauser.? An early report by Honig’ of a long electron 
relaxation time in arsenic-doped silicon suggested that 
it might be a good test case for the Overhauser method. 
It was attractive for two reasons. First, an arsenic- 
doped silicon crystal could be bombarded with neutrons 
and part of the stable As’® converted into radioactive 
As’®, This would eliminate radiochemical source prob- 
lems. Second, it displayed resolved hyperfine struc- 
ture.*:° The Overhauser orientation would be produced 
only at a discrete set of frequencies determined by the 
hyperfine splitting of the radioactive element. Thus the 
nuclear orientation could be used to locate the resonance 
lines and hence determine the magnetic moment of the 
radioactive element. 

Subsequent investigation® * showed that the pattern 
of relaxation times in the doped silicon crystals was 
much more complicated than was first assumed. Also 
three new methods for dynamic nuclear orientation 
were proposed—one by Feher,’ one by Jeffries,’ and 
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mission, the Milton Fund, and the Society of Fellows, Harvard 
University. 
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one by Abragam."'” Two of these (Feher and Abragam) 
were suggested by the study of the electron resonances 
in doped silicon crystals. All of these methods have been 
tried by us on arsenic-doped silicon; some with and 
some without success. This paper is a report on the 
results of these experiments. 

In the first section of this paper a brief summary of 
the various methods of dynamic orientation is given. 
By some of these methods, changes in nuclear popula- 
tions which affect only two adjacent nuclear sublevels 
can be produced. Consequently, the full power of the 
formal theory of nuclear orientation is not needed. We 
shall supplement it with an alternate approach which 
is specialized to the case of As’® and which makes it 
possible to visualize more easily the effects of saturating 
different electron transitions. In the second section the 
apparatus is described. The third section comprises a 
report on the various orientation experiments; the 
determination of the spin, nuclear magnetic moment, 
and sign of the nuclear magnetic moment of As’® is 
summarized. A relationship between the contributions 
of the various angular momenta to the beta decay is 
derived. Unsuccessful attempts to produce orientation 
through Overhauser and Abragam methods are sum- 
marized. Section four consists of a short discussion of 
the relationship between the results of this experiment, 
the nuclear models, and other experiments on beta 
decay. 


THEORY OF THE EXPERIMENT 
A. Specification of the Nuclear Orientation 


The nuclear decay scheme of 26-hour As’, which has 
been determined by Kurbatov® and co-workers, is 
shown in Fig. 1. The 2.97-Mev beta ray has a unique 
first forbidden shape*; consequently, the ground state 


11 A, Abragam, Compt. rend. 242, 1720 (1956). 

124, Abragam and J. Combrisson, Compt. rend. 243, 650 
(1956). 
13 Kurbatov, Murray, and Sakai, Phys. Rev. 98, 674 (1955). 

4 FE. P. Tomlinson and S. L. Ridgway, Phys. Rev. 88, 170 
(1952). 
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of As’® is assumed to have a spin of 2 and negative 
parity. The radiation 82 is a first forbidden transition 
with an allowed spectrum shape." It also displays beta- 
gamma angular correlation’*; it is assumed that the 
emitted electron-neutrino system is a mixture of total 
angular momentum L=0, L=1, and L=2 components 
for this 2~ to 2* transition. The spins and parities of the 
levels of Se? have been assigned from a study of the 
gamma-gamma and the beta-gamma angular correla- 
tions.” The radiations y; and 3; are pure electric 
quadrupole; the radiation yz is a mixture of (98+1)% 
electric quadrupole and (2+1)% magnetic dipole radia- 
tion.”° The lifetime of the 550-kev state of Se7® has been 
measured by Coulomb excitation® and coincident 
methods.” It is approximately 2 10" second. 

In the orientation experiments the gamma rays are 
observed. The principal contribution to the counting 
rate is from 71. To calculate the orientation parameters, 
two schemes will be used. The first method employs 
the general theory of nuclear orientation due to De 
Groot, Cox, and Tolhoek™; it is useful for calculating 
the change in orientation parameters due to the angular 
momentum carried off by the beta ray. The second 
method requires only knowledge of the angular distribu- 
tions for electric quadrupole radiation; it is useful as a 
means of quickly visualizing the effect of applying 
different radio-frequency fields. Let jo, 7;, and j; desig- 
nate the spins of As’®, the gamma-emitting state of 
Se”® and the final state to which the gamma ray decays, 
respectively. If 7;=j;—2, the angular distribution™ of 
the electric quadrupole gamma ray will be given by 


N (9) =2{1— (15/7) N2feP2(cos@)—S5NafsPs(cosd)}, (1) 
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ji 
+ (3/35) (9s)(Js—1)(Fe+1) (Gi+2)], (4) 
and the spherical harmonics are given by 
P.=%(cos*@—}4), (5) 
P= (35/8) [cos'8— (6/7) cos*@+ (3/35) ]. (6) 


The am; are the populations of the nuclear sublevels 
normalized so that 


:. am;= 1. 


The f2 and f, parameters for the intermediate gamma 
emitting state of spin j; are related to the f2 and f, 
parameters of the parent As’ by the equation™ 


we (ji) 
f(j)=X ar— 
L wel Jo 


ee paauan 1(2jo—k) }(2) (8) 
(2j;—k) (2jo+k-+1) ! 





(2jo+1)W (jiLRjo; jojs)fe(Jo), (7) 


where 





wx( Jo) ji 


an 


Wo 
a!= f S1i(W)F(W,Z)dW. (9) 
1 


W (j:LRjo; joji) is a Racah coefficient; F(W,Z) is the 
Fermi function for beta decay; and S, is the shape 
factor’ for the component of the beta decay in which 
the electron-neutrino system is emitted into a state of 
total angular momentum L. For a first-forbidden 2 to 
2+ transition as in As’®, the summation is over L values 
of 0, 1, and 2. It is convenient to introduce a new set of 


parameters, 
at=az'/Laz’, 


> a,=1. 


In a radio-frequency alignment experiment, there is 
generally a large electromagnet around the sample; 
consequently, it is difficult to move the counter. The 
orientation can, however, be produced and destroyed 
in a short time. Thus the meaningful signal is the change 
in counting rate at a given angle when the orientation 
is produced. These fractional changes in counting rate 
will be called the signals and designated by the symbols 
S(m) and S(¢). The spectroscopic ¢ and 7m notation is 
used to designate the directions of observation per- 


such that 
(10) 
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pendicular to and parallel to the magnetic field, respec- 
tively. In terms of the f;, parameters, the signals are 


S(o¢) = (5/7) fo—S fu, (11) 
S (a) = — (10/7) fo— (40/3) fa. (12) 


For discussion of the various methods for orientation, 
it will be assumed that the beta ray carries away no 
angular momentum. In this case and for a 2-—2+—0 
transition as in As’6, an alternative method can be used 
to calculate the signals. Since the beta ray carries 
away no angular momentum, the populations of the 
nuclear sublevels of As’* are the same as those of the 
excited state of Se”®. The situation is no different from 
the case where a gamma-ray-emitting nucleus is being 
aligned. The angular distributions for a quadrupole 
gamma ray are shown in Fig. 2. From these diagrams 
it is clear that 


(13) 
(14) 


S(a)=3(1—Sap), 
S(m)=}(Sait+5a_1—2). 


The population of the levels a; and a_, entirely de- 
termines the radiation emitted in the direction of the 
magnetic field; the change in emission perpendicu- 
lar to the direction of the magnetic field is due to 
changes in dp. 


B. Energy Levels of the Donor Atom in 
a Magnetic Field 


The electronic ground state for a group V donor 
atom in a silicon crystal is a *S; state. In a magnetic 
field, the interaction between the nucleus and the 
electronic spin is described by the Hamiltonian 


H= —gsuo(J:H)—gm,(1-H)+A(I-J), 


where gy is the electron gyromagnetic ratio, g; the 
nuclear gyromagnetic ratio, uo the Bohr magneton, up 
the nuclear magneton, A the hyperfine interaction 
constant, and H the magnetic field. The gyromagnetic 


(15) 











Qm=0 


Om=2 


Fic. 2. Angular distributions for quadrupole radiation. All the 
diagrams are drawn to the same scale so that relative emission 
probabilities can be determined by comparison of corresponding 
radii. 
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Fic. 3. Energy levels for donor atom with nuclear spin 2 and a 
negative nuclear magnetic moment in a large magnetic field 
(2uoH>>A). The arrow with the H indicates the order in which 
the lines are displayed as a function of magnetic field with a fixed 
oscillator frequency. 


ratio of the electron is taken to be negative and A is 
positive for a positive nuclear moment. The energy 
levels in a large (uoff>>A) magnetic field can be ex- 
pressed in terms of the quantum numbers of the un- 
coupled nucleus and electron. Correct to the second 
order in the hyperfine interaction, the energy levels for 
a donor atom with a *S; ground state are given by 


Ems mr = — gsuollms— gipntlm;+Amrm, 
+ (A?/duoH)m ,(I—2msmz) 


X (+2msm;+1). 


Figure 3 shows the energy levels for nuclear spin 2 and 
a negative nuclear magnetic moment; Fig. 4 shows the 
energy levels for nuclear spin 2 and a positive nuclear 
magnetic moment. The small numbers beside the levels 
in Fig. 4 represent the relative populations for a field of 
8500 gauss and a temperature of 1.25°K. In subsequent 
discussions the various levels will be denoted by the 
number pairs (m,,mr). 

To the first order in the hyperfine coupling, the wave 
functions of the levels are 


(16) 


g(mys,m1) =P (3,ms)x(L,mr) — (ms A/g sol) 
XC (—2mymy) (I+-2mymr+1) }} 
xVv(3, —my)x(I, mi+2my,). (17) 
Each level with a given total (m;+m,) value contains 
a mixture of the level (—m,, m;+2m,). Consequently, 
if a radio-frequency field which has a component along 
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Fic. 4. Energy levels for a donor atom with nuclear spin 2 and 
a positive nuclear magnetic moment in a large magnetic field 
(2uo9H>>A). The arrow with the H indicates the order in which 
the lines are displayed as a function of magnetic field with a 
fixed oscillator frequency. 


the axis of quantization is applied to the atom, transi- 
tions can be induced between the level (m ,m,) and the 
level (—m,y, m;+2m,) via the weak coupling due to 
the hyperfine interaction. 


C. Methods of Dynamic Nuclear Orientation 


The first method of orientation which will be dis- 
cussed was suggested by Jeffries.!° Although it was 
the last to be suggested, it is the simplest to discuss. 
This method utilizes the saturation of the forbidden 
A(m;+m,)}=0 transitions. Consider the saturation of 
the transition (—},+1)— (3,0), which is shown sche- 
matically in Fig. 5. In this figure and in the rest of this 
paper the abbreviation 


a=exp(—2yuoH/kT) (18) 


has been used. For 1.25°K and 8500 gauss, a=0.4. The 
first effect of the radio-frequency field is to equalize the 
population of the (—},1) and the (3,0) levels as shown 
in Fig. 5(b). If the nuclear relaxation time is assumed 
to be long compared with the electron relaxation time, 
the orientation will increase until the final equilibrium 
state shown in Fig. 5(c) is reached. If Eqs. (13) and (14) 
are used to calculate the signals for the transition, the 
expressions 


S(o)=—} tanh(uoH/kT), 
S(x)=—} tanh (uo /kT) 


(19) 
(20) 
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TABLE I. Signals expected for saturation of the forbidden 
transitions. The 8 decay | is assumed to be poe L=0. 








Signals 





Transition S(c) S(x) 
(—4,2)> (4,1) 0.00 +0.22 
(—4,1) ae 0) —0.11 —0.22 
(~ $0) =m ae +0.11 +0.22 








are obtained. The saturation of the (—},1)—>($,0) 
transition increases the population of the m=O level 
and decreases the population of the m=1 level; conse- 
quently, the counting rate is decreased in both the o 
and x positions. Comparison of Fig. 5 with Figs. 3 and 4 
shows that for a negative nuclear moment the transition 
(—4,1)—>(4,0) will be the third forbidden transition 
starting at zero magnetic field with a fixed oscillator 
frequency ; for a positive nuclear moment it will be the 
second forbidden transition. The signals depend only 
upon the transition saturated; the order of the transi- 
tion in magnetic field depends upon the sign of the 
nuclear magnetic moment. In Table I are summarized 
the signals which should be obtained by saturating the 
various forbidden transitions at 1.25°K and 8500 gauss. 
This simple picture will be true only if the nuclear 
relaxation times are much longer than the time required 
to saturate the forbidden transitions and observe the 
orientation. If the nuclear relaxation time is compar- 
able with the time required to saturate the forbidden 
transition, the equilibrium configuration will be more 
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(c) FINAL EQUILIBRIUM STATE 


Fic. 5. Schematic representation of the saturation of the for- 
bidden transition (— 4,1)—>(4,0). The numbers besides the levels 
represent the relative populations. The symbol a has been intro- 
duced for exp(— Quo /kT) ; for 8500 gauss and 1.25°K, a=0.4. 
This transition increases the population of the nuclear m=( 
level at the expense of the m= 1 level. The nuclear relaxation time 
has been assumed to be much longer than the electron-only 
relaxation time. 
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(c) AFTER NUCLEAR FAST PASSAGE 


Fic. 6. Schematic representation of the production of orienta- 
tion by the double fast-passage method. a equals exp(— 2oH/kT). 
The electron fast passage inverts the levels (3,1) and (—}3,1); 
the nuclear fast passage inverts the levels (3,0) and (4$,+1). 


complicated and usually the signals obtained smaller. 
Since the nuclear relaxation time in As”® is long,”® the 
more complicated case will not be considered. 

The second method which will be discussed was sug- 
gested by Feher®; it uses two radio-frequency fields to 
produce the orientation. The most efficient way to 
rearrange the nuclear populations in this fashion is to 
use the technique of adiabatic fast passage to invert the 
populations of the levels. Consider the sequence shown 
in Fig. 6. First the level pair (—},1), (3,1) is inverted 
with a microwave radio-frequency field, then the pair 
(3,1), (3,0) is inverted with a low-frequency field. 
This sequence produces an orientation of the same 
magnitude as was obtained by saturation of the for- 
bidden transition (—4,1)—>(4,0). This method has the 
advantage that a given sign of alignment can be pro- 
duced independent of the sign of the nuclear magnetic 
moment. This will be discussed more fully in the section 
on the determination of the sign of the nuclear magnetic 
moment. The double fast-passage method also makes 
it possible to do several successive operations and 
increase the population of a given nuclear sublevel at 
the expense of several other sublevels. The fact that it 
requires the use of two radio-frequency fields makes it 
difficult to use as a search method when the hyperfine 
splitting is unknown. 

The third method, which will be discussed, was sug- 
gested by Kastler'; this method was historically the 
first to be suggested. It replaces the two fast-passage 
operations by two saturating radio-frequency fields. 
This makes the method applicable to more substances, 
but decreases the orientation produced. 


25 J. W. Culvahouse and F. M. Pipkin, Phys. Rev. 109, 319 
(1958). 
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The fourth method, which was proposed by Abra- 
gam," utilizes the change in the structure of the elec- 
tron-nucleus wave function when the magnetic field is 
changed adiabatically from a high value such that 
uoH>>A to a low value such that woH<«A. The energy 
levels of a donor atom with nuclear spin 2 and a nega- 
tive nuclear magnetic moment as a function of magnetic 
field are shown in Fig. 7. In Table II the wave functions 
of the donor atom at high and low magnetic field are 
listed. From these wave functions and the populations 
of the levels in high magnetic field, the nuclear popula- 
tions and hence the orientation signals can be calculated. 
The results of these calculations are summarized in 
Table III. This table shows that upon reduction of the 
magnetic field from an initial value of 11 000 gauss at 
1.25°K to a value of 10 gauss a considerable nuclear 
polarization would be produced. In low magnetic field, 
however, the energy separations in the F=J+}4 and 
the F=J—} complexes become equal. Consequently, 
spin-spin interactions can set in between the adjacent 
donors; this will establish a Boltzmann distribution 
over the levels of the two groups. The results of such 
an exchange upon the orientation are shown in Table 
III. If the sample is now returned to high field, a simple 
calculation shows that there will again be a net orienta- 
tion ; this is also listed in Table III. The process of going 
from high to low exchanging and then going back to 
high field can be repeated a number of times with a gain 
in orientation each time. The successful attainment of 
orientation by this method is complicated by the 
possibly short spin-lattice relaxation time in low 
magnetic fields and the transitions produced by ex- 
change interactions which may occur due to accidental 
energy level equalities produced during the transit from 
high to low to high magnetic field. 


WW Ww 














Fic. 7. Energy levels as a function of magnetic field of donor 
atom with spin 2 and a negative nuclear magnetic moment. The 
small numbers beside the levels represent the relative population 
for 11 000 gauss and 1.22°K. 
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TABLE IT. Wave functions at high (uoH<«A) and low (uoH<«A) magnetic field for an electron coupled to a nucleus of spin 2 having a 





negative nuclear magnetic moment. The small residual impurity in the high-field wave function has been ignored. 











High-field state High-field wave function 


Low-field wave function 





(3,—2) ¢(2 »4)¥(2,—2) 
(4,—1) ¢(3,9)¥ (2,—1) 
¢(4.pv (2.0) 

eld (2,1) 
¢(4,4)¥ (2,2) 

+2) ¢(3,—9)¥ (2,2) 
1) ¢(3 »—4)¥ (2,+1) 
0) ¢(3,—9)¥ (2,0) 
~i) ¢(3,—§)¥(2,—1) 
»—2) ¢(3 »—4)¥ (2,—2) 





— ($)4—(4,d)¥ (2,—2)+ (2)4e(4,—4)¥ (2, —1) 
— ($)49($,4)v (2,0) + (8)# (4, —4)¥ (2,41) 
— (3)4(9,d)¥ (2,41) + ($)49(4,—4)¥ (2,42) 


o(4, dv (2,2) 
($)4—(4,4)¥ (2,1) + ($)49(4,—4)¥ (2,2) 
(#)4—(9,9)¥ (2, —1) + (3)4o(4,—d)¥ (2,0) 
(5)4e(4,4)¥ (2,—2) + ($)4o(4,—4)¥ (2,—1) 











The fifth method is a generalization of a proposal 
originally suggested by Overhauser.” It relies upon the 
special nature of certain nuclear relaxation processes 
to produce the orientation. The general relaxation 
scheme for a donor atom with nuclear spin 2 is shown in 
Fig. 8. T, is the relaxation time for processes in which 
only the electron spin changes state; 7, is the relaxation 
time for processes in which the nucleus and electron flip 
simultaneously so that A(m;+my)=0. This second 
process occurs only between the levels coupled by the 


TaBLeE III. The nuclear populations and expected alignment 
signals for the various Abragam methods of orientation. A repre- 
sents the initial high-field configuration, B the configuration after 
going to low field, C the configuration after exchange sets in at 
low field, and D the configuration after going back up to high field. 
A pure (L=0) 8 ray has been assumed. The initial conditions are 
11 000 gauss and 1.22°K. 











Situa- Nuclear populations Signals 
tion a.2 a.1 ao a a2 S(x) S(e) 
A 0.200 0.200 0.200 0.200 0.200 0.000 0.000 
B 0.222 0.222 0.222 0.222 0.114 0.110 —0.028 
& 0.246 0.221 0.197 0.176 0.158 —0.008 0.004 
D 0.226 0.205 0.188 0.172 0.216 —0.058 0.016 
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Fic. 8. Energy level diagram for donor atom with nuclear spin 2 
showing the two electron relaxation times. Ts is the relaxation 
time for spin flips of the electron alone; 7x is the relaxation time 
for processes in which the electron and the nucleus flip simul- 
taneously so that A(m;+m,)=0. 


hyperfine interaction. If a microwave magnetic field is 
applied so as to saturate the (—}4,0)—>(4,0) electron 
transition the orientation will develop as shown in 
Fig. 9. In Table IV are summarized the expected 
orientations produced by saturation of the various 
single electron transitions and by simultaneous satura- 
tion of all of them. This latter case corresponds to the 
original Overhauser proposal. 


D. Influence of the 8 Decay 


If Eqs. (7) to (9) are evaluated for the general 
2-—2* 6 transition of As’*, Eq. (1) becomes 


10 a 17a 

N(6@)= i— —(1 i ~~) P: 
7 2 ae 

Sa 


40 Sa2\ 
~=(1-= =) sr (21) 
3 3 7 


The normalization condition, Eq. (10), has been used to 
eliminate ao. Equation (21) can be used to find the 
signals expected for an arbitrary mixture of angular 
momentum carried off by the electron-neutrino system. 
If the nuclear relaxation time is long compared with the 
time of formation of the orientation, simple expressions 
can be derived for the signals. For both the case of 
orientation produced by saturation of a forbidden transi- 
tion and the double-resonance methods, the final 
nuclear populations can be expressed in the form 


5a_2=1, 
Sa_;=1+7 tanh (uoH/k7), 
5do= 1—n tanh(uoH/kT), (22) 
5a4:=1, 
5a42=1. 


This particular example is for processes which change 
the populations of the a_, and the ap nuclear sublevels. 
For the saturation of the forbidden transitions, 


O<n< 1. 


In the case of orientation produced by using two radio- 
frequency fields, 
TSS. 
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TABLE IV. Nuclear populations and alignment signals expected for Overhauser effect. Situation A represents the saturation of all five 
transitions simultaneously. A pure (L=0) 8 ray has been assumed. Calculations were made for 7=1.25°K and H =8500 gauss. 




















Transition being Nuclear populations Signals 
saturated a2 a1 ao a1 a2 S(x) S(e) 

(4,—2)—+(—4,—2) 0.125 0.218 0.218 0.218 0.218 +0.090 —0.023 
(4,—1)(—4,-—1) 0.100 0.144 0.252 0.252 0.252 —0.010 —0.065 
(4,0)—>(— 4,0) 0.119 0.119 0.170 0.297 0.297 +0.040 +0.038 
(4,+1)>(—4,+1) 0.144 0.144 0.144 0.206 0.361 —0.125 +0.070 
(4,+2)—(—4,+2) 0.185 0.185 0.185 0.185 0.264 —0.075 +0.019 
A 0.016 0.039 0.097 0.242 0.606 —0.298 +0.129 








The parameter 7 will be called the efficiency of orienta- 
tion ; it measures how closely the thermodynamic maxi- 
mum is approached. The f2 and f, parameters can be 
readily computed for nuclear populations of the form of 
Eqs. (22). For saturation of the (—},2)—(3,1) tran- 
sition, 


fe= — (3n/20) tanh (uoll/kT), (23) 
fa= — (3/140) tanh (uoll/RT). (24) 
For saturation of the (—}3,1)—>(3,0) transition, 
o= — (n/20) tanh(uoll/kT), (25) 
fa= (3n/70) tanh (uo /RT). (26) 


Equation (21) can now be used to write the signals for 
an arbitrary beta-decay mixture in terms of the effi- 
ciency. For the transition (—},2)—+(3,1) the expressions 


29) 
n 
“( ! 
2 


13a boll 
) tanh), (27) 
14 kT 
n/a 3a2 boll 
So(0)=--(—— ) tanh 
4\2 14 kT 


7a 





(28) 





) 


are obtained. The subscript O has been introduced to 
signify that this transition is one of the outer pair of 
forbidden transitions. For the transition (—4,1)—>(4,0) 
the signals are given by 


lla; 9az boll 
1) tanh(—), (29) 

6 14 kT 

3a 


n lla oll 
S1(c)= -"(1-=- ) tanh(—), (30) 
4 2 14 kT 


The subscript J designates that this is one of the inner 
pair of forbidden transitions. The expressions for the 
other two transitions can be obtained by changing the 
sign of n; the whole pattern for saturation of the for- 
bidden transitions is always antisymmetric about its 
center. In order to demonstrate the sensitivity of the 
results to the character of the beta decay, in Table V are 
summarized the expected signals for various combina- 
tions of angular momentum carried off by the electron- 
neutrino system. 

From the measured signals for the o and 7 positions 





and the same orientation configuration, the two ratios 
(31) 
(32) 


r1=S1(c)/S1(x), 
ro=So(c)/So(m), 


can be calculated. These two ratios are independent of 
efficiency but not independent of each other. The 
following relationship exists between them 


3+4ro—6r;—16ror,;=0. (33) 

TABLE V. Calculated value of signals expected for various com- 
binations of total angular momentum carried off by the electron- 
neutrino system. Calculations were made for 7=1.25°K and 
H=8500 gauss. S; denotes the (—4,1)—>(4,0) transition and So 
denotes the (— 3,2) (4,1) transition. 























Beta-decay mixture Signals 
ao ai a2 S1(x) S1(¢) So(r) So(e) 
1 0 0 —0.215 —0.108 0.215 0.000 
0 1 0 +0.179 +0.054  -—0.036 —0.054 
0 0 1 —0.078 —0.023 0.014 +0.023 
0.33 «40.33 «0.34 —0.038 —0.026 0.065 —0.010 
0.40 O45 0.15 —0.017 —0.022 0.072 —0.021 
0.39 0.27 0.34 —0.062 —0.035 0.079 —0.007 
ak = 0 1 2 
" a a a a a 
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(c) FINAL EQUILIBRIUM STATE 


Fic. 9. Schematic representation of the formation of orientation 
by saturation of the transition (4,0)—(—4,0). The dotted lines 
represent the relaxation paths which produce the orientation. 
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A. NEGATIVE NUCLEAR MOMENT 8. POSITIVE NUCLEAR MOMENT 


Fic. 10. Energy level diagrams for spin 2 donors showing the 
difference produced in the forbidden transitions when the sign of 
the moment is changed. The arrow with an H indicates the order 
in which the lines are displayed as the field is increased with a 
fixed oscillator frequency. 


Thus from the two equations, (31) and (32), one linear 
relationship between a; and a2 can be obtained. 


E. Determination of the Sign of the Nuclear 
Magnetic Moment 


One advantage of using the radio-frequency orienta- 
tion method to measure nuclear magnetic moments is 
that the sign of the moment enters in a natural fashion. 
There are three ways in which the sign can be de- 
termined. The first method utilizes a double resonance 
experiment to interpret the results of the saturation of 
a forbidden transition. 

In Fig. 10 are shown the level schemes and the for- 
bidden transitions for both positive and negative 
nuclear magnetic moments. Without knowledge of the 
sign of the nuclear magnetic moment, it cannot be 
determined whether the highest forbidden transition in 
magnetic field is (—},—1)—>(3,—2) or (—},2)—(3,1). 
In the first case saturation of the high-field forbidden 
transition increases the population of the m;=—2 
nuclear sublevel at the expense of the m;= —1 sublevel; 
in the second case, the population of the m;=1 level is 
increased at the expense of the m;=2 level. If alignment 
is being observed, the effects are of the same magnitude 
but of opposite sign. An examination of the energy 
levels in Figs. 3 and 4 shows that a double resonance 
experiment can always be performed which produces a 
known sign of alignment. This can be achieved by 
inverting the highest electron transition in magnetic 
field and then inverting the highest frequency nuclear 
transition. For a positive nuclear magnetic moment, this 
sequence increases the population of the m;= —2 level 
and decreases the population of the m;=—1 level; 
for a negative nuclear magnetic moment, this sequence 
increases the population of the m;= 2 level and decreases 
the population of the m;=1 level. In each case the 


AND J. 


W. CULVAHOUSE 


alignment produced is the same. This technique can be 
used to determine the sign of the anisotropy produced 
when there are more nuclei in the m=2 (m= —2) level 
than the m=1 (m= -—1) level. Comparison of this sign 
with the sign of the effect obtained by saturation of the 
high-field forbidden transition immediately yields the 
sign of the nuclear magnetic moment. 

The second method for determining the sign of the 
nuclear magnetic moment utilizes the correlation be- 
tween the sign of the signals and the relative position of 
the forbidden lines as a function of magnetic field. 
Figures 11 and 12 show the calculated signal patterns 
for various angular momenta carried off by the electron- 
neutrino system and the two signs of the nuclear mag- 
netic moment. If the relative probability for emission of 
the electron-neutrino system with a given angular 
momentum can be determined, then the sign can be 
determined in this fashion. The only real ambiguity 
occurs when there is a mixture of L=1 and L=2 alone. 
The L=2 patterns are the same as the L=1 patterns 
but with opposite sign and reduced magnitude. The 
same type of antisymmetric patterns exist for the Over- 
hauser orientation. 

The third method is by comparison of the center of 
gravity of the forbidden transitions and that of the 
electron resonance lines of the stable isotope. For the 
stable isotope the center of gravity of the electron lines 
is at 


H=hyv/(|gs|u0), (34) 


where » is the oscillator frequency. For the forbidden 
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(c) PURE L=2 

Fic. 11. Signals expected in the x position as a function of 
magnetic field for various angular momenta carried off by the 
electron-neutrino system. The arrow with an H indicates the order 
in which the lines are displayed as a function of magnetic field for 
a fixed oscillator frequency. The dotted line indicates the center of 
the hyperfine structure. All signals are drawn to scale and the 
same scale is used in Fig. 12. 
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(c) PURE L=2 B-RAY 


Fic. 12. Signals expected in the o position as a function of mag- 
netic field for various angular momenta carried off by the electron- 
neutrino system. The arrow with an H indicates the order in which 
the lines are displayed as a function of magnetic field for a fixed 
oscillator frequency. The dotted line indicates the center of the 
hyperfine structure. All signals are drawn to the same scale as 
in Fig. 11. 


transitions, the center of gravity is at 


H=hv/(\g7| wot grin). (35) 


Thus the direction of the shift depends upon the sign 
of the nuclear magnetic moment. 


EXPERIMENTAL APPARATUS 


Experiments on radio-frequency orientation require 
the general apparatus of paramagnetic resonance spec- 
troscopy plus nuclear counting equipment for observa- 
tion of the changes in counting rate. The paramagnetic 
resonance spectrometer can be quite simple; however, 
since the anticipated changes in counting rate are small, 
the counters must be very stable. 

For this experiment an electromagnet with a 3-in. 
gap and 9-in. diameter pole pieces was used. This mag- 
net was originally designed by Professor Bainbridge. 
The magnet is provided with Rose*® shims and with the 
present generator will produce a field of 11 000 gauss. 
A simple galvanometer feedback system regulates the 
magnet current by controlling the generator field 
excitation. Various motor-driven potentiometers in the 
feedback loop provides a variety of magnetic field 
sweep patterns. The magnetic field is monitored con- 
tinuously with a proton resonance detector using the 
simple Hopkins circuit.” 

The paramagnetic resonance spectrometer uses a 
magic-T bridge to observe the changes in the reflection 
coefficient of the cavity which contains the sample. A 
block diagram is shown in Fig. 13. The spectrometer 


26M. E. Rose, Phys. Rev. 53, 715 (1938). 
27 N. J. Hopkins, Rev. Sci. Instr. 20, 401 (1949). 





operates at 24000 Mc/sec; this frequency was chosen 
as the highest frequency for which oscillators with 
adequate power (10 milliwatts in the cavity) could be 
found easily. For 20 800 Mc/sec and 1°K, 2uoH/kT=1. 
The spectrometer is provided with a Pound i.f. stabiliza- 
tion system.”*.* The klystron stabilizer is generally not 
used during the saturation of the various transitions of 
the radioactive element; instead the klystron reflector 
is modulated with a low-amplitude sine wave and the 
frequency is continuously monitored by observing the 
rectified output of the klystron on an oscilloscope. 
When high sensitivity is desired the magnetic field is 
modulated with the 60-cycle line voltage; a lock-in 
detector using a 6AR8 beam switching tube and a 
Varian recorder is used to record the signals. 

The cryostat (Fig. 17) is made entirely of metal* 
and has a 15-in. long, 2-in. 0.d. tail which fits into the 
magnet gap. The connecting pipe between the helium 
pot and the liquid air chamber is a piece of stainless steel 
tubing 1.125 in. i.d., 6 in. long, with a 0.004-in. wall. 
The helium pot holds 1.2 liters. When baffles are placed 
around the inserted wave guide to prevent oscillations 
in the helium column, one charge of helium will last 8 
to 10 hours after the cryostat is pumped down to 
1.25°K. A large (60 ft?/min) Stokes pump is used to 
reach a temperature of 1.25°K. 

A single length of copper wave guide is inserted into 
the cryostat. It is provided with a 13-in. long, 0.005-in. 
wall piece of stainless steel wave guide obtained from 
the Superior Tube Company for a thermal insulation 
section. Rectangular cavities operating in a TEon 
mode are used to contain the sample; the cavities are 
broken 3,/4 below the coupling iris for insertion of the 
sample. All of the silicon samples are cut so that they 
have the same cross section as the wave guide. 

For the double resonance experiments a different type 
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Fic. 13. Paramagnetic resonance spectrometer. 


28 R. V. Pound, Proc. Inst. Radio Engrs. 35, 1405 (1947). 

* Tuller, Galloway, and Zaffarano, Proc. Inst. Radio Engrs. 36, 
794 (1948). 
Pies. E. Henry and R. L. Dolecek, Rev. Sci. Instr. 21, 496 
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Fic. 14. Plan view of rectangular cavity with silvered Lucite sides 
which was used for double resonance experiments. 


of cavity is used. A diagram of this cavity is shown in 
Figs. 14 and 15. The sides of the cavity are made of 
thinly silvered Lucite; the silvering thickness is such 
that a fluorescent room light can just barely be seen 
through the silvering. The scratch down the center is 
essential to break the path of shielding currents. This 
cavity is insulated with Scotch masking tape and a coil 
consisting of 12 turns of No. 17 Formex wire wound 
around it. Several layers of Scotch masking tape are 
placed on one side of the wave guide reaching up its 
entire length. A piece of ;g-in. diameter copper wire 
with a 13-in. long, ;'g-in. diameter stainless steel tube 
for thermal insulation is fastened in the center of the 
masking tape. This wire together with the wave guide 
forms a 50 ohm strip line, and it is used to connect to the 
coil at the lower end of the wave guide. The strip line 
is joined at the top of the cryostat to RG 8/U cable. 
For monitoring the radio-frequency magnetic field, 12 
turns of No. 28 wire are wrapped around the radio- 
frequency coil in such a fashion as to be primarily 
sensitive to the magnetic flux. The leads are brought out 
through fine advance wire to a 1.V34 crystal in series 
with a microammeter. 


























Fic. 15. Cross-sectional view of cavity used in double 
resonance experiments. 
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A Hewlett Packard 608C signal generator provided 
with a small tuned power amplifier is used as a source 
of radio-frequency power in the 10 to 70 Mc/sec range. 
A general Radio 1208B unit oscillator is used for higher 
frequencies (60-200 Mc/sec). For frequency measure- 
ment a General Radio 620A heterodyne frequency 
meter is used in conjunction with a General Radio 720A 
frequency meter. 

A block diagram of the counting equipment is shown 
in Fig. 16. A 14-in. by 1-in. NaI(T1) crystal purchased 
from the Harshaw Chemical Company and an RCA 
6342 photomultiplier are used to detect the gamma rays. 
A carefully flame-polished Lucite light pipe 13 in. long 
and 1.5 in. o.d. joins the crystal and the magnetically 
shielded photomultipler. A 15% resolution is obtained 
for the Cs'*7 gamma-ray photopeak. The pulse amplifier 
is a Los Alamos 501 modified to reduce the overload 
problem. In order to reduce the drift of the counter, a 
feedback system similar to that described by De 
Waard* is used to maintain the photopeak of As’ at a 
constant voltage. This system makes it possible to 
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Fic. 16. Block diagram of counting equipment. 


maintain the counting rate to within (2.V)! independent 
of the magnetic field and over considerable lengths of 
time. The 100-cycle multivibrator signal derived from 
the General Radio-Frequency Standard in the labora- 
tory is used to gate the counters on and off. In the usual 
cycle of operation the counters are on for 90 seconds and 
then off for 10 seconds while they are being read. 

In its normal position (A of Fig. 17) the counter 
views the number of gamma-rays emitted in a direction 
perpendicular to the direction of the static magnetic 
field. For the analysis of the beta decay, it is desirable 
to measure the change in counting rate for both the ¢ 
and z positions. In the course of the experiment, it was 
discovered that when the nuclei were oriented, the 
orientation persisted for a long time (2-3 hours). 
Consequently, the following scheme was adapted for 
observing the counting rate changes in the z position. 
The counter was placed in position B of Fig. 17. While 
the counter was in the magnet, it was in the o position. 


31H. De Waard, Nucleonics 13, No. 7, 36 (1955). 





RADIO-FREQUENCY 


* WAVEGUIDE TO PARAMAGNETIC SPECTROMETER 


—> TO PUMP 


; 





CRYOSTAT 


AUXILIARY SOLENOID f-——~7 
~ WILL FIT IN HERE ty 














) | [rsetence 
} SOLENOID 
MAGNET LH IL 
COILS | 
‘ COUNTER 


7 | 17\ Position A 
7 \ ye 
pansy nar! a4. _s 
| POLE w wi 4-2 


COUNTER POSITION B—~ 
ened 


(a) SIDE VIEW (b) END VIEW 





Fic. 17. Diagram showing the two positions of the counter. 
A was used for measurements in the ¢ position and B for measure- 
ments in the x position. 


If the magnet was rolled away and the small solenoid 
lowered and turned on, the counter was in the 
position. 


EXPERIMENTAL PROCEDURE 


The arsenic-doped silicon crystals were obtained from 
the Raytheon Manufacturing Company. The nominal 
doping was 4.5X10'® donors/cm*. The doping as 
measured by the neutron induced actively in this crystal 
and in a known weight of As.O; was 2.8 10'* donors/ 
cm’, The sample was cut from the slab furnished by 
the Raytheon Company into a block 0.420 in. by 
0.170 in. and of such a length (1.140 in. in this case) that 
cavity resonances could be easily found when the sample 
was inserted into the microwave cavity. The sample was 
then encased in a quartz capsule and sent away to be 
irradiated. Early irradiations were made at Brookhaven 
National Laboratory; subsequent ones were made in 
the Materials Testing Reactor at Arco, Idaho. The 
irradiations at Brookhaven were made for a 3-day 
period in a flux of 3X10" thermal neutrons/cm? sec 
The irradiations made in Idaho were for a 24-hour 
period in a flux of 10" thermal neutrons/cm? sec. Upon 
return from being irradiated, the sample was etched 
with CP-4 reagent to remove Na™ contamination from 
the surface. It was found that sodium from hand con- 
tact produced as much activity upon irradiation as the 
As’®, The sample was placed in a quartz tube. This tube 
was evacuated and placed in an electric furnace where 
the sample was annealed 4 to 6 hours at 1100-1200°C 
to heal radiation damage. No permanent changes in the 
crystals were observed; each crystal was bombarded 
several times. The sample was then placed in the micro- 
wave cavity and immersed in helium. Once a suitable 
cavity mode was found and the gamma-ray spectrum 
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had been determined, the cryostat was pumped down to 
1.25°K. The counting-rate integral discriminator was 
then set so that it was in the valley below the 550-kev 
photopeak. To establish a known equilibrium starting 
state, the magnet was always rolled away so that the 
As’* could relax in zero magnetic field. After 10 minutes 
at zero field, the magnet was rolled back and experi- 
ments begun. Counts were taken for 90 sec periods. 
Three such readings were totaled and the result im- 
mediately corrected for decay. 


RESULTS OF THE EXPERIMENT 
A. Measurement of Hyperfine Splitting of As’® 


The As’® was first oriented successfully by saturation 
of the (3,mr)—>(—4, m;+1) forbidden transitions. For 
these experiments the microwave cavity was turned so 
that there was a component of the microwave magnetic 
field parallel to the static magnetic field. The static 
field was then moved slowly over the region where the 
resonances of the stable As’ occurred. Plots of counting 
rate versus magnetic field for movement both from high 
to low field and from low to high field are shown in 
Fig. 18. These curves show the presence of two transi- 
tions which are approximately symmetrically located 
about the center of the As’° hyperfine structure. They 
also indicate that the nuclear relaxation time is greater 
than 30 minutes; the alignment does not decay between 


(a) —+ TIME 








655 
645} $27 $ ei44— 
F 
635 rite 
l ! l ! l i J 
we 8.30 8.26 8,22 8.18 
° MAGNETIC FIELD IN KILOGAUSS 
a] 
5 (b) ; 
= zt 
wn 595 $3 8 
& . 
ja 585 l 1 1 l l 1 ‘ 
5 8.18 8.22 8.26 8.30 
2 MAGNETIC FIELD IN KILOGAUSS 
Oo (a) 
oe SATURATION OF 





(3,0)-*(-5,1) 





nd 

@ 

oO 
T 


276+ 5 





ee eS i i J 
56 5250 46 43 4! 
LOW FREQUENCY IN Mc/sec 





Fic. 18. (a) Plot of counting rate versus magnetic field for 
saturation of the forbidden transitions. Movement is from high 
to low field. (b) Same as (a), only with movenent from low to 
high field. (c) Formation of orientation by saturation of (3,0) 
(—},1) transition and subsequent destruction of orientation by 
the low frequency. 
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Fic. 19. Double fast-passage experiment to determine sign of 
the counting rate change in the o position for an increase of the 
population of the m;=0 states. The levels (3,0) and (— 43,0) were 
inverted and then the low frequency swept from 49 to 46.5 Mc/sec. 


the two transitions but remains and is just cancelled 
by the second transition. 

In order to determine whether these two transitions 
were the pair (3,0)—>(—}4,1) and (3,—1)—>(—}3,0) or the 
pair (3,—2)—(—},—1) and (3,1)—>(—3,2), a double 
resonance experiment was performed. The observed 
separation of the lines is 34 gauss; consequently, if the 
transitions are the pair (3,0)—>(—},1) and (3,-—1)—> 
(—4,0) the nuclear transitions (m ,,m;)—>(m,, m;+1) 
would occur about 46 Mc/sec. If the transitions are 
the (3,—2)—+(—3,—1) and (3,1)—(—},2) the nuclear 
transitions would occur at about 16 Mc/sec. To de- 
termine which hypothesis was correct, alignment was 
produced by saturation of the high-field transition of 
Fig. 18(a). The low-frequency oscillator was then swept 
through the regions of 16 and 46 Mc/sec. The results of 
this experiment are shown in Fig. 18. The alignment 
was partially destroyed at 44 and 49 Mc/sec. No effect 
was observed at 16 Mc/sec. Consequently, the two 
transitions are (3,0)—(—}4,1) and (3,—1)—>(—}3,0). 

To determine the sign of the nuclear magnetic mo- 
ment a double resonance experiment was performed to 
find the sign of the effect produced by increasing the 
population of the m;=0 levels. The level pair (3,0)— 
(—$,0) were inverted and then the low-frequency 
oscillator swept from 49 to 46.5 Mc/sec. This second 
operation would correspond to the inversion of the 
levels (—},0) and (—},1) if the moment were negative 
and the inversion of the levels (—3,0) and (—3,—1) if 
the moment were positive. In either case the population 
of the m=0 level would be increased. The result of this 
experiment is shown in Fig. 19. The counting rate in the 
@ position decreases for an increase in the population 
of the m;=0 states. Comparison of this result with 
Fig. 10 and Fig. 18 shows that the nuclear magnetic 
moment must be negative. The center of gravity of the 
forbidden lines was also shifted from the center of 
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TABLE VI. Measured values of the nuclear transition frequen- 
cies. These values were determined from the curves shown in 
Fig. 20. The direction signifies whether the measurement was made 
with increasing or decreasing frequency. The static magnetic field 
was 8350 gauss. 











Measured Calculated 
frequency A/2 in 
Direction Transition in Mc/sec Mc/sec 
Up (—4,1)—(—4,0) 49.719 46.839 
Down (—4,1)—(—4,0) 49.752 46.872 
Up (—4,0)—(—4,—1) 49.518 46.826 
Down (—4,0)(—4,-1 49.629 46.924 
Mean = 46.865 








gravity of the electron resonance lines of the stable 
isotope by +2.0-+1 gauss in agreement with the effect 
expected for a negative nuclear moment. 

To obtain a more precise value of the hyperfine 
splitting, a more careful double resonance experiment 
was performed. First the transition (3,0)—(—},1) was 
saturated. The low-frequency oscillator was then swept 
at 10 (kc/sec)/min over the region of the 49.5-Mc/sec 
nuclear transitions. It was swept first from high to 
low frequency and then from low to high frequency. 
The orientation was destroyed by saturation of the 

—43,0)—(—4,1) and the (—4,0)—(—3,—1) nuclear 
transitions. Two such curves taken at 8350 gauss are 
shown in Fig. 20. In Table VI are summarized the values 
of the hyperfine splitting obtained from this set of data. 
The transition frequency is taken as the frequency at 
which the orientation has been reduced by one-half 
of the full decrease for that particular transition. The 
disagreement between the two values for the same 
transition but with a different direction of approach 
indicates that the orientation is more than half-gone 
before the center of the line is reached. From the shapes 
of the curves and the separation of the two frequencies 
for opposite direction of approach, it is concluded that 
the nuclear line width is approximately 100 kc/sec. 
From this measurement, the value 


A= —93,730+0.100 Mc/sec 


is obtained for the hyperfine splitting. In Table VII are 
summarized the various determinations of the hyper- 
fine splitting. A weighted average gives the final value 


A= —93,660+0.06 Mc/sec. (36) 


To show that the spin was 2 a more careful attempt 
was made to detect the (4,1)—>(—4,2) transition. A 
search with better counter stability and a more active 
source showed that there was a small change in counting 


TABLE VII. Hyperfine splittings of radioactive As”® 
determined in various runs. 











A (Mc/sec) Prob. error 
93.510 +0.200 
93.730 +0.100 
93.620 +0.100 
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rate at the proper magnetic field. Also, when this transi- 
tion was saturated and the counter changed to position 
B as will be described in the section on the beta-decay, 
a 3% change in counting rate was observed. This is 
shown in Fig. 23. No evidence for higher spin was 
obtained.” 


B. Measurement of the Hyperfine 
Splitting of As”® 


In order to determine the gyromagnetic ratio of the 
unstable As’* from the measurement of the hyperfine 
splitting, it is necessary to make a precise determination 
of the hyperfine splitting of the stable As’®. This was 
done by the electron-spin double resonance method.* 
The energy levels of the As” donor in a strong magnetic 
field are depicted in Fig. 21. The magnetic field and the 
microwave power level were adjusted so that the transi- 
tion (—3,—$)—>(3,— 3) was being partially saturated. 
The lock-in-detector and recorder previously mentioned 
were used to monitor the microwave signal. A second 
radio-frequency oscillator of about 106 Mc/sec was 
then swept over the region of the nuclear transitions 
(~§,~—§}-+(—3,-) and (3,—3) (4, —}). This en- 
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Fic. 20. Plots of counting rate versus frequency for the precise 
determination of the hyperfine splitting. Orientation was pro- 
duced by saturation of the (},0)—>(—}3,1) transition. The mag- 
netic field was 8350 gauss and the oscillator was swept at 10 
(kc/sec)/min. 


# The measurement of the spin has been confirmed by a com- 
pletely unambiguous atomic beam method. Christensen, Benne- 
witz, Hamilton, Reynolds, and Stroke, Phys. Rev. 107, 633 
(1957). 

% G. Feher, Phys. Rev. 103, 834 (1956). 


1435 


NUCLEAR 
STATE 
ELECT! 3/2 v2 -V/2 -3/2 
STATE 3 








5 ala ial ig Int = = 
“-19; 
ve tas ‘ 8 Holt 
> 79th 5 Fon 
1Al oe 
a - ~19,leat + 3 toh 
19y1ugH- 32 
—_—— 
H 
2 
nding it 3A. 
3 +10, 1Hn BH 
“a oaaees Al sigiuaH at 
ae 2 t'91H_H+ By ,H 
2 


1Al LA 
a \t,H - = —— 
2 *!9;'n 8 fH 


Fic. 21. Energy levels for As’* donor in a large magnetic field 
(uoH>>A ). The arrow with an H indicates the order in which the 
lines are displayed as a function of magnetic field for a fixed oscil- 
lator frequency. 


hances the electron resonance and the enhancement can 
be seen on the recorder. This process was repeated 
numerous times with various power levels and with 
opposite directions of approach. Two recorder tracings 
for the (-—4,—%)—>(—4,—4) transition are shown in 
Fig. 22. 

As has been pointed out by Feher,® the line shape 
observed is not the line shape for the nuclear transition ; 
it is just a measure of the excess spins in the top level 
of the electron transition. The peak of the curve occurs 
at the point where the rate of addition (or subtraction) 
of spins just equals the rate of saturation. The line 
width must be at least as great as the rising part of the 
observed signal. The amount by which it is greater than 
this is given by the shift of the half-amplitude of the 
rising portion of the line for the two directions of fre- 
quency sweep. Such an analysis indicates that the line 
width is 80 kc/sec. From a number of such observations, 
it is concluded that for a field of 8520 gauss, the fre- 
quency of the (—3,—3)—>(—},—}4) transition is 


106.65+40.02 Mc/sec. 
From the second-order expression for this transition,™ 
hy 4,4) +4.» = 3A +g n+ (34"/8u0H), 
and the known gyromagnetic ratio of As”, 


gr®=0.95931, 


%4N. F. Ramsey, Nuclear Moments (John Wiley and Sons, Inc., 
New York, 1953), Chap. 3,"p. 51. 
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Fic. 22. Recorder tracings of electron spin double 
resonance signals for As”. 


we obtain for the hyperfine splitting 


A™®=+4198.42+0.04 Mc/sec. (37) 


The Fermi-Segré formula® can now be used to calculate 
the gyromagnetic ratio of As”*: 


g®= —[0.4514+0.0004 ][1+Arzs, 76]. (38) 


Azs,7% is the error due to the hyperfine anomaly. It 
should be less than 0.5% in arsenic. 


C. Determination of the Relative Contributions 
of the Various Angular Momenta to 
the 2.41-Mev Beta Decay 


For an unambiguous determination of the beta-decay 
components, it is necessary to measure the changes in 
counting rate in both the o and z positions. For these 
experiments counter position B of Fig. 17 was used. 
In Fig. 23 are shown the plots of counting rate versus 
time for formation of orientation in the ¢ position by 
the saturation of the (—},—1)—>(4,—2) transition and 
the subsequent destruction of the orientation in the 
position. These data were taken as follows. With the 
counter in position B, the forbidden transition was 
saturated for 20 to 30 minutes and the change in 
counting rate observed. The magnet was then pulled 
away so that the sample was in the 3000-gauss fringing 
field and the solenoid lowered around the sample. The 
solenoid was turned on and the main magnet turned off. 
This left the sample in such a position that the counter 
viewed the number of gamma-rays emitted along the 
direction of the magnetic field. After a new reference 
level for the counting rate had been established, the 
solenoid was turned off and the change in counting rate 
observed. Tests indicated that when the direction of the 
field was not changed, the fractional change in counting 


36 E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 
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TABLE VIII. The changes in counting rate observed in the a 
and x positions for saturation of the various forbidden transitions. 
The counter was in position B of Fig. 18. The symbol r denotes 
the ratio S(a)/S(x). 











Transition S(r) S(e) r 
(—4,2) (4,1) +0.037 —0.012 —0.32 
(—4,2)— (4,1) +0.025 —0.000 —0.00 
(—4,2)> (4,1) +0.030 —0.002 —0.07 

(—4,-—1)> (4, —2) —0.030 +0.004 —0.13 
Mean ro= —0.13 
(—4,1) 4,0) —0.026 —0.028 1.1 
(—4,1) 4,0) —0.023 —0.023 1.0 
(—4,1)— 4,0) —0.020 —0.020 1.0 


Mean r;=1.03 








rate observed in this fashion was the same as that ob- 
served during formation. Consequently, it was assumed 
that when the direction of the magnetic field was 
changed, the full effect corresponding to the 7 position 
would be observed. On each run, tests were made to 
make sure that turning the solenoid on and off did not 
affect the counter. This process was repeated several 
times for both the (—4,1)—>(4,0) and the (— }3,2)-(3,1) 
transitions. The results together with the calculated 
ratios S(¢)/S(m) are shown in Table VIII. The agree- 
ment between the various values of the ratios for the 
(—4,1)>(4,0) transition seems to indicate that the 
main variation in the magnitude of the changes observed 
is due to a variable alignment efficiency. 

In order to analyze these data to determine the 
mixture of angular momenta carried off by f2, it is 
necessary to correct for the finite solid angle subtended 
by the detector and the presence of the other gamma 
rays. Some measurements were made of the signals 
obtained in the ¢ position for y;. They were the same as 
those observed for 71; consequently, it will be assumed 
that 82 and 6; carry off the same mixture of angular 
momenta. There are four sources of counting rate which 
contribute to the observed signals. They are 


(1) y: from 2, (2) ys from 8s, 


(3) yi from y2, (4) v2 from 83. 


For the analysis it will be assumed that the other 
gamma rays can be ignored and that the efficiency for 
detection of yi, y2, and y; is the same. For 7; from Bz, 
the angular distribution is 


LW (6) i= (8/7)[1— (10/7) Bs foP2(cos®) 

— (40/3) Bu faP(cosd)], 
where Bz and B, are the factors of Eq. (21) which take 
into consideration the beta decay. For +3 from 83, the 
angular distribution is 
[W (@) }2= (2/7)(1 — (10/7) Bo feP2(cos9) 

— (40/3) Bs faP4(cos8) ]. 


(39) 


(40) 


The angular distribution for y; from y2 can be calculated 
by using Eqs. (7), (8), and (9) to calculate the fe and fy 
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parameters after 2 is emitted from those before it was 
emitted as was done for the 8 ray. In this case, if a; and 
a2 represent the reduced matrix elements for the mag- 
netic dipole and the electric quadrupole components, 
respectively, then 


ay 3a? 
won=|1-—(“ peclompeal, SF HF 
40 2a? 2a? 
(2 ap] (41) 
3 3 7 


For y2 in Se’®, a2/a;= —7.2+1.5. Consequently Eq. (41) 
becomes 


[W (0) Js= (2/7)[1+ (10/7) (0.2008) foBePs 


= (40/3) (0.2678) fxBaPs |. (42) 


The angular distribution for 72 from 8; can be calculated 
from the general formula*® for the angular distribution 
of a mixed magnetic dipole and electric quadrupole 
transition. For a j;= J; transition, the angular dis- 
tribution is 


1 
wo=2} +] —21ay 
14 


c 1 


bs | 7 
+120(— i )a aya 
(2j;-+3)(2j,—-1) 


+ (2); +5) (2j:— 3) 


(2j.4+3)(2j.—1)- 


30 
ctilccdeereibons oFKfePaf, (43) 
(2j:+3)(2js—1) 


of [Rap 


where j; is the spin of the gamma emitting state and 
Ko=ji/(ji+1); Ka=j8/(jit)). (44) 


Equation (44) gives for the angular distribution of 72 
from fo, 


W (0) = (2/7)[1— (10/7) (0.0823) foBoP2 


— (40/3) (0.2804) BafsPa]. (45) 


The total angular distribution can now be calculated by 
adding Eqs. (39), (40), (42), and (45). It is 


W (6) r= 2[1— (10/7) (0.7312) foBoP» 


= (40/3) (0.7926) frBsP 4]. (46) 


For the equivalent reduction of f, and f, due to the 
finite solid angle subtended by the detector, Rose*’ gives 
the formula 

Py-1(x0) — x0P x (x9) 
fe =f ; 
(k+1) (x0) 


36 Hartogh, Tolhoek, and de Groot, Physica 20, 1310 (1954). 
37 M. E. Rose, Phys. Rev. 91, 610 (1953). 





(47) 
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where x= cos@ and @ is the half-angle of the cone sub- 
tended by the detector at the source. For position B 
of Fig. 17, = 10°. Consequently 


fel =O0.98 fo, fi’ =0.93 fs, 
and the observed angular distribution would be 


W (6) r= 2[1— (10/7) (0.714) foBoP2 
— (40/3) (0.734) fsBaPa]. (48) 


Thus, for this experiment, if the observed signals are 
divided by 0.72, all the corrections for the various 
gamma rays and the finite detector solid angle will 
have been made. Henceforth, when speaking of the 
observed signals, it will be assumed that this correction 
has been made. 

These corrected data can be analyzed in two ways to 
determine the restrictions on a; and a2. The first method 
makes use of the ratios S(c)/S(a); the second uses 
only the effects observed in the o position. If the ratio 
r;=1.0 determined in Table VIII is inserted in Eq. (33), 
the value 

%o= — 0.26 


is obtained. This is not completely inconsistent with the 


experimental value 
%o9=— 0.13, 


but it is disturbing. If the two experimental values for 
r; and ro are inserted into Eqs. (31) and (32), the fol- 
lowing relationships are obtained: 


























To: a, +0.034a.= 0.32, (49) 
frs ay+0.23 ao= 0.46. (50) 
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Fic. 23. (a) Plot of counting rate versus time for saturation of 
(—43,—1)—(4,—2) transition. Counter position B was used. (b) 
Plot of counting rate versus time for destruction of orientation in + 
position. 
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Fic. 24. (a) Possible relationship between 8-decay components 
obtained from the two ratios r; and ro and the limitation on the 
efficiency. Line a is for outside lines and line 6 is for inside lines. 
(b) Possible relationship between beta-decay components ob- 
tained from observation of the lines in the o position only. The 
small numbers beside the lines are the assumed average efficiencies. 


These two lines are shown as a and 3, respectively, in 
Fig. 24(a). Further restrictions on a; and az can be 
imposed by considering the limited range of values for 
the efficiency. If Eqs. (29) and (30) are solved for az, 
the expression 





7 8S1(3)—44S1(o 
A) 


OP 20L” tanh (uoHl/RT) 


is obtained. When the corrected experimental average 
values are inserted into this equation, it becomes 


7 2.08 
wr i(acitty 
20 n 


(52) 


Since 0<n<1, and a2>0, Eq. (52) says that the effi- 
ciency must be nearly 100% and a2 must be small. 
Thus these data give the values 


ao=0.6, a,=0.4, ae=0. (53) 
This combination predicts that for the (—},2)—(3,1) 
transition, the signal in the @ position corrected for the 
other gamma rays and the solid angle attenuation 
would be 


S(o) = —0.0154. 
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Experimentally the average observed value was — 0.0045. 
Thus this combination implies a low orientation effi- 
ciency for the (—4,2)—>(3,1) transition. 

The second method of analysis employs only the two 
observations made in the o position. If the corrected 
average experimental values for the two transitions at 
this angle are inserted into Eqs. (29) and (30), the 
following relationships are obtained. For the (—},2)—> 
(—4,1) transition, 


a,—0.43a.= 0.052/n. (54) 
For the (—},1)—>(4,0) transition, 
a +0.524a2= 0.667 —0.208/n. (55) 


For various values of the efficiency, these two sets of 
lines have been plotted in Fig. 24(b). Since the average 
values have been used, the efficiency will not be ex- 
pected to be 100%. If it is assumed that the largest 
signals observed represent 100% efficiency, then the 
average efficiency can be estimated to be 80%. A com- 
parison of Fig. 24(a) and Fig. 24(b) shows that either a 
very low orientation efficiency for the (—},2)—> (3,1) 
transition must be assumed or that the observed ratios 
are wrong. Both alternatives seem disagreeable. The 
uncertainty can only be resolved by an experiment in 
which both the o and 7m counting rates are observed 
simultaneously. The best assumption seems to be that 
the ratios are incorrect for some unknown reason. If 
this is assumed, the following restriction can be placed 
on the 8-decay components: 


0.1<a,<0.4, 
0.1 <ae< 0.4, 
0.2<a0<0.6. 


(56) 


D. Unsuccessful Orientation Experiments 


Two separate series of attempts were made to ob- 
serve the alignment produced by the Abragam method. 
In the first series of experiments a pair of small Helm- 
holtz coils were placed around the tail of the cryostat 
so that an auxiliary magnetic field variable from 0 to 
100 gauss could be produced either in the direction of or 
perpendicular to the axis of the counter. The silicon 
sample was placed in a field of 11 000 gauss for a period 
of 30 minutes or more. The auxiliary coils were then 
turned on and the magnet rolled away. The auxiliary 
magnetic field was switched so that the counter viewed 
the o and z positions in rapid succession. The counts 
were fed to two separate scalers. In effect the whole 
system acted like a lock-in-detector; in this manner 
the counter drift was eliminated. For variation of the 
auxiliary field between 10 and 80 gauss, no difference of 
counting rate >0.1% was observed. Tests made without 
the switching revealed no asymmetries >0.5%. The 
expected difference for the observed 8-ray mixture is 
about 5.0%. 

In the second set of experiments the auxiliary solenoid 
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of counter position B was used. In this case the sample 
was placed in a magnetic field of 11000 gauss for 30 
minutes or more. The magnet was pulled away partially 
so that the sample was in the 3000-gauss fringing field 
and the solenoid lowered. The solenoid was turned on 
and the main magnet turned off. The solenoid field was 
varied from 500 to 1500 gauss in different runs. The 
field of the solenoid was then decreased to various 
values less than 100 gauss for various periods of time. 
It was then returned to 1500 gauss. The counting rate 
was monitored to establish a reference level and subse- 
quently the solenoid was turned off to destroy any 
orientation. No effects greater than 1% were observed. 
The expected change is only 2%. 

In the course of the experiment many attempts were 
made to observe the Overhauser orientation. When the 
As‘® had been successfully aligned, the relaxation time 
for the orientation was measured and found to be 200 
minutes”; consequently, it would take a long time for 
the Overhauser orientation to develop even if this 
relaxation is due to the proper mechanism. All the lines 
have been saturated for periods up to one hour with no 
effects > 3% observed. The effect expected for the total 
Overhauser effect is 17%. Also the (—3,0)—>+(3,0) tran- 
sition was saturated for 150 minutes. Here the final 
change should only be 1.5%. No changes greater than 
1% were observed. 


CONCLUSIONS 


The nuclear magnetic moment of As’® has been found 


to be 
p= —0,9028+0.005 pp. 
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The precision is limited by the hyperfine anomaly. 
The usual shell-model configuration assigned to As’® is 
fsj2— 89/2. If the simple 7-7 coupling model is used to 
calculate the magnetic moment from the empirical g 
values for the fs/2 proton and the gg/2 neutron, the value 


Mtheo= — 1.83 un 


is obtained. This value is wrong by a factor of 2. 

The present systematic uncertainties of the data pre- 
vent a firm estimate of the relative contributions of the 
various angular momenta to the beta decay. It is clear, 
however, that when the experiment is performed with 
the suggested modification, it should be possible to 
restrict them quite precisely. When the experiment is 
redone, it should also be possible to use this data in 
conjunction with data from the spectrum shape, the 
angular correlation, and the correlation experiments 
made possible by the nonconservation of parity to 
determine all 6 of the nuclear matrix elements which 
enter into the expressions for ao, a:, and a@ in case the 
fundamental beta interaction is a mixture of vector 
and axial-vector. 
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Reaction of Laboratory Magnetic Fields Against Their Current Coils* 
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It is shown, using the virial theorem, that the forces exerted on a current-carrying wire by the magnetic 
field of the current in the wire are always of the same order as the stresses carried by the magnetic field. 
Thus it is not possible, by suitable configuration of the current-carrying wires, to construct a magnetic 
system wherein the currents are free of magnetic stresses, even for the so-called ‘‘force-free’’ fields. 





ITH the present interest in producing high- 
density magnetic fields in the laboratory, and 
with the habit of fields of 10° gauss to explode the cur- 
rent coils which produce them, the question has natur- 
ally arisen as to whether it is possible to place the 
current-carrying wires in such a configuration that their 
magnetic field will not react back upon them. It is 
the purpose of this note to show that it is not possible 
to alter the net expansive forces on the current carrying 
wires, given a total magnetic field energy. 

To prove this assertion we shall consider the wires 
as being composed of perfectly conducting, classical 
fluid, rather than rigid metal, and held in place by 
suitable volume forces, f;(x;), of constraint. We let F,; 
be the total force per unit volume exerted on the fluid, 
f:+0M;;/0x;, where M;; is the Maxwell stress tensor, 
—6;;B’/8%+B;B;/4x. Then since the wires, being 
classical fluids, have no internal kinetic energies, the 
scalar virial equation’ requires that in the volume V 
enclosing the wires we must have 


0= f aver, (1) 
Vv 


for static equilibrium. 

The integration of x,0M ;;/0x; by parts is elementary 
and has been given elsewhere.” The result is that (1) 
reduces to 


[ eveyer=— f ave f asa (2) 
Vv Vv s ij 


Pe) 


where dS; is an element of the surface S bounding V. 
The left-hand side of this expression is positive definite, 
and is just the total field energy; we see that we must 
have either inward forces of constraint f; upon the 
current-carrying conductors, or else we must have in- 
ward external forces, exerted by external currents. Thus 
forces on currents cannot be avoided. 

To more readily see the order of magnitude of the 
forces, we note that far from the currents the fieid 
must drop off at least as fast as 1/r’°. Thus we may 
choose S to be sufficiently large that the surface integral 
is negligible. We have remaining just 

* Assisted in part by the Office of Scientific Research and the 
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orce. 


1 E. N. Parker, Phys. Rev. 96, 1686 (1954). 
2 E. N. Parker, Astrophys. J. Suppl. No. 27, 3, 51 (1957). 


f dV B?/8r= — f dV x; fi. (3) 
Vv Vv 


If the scale of the current-carrying fluid is L, then most 
of the magnetic field energy lies within a volume of the 
order of L* in the vicinity of the currents. We let (B*) 
be the mean square field in L’, so that the left-hand side 
of (3) is ~L*(B*)/8x. The net inward force which must 
be exerted to hold the conductors in place is, therefore, 
of the order of 

F~ LX B*)/8n, (4) 


which is quite independent of the configuration of the 
conductors when L*B*) is given. 

The familiar force-free field is no exception to this 
condition, of course. Somewhere, either in a singular 
point or on a bounding surface, there must be inward 
forces of the order given in (4) to balance the net out- 
ward pressure dV B?/8m on the left-hand side of (2). 
As a specific example, consider the force-free flux tube’ 
with rotational symmetry about thez axis, B.= BoJo(kr), 
Bs=BoJ,(kr), where r is distance from the z axis, 1/k 
is the scale of field in the r direction, and ¢ is the 
azimuthal angle about the z axis. The field exerts no 
force upon the fluid throughout its interior, but it 
carries stresses across any bounding surface which we 
might construct around the tube. The net outward force 
on r=R in the length Z is 


2nRLB*(R)/S4=4RLBoL Ie (RR) +JI2(RR) ] 
~LB¢e/ dak 


in the limit as R-«. Through a section across the 
tube there is the net compression 


R 
—2n i) drr_B?(r)— By?(r) ]/8x 
‘ = — (BgR/4a)J(aR)Jo(aR) 
~ + (Bet/4ak?) cos2aR. 


Thus the total stress carried across the surface r=R or 
across the ends of the tube is of the order of the char- 
acteristic area, 1/k? or L/k, multiplied by By?/8r. The 
stress does not vanish as R-«, and somewhere there 
must be an external force to act against it. The only 
thing that is gained in a force-free field is that the force 
can be spread out over a larger region and thereby 
rendered less intense. 


3S, Lundquist, Arkiv Fysik 2, 361 (1950). 
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The introduction of the concept of spin-temperature into the literature has not been adequately sup- 
ported by theory and experiment, and it has not been clear when the concept is essential, merely convenient, 
or possibly inapplicable. In fields high compared to a defined “‘local field” and where the individual energy 
levels are equidistant, it is argued that spin temperature is a convenient but unnecessary notion. Where the 
levels are not equidistant a spin temperature cannot generally be defined. Experiments are cited or described 
which demonstrate the rapid establishment of a Boltzmann population ratio when three or more levels are 


equidistant. 


It is for low fields, those which are comparable with the local field, that a theoretical examination making 
use of thermodynamic principles yields new quantitative predictions. In particular, a spin temperature is 
analytically defined, and its identity with thermodynamic temperature is experimentally established. Studies 
in “spin calorimetry,” or the thermal mixing of two or more spin systems, strengthen the validity of the 


concept. 





INTRODUCTION 


On distinctive feature of nuclear paramagnetic 
resonance is that, unlike some other resonance 
methods, such as those using atomic beams, it deals 
with ensembles of nuclear spins, coupled to each other 
by spin-spin interactions, and also loosely coupled to a 
lattice by a spin-lattice relaxation mechanism. 

The lattice acts as a thermostat for the spin system. 
Once the thermal equilibrium between the two systems 
has been established for a given value of the dc field 
H, and prior to the application of a rf field H;, a tem- 
perature equal to the temperature of the lattice can be 
assigned to the spins. This means that the macroscopic 
properties of the spin system can be predicted by assum- 
ing that the populations P; of its energy levels E; are 
given by the Boltzmann exponential law: 


P~exp{ —E;/kT}, (1) 


where T is the temperature of the lattice. In an operator 
notation the density matrix of the spin system can be 
expressed as: 

p~exp{—5/kT}, (2) 


where 3C is the Hamiltonian of the spin system. This 
description is still approximately correct in a steady- 
state nuclear resonance experiment provided the radio- 
frequency field is sufficiently weak and the sweep of the 
dc field, Ho, through the resonance line is sufficiently 
slow. 

On the other hand, when either one of the previous 
conditions is violated, that is for strong rf fields or 
rapidly varying dc fields, one sometimes uses the con- 
cept of a spin temperature as distinct from the lattice 
temperature, of which negative spin temperatures are 
the most spectacular example. 

However, there does not seem to exist among physi- 
cists a universal agreement as to the validity of the 
concept of spin temperatures, positive or negative. 


While some consider this concept as perfectly natural 
and requiring no more justification than, say, the tem- 
perature of a crystal lattice or a gas, others think that 
it lacks the deep physical meaning of thermodynamic 
temperature and is at best useless and often greatly 
misleading. 

The object of the present paper is to steer a middle 
course between these two extremes and to outline 
situations where the existence of a spin temperature is a 
valid assumption leading to nontrivial predictions which 
have actually been tested by experiments to be de- 
scribed below. The concept of a spin temperature higher 
than the lattice temperature is most frequently met 
with in connection with the saturation of a spin reso- 
nance by an intense rf field.1 However the description of 
systems with time-dependent Hamiltonians by the 
methods of statistical mechanics is a difficult problem 
and there is certainly no simple and rigorous way of 
defining a temperature for such systems, although it 
has been attempted in some special cases.?~* For this 
reason, although we admit the possibility of using rf 
fields to “‘prepare” the spin system in a given state, we 
shall not attempt to describe its behavior while the rf 
field is on. 

As most of the previous students of spin tempera- 
ture have done,*~* we shall limit ourselves to the case 
when the spin-lattice relaxation time 7; is sufficiently 
long to allow experiments of duration rT, to be 
performed, during which the spin system is practically 
isolated from the lattice. At the same time, we shall 
want the spins to come into equilibrium with each other 


1 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
* A. G. Redfield, Phys. Rev. 98, 1787 (1955). 

3C. P. Slichter, Phys. Rev. 99, 1822 (1955). 

4 J. H. Van Vleck, Suppl. Nuovo cimento, 6, No. 3, 1082 (1957). 
®R. V. Pound, Phys. Rev. 81, 156 (1951). 

®R. V. Pound and E. M. Purcell, Phys. Rev. 81, 279 (1951). 
7R. V. Pound and N. F. Ramsey, Phys. Rev. 81, 278 (1951). 

8 N. F. Ramsey, Phys. Rev. 103, 20 (1956). 
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in a time 7, much shorter than the duration 7 of the 
experiment. This requires the sample to be a solid where 
indeed 7;>>T>. 

An important point which has been particularly 
stressed by Bloch’ is that a description of the state of a 
spin system by a temperature and more generally by 
the populations of its energy levels can have a meaning 
only if the density matrix of the system commutes with 
the Hamiltonian. For instance, it is meaningless to 
assign populations to the energy levels of a spin system 
immediately after a 90° pulse. However, in solids, 
where the off-diagonal elements of the density matrix 
decay very quickly when the rf field which has pro- 
duced them has been suppressed, it will be possible to 
speak in terms of populations once these off-diagonal 
elements have disappeared. 


THEORY 


We shall assume a Hamiltonian of the spin system 
of the form: 
HK= 305, 


where K°=) 3," is the sum of the individual energies 
of the spins and 5'=}0 ;<,5j2 is the sum of the spin- 
spin interactions. In the following, 3,° will be, in general, 
the Zeeman energy: 3,°= —y,H)S;* of the magnetic 
moment of spin 7 in an applied dc field Ho, and % ;;' the 
dipole-dipole coupling between spins 7 and k (we shall 
then call it for brevity a Zeeman system), but we shall 
see examples of slightly more general systems. The 
distances between the spins are assumed to be constant 
in time (rigid-lattice approximation). 

In attempting to define a spin temperature two 
different situations occur which require different ap- 
proaches, namely the high- and low-field cases. 


(1) High-Field Case 


When the applied dc field is much larger than the 
local field produced at a given spin by its neighbors, or, 
more generally, when °>>3', it is permissible to speak 
of the states and energy levels of an individual spin 
which are the eigenstates and eigenvalues of 3C,° and to 
consider the whole sample as a statistical ensemble of 
such spins, i! being a small perturbation coupling the 
different spins together and establishing a statistical 
equilibrium between them. This is akin to the Maxwell- 
Boltzmann description of the states of the molecules of 
a gas. 


(A) I=} 


The situation is particularly simple when the nuclear 
spin J is equal to 3 and there are only two energy states 
+ and —. It is then always possible to define a spin 
temperature T through the relations: 


P,/P_=exp{—yhHo/kT}, (3) 


*F. Bloch, Phys. Rev. 70, 460 (1946). 
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where P, are the populations of the + states. If Ho is 
changed sufficiently slowly for the conditions of an 
adiabatic passage in the quantum mechanical sense to 
be realized (but still fast compared to 7;), P, and P_ 
do not change, but T defined by (3) varies proportion- 
ally to Ho. If an rf field has saturated to a certain extent 
the resonance of spin J, the ratio P,/P_ gets nearer to 
unity and one may speak of an increase of the spin 
temperature, which becomes infinite for P,=P_. In 
the same way, if a 180° pulse or a rapid passage has 
reversed the magnetic moment of the sample, inter- 
changing P, and P_, one can define a negative spin 
temperature. Among the transitions which can be in- 
duced by the spin-spin interactions, only the simul- 
taneous flip of two neighboring spins in opposite direc- 
tions is energetically possible and it obviously con- 
serves P, and P_. Thus, in the case of spin J=}3, the 
definition of a spin temperature is perfectly straight- 
forward but also perfectly trivial. 


(B) I>} 


For />}, the important physical fact which permits 
the definition of a spin temperature is the equidistance 
of the levels 7.=m of a spin in a magnetic field. Its 
consequences are twofold: first, if at time /=0, the 
populations P,, of these levels form a Boltzmann dis- 
tribution, P,»~exp{—yhHom/kT}, this distribution 
keeps the Boltzmann form when Hp is changed adia- 
batically, if one makes the convention that the spin 
temperature varies proportionally to Ho. Furthermore, 
if at time /=0 the distribution is not of a Boltzmann 
form, the spin-spin interactions bring it to that form in 
a time Ty~(yH\-)~!. This has already been demon- 
strated by Bloembergen, Purcell, and Pound! for the 
case of spin /=1 but is valid for any spin. This can be 
seen quite generally as follows: it is a well-known result 
of statistical mechanics that if a given energy E has to 
be distributed between N identical systems having 
individual energy levels, the most probable distribution 
of populations among these states will be the Boltzmann 
one. For this distribution to be reached starting from 
any other initial distribution, a coupling mechanism is 
required which can transfer energy from one individual 
system to another and change the populations, keeping 
the total energy EF of the N systems constant. The 
spin-spin interactions, through the simultaneous oppo- 
site flip of two spins, thanks to the equidistance of the 
levels of the individual spins, do precisely this. 

The most convincing evidence of this effect was 
provided by an ultrasonic experiment already men- 
tioned previously”’ and described in more detail below. 
Pure quadrupole transitions Am=2 of nuclear spins 
I=} of Na® in NaCl, at twice the Larmor frequency, 
induced by ultrasonic waves, can lead to complete 
disappearance of the magnetic moment of Na” for 
sufficiently strong ultrasonic transition probability W, 


10 A. Abragam and W. G. Proctor, Phys. Rev. 106, 160 (1956). 
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according to the formula: 
M/Mo= (1+-8WT7;/5)—. (4) 


The proof of this formula (unfortunately written in 
reference 10 with the wrong numerical factor 12/7 
instead of 8/5) will be given in Appendix I. Ultrasonic 
saturation is well suited to demonstrate the role of 
spin-spin interactions in establishing a Boltzmann dis- 
tribution because saturation by a magnetic rf field 
does not in general destroy the Boltzmann character of 
the distribution of spin populations. 


(C) Systems With Nonequidistant Levels 


Examples of such systems are provided by nuclei 
with quadrupole splitting or paramagnetic ions with 
fine or hyperfine structure. To be specific, let us con- 
sider impurity atoms of phosphorus embedded in a 
silicon lattice, which have been extensively studied.” 

(a) Impurity atoms.—The electronic spin and the 
nuclear spin are both 3. The Hamiltonian %,° of the 
atom 7 is 

xeP= —y hHS?—y AHI f+A (I;: S;), (5) 


and the variation of its four energy levels with the 
applied dc field H, given by the well-known Breit- 
Rabi formulas, is represented in Fig. 1. 

The spin lattice relaxation time 7; (or rather the 
shortest of the time constants, coupling the populations 
a’, b’, b, a of the four spin-levels to the lattice) is of the 
order of two minutes at 2°K. It is thus possible, after 
the thermal equilibrium populations have been estab- 
lished at a given value Ho of the field, to change it 
adiabatically to a value H, the populations remaining 
unchanged. 

It might be well at this stage to point to a rather 
obvious but nonetheless frequent confusion originating 
from the use of the word adiabatic in two different 
senses: first, adiabatic in the quantum mechanical 
sense or (as it is sometimes called) in the Ehrenfest 
sense, describes the evolution of a statistical ensemble 
when some external parameter is changed in such a way 
that no transitions are induced and the populations of 
the various energy levels remain unchanged. Second, 
adiabatic in the thermodynamic sense describes the 
reversible change of a system in thermal equilibrium 
when no hea. is allowed to flow in or out of the system. 
It is obvious that except for very special cases such as 
the one of equidistant levels, if thermal equilibrium, 
that is a Boltzmann distribution of populations, exists 
at time /=0, it will not remain of the Boltzmann form 
in an Ehrenfest adiabatic transformation when the 
energy levels change but not the populations. The two 
definitions are thus clearly incompatible in general. 
In the following, adiabatic will mean adiabatic in the 
Ehrenfest sense, the other type of transformation being 
called isentropic. 


11 See A. Abragam and J. Combrisson, Suppl. Nuovo cimento, 
6, No. 3, 1197 (1957) where further references are given. 
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Fic. 1. Variation with the magnetic field of the energy levels of 
an electronic spin 4 coupled by isotropic hyperfine interaction 
AI-S with a nuclear spin =}. The parameter x is equal to 
h(yety,)H/A. 


For the impurity phosphorus atoms with hyperfine 
structure, in contrast to the pure Zeeman case, the 
spin-spin interactions are in general unable to change 
the populations of the various levels. We say in general, 
because for a special value H* of the applied field, 
three levels can become equidistant and a spin tem- 
perature between these three levels can be established 
by the spin-spin interactions as the field sweeps through 
H*. This happens for #(y.+7,)H*=A (point A of 
Fig. 1). The actual value of H* is 42 oersteds. If we 
polarize the sample by contact with the lattice in a 
high field H where the populations are 


a~brAt+e, X(yhH/2kT)K1, 


a’~b'~1—-«, 


they keep these values until the value H* of the field is 
crossed, but at the crossing they undergo an irreversible 
change, becoming 


a'™~1—«, b'~ —%¢, by~1+4e, ay 1+4e. (6) 


These values are easily computed by assuming at the 
crossing of H*, a Boltzmann distribution for the three 
lower levels, conservation of the total number of atoms, 
and conservation of energy. This effect has been actually 
checked experimentally." If, starting from a high 
field where the two electronic transitions a’a and 
b’+6 can be observed, one lowers the field to any value 
above H* and then comes back to observe the reson- 
ance, the intensities of the two lines are, respectively, 
proportional to a—a’ and to b—b’ and thus equal. 
After the crossing of H*, however, the intensities of the 
two lines become proportional to a;—a;' and &,—},’ 
and are in the ratio 7/3. Further details on the be- 
havior of impurity atoms can be found in reference 11. 

(b) Crystals with two species of spins.—As another 
example of a spin system where the spin-spin inter- 





2 G. Feher (private communication). 














1444 A. 


actions are unable to establish a temperature, we con- 
sider a substance such as LiF where the nuclear spins 
of Li’ and F"® have different Larmor frequencies. The 
usual way to look at it is to consider it as two different 
systems, the system Li’ and the system F” (or three 
systems if the small admixture of Li® is not neglected). 
For each of these systems the levels in high field are 
equidistant and a spin temperature can be defined 
which, however, need not be the same for both systems 
since energy cannot be transferred from one to the 
other. Thus, raising the temperature of the fluorine 
system by saturating the resonance of F, or even 
making it negative by a rapid passage, will not affect 
the temperature of the lithium system. 

It is possible to draw an analogy, somewhat super- 
ficial but perhaps enlightening, between the case of LiF 
and the case of impurity atoms considered previously, 
by considering a crystal of Li’F (neglecting for sim- 
plicity Li®) as a statistical ensemble of identical systems 
of a single species. The individual system described by 
the Hamiltonian 3(,° is a Li’ spin plus a F® spin associ- 
ated with it by a constant but otherwise arbitrary 
lattice vector. The eight energy levels of such a system 
are given by the formulas: 


E(m,m')=hH (yrm+yxim’), 


where m= +} and m’=+}, +3. 

Although not equidistant, they vary linearly with the 
field and therefore have properties intermediate be- 
tween those of the Zeeman levels of a single species 
and those of impurity atoms. If a Boltzmann distribu- 
tion exists for a given value of the applied field for the 
8 levels of our individual systems, it keeps that form 
as the field varies. On the other hand, if it is not of the 
Boltzmann form, spin-spin interactions cannot bring 
it to that form. All this is of course also evident by con- 
sidering Li’ and F"® (and also Li®) as different systems. 


(D) Conclusion For the High-Field Case 


To conclude, it can be said that in the high-field case, 
spin temperature is a convenient notion, whose utiliza- 
tion is made possible by the special structure (equi- 
distance) of Zeeman levels. The corresponding formalism 
is developed in detail by Ramsey* with special emphasis 
on negative temperatures. It must be recognized, 
however, tha: in the high-field case the concept of spin 
temperature, positive or negative, is not indispensable, 
and that most, if not all of the experimental results 
could be formulated without making use of it. For 
instance, if a spin system has been polarized in a field 
Hy by contact with a lattice at a temperature 7) its 
magnetic moment according to Curie’s law is: Mo 
=CH)/T>. If then the field is changed adiabatically to 
a value H¥ Hp, the value of the magnetic moment will 
be M=CH/T where T is the new spin temperature 
different from 7». However, since H« T, H/T=H /T) 
and M = M». This could evidently be stated immediately 
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without bothering with spin temperature at all, simply 
by noticing that in the high-field region the magnetic 
moment is an adiabatic invariant. 


(2) Low-Field Case 
(A) The Gibbs Approach 


It is clear from the previous paragraph that for Zee- 
man systems, lowering the field from a value Ho to 
H <Hp and coming back to Ho in a time rT), is a 
reversible operation [as can be checked by measuring 
M(H) by a resonance experiment before and after 
changing the field], as long as H>>Hiocai. The obvious 
question now is what happens if H < Hice, in particular 
if H=0. By extrapolating from the high-field case, the 
following argument may seem plausible: as long as 
H>H (cc, because of conservation of energy, the only 
transitions induced by the spin-spin interactions are 
opposite flip-flops of neighboring spins which do not 
change the total magnetic moment Mo. On the other 
hand, when the applied field falls well below the local 
field, two neighboring spins can under go all the transi- 
tions for which matrix elements exist in their dipole- 
dipole interactions: flip of a single spin, flip of both 
spins in the same direction, unprevented now by con- 
servation of energy. One would thus expect a complete 
disorientation of all the spins and no nuclear resonance 
signal upon coming back into high field. The passage 
through zero field would be irreversible. 

This argument is certainly wrong for it is in con- 
tradiction with experiment. Pound® has shown that in 
a crystal of LiF (7, of Li’7~5 min) the nuclear resonance 
signal of Li’? was unaffected within experimental error 
if the sample was taken out of the magnet gap into the 
earth’s field for a second or two. Furthermore, Purcell 
and Pound® have shown that even if in the high field 
Ho the nuclear magnetization was antiparallel to the 
field (which was realized by them by reversing the field 
in a time of a fraction of a microsecond, much shorter 
than T2, but which can also be done by a rapid passage 
or a 180° pulse) the passage through zero field was a 
reversible operation at the end of which the polarization 
in high field was still opposite to the field as attested by 
the sign of the nuclear resonance signal. 

The main weakness of the argument which led us to 
a wrong conclusion resides in an incorrect description 
of the spin system in low fields. When the interaction 
K! between the spins becomes comparable to 3C°, the 
concept of energy levels of individual spins becomes 
meaningless and one must speak in terms of energy 
levels and eigenstates of the whole sample. A statistical 
description is still possible provided one gives up the 
Boltzmann-Maxwell point of view to take the Gibbs 
approach where the macroscopic sample is not any 
more a statistical ensemble of identical systems (in- 
dividual spins) but one element of a statistical ensemble 
representative of its properties. Such a description is 
by no means restricted to spin systems but has to be 
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used whenever, instead of weakly coupled systems, such 
as gas molecules, one deals with systems with tight 
coupling between their constituents such as crystals. 


(B) Interpretation of the Work of Pound and Purcell 


To explain their experimental results Pound’ and 
Pound and Purcell® speak of a spin temperature, posi- 
tive or negative as the case may be. Unfortunately, 
although they emphasize the importance of the re- 
versibili.y of the passage through zero field for the 
validity of the concept of spin temperature, their dis- 
cussion is very brief and has led to conflicting interpre- 
tations. Thus Purcell'* himself describes the reversible 
passage through the earth field as follows: 


“..+ the transfer from the strong field out to the 
earth field and back again took place slowly compared 
to the nuclear precession frequency and _ therefore 
adiabatically—and here I use the word in the Ehrenfest 
sense—so that the net magnetization followed the field 
in direction and returned parallel as it began.” 


A possible interpretation of this statement can be 
formulated mathematically as follows: the total Hamil- 
tonian of the spin system, which contains the applied 
field H as parameter : 30(H)=5°(H)+3’, has, for each 
value of H, eigenstates &(H) and eigenvalues F;.(H) 
which vary continuously as H is changed and which 
can be calculated in principle if not in practice. The 
description of the transformation as adiabatic in the 
Ehrenfest sense can be taken to mean that while the 
eigenstates and eigenvalues of 5C(H) change with the 
field, their populations remain unchanged. In an 
operator notation, if we call p(Ho) the density matrix 
assumed to commute with (Ho), describing the spin 
system in the field Ho, and U (H,H») the unitary opera- 
tor which connects &(H) and &(Ho) through &(A) 
= U(H,H»)& (Ho), the density matrix in the field H, 
p(H), is related to p(Ho) by 


p(H) = Up(Ho)U. (7) 


The assumption of an Ehrenfest adiabatic passage 
obviously explains the complete reversibility observed 
in the experiments of Pound and Pound and Purcell 
and there is nothing in their experimental results to 
contradict this interpretation. However, as was already 
pointed out previously, this assumption is incompatible 
with the existence of a spin temperature. The precise 
meaning of the latter assumption is that, as the applied 
field is changed, the state of the system is constantly 
described by a density matrix: 


p(H)= A exp{—5t(H)/kT(H)}, (8) 


where the parameter 7(H) is precisely the spin tem- 
perature. It is clear that, except for the high-field case, 
(7) and (8) are incompatible. Both assumptions explain 





13 E. M. Purcell, Physica 17, 282 (1951). 
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the results of Pound and Purcell and further experi- 
mental results are needed to decide which one of them, 
if either, is valid. 

From the theoretical point of view, it is very doubtful 
that for a large system with a quasicontinuous spectrum 
such as a macroscopic spin system in a weak field, the 
variation of the applied field H will ever be sufficiently 
slow in time for the conditions described in standard 
textbooks,":!® as necessary for an adiabatic passage, to 
be realized. Further discussion of this point would be 
rather academic for experiment does show that the 
reversible passage of a spin system through zero (or 
earth) field is not an adiabatic Ehrenfest passage. Such 
a passage would evidently be reversible whether the 
initial distribution was of the Boltzmann type or not, 
and experiments to be described later, where the latter 
was the case, showed irreversibility in the passage 
through the earth field. 


(C) Consequences of the Assumption of a 
Spin Temperature 


We now assume that when we change the applied 
field H, the state of the spin system is correctly described 
by a temperature, that is by the density matrix (8). 
This assumption enables us to calculate, at least in 
principle, all the observable quantities connected with 
the spin system, provided we know the dependence of 
the spin temperature 7(H) on H. This is easily obtained 
by writing that the transformation is isentropic: for a 
change dH of the field, the work dW done by the applied 
field on the system is equa] to the change dU of its 
internal energy. Since U=(K)=Tr{p3t} and dW 
=—(M.)dH = —Tr{pM.}dH, this can be written: 


d 
— Tr{pit} = —Tr{pM.}, (9) 
dH 
where 
p=exp{ —3(H)/kT(H)}/Tr{explL—3(H)/kT (A) }}, 
5K(H) =50°(A)+K'= —HM,4+K', 
M,=h Lu vd, 


K=h pa yori (1: I) as 3(I;- Tix) (I,- Tix)rik |. 
i<k 


The solution of (9) is easily obtained in the case of high 
temperatures when it is permissible to use a linear ex- 
pansion of the exponential, which is legitimate in all 
the experiments to be described here. Making use of 
the relations: 


Tr{5C°} =Tr{3C!} = Tr{50°9C!} = 0, 


“LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 207. 

18 R. C. Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, New York, 1938), p. 409. 
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we get 
d 
— Tr{ #?M 2+ (5')*} } = Tr{M,}, 
dH\kT(H) kT(H) 
or 
dT /T= Hd /(H?+H 72), (10) 
where H, is the local field defined by 
H 2=Tr{ (%')*}/Tr{ M7}. (10’) 
Equation (10) integrates to 
T [H+H,?73 
J ne 
T, (He+H? 


From (11) we can calculate the final spin temperature 
in the earth’s field, in Pound’s experiments’: H,, 
calculated in Appendix II, is for LiF 7.77 gauss, Ho is 
6376 gauss, H? the square of the earth’s field is negligible 
compared to H;?, itself negligible compared to H,: 


T =T oH 1/Ho= (300X7.77)/6376=0.37°K. (11’) 


Equation (11) also enables us to calculate the mag- 
netic moment reached in any field H, in particular in a 
large field H where it can be measured by a resonance 
experiment, after the spin system has been polarized 
in a low field Ho by thermal contact with a lattice at a 
temperature T»: 


CH CH(Hé@+H.2}! 


(M,(H))=—-=—_ ————__, 
rT 1 [P+H2}! (12) 
C=Tr{M?}/k Tr{1}. 
If H?>H,?, then 
(M.(H))=C[ He +H 1? }!/To. (13) 


This suggests a rather fundamental experiment de- 
signed to prove the identity of spin temperature and 
thermodynamic temperature. 

Let us suppose that we demagnetize into zero field 
a spin system which has been allowed to come into 
equilibrium with a lattice at 300°K in a field: 


Ho= H,(300/2)=1165 gauss for LiF. 


From Pound’s experiment we know that some kind of 
order must exist in this spin system when it is in zero 
field, since upon being brought back into H> it has the 
same magnetic moment as before demagnetization. If 
we are to believe the assumption of a spin temperature, 
this order is adequately described by a spin temperature 
which from (11) should be T7s=2°K. It is easy, how- 
ever, to produce a situation where the spin system is 
indeed describable by a genuine thermodynamic tem- 
perature of 2°K by letting it come into equilibrium in 
zero field with a cold lattice at 2°K. The identity of the 
two temperatures would then be demonstrated by a 
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nuclear resonance experiment at a fixed frequency show- 
ing that one gets the same signal from a sample brought 
to equilibrium in zero field at 2°K, and from a sample 
polarized in a field 7,(300/2), at 300°K. 

Actually, because of the unavoidable change of gain 
of the apparatus performing experiments at two dif- 
ferent lattice temperatures one would get, if the assump- 
tion of spin temperature is correct, 


S(2°,0) =vS(300°, H,X300/2), (14) 


where S(7,Ho) is the signal obtained at a fixed fre- 
quency from a spin system prepared by a long contact 
with a lattice at temperature T in a field Ho and d is 
the change in the gain of the apparatus going from 
300°K to 2°K. X is easily eliminated by making an 
extra measurement at 2°K polarizing in a field H,>>H, 
say H,~50 gauss. Since both H,; and Hy are in the high- 
field region where the magnetic moment is an adiabatic 
invariant, we know that 


S(2°,H;) =(300/2)H,/(H 1300/2) 
X$(300°, H,X300/2) =dS (300°, HX 300/2)Hy/H t. 


In order to prove (14), it is then sufficient to verify that 
S(2°,0) = (H1/My)S(2°,H). (15) 


In this way no measurements have to be made at room 
temperature at all. It is still better to check the general 
relation (13): 

S(2°,Ho) «[He+H 1? }}, (15’) 


of which (15) is a special case, by plotting the curve 
S(Ho). The experiment to be described later shows that 
the spin temperature assumption is correct. 

Finally it can be remarked that in 1932 Waller'® had 
shown by a perturbation method that if a system of 
spins, in thermal equilibrium at a temperature 7 in 
zero field, was brought into a small field HH, its 
equilibrium magnetic moment was M=CH/T». 

Waller’s restriction of small fields can be lifted now 
and (13) shows that the maximum magnetic moment 
obtainable in a large field starting from the same initial 
conditions is M=CH,/T». 


(D) Validity of the Assumption of a 
Spin Temperature 


Since, as will be seen later, the assumption of a spin 
temperature describes correctly the behavior of a Zee- 
man spin system when the applied field is varied all the 
way down to zero, it is interesting to inquire whether 
it was to be expected and why. This is a difficult prob- 
lem and only a very qualitative discussion will be given. 
In order to get a unified description of the spin system 
we shall use the global Gibbs approach throughout, 
even though in the high-field region the Maxwell- 
Boltzmann picture of a statistical ensemble of indi- 
vidual, loosely coupled, spins is simpler. 





16T. Waller, Z. Physik 79, 370 (1932). 
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Statistical mechanics teaches us that a necessary 
condition for a large system to be able to come into 
thermal equilibrium starting from a nonequilibrium 
situation or to remain in thermal equilibrium when 
some external parameter is slowly varied, is that the 
total energy of the system be the only constant of 
motion (good quantum number in quantum statistics). 
Such a system is called ergodic in statistical mechanics. 

In practice the problem is complicated by the exist- 
ence of approximate constants of motion. Let us take 
as an example the system S of spins /=1 with a non- 
vanishing zero-field quadrupole splitting, coupled to- 
gether through dipole-dipole interactions: 


H=3°+KR!, H=PT HK, H=L ic Ki, 
RP=a(I*)?—yhH I 7. 


Using the individual-spins picture, we have already 
pointed out that because of the unequal spacings of the 
levels, their populations P,, were unaffected by spin- 
spin interactions and remained constant in time. The 
population of, say, the level /,=0, is the expectation 
value, taken over the wave function of the whole 
sample, of the operator: ®o=.V-"S) [1— (/,*)*]. There- 
fore ®o is a constant of motion for the system S in 
spite of the fact that it obviously does not commute 
with 3! and is not rigorously a good quantum number. 
The system S might possibly come into thermal equi- 
librium starting from a nonequilibrlium situation, after 
a very long time but this is an academic problem. Over 
the duration of our experiments the operators &,, are 
constants of motion and 5S is not an ergodic system. 

Let us consider now a Zeeman spin system So with 
a single species of spins. In the low field region it is 
reasonable to assume that it is an ergodic system with- 
out any approximate constants of motion. In the high- 
field range, because of the nature of the Zeeman split- 
tings, the populations operators &,, are not even 
approximate constants of motion. There remains, how- 
ever, one approximate constant of motion different 
from the total energy, which is the Zeeman energy 3°. 
A process in which (5°) would, say, decrease and (3¢') 
increase, although not rigorously forbidden, would be 
extremely slow. Thus So would not be an ergodic system 
on our experimental time scale but for the fact that, 
(°) being much larger than (%'), one can say with a 
good accuracy that 5° is in fact the total energy and 
therefore So is ergodic. 

As H is decreased two things happen: (3¢°) becomes 
smaller and it is less and less correct to consider it as 
the total energy of the system, but on the other hand 
the time over which 5° may be considered as a constant 
of motion becomes shorter and transfer of energy be- 
tween 3C° and 35! becomes faster. 

If the critical value H* of the field, for which the 
transfer of energy between 35C° and 3! becomes fast 
compared to the rate of change of the field, is still 
large compared to H;, the system is approximately 
ergodic through the whole range of H and the demag- 


netization is a reversible isentropic process, its small 
irreversibility being of the order of H,?/H*. Since 
within experimental error the process is reversible, 
H*>H |. 


(E) Zeeman System With More Than One Spin Species 


The behavior of a Zeeman spin system with two 
species of spins such as LiF provides an example for the 
previous discussion. In the low-field range it can be 
assumed that the total energy is the only constant of 
motion and that the system is ergodic: as evidence to 
that effect we may quote the identity of the spin 
lattice relaxation times of Li’ and F", and the audio- 
frequency experiments of Pound and Ramsey’ whereby 
in a field of 42 gauss the application of an audiofre- 
quency field at the Larmor frequency of F"® affected the 
nuclear resonance signal of Li’, observed subsequently 
in a high field. It should be emphasized however that 
these results by themselves demonstrate only the 
existence of a strong coupling between the nuclear spins 
of Li’ and F" in a low field. Further quantitative experi- 
mental results, to be given later, are required before 
concluding that thermal equilibrium exists between the 
two species. 

On the contrary, in a high field there are two distinct 
approximate constants of motion which are the Zeeman 
energies HY = —y/hH ol,’ and H”’ = —y"hH ol.” of both 
species of spins (there are three species if Li® is taken 
into account). Therefore the total spin system is not 
ergodic and the demagnetization should be an irre- 
versible process except for special initial conditions. 
Just as in the case of one species, it is permissible in a 
high field to consider Li’ and F” as two distinct ergodic 
systems each with a temperature of its own. The fact 
that one does not know how to handle the lithium- 
fluorine interaction and what temperature, if any, 
should be assigned to it, is not disturbing for this inter- 
action is very small compared to the Zeeman energies 
of both systems. 

By the mixing field we shall mean the field H* at 
which the rate of exchange of energy between Zeeman 
energy and spin-spin interaction (and thus also between 
the Zeeman energies of the two species) becomes fast 
compared to the rate of change of the applied field. If 
H* is large compared to the local field, the whole process 
of demagnetization can be described simply by assum- 
ing that above the mixing field we have two distinct 
spin systems with energies H”=—~yhHol,’ and KX” 
=—y"hH ol,’ describable by temperatures 7’ and T”’ 
and that below H* we have a simple Boltzmann system 
with a Hamiltonian #=H"+350°7+30"+5!"+5’, 
where 5”, 3c!” and K? are respectively the Li’—Li’, 
F— FF and Li’—F" interactions. Once the mixing is 
accomplished, the subsequent behavior of the spin 
system is reversible as if it were a single ergodic system 
at a temperature 7. If one includes Li‘, the generaliza- 
tion is obvious. 
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Starting the demagnetization process at a field Ho 
with initial temperatures 7,’ and 7;’’ for both systems, 
one arrives at the field H* with temperatures 


T'=T/H*/Hy and T’=Tj'H*/Hp. 


After the mixing, the new temperature T is obtained 
by writing that the total energy, or, since H*>>H_, the 
expectation value of the Zeeman energy, is conserved. 


(5C”) + (HO) (IC), 
1 1 1 
— Tr{ (3C”)")-+— Tr{ (3C””)}— Trf (3C”)*+ (Be"”)2), 
T’ id T 
1 " (N'/T’)y?I' (I'+ 1)+ (NY /T")y'?1" (I + 1) 


ae ’ (16) 
7 N'y?I' (I' +1) +N" y'7I" (I +1) 





where N’ and N” are the numbers of spins of each 
species. V’ and N” may be replaced, respectively, by 
the isotopic abundances p’ and p”’. Defining u by 

w= ply" I" +1)/p'y'T' (I+), 
we have 


1 = 
r (<+5) /atw 


“(+ / (+0) (16’ 
ANT =) gs 


If we raise the field back to Ho, the common tempera- 
ture of the total spin system will be 7,;=7H)/H*, 
given by 

1/T,= (H*/Ho)/T= (1/7 +4/T;")/(1+n). 
If before demagnetization the magnetic moments of the 
two systems were M,’/=C’H)/T/, M;’=C"H)/T,", 
with C’”’/C’=y, then after demagnetization they be- 


(17) 


Experimental point for No 23 
* e « « CI35 


> aya, =( 140.1082)" 


Am, =(140040V2)-! 
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Fic. 2. The attenuation of the magnetization of Na* and C]*® 
in NaCl in a strong magnetic field as a function of the voltage 
applied to the attached quartz transducer providing ultrasonic 
waves at twice the Larmor frequency. 
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come M’=C’'H)/T;, M”=C"Ho/T,, or 
. M'=(M/+M;,")/(1+y), 
M"=u(M'+M;")/(1+n). 


The formulas (17) and (18) call for the following 
comments: 


(18) 


(a) The exact value of the mixing field H* does not 
appear in these formulas which are valid provided 
H*>H -. It may be inferred from this that their validity 
is more general than that of the very crude model used 
to establish them and that they might be correct even 
if the mixing takes place over a range of fields, pro- 
vided that when it is terminated the Zeeman energy is 
still much larger than the spin-spin energy. 

(b) If to start, the two spin systems are at the same 
temperature T,’=T7,’’=T; the demagnetization process 
is reversible just as for a single species and the final 
temperature 7; is equal to 7; as demonstrated by (17). 

(c) The two spin systems can both have negative 
temperatures since their energies have an upper 
bound" and it is possible to make calorimetry experi- 
ments where positive and negative temperatures are 
exactly on the same footing. Thus it is possible for the 
equilibrium temperature to be negative after mixing, 
which is impossible in case of thermal contact between 
a spin system and a lattice.* 

(d) The confirmation by experiment of (17) and (18) 
demonstrates conclusively, as mentioned previously, 
that the demagnetization into low fields is mot an 
adiabatic passage in the Ehrenfest sense. 


(F) The Dynamics of Isentropic Demagnetization 


The discussion of the previous two sections has led 
us to the conclusion that, provided the dc field is varied 
at a sufficiently slow rate (although fast on the 7, time 
scale) the behavior of the spin system should be, de- 
pending on the initial conditions, either reversible or 
irreversible, as described by the formula (18). We shall 
not attempt a quantitative discussion of the difficult 
problem of the dynamics of the process which for ex- 
ample provides an explanation of the variation of the 
mixing time with the applied field but will be content 
to state an approximate criterion for the rate of change 
of the dec field. 

In order for the spin system to be constantly in 
equilibrium with itself as the dc field changes, we re- 
quire that the transition probability per unit time of a 
spin in the local field Hice, W~yH icc, be large compared 
to the inverse of the time = H,,,/(dH/dt) required to 
sweep through the width of the spin energy level. This 
gives the criterion 


(dH /dt)<&y (H toc)”. 


This criterion is admittedly very crude for neither the 
definition of Hoc, nor the value of y when more than 
one species of spins is present, is clearly specified. 


(19) 
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If we use tentatively in (19) for H),..? the value 60.6 
gauss’ computed for LiF in zero field, the right-hand 
side of (19) is of the order of 1.5X10° gauss/sec for 
FY, 0.6X 10° for Li’ and 0.2 10° for Li®. In spite of 
the scatter of these values they all lie between 10 000 
gauss/sec which was the maximum rate of change of 
the de field in our experiment, where the transformation 
was isentropic, and 10° gauss/sec which corresponded to 
the definitely nonequilibrium reversal of a field of 100 
gauss in 0.2 usec in the experiment of Pound and 
Purcell on negative temperatures.® 

Undoubtedly more theoretical work along the lines 
of Waller’s paper’® is required to get a quantitative 
description of the dynamics of the process. 


EXPERIMENTS 


(A) The Experiments at Room Temperature 


A variety of experiments performed at room tem- 
perature emphasize some aspects of the nature of spin 
temperature. One of these, the ultrasonic experiment 
mentioned above in paragraph 1(B), illustrates the 
role of the spin-spin interactions in establishing and 
maintaining a Boltzmann distribution between the 
populations of a spin system with three or more energy 
levels. The other experiments, some of which have 
been described briefly earlier,!° demonstrate the thermal 
mixing of two spin systems and will be described again 
in greater detail below. 


(a) The Ultrasonic Experiment 


An experiment, differing in its physical form only in 
unessential features from that described by Proctor and 
Robinson," has been performed again on Na* and C]** 
in a single crystal of NaCl, with the simple difference 
that more ultrasonic power was available. As in that 
experiment, ultrasonic waves, supplied to the NaCl 
crystal at twice the Larmor frequency, caused pure 
quadrupole transitions between those levels related by 
Am=2. The populations of the four equally spaced 
levels of these nuclei in a magnetic field were then 
inferred by examination, using ordinary pulsed tech- 
niques, of the magnetization (J.) immediately after 
exposure to ultrasonic waves. 

As the analysis in reference 17 shows, ultrasonic 
waves cannot cause the complete saturation of the mag- 
netic energy levels which were considered to be con- 
nected only by either (a) pure magnetic dipole or 
(b) pure electric quadrupole relaxation processes. [A 
further analysis of the same nature, shows that for an 
arbitrary mixture of the two processes (a) and (b), 
values of the limiting magnetization for intense ultra- 
sonic waves, lie intermediate to the two pure cases. | 
We have, however, been able to increase the energy 
density of ultrasonic waves in the crystal to such an 


17W. G. Proctor and W. A. Robinson, Phys. Rev. 104, 1344 
(1956). 
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Fic. 3. Attenuation of the polarization of Na® as a function of 
time, measured from the beginning of the ultrasonic pulse, for 
different voltages applied to the quartz transducer. 


extent that the polarization disappears completely. 
This result is to be expected if one also takes into 
account in the differential equations which describe the 
level populations the spin-spin interactions which lead 
to a Boltzmann distribution in a time ~7>. A simple 
derivation of this result is given in Appendix I. 

The expression (A4) of Appendix I for the relative 
polarization is plotted in Fig. 2 along with the experi- 
mental points for Na and Cl. The transition probability 
W required by Eq. (4) goes as the energy density of 
ultrasonic waves in the crystal, and hence as the square 
of the voltage applied to the quartz transducer. Mean- 
ingful data concerning the ratio of the electric per- 
turbations caused by the ultrasonic distortion for Cl** 
to Na®™ are immediately available from Fig. 2 but that 
will not, be discussed further here. Although the agree- 
ment is satisfying, it is not conclusive, since one must 
judge, whether the asymptotic polarization is rigorously 
zero or only (1/25) Mo, as the pure dipole relaxation 
case requires. However, there remains yet another 
criterion: the time dependence of the saturation. The 
primitive theory, which neglects the spin-spin coupling, 
leads, as one can readily understand, to a time depend- 
ence which is characterized by two time constants. For 
example, for high values of W, one would expect a 
rapid attenuation with a time constant 1/(2W) to an 
asymptote M/M )=0.2, which value can be calculated 
by ignoring all relaxation processes. The attenuation 
would then be carried below this level at a rate given by 
T, since it is the thermal relaxation processes which 
would be responsible for the difference of the final 
asymptotic value from 0.2. However, the correct time 
dependence for the saturation is easily obtained from 
formula (A2) and one finds that the approach to the 
limiting value is characterized by a single time constant 
(T;'+8W/5)—. Figure 3 shows the approach to the 
limiting polarization for various voltages applied to the 
ultrasonic crystal; the rapid saturation of the levels for 
high voltages in times much shorter than 7; removes 
any remaining question in this respect. 
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(b) Experiments With Thermal Mixing 


As has been pointed out above, the experiment of 
Pound® demonstrates that some order must exist in 
the spin system when the sample has been removed to 
zero field, since upon replacing it, in the strong field, 
the original polarization is obtained again. We have 
been able to show, in our experiment at low tempera- 
ture, that this order is the same as that obtained by 
thermal contact with a cold lattice. Hence it is not 
surprising that the experiments to be described below 
show that it is possible for one spin system to communi- 
cate this order to another. 

Our mixing experiments have in generai been per- 
formed using LiF as a sample material. At room tem- 
perature, our sample showed a thermal relaxation time 
of 1.4 min for F, and 4.5 min for Li’; in zero field, the 
relaxation time of the common spin system was only 
6 seconds. The two species (we are ignoring Li® for the 
time being) could be prepared in any one of three well- 
known states, namely those characterized by polariza- 
tions of Mo, 0 and —M». Mo was of course obtained by 
simply allowing the species in question to rest several 
relaxation times in a strong field, which, in our experi- 
ments, was always the resonance field for 8 Mc/sec. 
— Mp, was obtained by reversing the polarization by 
fast passage. A polarization of zero was best obtained 
by saturating the species in question by modulating the 
field over the resonance value, using the same value of 
H, as in the fast-passage polarization reversals; since 
the reversals were not complete, several seconds of 
modulation at 40 cps would destroy the polarization. 

With two species in the desired states, the process of 
mixing was performed by removing the crystal from the 
spectrometer probe located between the poles of the 
electromagnet to a distance of about one meter from 
the gap and then restoring it to the probe. This opera- 
tion required about one second. The two spin systems, 
isolated from each other by the different spacing of 
their energy levels in a strong field, lose their identities 
in weak or zero fields, and find, in a time 72, a common 
temperature. Subsequent examination always showed 
polarizations characteristic of a common spin tempera- 
ture after mixing. 

Our experiments are summarized in Table I. The 


TABLE I. Summary of nuclear calorimetric experiments at 
room temperature. The observed values, averages of several 
measurements, are reproducible to about 10%. 


(M/Mo) before mixing (M/Mo) after mixing 


Expt. Fluorine Lithium Fluorine Lithium 
(a) 1 1 0.95 0.95 
(b) 1 0 0.42 0.51 
(c) 0 1 0.42 0.43 
(d) 1 —-1 0.27 0.20 
(e) —1 1 0.05 0.00 
(f) 0 —1 —0.16 —0.17 
(g) —1 0 —0.29 —0.34 
(h) —1 —1 —0.71 —0.73 
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first two columns show the initial states, relative to Mo, 
for the species in question; the last two columns show 
the final states, again measured relative to their re- 
spective equilibrium polarizations, after mixing. 

Since the spin temperature after mixing is the same 
for each species, it is clear that the ratio M/Mo, of the 
polarization to the equilibrium polarization must be the 
same for each. We have consequently expressed the ex- 
perimental] results in Table I in this fashion, so that an 
appraisal of the experiments may be most rapidly 
made. Experiments (a) and (h) will be recognized as 
the reversible processes observed by Pound, and by 
Pound and Purcell, and appear here as the special case 
of the mixing together of two systems at the same 
temperature. Experiments (d) through (g) are believed 
to be the first examples of “calorimetry” carried out 
with one of the systems initially in a negative tempera- 
ture state. The discussion in paragraph (2E) leads 
easily to an extension of formulas (17) and (18), which 
will include more than two nuclear species. They 
become 
(17’) 
(18’) 


T7=D(C/T)/TC, 
M*¥=Ct DM 2/DC!. 


Equation (17’) resembles the expression for the com- 
putation of the common temperature in ordinary 
calorimetry, except that here the temperature appears 
inversely. Hence C’=p’/?(I’+1)(y’)? may, by this 
analogy, be called the “‘spin specific heat.” 

Equation (18’) restates (17’) in terms of the observ- 
able polarizations M*. Introducing m=M/Mo, Eq. 
(18’) takes the form 


many species k = } ie jm 7 ‘9 Dil A, (18”) 


which will have to be used in order to be able to ex- 
amine the results presented in Table I more critically. 
We shall need the various spin “‘specific heats”; thus 


C(F!*) = (1.00) (4005.5 X 2)?(3) ($) =471X 108, 


and similarly C(Li’)=374X 10° and C(Li*)=2.3X 108 
One observes immediately that C(Li®) is negligible; 
hence 


mF =0,56m?+0.44m,", (18’”) 


Although the accuracy of the data does not justify a 
serious examination on the basis of Eq. (18’”’), one may 
observe that the polarizations of either species after 
mixing should be approximately the arithmetic mean 
of the initial polarizations, with a little extra weight 
given to the fluorine. 

It is principally the relaxation which takes place 
during the operations forming an experiment which 
make the data deviate so far from the predictions. In 
order to lend emphasis to this statement, we would like 
briefly to describe the course of one “spin calorimetric” 
experiment, namely experiment (f). In this description, 
we shall note at various stages the spread of times 
recorded for a number of rehearsals. We remark that 
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these operations were not performed at once, but re- 
quired considerable practice. We shall, for brevity, 
allow H,;* and H,y* to stand for the resonance fields 
of Li and F, respectively, at 8 Mc/sec, namely 4840 
gauss and 2000 gauss. 

Experiment (f) ran as follows: after allowing the 
sample to polarize for about 20 minutes at a field 
slightly above H,;*, the field was dropped suddenly 
(tg=0) to a value slightly above Hy*. The 40-cps, 
5-gauss peak-to-peak modulation was turned on and the 
field was manually driven through H»* to a somewhat 
lower value, observing the destruction of the F polariza- 
tion enroute (11 to 15 seconds). After turning the modu- 
lation off, the sample was removed from the probe for 
mixing and restored to it (17 to 24 seconds). The 
u-mode was readjusted; the magnetic field raised 
through H,*, reading on the oscilloscope the amplitude 
of the one-shot F fast-passage signal (25 to 33 seconds). 
The field was then further raised to H,;*, reading simi- 
larly the amplitude of the Li’ signal (33 to 46 seconds). 

In the units of Table I, the amplitudes of the F and 
Li signals would ideally be expected to be —0.44. It is 
not surprising, in view of the relaxation times, to find 
deviations from this value as large as those observed. 
Indeed, by assuming suitable average fields and typical 
intervals for each, the observed values for each species 
could very nearly be predicted. 

It has been assumed, in arriving at the quantitative 
predictions above, that H*>>H,. In seeking to check 
this inequality, we have not only been able to confirm 
it, but, where the mixing rate was slow, to measure its 
rate. Figure 4 shows the amplitude of the Li’ signal, 
in experiment (b) measured at 8 Mc/sec, as a function 
of the time that the sample was held at a poisition in 
space, located by wooden guides and about 30 cm 
beyond the rims of the pole shoes, where the field was 
measured by a commercial field measuring instrument 
to be 75410 gauss. The solid curve shows that the 
mixing rate can be characterized by a time constant 
T= 6 seconds, and furthermore that 7; for the common 
system is about 100 seconds. At 40 gauss, T,,=0 while 
T,=40 seconds; near zero field, 7,,=0 while 7,=6 
seconds. 

Experiment (b) of Table I could have been performed 
with the same outcome, however long the thermal re- 
laxation time of Li’ in high field. This suggests a pos- 
sibly useful method of polarizing a nuclear system with 
a very long thermal relaxation time, that is, it could 
be “pumped” into a polarized state by cooling it at 
regular intervals by thermal contact with a system with 
a shorter 7). This was strikingly demonstrated by using 
a powdered sample of CsCl for which 7,(Cl**)=3.5 
seconds, 7,(Cs)=9 minutes, but 7 )(common) = 20 
seconds in the earth’s field. Commencing with both 
systems unpolarized, the sample was quickly removed 
from and restored to the magnetic field at six-second 
intervals for a total time of two minutes, after which 
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Fic. 4. The observed amplitude of the Li’ signal vs the time 
that the LiF crystal was held at 75 gauss. The solid line shows 
how the experimental points can be described by a mixing time 
constant of 6 seconds and a common relaxation time of 100 seconds. 


the Cs showed a polarization of 0.7Mo, which otherwise 
would have taken about ten minutes to achieve.* 

A second demonstration concerns the polarization of 
Li®. It was estimated that the fast passage signal from 
Li® would be visible on the oscilloscope screen if that 
system could be polarized in a field Ho of about 12 
kilogauss and at the temperature of liquid air, a difficult 
prospect in view of an estimated relaxation time of one 
week (see Sec. D below). We found, however, that Li® 
could be polarized into this state by taking only the 
time to polarize Li’ and F at 77°K and Hp, and to mix 
them with Li®. The Li® essentially takes on its whole 
equilibrium polarization since its specific heat is negli- 
gible compared to those of the other two. 

Evidence of the very long 7; which practically pre- 
cludes the observation of Li® by ordinary methods is 
given by the following experiment. We allowed the LiF 
sample to rest in the strong field Ho at 77°K for about 
15 minutes. After a quick mixing which returned the 
sample back at the magnet gap, but not into the liquid 
air Dewar, we permitted the sample to warm and the 
magnet itself to be used during the course of the day 
for other experiments, under the restriction that the 
field should always remain above several hundred gauss. 
At the end of the day, about six hours later, the Li® 
signal showed a polarization characteristic of Hp and 
77°K. The same was performed again, but with the 
change that the polarizations of F and Li’ were re- 
versed before mixing; we found hours later a polariza- 
tion of Li®, characteristic of Hy and —77°K. 

It is interesting to speculate that in favorable cases 
it may be possible to measure the magnetic moment and 
the thermal relaxation time of an isotope which is not 
otherwise observed by measuring its heating effects 
upon an observed isotope. 


* Note added in proof.—An early observation of a similar 

ump-up effect was made by Holzman, Anderson, and Koth, 
PBull Am. Phys. Soc. Ser. II, 2, 31 (1957) ] in fused silica. How- 
ever the interpretation given by the authors was different. 
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(B) The Experiments at Low Temperature 


This experiment was designed to check the validity 
of expression (13), given again as (15’). Following the 
argument which culminates in these expressions, if the 
fixed frequency signal from the Li’ spin system, to 
choose a specific example, in a single crystal of LiF, 
prepared in thermal equilibrium with its lattice at 2°K 
in a polarizing field Ho, depends upon the magnitude of 
Ho in the manner predicted, the identity of spin and 
thermodynamic temperature will have been proven. 

To check the predicted behavior, laboratory polariz- 
ing fields from zero to several times H;, say up to 50 
gauss, were used. The fixed frequency selected for the 
observations was 8 Mc/sec, or 4840 gauss, chosen simply 
as a matter of convenience. To make the observations 
at this field, several hundred times larger than the 
polarization fields, the measurements had to be made 
quickly; for such measurements the method of fast 





Fic. 5. Three characteristic fast-passage signals: (upper) Li’, 
after reaching thermal equilibrium in zero field, (middle) Li’, 
after reaching equilibrium in 25 gauss, (lower) F, occurring on the 
tail of a large proton signal. The trace proceeds from right to left. 


AND W. G. 





PROCTOR 


passage is ideally suited. The experimental method, 
idealized, was consequently to permit the sample to 
reach equilibrium at the chosen weak field, the lattice 
temperature being 2°K, and then to raise the magnetic 
field suddenly to a value greater than 4840 gauss, 
making a fast-passage observation on Li’, “on the fly.” 

In practice, simple as the experiment appears at 
first glance, there were many experimental difficulties, 
not all of which will be described below. Indeed, the 
experiment was only made feasible by the fortunate 
circumstance of having in our possession a crystal of 
LiF which possessed, in fields comparable with Hz, a 
relaxation time T; of approximately 12 seconds, while 
at 4800 gauss T; was 15 hours. Twelve seconds was 
short enough to allow the nuclear systems (coupled 
together) to reach the lattice temperature without ex- 
hausting the supply of liquid helium and the experi- 
menters’ patience, and yet long enough to measure and 
thus be reassured that the polarization measured for one 
low field was characteristic of that field and not some 
higher field passed through enroute for observation. On 
the other hand, an extremely long 7; was required at 
high fields, since otherwise the growth of the magnetiza- 
tion while the field was at high values for observation, 
would give corrections which would be large compared 
to the quantity being measured. 

The 15 hours relaxation time, at 4800 gauss and 2°K, 
although not of direct import for our experiment, could 
be measured accurately in a short time in the following 
way. As described below, the equilibrium signal at 50 
gauss, where the magnetization could be expected to be 
linear with field strength, is easily measured, the equi- 
librium signal being reached in a few minutes. Also, the 
rate of growth of the signal at 4800 gauss was easily 
measured: one first permitted the signal to grow to a 
large value at a field above the resonant field. Then, by 
reversing the polarization by fast passage in dropping to 
4800 gauss, just below resonance, one observed the 
growth of the signal in pairs of fast passage observa- 
tions, always returning to 4800 gauss. In this way, 
(d.S/dt), the rate of growth of the signal, can be meas- 
ured for values near zero signal, and we found 0.1 
unit/second, after making a small correction for the 
incomplete polarization reversals due to the imperfect 
fast passages. Dividing this value into the value of the 
signal found at 50 gauss, and multiplying by 4800/50, 
one learns that for our sample 7,(Li’, 4800 gauss, 2°K) 
is closely equal to 15 hours. 

The measurement of T; at low or zero field was, 
however, more difficult and illustrates the role played 
by mixing of the spin systems at low fields. One first 
polarized both species strongly, although by no means 
completely in a high field, always at 2°K. The direction 
of the magnet current was then reversed, carrying the 
laboratory field through zero, so that the two systems 
would be well mixed, and to a value yielding a field of 
2000 gauss where the F" signal was rapidly observed 
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by two fast passages. The magnetic field was then 
dropped to low or zero field by a practiced maneuver 
involving another current reversal where it was allowed 
to rest for a specified time, after which the field was 
again raised to 2000 gauss to observe the attenuation 
of the F"® polarization for the interval. It is assumed 
that the rapid excursion of the magnetic field to 2000 
gauss for the measurements of the initial signal ampli- 
tude did little to change the spin-temperature. By 
ignoring the step in which the systems were initially 
mixed, only chaotic results could be obtained. One 
notes that the relaxation time in low fields could be 
measured by examining either species; F'* was chosen 
since the magnet current manipulations were simpler. 

Since fast-passage observations were to be made, 
only the “-mode signal was available. For this reason 
we constructed a low-temperature crossed-coil probe 
which will be described below. A fast-passage observa- 
tion requires as well a large H, which unfortunately 
entails the generation of heat in the probe. Experiments 
showed that lattice heating effects were readily observ- 
able if the transmitter were on while the magnetic field 
were at some small value. However, the effects of such 
heating were made negligible in our experiments by 
turning on the transmitter only after high fields had 
been reached, where the long 7; effectively isolated the 
spin system from the lattice. The following detailed 
experimental method was finally evolved: 

The sample was allowed to rest in the magnetic field 
for which the measurement was to be taken, for at 
least ten relaxation times. The transmitter, for reasons 
of stability, was in operation, but detuned during this 
time. At a given warning, the field was raised sharply 
to 4800 gauss, just under the resonance value, where it 
rested 15 seconds. During this time, the transmitter 
was retuned, and the leakage phase adjusted to a 
« mode. At a second warning, the camera shutter was 
opened, and the field was raised uniformly by a manual 
control through the resonance field in synchronism 
with the horizontal trace of the oscilloscope, 5 seconds 
in duration. The resulting photographic trace of the 
oscilloscope screen were examined by magnifying glass; 
unless accidental noise spikes distorted the signal to be 
measured, the trace was kept for measurement. 

Characteristic traces are illustrated in Fig. 5. The 
signals do not have the characteristic shape of fast 
passage signals because ac coupling is used in the audio 
amplification. However, as long as the procedure for 
observing the signals remained the same, some measure 
of the magnitude of the signal, whatever its shape, 
would be a measure of the nuclear polarization. We 
have arbitrarily used the peak-to-peak measure of the 
signal for plotting. 

Figure 5 (upper) shows the signal observed for zero 
polarizing field and consequently is of considerable 
interest in itself. As will be described below, only 13% 
of the magnitude of this signal can be ascribed to 
polarization accrued during the high-field observation 
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Fic. 6. The fast-passage signal amplitude of Li’, measured in 
arbitrary units at 8 Mc/sec, as a function of the magnetic field 
in which the LiF sample reached equilibrium at 2°K. The smooth 
curve is given by the analytical expression, arrived at as de- 
scribed in the text. 


process. Figure 5 (middle) shows a signal obtained 
from a polarizing field of 25 gauss. 

The experimental results are summarized by the 
points of Fig. 6. Here the amplitude of the signals 
observed (actually millimeters on the oscilloscope 
screen) is given as a function of the field in which the 
sample reached equilibrium. All the data were taken on 
the same day using two consecutive helium transfers. 
Every signal amplitude measured appears in Fig. 6. 

From the scatter of points at the lower fields, and 
from Fig. 5 one may estimate a signal-to-noise ratio. 
One sees, however, from the scatter of points at the 
higher fields that the variations in the rapidly operated 
transmitter and receiver affected the over-all gain 
seriously. 

The magnetic fields appearing as abscissas in the 
data of Fig. 6 were the residual magnetic fields in the 
gap of the magnetic after the current had been turned 
off following a systematic pattern of current reversals. 
The fields were measured by a large flip-coil which had 
been calibrated against a smaller flip-coil, the latter 
having been calibrated in a field measured by proton 
resonance. Some of the scatter in Fig. 6 may also be 
due to the relatively inexact way in which the magnetic 
fields were measured. 

The expression (15’) for the signal observed at 4800 
gauss may be rewritten as 


S=k(H?+H7?}!+6, 


where now 6 has been added to describe the additional 
amplitude picked up at high fields during the rise and 
15-sec tuning-times. k& is the gain, as explained above, 
to be measured at a field where the expression (15’) 
for S is practically linear in Ho. 

Since the time of rise of the magnetic field is short, 
about two seconds, the constant 0 is given adequately 
by b= (15 seconds) X (dS/dt at 4800 gauss). As already 


(15”) 
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described, the latter quantity was measured to be 0.1 
unit/second so that b=1.5 units. 

To set the gain reasonably precisely, six points were 
measured in the quasi-linear region near 50 gauss and 
their center of gravity chosen to determine the constant 
k in (15). Making allowance for 6, we find that k 
= 1.277. Upon taking the value for H;” from Appendix 
2, (15’’) can be written as 


where the constants have been supplied from measure- 
ments made only at 50 gauss and at 4800 gauss. The 
expression (15’’’) is drawn also in Fig. 6, the distribution 
of experimental points about this curve provides a 
satisfying agreement between theory and experiment. 
We emphasize that this curve is not the best hyperbola 
drawn through the experimental points—it is the 
theoretical expression using independently measured or 
computed constants. 

It has been drawn through the experimental points 
making use only of the lattice constant of LiF; the 
magnetic moments, spins, and abundances of Li®, Li’, 
and F; the gain of the apparatus, and the thermal re- 
laxation time of Li’ in our sample at 4800 gauss and 
2°K. 











30mm 





Fic. 7. The low-temperature crossed-coil probe, with cuts. 
(a) Central co-axial brass wire; (b) outer coaxial brass sleeve; 
(c) insulating material, taken from commercial coaxial cable; 
(d) silver solder joint, brass to copper wire; (e) brass envelope; 
(f) Lucite coil-form; (g) cut for transmitter winding; (h) cylin- 
drical hole for receiver winding; (i) cover plate; (j) paddle. For 
simplicity, no coils have been drawn in. 
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The local field H, is a quantity which is characteristic 
of the crystal and not of the nucleus observed. It was 
felt, nevertheless, to be worthwhile to make a similar 
determination of H, using F"’. Although the signals at 
the same radio-frequency should be about 20% larger 
for F, the data are less precise for two reasons. First, the 
relaxation time at 2000 gauss was only 45 minutes, so 
that 6 would have been much larger, and secondly the 
tail of the large proton signal (due to the short relaxa- 
tion time of the protons in the Lucite coil form for the 
most part) shown in Fig. 1(c) interfered with the F 
signal in a manner which depended upon the rate of 
sweeping, which was manually controlled. Nevertheless, 
sufficiently exact experimental results, which will not 
be reproduced here, could be obtained for it to be 
asserted that the same value of H,, was obtained. 


(C) Some Aspects of the Apparatus 


The room temperature experiments described immedi- 
ately above were all performed using the Varian Model 
4200 Wide Line Spectrometer and its associated 12-in. 
Magnet system. At 8 Mc/sec an H, equal to 1.0 gauss 
was used with which the level populations could be 
examined, reversed by fast passage, or saturated. 

In the low-temperature experiment, the Varian probe 
was replaced by a simple crossed-coil probe, which 
could be submerged in liquid helium. Since fast-passage 
observations were desired, a relatively high H, require- 
ment and the necessity of using “-mode observation 
dictated the crossed-coil method. The probe could be 
conveniently matched to the rest of the spectrometer 
at one frequency, giving H,=0.3 gauss, with 50 volts 
across the transmitter winding. 

The probe is illustrated in Fig. 7. The two transmitter 
windings, approximately of Helmholtz dimensions, were 
supported on a Lucite form and resonated by the cable 
and lead capacitances and a small variable capacitor 
to 8 Mc/sec, as was the receiver coil. The whole was 
shielded by a cylindrical brass envelope and supported 
by the 0.2-mm walled cylinders forming the return 
conductors for the two radio-frequency windings. To 
avoid magnetic shielding due to the superconductivity 
of ordinary solder at these temperatures and at low 
fields, this alloy could not be used. The copper wire 
making up the coils were joined with the central brass 
wire of the coaxial supports by a small silver-solder 
joint, as shown, and which was the only solder employed 
in the probe. The two cylinders were pressure-fitted 
into the brass envelope and the ends of both coils were 
held fast to the envelope by one of the screws which held 
the cover plate to the opening for the sample. The LiF 
sample was held securely within the receiver coil by 
melting a small amount of paraffin about it; the sample 
was oriented so that the magnetic field would lie along 
the [1,1,0] direction of the crystal, reducing the line 
width and thus enhancing the signal amplitude. Since 
in a high field the relaxation times depend on the ori- 











entation of the field with respect to the crystal,'® all 
the values given in this paper refer to the [1,1,0] 
direction. 

The “paddle” ensured that the residual leakage 
phase from the receiver coil would be-180° out of phase 
with the transmitter voltage. In a “tuning box,” the 
circuit of which will not be given here, it was then 
possible to reduce the w-mode leakage to zero by a 
simple network of small capacitances which added some 
current from the transmitter to the receiver input. The 
u leakage was controlled by a simple high impédance 
RC network which added a small amount of current 
at 90° to the transmitter voltage phase into the receiver 
input. 

The probe was contained in the usual double-Dewar 
system for use with liquid helium. The vapor pressure 
of the helium was reduced until the lambda-point was 
reached, and the manometric measurements showed 
that the temperature was closely 2°K. Since this number 
is not of critical import in our arguments, it was 
not determined with precision. We found that one filling 
of helium would last about four hours while being 
pumped. All the data shown in Fig. 6 were obtained on 
the same day with two consecutive fillings. 


(D) Digression on the Spin-Lattice 
Relaxation Times 


As a by-product of our study of spin temperature, 
some experimental results have been obtained for the 
spin lattice relaxation times of lithium and fluorine, 
in various fields and for various temperatures, and it 
seemed worthwhile to discuss here the most significant 
of these results. 


(a) High-Field Measurements 


All measurements of relaxation times were made near 
a frequency of 8 Mc/sec, that is in a field of 2000 gauss 
for F and 5000 gauss for Li’. For our sample, we found, 
at room temperature, 


T,(F¥) =1.4 min, 
at 2°K, 
Ti (F) =50 min, 


and 7;(Li’)=4.5 min; 


and 7,(Li7)=15 hours. 


The absolute values of these times are of little intrinsic 
interest since their magnitude is greatly influenced by 
the content of paramagnetic impurities and should 
vary considerably from one sample to another, or even 
with the orientation of the magnetic field with respect 
to the crystal.!* On the other hand, for their ratios we 


find 
T,(Li’) T1(Li’) 
( ) =3.2, ( ) =18 
T1(F")7 300° Ti(F)7 o°x 
8R, V. Poul: J. Phys. Chem. 57, 743 (1953). 


19 Bloch, Hansen, and Packard, Phys. Rev. 70, 474 (1946). 
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This can be understood by assuming that at room 
temperature the relaxation of Li’ is at least partly due 
to its quadrupole moment whereas at 2°K it is entirely 
due to the coupling of its magnetic moment with the 
paramagnetic impurities, the quadrupole mechanism 
becoming negligible at very low temperatures. 

In Bloembergen’s theory of relaxation by paramag- 
netic impurities,” for a given impurity content the 
magnetic relaxation time 7, depends in a complicated 
way on two constants: 7’ which represents the relaxa- 
tion time of a nuclear spin in the neighborhood of the 
impurity at a fixed distance from it, and D which is 
the spin diffusion constant. Therefore, although ele- 
mentary considerations may show how D or T;’ vary 
with temperature or with the spin species (Li’ or F'), 
no quantitative interpretation of the experimental 
results for 7, can be given without considerable 
calculation. 

For the relaxation time of Li®, whose signal could be 
observed, thanks to the thermal mixing described 
previously, we have no experimental data except the 
fact that it is longer than one day. On the theoretical 
side, the quadrupole moment of Li® is very small, 
Q(Li*)~Q(Li’)/100 and the quadrupole relaxation time 
at room temperature should be of the order of 4.5 
X (100)? min, or one month. Its magnetic relaxation 
time must be very long as well because of its small 
magnetic moment and its small isotopic content C~7% 
which makes the spin diffusion very slow. A conserva- 
tive estimate is 


Ti (11°) 300°K, magnetic’ C* (Y¥"*/Yxi*)?T1(F) 300k 
~one week. 


(6) Low-Field Measurements 


The sharp decrease of T; in low fields as well as the 
equality of relaxation times of Li’ and F” have already 
been pointed out by Pound® and Pound and Ramsey.’ 
It might be well to remark, since the explanation does 
not seem to have appeared in print,” that the decrease 
in the relaxation time is a confirmation of Bloem- 
bergen’s theory of spin diffusion: for sufficiently low 
fields a spin flip can take place between a Li spin and 
an F spin, thus considerably increasing the spin dif- 
fusion constant D. 

It is remarkable that at 2°K, 7), for our sample, is 
still only approximately 12 sec, in zero field. Thus the 
decrease of T, from high field to low field is much 
sharper at 2°K where, for F", [7 (2000 gauss) / 
T,(0 gauss) ]=250 than at room temperature where 
the same ratio is only 14, in spite ofthe fact that the 
change in spin diffusion coefficients is independent of 
the lattice temperature. A possible qualitative explana- 
tion of this fact is contained in Bloembergen’s theory 
of relaxation. The inverse of the relaxation time 1/T,’ 
of a nuclear spin in the vicinity of a paramagnetic 


” N. Bloembergen, Physica 15, 386 (1949). 
21 R. V. Pound (private communication), 
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impurity is proportional to r/(1+-w*r’), where 7 is the 
relaxation time of the paramagnetic impurity itself and 
w the nuclear Larmor frequency. At 2°K, wr>>1 and 
1/Ty’ increases as w~ as one lowers the field. This does 
not mean that the over-all relaxation time 7, for the 
whole sample decreases in the same ratio, but it cer- 
tainly should decrease somewhat on account of this 
phenomenon. On the other hand, at room temperature 
wr1 and 7,’ is independent of w. Finally we would 
like to mention the possibility of a connection between 
spin lattice relaxation through paramagnetic impurities 
and a phenomenon previously described: the ab- 
normally small value of the low-field signal (up to 10 
gauss), if the rf field is applied, even for a few seconds, 
before the raising of the dc field to 4500 gauss. It is not 
clear whether during such a short interval the rf 
heating could raise the temperature of the lattice suffi- 
ciently to explain this decrease of the signal. If not, it is 
possible that this decrease is caused by some kind of 
negative Overhauser effect through the saturation by 
the rf, of the electronic spins of the paramagnetic 
impurities which for a frequency of 8 Mc/sec resonate 
in a field of the order of 3 gauss. It is hoped that the 
reality of such an effect may be investigated both, 
theoretically and experimentally, in the future. 

Relaxation times have also been measured at room 
temperature in CsCl] where in high field 7,(Cl**) =3.5 
sec, T,(Cs*7)=9 min, and in zero field 7,(Cl) = 7 (Cs) 
=20 sec. The change of 7), going from high into low 
field is of a different nature than in LiF. The relaxation 
mechanism is certainly quadrupole for Cl** (if not for 
Cs"*7, which has a very small quadrupole moment) and 
the increase in the spin diffusion constant has nothing 
to do with the change of 7), since this change is an 
increase for Cl**, This increase is understandable since 
in zero field the quadrupole mechanism of Cl is the 
thermal link between the lattice and the combined 
system CsCl which has a much larger heat capacity 
than the Cl system alone. 


(E) Digression on the Rapid Passage Problem 


In the course of the experiment described here, the 
rapid passage method has been used systematically to 
measure the polarization of a spin system, or to produce 
negative temperatures in high fields by reversing the 
magnetic moment of the sample. A satisfactory theory 
of the rapid passage for spins interacting very weakly 
with their surroundings or with each other, as for in- 
stance in liquid samples, was given by Bloch.’ Redfield? 
pointed out that one of Bloch’s conditions for rapid 
passage, r<T>2, where 7 is the time necessary to sweep 
through the line, was too severe and should be replaced 
by rT), thus making rapid passage possible in solids 
for values of dH /dt easily obtained in practice. How- 
ever, no satisfactory theory of the rapid passage in 
solids has been given so far, especially for cases when the 
rf field is small compared to the local field. This is not 
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surprising in view of the difficulty of the problem and 
we shall be content with a very crude model which will 
enable us to explain at least qualitatively a rather 
striking effect, namely the saturation by rapid passage 
of the signal of Li®. As everywhere in this work we shall 
assume the coupling with the lattice to be negligible for 
the duration of the experiment. In a rapid passage 
there are two quantities of interest, the magnitude of 
the signal, and what we might call the turnover effi- 
ciency, which is the ratio of the magnitude of the 
polarization after the passage to that before and which 
is measured by the ratio of the signal from two con- 
secutive rapid passages. We wish to understand why 
this efficiency, of the order of 0.9 for Li’, was very small 
for Li®. No Li® signal was visible from a second rapid 
passage, which in view of the fact that the signal-to- 
noise ratio from the first passage was approximately 4, 
means that the turnover efficiency was smaller than }. 
This occurred for the same rf field and of necessity the 
same local field as for Li’ and for a wide range of rates 
of change of the dc field. For simplicity let us make the 
assumption, approximately correct in LiF, that the 
local field at a Li nucleus is due to its unlike neighbors, 
the fluorine spins. If these unlike neighbors did not flip 
between themselves, the situation would be the same 
as in an inhomogeneous applied field and the turnover 
efficiency would always be one. In fact, because of the 
fluorine flips, in the rotating frame of coordinates each 
Li spin sees a time-dependent field H’ which is the sum 
of the usual slowly varying effective field H., and of the 
z component of the fast varying local field. Far from 
resonance, H’ is parallel to Hy on one side of resonance 


“and antiparallel on the other. The condition for a com- 


plete reversal of the magnetization is Bloch’s condition 
that the Larmor frequency yH’ be large compared to 
the relative rate of change of H’. Since both H’ and 
its rate of change, controlled by the mutual flips of 
fluorine spins, are the same for Li® and Li’ while 
YLi>Yxi', it is not surprising that this condition is 
approximately fulfilled in Li’ and violated in Li®. By 
the same token one should expect a smaller turnover 
efficiency for Li’ than for F", since their local fields are 
comparable and their y widely different. This is con- 
firmed by experiment since this ratio is 0.92 for F and 
0.87 for Li®. These numbers could be measured precisely 
by observing the signals S,, S2---S,4; from +1 con- 
secutive rapid passages and taking for the turnover 
efficiency [.Sn41/Si)"". 


APPENDIX 1. ULTRASONIC SATURATION 
AND SPIN TEMPERATURE 


Let 14, 24, ny, m3 be the populations of the levels 
I,=m of Na® irradiated by ultrasonic waves at twice 
the Larmor frequency and let W be the corresponding 


transition probability per unit time, between the levels 
jo—} and }o—}. 
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The rates of change of these populations are given by 
the following equations: 


dny/dt= —W (ny—n_3) + Fy (Mm) +Gy (Mm), 

dny/dt= —W (ny—n_4) +F 4 (tm) +G; (Mm), 
dn_,/dt= —W (n_y—m4) + F_4(m)+G_4 (Mm), 
dn_;/dt= —W (n_4—ny) + F_4 (Mm) +G_4 (tm). 


(Al) 


The terms F,, and G,, represent the contributions to the 
rates of change of the populations from the spin lattice 
relaxation and the spin-spin coupling, respectively. We 
shall not require their exact expressions which depend 
in particular on the type of spin-lattice relaxation 
mechanism assumed (magnetic dipole or electric quad- 
rupole). Multiplying the first equation by $, the second 
by } etc., and adding them together, we get on the 
left-hand side d(J,)/dt. On the right-hand side, the 
sum 3F;( )+---+(—$)F_, represents the contribu- 
tion to the rate of change of (/,) from the spin-lattice 
relaxation mechanism, which, if we assume a single 
spin-lattice relaxation time, can be written as 


— (U.)—Io)/T1. 


Similarly 3Gy+--:—3G_, represents the contribution 
to d(I,)/dt from the spin-spin interaction and this 
should be zero since, because of conservation of energy, 
the spin-spin interaction is unable to change (/.). We 
are thus left with the equation: 


es smi, 
a 


—2W{(ny—n_4)+(my—n_y)}. 


Since the spin-spin interactions constantly main- 
tain a Boltzmann distribution between the various 
populations; 


ny—n_,=3(my—n_)), 
(1) =3(my—n_4) +3 (my—n_4) 


= (10/2) (m,—n_,) = (10/6) (my—n_3), (A2) 


d(I,) (I,)—Io 


8W 
ee 
dl T, 5 


The limiting value of (,) obtained when d(/,)/di=0 
is 
(,)=Io/(1+8WT,/5). (A3) 
Since the signal amplitude A is proportional to (J,), 
we have 
A/Ao=(,)/Io= (1 +8WT,/5)—. (A4) 
APPENDIX 2. CALCULATION OF THE LOCAL 
FIELD H, IN LiF 


We want to calculate 


H?=Tr{(K')}/Tr{ M7}, 





TEMPERATURE 


1457 


where 
x! = sa IC jel, 


7<k 


M,=>D td, 
k 


Hyd =hry sy erix *{ (Lj Te) —3 (tye: 1) (tie: Terie}, 
Tr{(K')?} =D) Trf (Hj')?} =} DL Trf (5Cjx')*}. 
7#k 


i<k 
Tr{ (5;,1)*} is easily calculated if we remark that its 
value is independent of the direction of the vector rj, 
which can then be taken as the z axis, leading for 3C;,! 
to the expression : 


Kyl =Vyviere UL +11 — 2 Th}, 
and 
Tr (5jx!)?} =NX Fy 7rverie L(A e+). 


where 9=]];(2/;+1) is the number of levels of the 
whole system. 
Since 
Tr{M 27} =3n# SY y71;(;+1), 
? 


we obtain 
A=? YS yer er 1 (Tj;+ 11+) )/ 
Ak 
DY v71;(j;+1). 
F] 
In the case of LiF we have a lattice of the NaCl type 
where the lattice sites of the Cl kind are filled by 
nuclei of F” and those of the Na kind by nuclei of Li’ 


and Li® in the proportions p=0.926 and 1—p=0.074. 
We find: 


D7; (154+1) =N{y71,U.4+1) 
+py27l2(I2+1)+ (1 —p)y#I3Is+1)}, 


where 2N is the total number of spins and 


FY’: J,=3, yi:=27X 4005.5, 
Li’: I2=$, yo=2"X1654.7, (AS) 
Li®: ZJ3=1, ys=2rX 626.5. 


De verve rn TT; +1) Ta +1) 


i#k 


=NS yt 2(h+1)?+ pyetl 2 (To+1)? 
+ (1—p)*ys'T?(Ist+1)?+2p(1— p)ye?vs*Jo(I2+1) 
XI3(Is+1) ]+NS2X 2y27i (+1) 


XLpv?la(I2+1)+(1—p)ysTs(Is+1)], (A6) 


where S,=).’r,~* is the sum taken from one lattice 
point of the Na kind to all the other lattice points of 
the Na kind and $;=)}-’r,-* is the sum from one lattice 
point of the Na kind to all the points of the Cl kind. 
We find $,=114.5/a® and S,=422/a*, where a is the 
dimension of the cubic unit cell. In LiF, a=4.01 A and 
we get H;?=60.6 gauss’, H,=7.77 gauss. 
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Polarization of Electrons Scattered by Thin Gold Foils 


Wituiam G. Pettus* 
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(Received September 13, 1957) 


The polarization of electrons by scattering from thin gold foils has been observed in a double-scattering 
experiment. The azimuthal asymmetry in the distribution of the twice-scattered electrons was measured in 
the energy range from 80 to 190 kev and for scattering angles of 60, 90, and 120 degrees. The observed 
asymmetries are somewhat smaller than would be expected from the calculations of Mohr and Tassie for 


the screened field of gold but the predicted increase in asymmetry for increasing scattering angles is 


confirmed. 


INTRODUCTION 


N the basis of the Dirac theory of the electron, 

Mott! has shown that polarization effects should 

be observable in a double-scattering experiment. The 

expected effect is an azimuthal asymmetry in the 
angular distribution of the twice-scattered electrons. 

The early experiments failed to confirm the Mott 
theory of electron polarization; the apparent reason in 
most cases being that inadequate precautions were 
taken against plural or multiple scattering. Shull, 
Chase, and Myers? later reported agreement with the 
theory for 400-kev electrons twice-scattered through 
90°. More recent experiments have been conducted in 
Japan by Ryu® and he reports polarization asymmetries 
of the expected sense over a range of energies and for 
several different scattering angles. His results, however, 
show consistently smaller asymmetries than predicted 
from the theory and it is not clear whether these dis- 
crepancies are due to deficiencies of the theory or of 
the experiments. 

The present experiments were carried out in the hope 
of clarifying this situation somewhat through the use 
of a different experimental technique. The results, 
obtained some months ago, have attained added sig- 
nificance as a result of recent experiments on the polar- 


* Now at Atomic Energy Division, Babcock and Wilcox Com- 
pany, Lynchburg, Virginia. 

1N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929); 
135, 429 (1932). 

? Shull, Chase, and Myers, Phys. Rev. 63, 29 (1943). 

3N. Ryu, J. Phys. Soc. Japan 7, 125, 130 (1952); 8, 575, 804 
(1953). 


ization of electrons from beta emitters, which confirm 
the nonconservation of parity in weak interactions.‘ 


SUMMARY OF THE THEORETICAL RESULTS 


In the Mott treatment of double scattering, the 
intensity of the twice-scattered electrons is found to be 
of the form, 


I (61,82,62) = A (01,02) 1+6 (61,82) cosds J, 


so that 
1(0;,02,0) 1+6 


1(6:,02m) 1-8 


where 6, is the angle between the incident unpolarized 
beam and the chosen once-scattered beam, @2 is the 
angle between the once-scattered beam and the twice- 
scattered beam, ¢» is the azimuthal angle of the twice- 
scattered beam about the direction 6), A is a function 
independent of ¢2, and 6 is the polarization asymmetry 
factor. 

Numerical values of 6 as a function of the energy of 
the incident electrons were first obtained by Mott for 
double scattering at 90° from unscreened gold nuclei 
and similar calculations were later made by Bartlett 
and Watson® for mercury. These results show a broad 
maximum in 6 of approximately 0.07 in the neighbor- 
hood of 130 kev and a monotonic decrease on each side 


‘ Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 106, 386 (1957); H. De Waard 
and O. J. Poppema, Physica 23, 597 (1957). 

( 6 es Bartlett and R. E. Watson, Proc. Am. Acad. Sci. 74, 53 
1940). 














POLARIZATION 


of this maximum. The effect of screening on these 
calculations was investigated by Massey and Mohr® and 
by Bartlett and Welton’ and was found to be un- 
important for energies greater than about 25 kev. 
Subsequent calculations by Mohr® and by Mohr and 
Tassie® for the screened field of gold indicate that an 
increase in the polarization asymmetry is to be expected 
for angles greater than 90° and that, for 120° scattering, 
screening may be important for energies up to 120 kev 
or higher. 

More recent calculations have been carried out by 
Sherman” for the Coulomb fields of mercury, cadmium, 
and aluminum over a wide range of energies and 
scattering angles. These results are essentially in agree- 
ment with those of the previous workers where com- 
parison is possible. 


APPARATUS 


The general layout of the apparatus is shown in 
Fig. 1. The essential components are the resonant- 
cavity electron accelerator A, the magnetic lens B, the 
magnetic analyzer C, the scattering chambers D and E, 
and the detectors R and L. 

Figure 2 shows the scattering chambers and the 
collimation system through which the incident and 
scattered electrons pass. A rotary target-changing 
mechanism is provided in the first chamber for inter- 
changing gold and aluminum targets without entering 
the evacuated system. The target holders are elliptically 
shaped frames of aluminum wire mounted on a small 
drum which is geared to a shaft attached to a Sylphon 
bellows. A threaded shaft attached to the opposite side 
of the bellows by a ball-and-socket joint then allows 
positioning of the target holders from outside the 
chamber. A glass window with cross-hairs directly 
above the target holders allows an additional visual 
check on the target position. 

The incident beam is restricted to a pencil of about 
five millimeters diameter by a system of aluminum 
collimators. This beam is intercepted on the opposite 
side of the target foil by a Lucite trap to reduce scatter- 
ing and x-ray production at the chamber walls. Elec- 
trons which suffer 90° deflections in the first target 
enter the second chamber through another collimator 
system and impinge on the second gold target which is 
backed up by a trap similar to that in the first chamber. 
Provision is made for observing the number of electrons 
scattered from the second target in the plane of the 
first scattering and at angles of 60°, 90°, and 120° on 
either side of the once-scattered beam. These electrons 
pass through a third collimator system and then through 


6H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A177, 341 (1941). 

7J.H. Bartlett and T. A. Welton, Phys. Rev. 59, 281 (1941). 

8 C. B. O. Mohr, Proc. Roy. Soc. (London) A182, 189 (1943). 

®9C. B. O. Mohr and L. J. Tassie, Proc. Phys. Soc. (London) 
A67, 711 (1954). 

1 N. Sherman, Phys. Rev. 103, 1601 (1956). 






OF ELECTRONS 


Fic. 1. General layout of the apparatus. 


thin aluminum port covers and into thin end-window 
G. M. counters. 


EXPERIMENTAL PROCEDURE 


The experimentally observed quantities are the 
counting rates in the right (¢2=0) and left (¢:.=7) 
directions, where ¢2 is measured from the plane of the 
first scattering. These counting rates are measured 
simultaneously so that no normalization with respect 
to the incident beam intensity is required. In the 
absence of any instrumental asymmetry, the ratio 
(R/L) of the number of electrons counted in the right 
counter to the number counted in the left counter 
should determine the polarization asymmetry for the 
scattering element involved. Actually, however, small 
instrumental asymmetries are introduced by the struc- 
tural features of the collimation system, the inherent 
characteristics of the counter tubes, etc. It is possible 
to determine the magnitude of the instrumental asym- 
metry by measuring the (R/L) ratio for an unpolarized 
beam incident on the second foil. In the present case 
an essentially unpolarized once-scattered beam was 





ZILAIITI 





Fic. 2. Sectional view of the scattering chambers. 
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provided by replacing the first gold foil (0.16 mg/cm”) 
with a thicker one (1.8 mg/cm?) of aluminum. The true 
polarization ratio P for gold is then taken to be 


(R/L) au 


(R/L)av 
and, therefore, 


6=(P—1)/(P+1). 


The actual recording of data was done alternately 
for gold and aluminum first-scattering foils during 
intervals of five to twenty minutes. The low counting 
rates imposed by the double-scattering process, the 
collimation, and the thin foils made it imperative that 
counts be taken over a large number of such intervals 
in order to reduce the statistical uncertainty to a 
tolerable level. Data were recorded for a number of 
different energies of the incident electrons in the range 
from 80 to 200 kev. During this part of the experiment 
the first scattering angle 6, was fixed at 90° and the 
second angle 62 was fixed at 120° as shown in Fig. 2. 
The dependence of the polarization asymmetry on the 
second scattering angle was also investigated by making 
measurements at 60°, 90°, and 120° at an energy of 
130 kev. For the 60° and 120° measurements the second 
scattering foil was perpendicular to the once-scattered 
beam and for the 90° measurements it was oriented at 
45° to the beam with the “reflection” side toward the 
right counter. 

The necessary corrections for the background of 
x-rays produced in the apparatus and cosmic rays 
were determined by means of auxiliary counting runs. 
Additional runs were also made with blank foil-holders 
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Fic. 3. Scattering asymmetry versus energy. 





WILLIAM G. PETTUS 





a T T 
20). Do ao 
“ 
? ath } 
S|. J 
@® 
: a 
oy O- Pad | 
yf 
5. 4 
v4 
a ee 








Oy ——— 


° yee 
SCATTERING ANGLE 62 


Fic. 4. Scattering asymmetry versus scattering angle 62. 


in place in order to observe the scattering from their 
wire framework and from the walls of the scattering 
chambers but no correction from this source was found 
necessary. Depolarization due to multiple scattering is 
assumed to be negligible on the basis of the theory of 
Rose and Bethe." No correction for plural scattering 
has been applied. 


RESULTS 


The results of the investigation of scattering asym- 
metry versus energy in the range from 80 to 200 kev are 
shown in Fig. 3. Here the first scattering angle is set at 
90° and the second at 120°. The uncertainties indicated 
for the experimental points are the probable errors 
deduced from the number of counts observed. The solid 
line represents the calculations of Mohr and Tassie for 
the exponentially screened field of gold. The variation 
of the scattering asymmetry with the second scattering 
angle is shown in Fig. 4. These results are for an energy 
of 130 kev and for 90° scattering at the first foil. Here 
also the solid line is obtained from the calculations of 
Mohr and Tassie at 121 kev. 

The discrepancy between the theoretical polarization 
asymmetry and the experimental values shown in 
Fig. 3 is clearly greater than can be attributed to 
counting errors alone. This tendency was previously 
observed by Ryu for a slightly lower range of energies 
and at other scattering angles. The increasing polariza- 
tion asymmetry with increasing scattering angle, as 
shown in Fig. 4, is expected from the theory. However, 
the magnitude of the observed asymmetry at the larger 
angles is approximately 30% lower than the theoreti- 
cally expected value. 

1M. E. Rose and H. A. Bethe, Phys. Rev. 55, 277 (1939). 
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Rotation of Liquid Helium at Low Reynolds Numbers* 


R. J. DONNELLY 
Institute for the Study of Metals and Department of Physics, University of Chicago, Chicago, Illinois 
(Received November 15, 1957) 


Previous experiments on the transient and steady-state behavior of the free surface of helium II in a 
bucket suddenly set into rotation have shown that the normal and superfluid components are in common 
motion: This contradicts the simple two-fluid equations (neglecting mutual friction) and has been attributed 
to the fluid’s having exceeded some “‘critical velocity.” The principle of dynamical similarity suggests that 
such experiments should be scaled according to the Reynolds number, and analysis of previous experiments 
indicates that this parameter has always been rather high (>3.710‘). The Reynolds number has been 
reduced to ~1.4X 10° by reducing the radius of the container to 0.0255 cm. The experimental results show 
that under these conditions the two fluids are still in common motion. The shape of the free surface was 
much different than in wider containers due to the effects of surface tension, which limit further reduction of 


the Reynolds number in this manner. 


1. INTRODUCTION 


SBORNE first showed! that on the basis of the 
two-fluid hydrodynamical equations (neglecting 
mutual friction) the shape of the free surface of a 
steadily rotating bucket of helium II should be given 

by the expression 
5= (pn/p)Q*r?/2g, (1) 


where z is the vertical distance from the origin at the 
vertex of the parabola to a point on the surface, 2 is 
the angular velocity of rotation, r is the radial coordi- 
nate, g is the acceleration of gravity, and (p,/p) the 
fraction of normal component liquid helium present at 
the temperature of the experiment. He then showed 
experimentally that Eq. (1) did not describe the facts 
and that instead the shape of the free surface is given 
by the expression for an ordinary liquid, 


=()*r?/2g, (2) 


thus providing a striking demonstration of the in 
adequacy of the simple two-fluid equations. 

Andronikashvili and Kaverkin® have performed the 
same experiment (apparently independently) and also 
verify Eq. (2). Donnelly, Chester, Walmsley, and Lane* 
have extended the studies to include the transient be- 
havior of the liquid upon starting rotation and have 
concluded that, at the speeds of their experiment, the 
two fluids always move together. 

The failure of these experiments to verify the two- 
fluid equations has been attributed‘ to the fluid’s having 
exceeded some “critical velocity” below which the 
equations are supposed to be valid. 

If a “critical velocity” does exist in a rotating bucket 
* Supported in part by a grant from the National Science 
Foundation. 

1D. V. Osborne, Proc. Phys. Soc. (London) A63, 909 (1950). 

2 EF. L. Andronikashvili and I. P. Kaverkin, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 28, 126 (1955) [translation : Soviet Phys. JETP 
1, 174 (1955) ]. 

3 Donnelly, Chester, Walmsley, and Lane, Phys. Rev. 102, 3 
OG. Daunt and R. S. Smith, Revs. Modern Phys. 26, 182 
(1954) ; see also references 1 and 2. 


experiment then one must find just what variable 
actually becomes critical. The three simplest variables 
one can use in such an experiment are the angular 
velocity Q, the peripheral velocity 0(=QR, where R is 
the radius of the container), and the Reynolds number 


R=QR?/y, (3) 


where vy is the kinematic viscosity of the liquid. When 
the Navier-Stokes equation is applicable (which appears 
to be the case when the two components of helium IT 
move together) the principle of dynamical similarity 
requires that the dynamics of the flow be unchanged for 
changes in variables which preserve the Reynolds 
number.*® 


TABLE I. Lowest values of 7, 2, and ® obtained 
in rotating bucket experiments. 








Experiment R(cm) v(cm/sec) Q(rad/sec) Rs 
Osborne> 0.7 35 48 1.2 K106 
Andronikashvili | i as 

amd Eaweskin’ 1.35 4 3.1 3.7 X10 
Donnelly et al.4 0.3 28 92 5.2 10+ 
This work 0.0766 6.4 84 3.1 K108 
0.0255 8.5 334 1.35 108 


This work 








* An average value of » =1.6 X10~4 cm?/sec (reference 6) has been used 
for all calculations. 

b See reference 1. 

© See reference 2. 

4 See reference 3. 


The ranges of these variables covered in the experi- 
ments under discussion are summarized in Table I. 
While fairly low values of 2 and » have been reached, 
the lowest value of the Reynolds number obtained has 
been that of Andronikashvili and Kaverkin,? ®=3.7 
X 10*. The object of this paper is to describe an exten- 
sion of the previous experiments to lower Reynolds 
numbers. While there is no direct way to compare 
Reynolds numbers in this geometry to other geometries, 
the fact that oscillation experiments in helium IT have 


5 We are restricting the discussion here to incompressible flow 
where only forces of friction and inertia are important. 
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Fic. 1. Rotating capillary apparatus. All the parts shown are 
submerged in a liquid helium bath. The detail illustrates the 
construction of the glass capsule. 


critical velocities at low Reynolds numbers,* led to the 
present experiments. 


2. APPARATUS 


The limiting factor in this experiment is the smallest 
depth of meniscus which can be observed (a few 
microns). Since the total depth of the meniscus is 
0?R?/2g=v?/2g [Eq. (2) ], one can see that this implies 
a certain minimum peripheral velocity of the container. 
Equation (3) may be written R=0R/y so that it is clear 
that the only parameter at our disposal to reduce ® is 
the radius R of the container. Since film flow would 
rapidly alter the level of the free surface in a narrow 
container, sealed capillary tubes were used to eliminate 
film flow completely. Sufficient helium gas was enclosed 
at high pressure to provide a depth of several milli- 
meters of liquid in the capillary upon cooling to liquid 
helium temperatures. 

The method of making the capsules may be under- 
stood from the detail in Fig. 1. The body of the capsule 
is a length of precision-bore Pyrex capillary tubing. 
Since the bore in such tubing is rarely concentric with 
the outside wall, the tube was placed on a piece of 
drill rod, ground concentric, and polished. The seal 
which joins the capillary tube to its glass rod holder 
was made by polishing both surfaces optically flat and 
sealing with a small hydrogen flame. The tube was then 
placed in a pressure bomb with the open end down. 
The bomb was pumped out and refilled with helium gas 
to a pressure of about 2200 lb per sq in. The final seal 
was made by passing current through a few turns of 
nichrome wire surrounding the end of the tube. An 
enclosure of refractory material about the glass tube 
prevented excessive loss of heat from about the seal by 
convection of the gas. 


eR. J. Donnelly and A. C. Hollis Hallett, Ann. Phys. (to be 
published). 
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TABLE II. Observed shifts of the center of the meniscus on setting 
the capillary into rotation. 











R(cm) T°K 2(rad/sec) (Az)(cm)* (pn/p)(Az)(cm) 
0.0766 2.15 84 0.0021» -* 

1.40 84 0.0020 0.00015 
0.0255 2.14 334 0.0014» tee 

1.51 334 0.0014 0.00016 








* Estimated maximum error +20%, mainly due to uncertainty in the 
position of the center, and to convection in the liquid nitrogen surrounding 
the helium Dewar. 

> (Az) not significantly different just above the \ point. 


The completed apparatus is shown in the figure. The 
capsule is attached to the drive shaft of the motor by 
means of a Kel-F plastic coupling. Particular care was 
exercised to ensure smooth rotation of the capillary 
tube. The surface of the liquid could be seen equally 
well when rotating or stationary. The entire apparatus 
shown is operated submerged in the liquid helium bath. 
Details of the motor have been published elsewhere.’ 
The meniscus was observed through a cathetometer and 
was illuminated by light from a stroboscope. The speed 
of rotation was measured by synchronizing the strobo- 
scope with a black stripe painted on the plastic coupling. 
The speed was manually regulated by slight adjust- 
ments of the oscillator powering the motor. Because of 
the cylindrical distortion of the tube and Dewar system 
only the position of the tip of the meniscus was re- 
corded. The liquid nitrogen shielding the helium Dewar 
was cooled to stop boiling and convection which made 
observation of the small meniscus impossible. This was 
done by drawing some liquid nitrogen through a needle 
valve and some 20 feet of copper tubing coiled in the 
nitrogen Dewar. 


3. EXPERIMENTAL RESULTS AND DISCUSSION 
(i) Equilibrium Measurements 


The observed shifts of the center of the meniscus on 
setting the capillary into rotation are shown in Table II. 
The average of many observations is denoted as (Az) 
and is seen to be independent of temperature. This 
supports Eq. (2) rather than Eq. (1). The value which 
would have supported Eq. (1) is shown as (p,/p)(Az) 
and clearly does not fit the observed facts. 

The magnitude of (Az) however, requires some com- 
ment. If the surface were described by Eq. (2) then it 
would be a parabola of height 2?R?/2g, and a simple 
calculation shows that the shift of the tip of the 
meniscus from its plane equilibrium position to its 
position in steady rotation would be 2?R?/4g. For the 
smaller tube (of radius 0.0255 cm) 2?R?/4g=0.0186 cm 
to be compared with an observed shift of 0.0014 cm. 
For the larger tube (of radius 0.0766 cm) we have a 
calculated shift of 0.0106 cm to be compared with an 
observed shift of 0.0020 cm. Because of the lack of 
temperature-dependence of (Az) this discrepancy is 





abet 











ROTATION 


unlikely to have anything to do with the peculiar 
properties of helium II but rather with surface tension. 
The surface of the liquid in the tube is probably 
spherical when the tube is at rest and when in rotation 
its shape will depart from parabolic since the forces of 
surface tension act according to the curvatures at every 
point in the surface. The calculation of the shape of the 
free surface of a liquid with surface tension in a rotating 
bucket does not seem to have appeared in the literature 
so that a quantitative comparison with theory cannot 
easily be given. However, an estimate of the relative 
importance of centrifugal and surface tension forces éan 
be obtained from the magnitude of the dimensionless 
combination® 


p2?R3/8T, (4) 


where 7 is the surface tension in dynes/cm. This is 
~0.1 for the small tube and ~0.2 for the large tube, 
showing that surface tension forces are very im- 
portant.’ It may be seen that surface tension places 
a limit on this technique for studying the rotation of 
liquid helium at low Reynolds numbers. 


(ii) Transient Measurements 


In the presence of such relatively strong surface 
tension forces, the calculation of the characteristic 
relaxation time for the liquid quoted in reference 3 
(which ignored surface tension) will not be applicable. 
Nevertheless, from dimensional considerations it follows 
that if the relaxation time is independent of tempera- 
ture (i.e., shows no variation as strong as p,/p) the 
motion will probably be classical. With the small 
dimensions of the containers used in this experiment, 
it was not possible to make quantitative measurements 
of the development of the meniscus. Therefore, esti- 


§ Lord Rayleigh, Scientific Papers (Cambridge University Press, 
New York, 1920), Vol. 6, p. 258. 

* It is appropriate to note here that the effects of surface tension 
are not necessarily negligible in a wide tube since the forces due to 
surface tension increase as the surface becomes more curved. The 
low surface tension of liquid helium makes this situation more 
favorable than with most other liquids. For example, the ratio (4) 
has the value ~13 in the transient experiments of Donnelly 
et al.,> showing that the effects of surface tension are much less 
pronounced than in the case discussed here. 

An approximate calculation by N. L. Balazs (private com- 
munication) valid for a very narrow tube accounts satisfactorily 
for the data obtained with the smaller tube. Details of this 
calculation will be published at a later date. 
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TABLE III. Estimated time for meniscus to reach 
its equilibrium depth. 











¢ motor ¢ meniscus 

R(cm) T°K Q(rad/sec) (sec) (sec)* 
0.0766 2.14 84 2.3 6.2 
168 aa 5.8 
336 6.3 
1.43 84 2.0 7.1 
168 37 6.1 
336 1.8 6.8 
0.0255 2.14 334 2.9 4.2 
1.51 334 2.9 4.8 


* These times are only estimates and should not be taken as more than 
an indication of the magnitude. 
mates were made of the apparent time it took the 
meniscus to reach its equilibrium depth. The measure- 
ments were complicated by the fact that the motor 
took about 2 sec to reach its equilibrium speed, as 
judged by synchronism with the stroboscope. The time 
for the motor and the time for the meniscus to reach 
equilibrium are recorded in Table III. It is apparent 
that there is no strong temperature variation of the 
transient time and we conclude that at the Reynolds 
numbers used the motion cannot be distinguished from 
that of a classical liquid, in particular, helium I. 


4. CONCLUSIONS 


The results of this experiment together with those 
quoted in Table I show that the transient and steady- 
state motion of helium II in a rotating bucket cannot 
be distinguished from a classical liquid down to periph- 
eral velocities of 4 cm/sec, angular velocities of 3 radians 
per sec, and Reynolds numbers of 1.4X 1°. 

It has been shown that the effects of surface tension 
limit further reduction in the Reynolds number by the 
technique of reducing the diameter of the container. It 
also appears that even in wider containers free surface 
observations are of limited value unless the effects of 
surface tension can be minimized by the correct choice 
of parameters. 
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Modified Virial Theorem for Total Momentum Fluctuations 
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A modified form of the virial theorem, which relates the fluctuations in the total linear momentum to a 
“virial” of the external forces acting on a physical system, is proven both classically and quantum- 


mechanically. 





HE virial theorem of Clausius, which relates the 
mean kinetic energy of a system of particles to 
the pressure and a “virial” of the interparticle forces, 
has found many applications in physics. It is the pur- 
pose of this note to show that there exists also a relation 
between the fluctuations of the total momentum of a 
system and a “virial” involving only the external forces 
acting on the system. We assume for concreteness that 
the forces between the particles making up the system 
are two-body central forces. However, as is clear from 
the context, this restriction is not necessary. 
Let H, the Hamiltonian of an N-particle system, be 
of the form 


= > (p" /2m)+3 > V( std U(r,), 
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where U(r) is the potential energy of a molecule at the 
point r due to external forces, such as gravity or 
boundary forces for instance. The classical equations of 


motion then have the form 


d a 
(B.) = més= V(r) -—U (4). 
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Summing these equations for all particles leads to an 
’ equation of motion for the center of mass from which 
the interparticle forces V (r;;) have disappeared : 
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If we now multiply this equation by X, we get 
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Hence, when X and X are bounded, 
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where P,=)>)i~1" (pz); is the x component of the total 
momentum, and the ( )4 denotes the time average 
along a phase space trajectory. Similar theorems also 
hold for other elements of the tensor PP. 

When our system is represented by a stationary 
Gibbs ensemble, we may replace this time average by 
an ensemble average denoted by ( ). Equation (5) now 
takes the form (see Appendix) 
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where p(r,) and p(r1,r2) are the number density and the 
pair density, respectively. When the only external 
forces are those due to the walls, then 
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where p is the pressure and Q is the volume of the 
container. 

The derivation of Eq. (5) holds also for a quantum 
mechanical system when rj, pj are interpreted as 
Heisenberg operators. In a representation in which H 
is diagonal the off-diagonal elements of P,? oscillate in 
time and hence, their average vanishes. The diagonal 
elements are time independent and are just the ex- 
pectation values of P/ in an energy eigenstate. It is 
interesting though to derive Eq. (6) directly for a 
stationary state and show the modification required 
when U(r) is infinite at the walls. Let y be the wave 
function of such a state, satisfying 
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It follows from the definition of the operators H and 
P, that 
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Hence 


1 —1 
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On the other hand, by directly evaluating the com- 
mutator of P, and (H—E), we obtain 


(-)ce. (H—E)]= =. (11) 


j=1 Ox; 


We are thus again led to Eq. (6) except that now the 
one and two particle distribution functions are com- 
puted from the wave function. In Eq. (10) we have 
used our assumption that U(r) is sufficiently well be- 
haved so that no boundary terms appear when (H—E) 
is replaced by its conjugate. When the walls are treated 
as rigid, the potential U(r) is replaced by the require- 
ment that y vanish at the boundaries. Then, by argu- 
ments similar to those by Fierz,! we get for a quantum- 
mechanical system confined to a cube with sides L 
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When a classical system is confined to a box with rigid 
walls, Eq. (6) assumes the form 


tichaede, (12) 
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We thus have the same correspondence between the 
classical and quantum expression for the virial of the 
external forces when the walls are rigid that exists for 
the virial of the internal forces when the particles are 
rigid spheres.! 

It is interesting to compare Eq. (6) with the virial 
theorem of Clausius 
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In a classical system (represented by a canonical en- 
semble) there is no correlation between the momentum 
of different particles; hence 


(P2)=N(p2)=NmkT. 
"1M. Fierz, Phys. Rev. 106, 412 (1957); 107, 1736 (1957). 
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This implies, by combining Eqs. (6) and (14), that 
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for a classical system. We have here a relation between 
a quantity, the right side, which depends on the bulk 
properties, and another quantity, the left side, which 
depends on the surface properties of our system. 

In general, subtracting Eq. (6) from Eq. (14)Fyields 
the following: 


1 0 
= fet V (ri) - U (re) ]o(11,r2)dridro. 
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It is shown elsewhere? that for liquid helium II, at 
very low temperatures, an extreme quantum liquid, 
(P2) )= NmkT, its classical value. This result probably 
holds quite generally. Hence, the right side of Eq. (17) 
represents the deviation of the kinetic energy of a 
quantum system from its classical value. 


APPENDIX 


For a classical system represented by a canonical 
ensemble, Eq. (6) or (13), can be derived directly from 
the N-particle distribution in [ space uy(r%,p”) 
= (1/Z)e—'8#), When U(r) is continuous, we have 
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while for rigid boundaries 
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where Sz; is a surface in T space on which 2; is constant. 
These equations are the same as (6) and (13), respec- 
tively. Since the virial theorem is also derivable from 
the canonical distribution, Eq. (16) also follows from 
that distribution. 





2 J. L. Lebowitz and L. Onsager, Program of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
The University of Wisconsin, Madison, Wisconsin, 1957 (to be 
published), p. 50. 
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Measurements of +; (number of electrons per incident ion) for cesium ions on atomically clean tungsten 
surfaces are reported. Vacuum conditions were such that subsequent to heating the tungsten to 2400°K a 
monolayer of gas was formed on the surface in ~4 hours. Since measurements were taken within 30 seconds 
after heating the tungsten to this temperature, the surface contamination is <0.3% of a monolayer. The 
striking feature of these data is that the yields are smaller than previously reported. It was noted during 
the experiment that the yield increased if background gases were allowed to accumulate on the tungsten 


surface. 


XPERIMENTS have been made to measure jy; 
(number of electrons ejected per incident positive 
ion), for cesium ions on clean tungsten. There are two 
distinct processes involved in the ejection of electrons 
from a metal. One is an Auger process! arising in the 
neutralization of the incident ion at the surface (termed 
‘potential ejection”). The second arises from the dis- 
tortion of the lattice upon impact, in which an electron 
is excited into the continuum from the conduction 
band.? (This is termed “kinetic ejection’”’.) To obtain 
data for the yield resulting from either one of these 
processes, two conditions must be satisfied: (1) the 
contribution due to the other process must be negligible, 
and (2) the surface of the metal must be accurately 
known. With the use of modern vacuum techniques, 
it is possible to maintain metal surfaces with less than 
5% of a monolayer of adsorbed gases for ten minutes 
after “flashing.’* The data presented here isolate the 
“kinetic” process, since the ionization energy of cesium 
(3.87 ev) is less than the work function of clean tungsten 
(~4.5 ev) 

Figure 1 shows the experimental arrangement sche- 
matically. The system is constructed of borosilicate 
glass. Tungsten strips which can be heated by conduc- 
tion currents form both the ion source and the target. 
A three-element electrostatic lens system focuses ions 


TO 10N GAUGE, 
TRAP AND PUMP 


[pls lie 
s 
a z 


Let 


Fic. 1. Schematic diagram of apparatus. 
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created at the source onto a small portion of the target 
(~3 mm diam). A beam of cesium atoms enters the 
system through the side tube and is ionized at the 
source by surface ionization. Alternating current is 
used to maintain both the source and the target at 
~1100°K. Center-taps at both the source and the 
target insure a minimum spread in the energy distri- 
bution of the incident ion beam and that the distri- 
bution is centered around V volts. A split cylinder 
forms the collectors. £,; and £2 are electrometers which 
record the current to each collector; positive charges 
leaving the target going to one collector, negative to 
the other. 

High-purity cesium metal is sealed in a glass ampoule 
which can be opened after bakeout and outgassing of 
all metal surfaces. During the course of the experiment, 
the background pressure was ~3X10~'° mm Hg. The 
measured monolayer adsorption time*® is ~4 hours. 
The absence of any, ions other than cesium is inferred 
from the attempt to operate the apparatus before the 
cesium ampoule is broken, which had negative results. 

Because cesium drastically reduces the work function 
of tungsten, it is desirable to keep the surface of the 
target as free as possible from cesium during measure- 
ments. Maintaining the target at ~1100°K assured 
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Fic. 2. Summary of results for cesium ions incident 
on clean tungsten. 
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that this condition prevailed except for the possibility 
of ions being trapped in the lattice. An additional 
electrometer placed in the circuit showed that the 
trapping probability is <0.2% in the energy range 
over which measurements were made (300-1200 ev). 
Retarding potentials show that both ion and electron 
energy distributions are of the order of a few ev; 
hence small bias potentials are sufficient to provide 
satisfactory collector efficiencies without unduly dis- 
turbing the optics. The adjustment of these potentials 
to maximize the readings of the electrometers permitted 
a direct calculation of y; without additional corrections. 
(See Fig. 2.) The possibility of negative cesium ions 
being formed seems unlikely, since the ions apparently 


come into thermal equilibrium with the lattice before 
being re-emitted. Using the Boltzmann factor, we 
obtain for the ratio of negative ions to positive ions 
~10-". The ratio of ions to neutral atoms leaving the 
target is ~10%. 
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Atanasoff and Hart made a series of elaborate experiments in order to determine dynamically the elastic 
constants of quartz. However, they reported that in the evaluation of the elastic constants from the experi- 
mental data, there was a small but not easily explained discrepancy between theory and experiment. Lawson 
pointed out later that the piezoelectric effect could not be neglected in the dynamic determination of elastic 
constants. The present writers became aware that in the case of a plane elastic wave in a piezoelectric crys- 
talline medium, only the component of piezoelectric polarization in the direction of wave propagation pro- 
duces a restoring force against mechanical strain, as far as the piezoelectric effect is concerned. Thus the 
writers could derive the equation of a plane wave in a piezoelectric crystalline medium in general and could 
further determine the elastic and piezoelectric constants, together with their temperature coefficients, from 
experimental data. Various experimental results reported by the foregoing authors, including Atanasoff and 
Hart, can now be adequately explained, even at high temperatures, so that there is no longer any discrepancy 


between theory and experiments. 


I. INTRODUCTION 


LTHOUGH several authors have tried to deter- 
mine dynamically the elastic constants of quartz 
from experimental data on the thickness vibration of a 
quartz plate, their results have not been in satisfactory 
agreement with each other. Atanasoff and Hart! found 
that, in the evaluation of the elastic constants from the 
expreimental data, there was a small but not easily 
explained discrepancy between theory and experimental 
results. Lawson? pointed out that the piezoelectric 
effect could not be neglected in the dynamic deter- 
mination of elastic constants, but he did not clarify the 
question that Atanasoff and Hart had raised. 

Needless to say, piezoelectric polarization is produced 
whenever an elastic wave is transmitted through a 
crystalline medium; but it is important to note that, in 
the case of a plane wave, only the component of piezo- 


J. V. Atanasoff and P. J. Hart, Phys. Rev. 59, 85 (1941). 
2 A. W. Lawson, Phys. Rev. 59, 838 (1941). 


electric polarization in the direction of wave trans- 
mission produces a restoring force against the strain, so 
far as the piezoeiectric effect is concerned. Keeping this 
in mind, the present writers derived the equations for 
the plane wave in the following way. 


2. GENERAL THEORY OF PLANE ELASTIC 
WAVE IN A PIEZOELECTRIC 
CRYSTALLINE MEDIUM 


As the medium here is piezoelectric, the stress is 
composed of “electrical stress” as well as “mechanical 
stress.” If the former be denoted by X,, ---, the latter 
by X,, ---, and the displacements along the rectangular 
coordinate axes x, y, z by u, 1, w, the equations of 
motion should initially be as follows: 

a in a ing 2 oe 
—(X,+X 2) +—(Xy+Xy)+—(X,4+-4,) =p—, (1) 
oy dz oF 


Ox 


etc. 
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Now, suppose that the plane wave is progagated in 
the direction s, so that 


s=lu+my+nz, (2) 


then, as one of the present writers*® has already shown 
the mechanical restoring forces on the left-hand sides 
of (1) can be transformed as follows: 


aX, aX, aX, & 

—+-——_+—_ = — (Lu+Ho+Gw), 

ox Oy 02 3° 

oY, OF, OY, ¢ 

+—+— =—(Hu+Mv+Fw), (3) 
ox Oy Os Os 


OZ, OZ, 02, F 





—- —=—(Gu+Fr+ Nw), 
Ox ay dz Os* 
where 
L= PP, M=QQ, N=RR, 
=OQR, G=RP, H= PO, 
=[¢,+mce+ncs, (4) 


O=le6+moo+nca, 
R=lest+meytnces3. 


Although ¢), c2, etc., have no physical meaning, cyc; is 
supposed to stand for c;;., the adiabatic elastic stiffness 
constant, when PP, QQ, etc., are expanded. 

Next, the electrical restoring forces on the left-hand 
sides of (1) can be transformed as follows: 


aX, aX, aX, & 
—+—+4+—=—(AcAu+AoBr+ACw), 
Ox Oy ds ds? 


> —(Bo. {ut BoB y+ BoC w), (5) 
Ox oy as as? 


oZ. AZ, AZ, oe 
— aa oe -+ ae —(CypAut+CpBv+C 'w), 
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where 
| Aol 
| Bo| = (evyiteryet+ €xY3) (yilt+yom+-y3n) 
Co! 
les t+-mect nes 
X \lest+meotne!, (6) 
lest+-mestne; 
and 
A \Jeyt+-mestne;| 
B\ = (ley +-meo+nes) leo mest nes) , (7) 
Oy les-+-mestnes| 


in which €,€, is supposed to stand for €,., the piezo- 
electric stress constant, when the right-hand sides are 
expanded. 


21. Koga, Phil. Mag. 16, 275 (1933). 








AND YOSHINAKA 


The proof is as follows. In general, electrical stresses 
(X.,-++), equivalent electric fields (E,,---), electric 
polarizations (II,,---) and mechanical strains (e,2,:- +) 
are related by 


le Pie “ -X,)= (e:E 2+ e2ky+eE,) (€1,€2,° . *€6), (8) 
(E.,E,,E;) - (Y1,¥2;¥3) (yill.+721,+7sIl,), (9) 


(II.,I1,,11.)= (€1,€2,€3) 
x (€:€ 22+ €2€yy+ es + €s€zy). (10) 


Now, since, in the present case, all the displacements 
are functions of s only, the second factor of (10) can 
be transformed as follows: 


€1€ rz t €2€yyt eat: + €6€zy 


0 
=—[elut exmo+t egnw+ e4(mw+nv) 
Os 
+€5(nu+lw)+ €5(lo+mu) | 


te) 
=—[(ed+ egm-t esn)ut (e6l + com eqn)v 
Os 
+ (esl+ sm egn)w |. ( 11) 


Therefore, the electric polarization produced in the 
direction of propagation is 


=/11,+ml1,+n11, 


0 
=—(Au+ Bv+Cw), (12) 
Os 


where A, B,C are as shown in (7). Also, as is pointed 
out in the introduction, since the equivalent stresses 
X, etc., depend only upon I’, the component of electric 
polarization in the direction of wave propagation, and 
do not depend upon the other components, which are 
perpendicular to the said direction, they should be 
represented as follows: 

Introducing, at first, (9) into (8), and replacing II,, 
Il,, and II, by /II, mI, and nll; and subsequently 
introducing (12), we obtain 


(S.F,,: . -X,)= (evyit evyet x73) 
X (yilt+yvemtysn) (e1,€2,°+-€6)I1. (13) 
Thus relationship (5) is now obvious. Consequently, 


combining (3) and (5), the equations of motion (1) 
become 
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Multiplying each equation by indeterminate coeffi- 

cients A, u, v, respectively, summing, and putting 
\(L+A0A)+u(H+ BoA) +v(G+CA)=Ac, 
\(H+A0B)+u(M+BoB)+r(F+CoB)=uc, (15) 
\(G+A(C)+u(F+BoC)+v(N+CC)= ve, 

£=u+pr+ rw, (16) 
one obtains the following equation: 
c(0°E/ds*) = p(AE/dP). (17) 


This is the differential equation of a plane elastic wave 
in a piezoelectric crystalline medium. The values of the 
c’s in (17) can be determined as the roots of the following 
determinant, which is obtained by eliminating A, u, v 
from (15): 


\L+A9A—c H+ByA G+CoA 
|H+AoB M+B,.B-—c F+CB =0, (18) 
IG+AC F+BoC N+CL—c 


where L, M, N, «++, Ao, Bo, Co, A, B,C are given by 
(4), (6) and (7). 

As all three roots of (18) are real, it is to be noted 
that there are always three kinds of plane waves in 
any direction (/,m,n), and the propagation velocity of 
each wave is given by (c/p)?. 

In the case of quartz,‘ 


€3c=0, Yar(hX¥k)=0, and yu=yo2=40/K, (19) 


K being the dielectric constant in the direction per- 
pendicular to the principal axis z. Hence, upon com- 
paring (6) and (7), it is seen that 


4a 
(A 0, Bo,¢ 0) oa -(A,B,C). (20) 
K 


Also, since the following relations hold in quartz, 


—€1s™ €11, “—~€2g=¢€14, —Cog™ €11; (21) 


and since, furthermore, all other piezoelectric stress 
constants vanish, it follows from (7) that 


A= (P—m?)e;—mneys, 
B= —2lme\;+lne,4, (22) 
;=(), 


Concerning the elastic constants, since the following 
relations hold in quartz, 


Coo=C11, C55= C44, Co8= 3 (C11— C12), (23) 
—Cu=Cee=Ci4, Cog= C13, 

4 The z and x axes of a right-handed coordinate axes are taken 
respectively in the direction of the principal axis and one of the 
three digonal axes of right-handed quartz. Left-handed quartz, 
associated with the left-handed coordinate axes, is nothing but 
the image of the right-handed sets. 








and moreover, all other elastic constants vanish, it 


follows from (4) that 
L=Peyy+m*coet+n*cast 2mnc14, 
M=Peegt mci. + 17C45— 2mnc14, 
N= (P+?) cast n°c33, 
F=(P—m*)cyt+mn(ci3+Ca), 
G= Zlmceyt+nl(crs+ 4s), 
A= 2nleyt+lm(c11— Coe). 


(24) 


Equations (17) through (24) will prove fundamental 
in the subsequent discussion. 


3. DETERMINATION OF THE ELASTIC AND 
PIEZOELECTRIC CONSTANTS OF QUARTZ 


From the foregoing theory, the authors determined 
the elastic constants of quartz using quartz-crystal 
vibrators. 

The resonant frequency /, of the thickness vibration 
of a very high harmonic order q of a thin quartz plate 
with thickness a satisfies the following relation 


_Ja Ife} 
im~"=-(—) (=f, say), (25) 
~q @a\4p 


and hence c/4p can be determined from the values of af 
for specimens of various orientations. 

The specimens were so firished that the orientations 
of the principal planes coincided (within an error of 20 
seconds) with a crystal lattice plane which gave com- 
paratively intense x-ray reflection. 

The axial ratio of quartz was taken as 1:1.10000 at 
20°C by referring to various authors’ results.>~7 Thus, 
the direction cosines (/,m,n) are given by the indices 
of the lattice plane (pq-s) as follows: 


p+2q s 
l=pD, m=——D, n= (—)o. 
LA 


v3 


1 he ws 
= t+ orte)+(—) , 


‘ Dp 


The speciniens used were all rectangular plates with 
side lengths from about 28 to 40 mm. 

The thickness, that is, the distance between the two 
principal planes, was from about 2.9 to 4.9 mm, and 
was measured by means of an optical interference com- 
parator based on the six wavelengths (in microns) of 
helium light, 


0.447---, O.471---, 0.492---, 


(27) 
0.501---, 0.587-++, 0.667--:. 


5A. J. Bradley and A. H. Jay, Proc. Phys. Soc. (London) 
45, 507 (1933). 

6 P. H. Miller and J. W. M. DuMond, Phys. Rev. 57, 198 (1940). 

™R. W. G. Wyckoff, The Structure of Crystals (The Chemical 
Catalog Company, Inc., New York, 1931), p. 239. 
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TABLE I. Example of the relation of thickness versus frequency 
of a plate. The last column shows the residuals, in units of 1075, 
for relation (28). 








am (mm) f (Mc/sec) Res. 
5.0052 0.33374 1.5 
4.4961 0.37154 1.4 
4.0023 0.41738 —3.6 
3.6117 0.46253 —4.5 
2.9980 0.55729 9.3 
2.5066 0.66658 6.4 
2.4857 0.67213 —8.2 
2.0040 0.83383 3.3 
2.0017 0.83474 —6.8 
1.5090 1.10752 —i4 
1.5042 1.11109 3.2 








The order of harmonic, g, was generally at least 30, 
and the resonant frequency was determined by a pre- 
cision frequency meter with the help of a crystal clock. 

The surfaces of the principal planes were finished to 
a milky white luster, but since the writers felt that 
there was a question as to whether or not the measured 
thickness could be taken as an effective thickness, they 
assumed tentatively that the latter a is a certain amount 
a less than the former a,, and checked to see if the con- 
stancy of af could be further improved. Table I shows 
an example of the measured thickness a,, versus fre- 
quency f for a plate in the neighborhood of r’(01-1). 
If it is assumed that the following relation holds: 


(@m—a)f=k, a constant, (28) 


the values of constants a and & are determined, by the 
least-squares method, as 


a=9.00108 mm, k=1.670063 mm Mc/sec. (29) 


The last column of Table I shows the residuals obtained 
from (28). This result shows that it is reasonable to 
take the effective thickness of the specimen to be 
0.0011 mm less than the measured thickness. The 
thickness a shown hereafter is this effective thickness. 

In order to separate the individual values of c,, and 
€nz, the following four relations were used. As c, Ca, are 
always associated with 4p, the writers gave prime 
importance to c/4p, crx/4p, etc., instead of c, cx, etc., 
themselves. Thus, the following nomenclature will be 
used occasionally hereafter. 


t=c/(4p), Trr=Cne/ (4p), Exx= (44/K)4enx/(4p)*. (30) 


(1) For those plates parallel to the electrical (di- 
gonal) axis of the quartz, /=0, so that from (18) a 
root c corresponding to the vibration,’ which can be 
excited piezoelectrically, is 


c=L+(49/K)A? 
= mcog+n°Cogt 2mnc4+ (40/K)m?(meyy+neys)?, 
§ The other two vibrations cannot be excited electrically, be- 


cause the corresponding c’s are independent of ¢, that is, inactive 
piezoelectrically. 








AND YOSHINAKA 





or 
C= mM? (Copt E112) +? Cag t+ 2mnC 14 
—mn*(é~— €147) + 2b nes) E14. (31) 
(2) For an X-cut plate, /=1, m=n=0, so that® 
c= L+ (49/K)A?=¢y4 (49/K) ex’, 
or 
€= Ey) + &;°. (32) 


(3) For those plates parallel to the y axis, m=0, so 
that the sum of three values of c (say cs, cw and c, to 
indicate smallest, medium and largest values, respec- 
tively) for any direction (/,m,n) is 
estemtcr=L+M+N-+ (40/K)(A?+B’) 

=P (C11 +c66+ C44) +0? (2c444+€33) 
+ (49/K)[(Pe)?+ (Iney)*), 
or 
CstéutCr=P (Cut Coot Cast é1:°) 


+n? (2E44+Es3) -—Pn?(€°— G4). (33) 


(4) The sum of the squares of cs, ¢, and cy, in the 
aforementioned plates is 


(cs)?+(cm)?+ (cz)? 
= (cstemt+cz)’—2(cseu+euci+c1Cs) 


dar 2 4dr 2 
= (14+ 4) + (+=) +N? 
K K 


4dr 
+2F°+2@?+ a(n ) , (34) 


where G only contains ¢,3+¢4s. Hence, introducing all 
the values of cj, obtained from the foregoing relations 
and the measured values of ¢, @13-+7s4 can be determined. 
Measurements were made with the specimens shown 
in Tables II and III, and the following values were 
obtained at 20°C. (Units: 10° cm? sec~*, confidence 
coefficient : 90%.) 
Z11= 81.95740.014, 
€33= 99.99+0.11, 
&44= 54.9861+0.0001, 
Co5= 37.632+0.017, 
Gist Cu= 66.250+0.020, 


(€1= — 2.69, €14= 0.623. 


€y4= — 17.0501+0.0036, 
€:°=0.728+0.017, 
€147= 0.040+0.017, 
€11€14= —0.1696+0.0076, 
(35) 
(units: 10* cm/sec)) 


Table IV shows the calculated values of ¢ or Z4p at 
20°C based on (30), (31), (32), and (35) in order to 
compare with the values at 20°C given by Atanasoff 
and Hart! in their Tables I and III (their x? stands for 
c here). As they gave the values at 35°C, the present 
writers reduced their values to those at 20°C by using 
the temperature coefficient of x? given by them. The 
value of p is taken as stated in the next paragraph. It is 
easily seen that the calculated values by the present 




















writers are very close to the measured values by 
Atanasoff and Hart. 

If the density p of the quartz® at 20°C is taken as 
2.6487 gram cm~* (49=10.5948) and the dielectric 
constant K as 4.50, then the adiabatic elastic stiffness 
constants ¢., in 10 dynes cm~* and piezoelectric 
stress constants €,,, in 10* cgs esu at 20°C are (con- 
fidence coefficient : 90%) 


C= 86.832+0.015, Cist+C44= 70.191+0.021, 

€33= 105.94+0.12, Ciua= — 18.0642+0.0038, 
C44= 58.2567+0.0065, €= —5.25, 

Coe = 39.871+0.018, €14= 1.22. (36) 


The values of €:; and €14 given in (36) are very close 
to those, —5.2 and 1.2, given by Cady,” respectively. 

The adiabatic elastic compliance constants 5), in 
10—* cm? dyne™ and the piezoelectric strain constants 
dy, in 10-§ cgs esu, both at 20°C, derived from the 


TABLE IT. Experimental data on plates parallel to the x axis. 
The first column shows the indices of principal planes, and the 
second column the effective thicknesses. (Y), (R), and (r’) mean 
Y-cut, R-cut, and r’-cut plate, sanssmneninnde 














Orientations a (mm) kc/sec 
(01-0)(Y) 3.3788 579.667 
(01-1)(R) 3.9590 625.048 
(01 -1)(r’) 3.6104 462.507 
(02-3) 3.6110 704.752 
(02-3) 3.0418 578.731 
(01-2) 4.4310 577.777 
(01-2) 3.1590 588.743 

values of (36) become 
51> 12.776, $13= — 1.23,, 
533= 9.71s, su 4.524, 
Sug 19. 971, d\,;=—7.11, (37) 
S66= 29. 18, dy= — 2.31. 


The value of s33 is very close to the value 9.71 
measured by Perrier and de Mandrot," but the value 
of 51; is not so close to their value of 12.69. 

The adiabatic elastic stiffness constants c,,* referred 
to by Lawson,’ containing not only thermal but also 
electrical parts, when divided by 4p (say Gr«*) are: 
(unit : 10° cm? sec~*, confidence coefficient : 90%) 


eun*= €ut+ ar= 82.6854-0.022, 
E33" = T33= 105.94+0.12, 

fu*= Cut ac= 55.0256+0.0181, 
f3*= C13= 11.264+0.024, 

tu*= fiat 411€14= = 17.2197+0.0084, 
ee* = Cee + €11°= 38.3602+0.0024. 


*R. B. Sosman, The Properties of ." (The Chemical Catalog 
Company, Inc., New York, 1927), p 

WW. G. Cady, Piezoelectricity RicGrew. Hill Book ‘Company, 
Inc., New York, 1946), p. 219. 

11 A, Perrier and B. de Mandrot, Compt. rend. 175, 622 (1922); 
reference 10, p. 137. 


(38) 
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TaBLe III. Experimental data on plates parallel to the y axis 
The first column shows the indices of principal planes, and the 
second column the effective thicknesses. (L), (M), and (S) mean 
the meget, medium and the smallest value of f, perry: 








Orientations a (mm) kc/sec 

(21-1) 2.7724 (L) 1152.575 
(M) 767.881 

(S) 662.310 

(42-3) 3.4803 (L) 945.675 
(M) 586.587 

(S) 546.311 

(21-2) 3.4718 (L) 959.466 
(M) 616.960 

(S) 530.730 

(21-3) 3.6726 (L) 906.869 
(M) 626.653 

(S) 500.494 

(21-0) 4.9395 (L) 582.097 
X-cut 4.9390. (L) 582.212 
787.545 








The elastic compliance constants multiplied by 4p 
(say 3,,*) derived from the above are: (unit: 10-” 
cm sec?) 


Si Fan Fe Su du?= 13. 38s, 513% = 5, 3=—1. 30s, 
$39* = =: 10, 296, 3u*= Suu— did 4=4.74e, (39) 
a at =: 21,14,, See" = See— 11° = 30.325, 


where 
4 
d= siediahiie dig= —d 4p. 
K K 


The propagation velocity of the longitudinal elastic 
wave along a thin filament in the direction perpendicular 
to the principal axis of quartz should be 1/51:* instead 
of 4/511, if the filament is electrically isolated. However 
if the filament is covered with metal along its length so 
that electrical stress does not appear, the propaga- 
tion velocity will be equal to 1/51. As the measured 


TaBLE IV. Values of c’s at 20°C by Koga ef al. compared 
with « at the same temperature by Atanasoff and Hart. (L), 
(M), and (S) mean the largest, medium and the smallest values 
of c, respectively. (Units: 10° dynes cm™?.) 











Atanasoff and Hart Koga et al. 

«2 at 8x2/9T «a cat 

Orientations 35°C in 1073 20°C 20°C 
(21-0) (L) 87.55 —4,35 87.615 87.603 
X-cut (S) 28.82 0.72 28.809 28.795 
(01-0) (S) 40.74 6.93 40.636 40.642 
Y-cut (L):. -98.3$ —3.87 95.408 95.576 
(01-1) (M) 64.92 1.92 64.891 64.877 
R-cut (S) 42.67 1.06 42.654 42.726 
l=n (L) 117.81 —18.23 118.083 117.969 
=1/v2 (M) 50.27 —3.24 50.319 50,441 
m=0 (S) 35.42 —2.64 35.460 35.496 
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TABLE V. Linear expansion coefficients at 20°C 
adopted in the present paper. 











a a/a }a/a ta /a 
an 7.48X 10-6 0.863 10-8 <10- 
a 13.74 10-° 1.20, 10-8 assumed <10™" 





value 12.79 of s1; by Mason” is very close to the value 
given in (37), he must have apparently placed the 
electrodes very closely to the specimen in order to 
excite it piezoelectrically. 


4. DETERMINATION OF THE TEMPERATURE 
COEFFICIENTS OF THE ELASTIC AND PIEZO- 
ELECTRIC CONSTANTS OF QUARTZ 


The present authors determined further the tempera- 
ture coefficients of the elastic and piezoelectric con- 
stants, i.e., explicitly of Z,, and éjx. 

Differentiating the relationship <= (af)? with respect 
to temperature T we obtain 


(== 
2 





—)=(i/a)+U/P) (40) 
Cc 
where 

G/a=[n'a,,/ay, J+[(1—n)di/as], (41) 


because of the relation 
a’=4,"+2a,’, (42) 


a,, and a, being the projections of a along the principal 

axis and its perpendicular direction, respectively. 
Equation (40) shows that dz/dT for various orienta- 

tions can be determined if d/a and f/f are known. The 


TaBLeE VI. Frequency temperature coefficients of quartz 
plates in various orientations at 20°C. For the meaning of (Y), 
(R), (r’), (L), (M), and (S), refer to Tables II and III. 











if ii/f ti/f 
Orientations in 10-6 in 10-8 in 1070 
(01-0) (Y) 88.60 4.78 3.37 
(03-2) 44.72 0.25 0.54 
(03-2) 36.83 3.35 1.58 
(01-1) (R) 22.77 —1.70 —0.49 
(01-1) (r’) — 14.03 —1.81 —0.88 
(02-3) —1.09 —4.30 — 1.09 
(02-3) —62.85 —7.35 —0.33 
(01-2) —17.12 —5.65 —1.44 
(01-2) —83.14 —9.96 —0.82 
(21-1) (L) —46.79 —7.08 —1.94 
X-cut (M) — 10.33 —2.70 0.88 
(S 5.00 —1.79 —0.27 

(21-2) (L) —65.30 —9.31 —1.94 
(M) —22.88 —4.01 —0.09 

(S) —21.63 —2.24 0.07 

(21-3) (L) —75.89 —10.12 —1.99 
(M) —29.70 —4.97 —0.52 


(S) —55.18 wih.63 —0.99 








2 W. P. Mason, Bell System Tech. J. 22, 178 (1943). 


expansion coefficients of a, and a, have been given by 
many authors, but the mean value of Benoit, Fizeau, 
and Lindman’s results were taken” and reduced to 
the value at 20°C as shown in Table V. 

Table VI shows the measured values of the tem- 
perature coefficients of the frequency of the plates at 
20°C for various orientations of principal planes. 

In order to determine dZ,;/dT, relations (31) through 
(34) may be used again by differentiating with respect 
to temperature. The results thus obtained are tabulated 
in the second column of Table VII. 

Differentiating relation (40) with respect to tempera- 
ture again, and introducing the values of (1/Z)dz/dT, 
d/a and d/a derived from (42), one obtains d?¢,4/dT? 
and d?é,./dT?. The quantities d*Z,,/dT* and d°Z,./dT* 
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Fic. 1. Frequency-temperature relations of X-cut and Y-cut 
plates. The full lines are the reproductions of Atanasoff and 
Hart’s results, while the broken lines show the computed values 
based upon (43), (44), and (45). 


are also obtained by a similar process. These results are 
shown in the third and fourth columns of Table VII. 

From these results the frequency temperature char- 
acteristic of a quartz plate of any orientation can be 
calculated from the following relation: 


fr=(ér)'/ar, (43) 


where fr, €r, and ar denote the values of f, Z, and a at 
a temperature rise T above 20°C. 

The value of Zr is a root of c in (18), where all of 
the values of cx, and €,, have been replaced by the 
values of Z,, and €,, at a temperature rise T above 20°C 
in accordance with (30) and by means of the following 
relation, 


yr=y20t Yoo! +4 9207? +% V207*, (44) 


3 Reference 9, p. 387, Table XX. 
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Taste VII. The first, second, and third derivatives of fa, and 
€,x with respect to temperature at 20°C; confidence coefficient: 
O- 











One-half of the One-sixth of the 


First diff, coeff. in second diff. coeff. in third diff. coeff. in 





10° cm? sec™? °C“ 104 cm? sec™? °C? 102 cm? sec? °C~4 
én —0.77 40.46 —3.2 +2.1 —0.32 +0.45 
Cas —15.32 +0.60 —-14.0 +2.8 —0.30 +0.59 
Css —7.529+0.038 —1.17 +0.10 —0.113+0.078 
Tos 8.076+0.096 0.85 +0.26 —0.29 +0.19 
Cia —5.15 +0.51 —0.67 +0.52 —0.63 +0.81 
Cis —2.273+40.019 —0.015+0.051 0.107+0.038 
é? —0.23 +0.10 —0.33 +0.26 0.55 +0.21 
a2 —0.018+0.020 —0.013+0.045 0.018+0.035 
€11€14 0.065+0.041 0.07 +0.11 —0.103+0.084 








where yr stands for each of the values of f,, and éx, 
at a temperature rise 7 above 20°C, and yoo, wo, etc., 
for its value and its first, second, and third differential 
coefficient with respect to the temperature at 20°C, 
respectively. All the necessary data for these calcula- 
tions are given in (35) and Table VII. 


On the other hand, the thickness a7 is quite closely 
given by 


Or = Ago 1+? (7.48X 10-*X T+0.869X 10-*X T?) 
+ (1—m?) (13.74 10-*K T+1.20,X 10-8X T?) ]. (45) 


As Atanasoff and Hart! reported experimental re- 
sults on the frequency-temperature relations of X-cut 
and Y-cut plates up to very high temperatures, the 
present writers tentatively computed them up to tem- 
peratures above 100°C, where (44) is not necessarily 
valid any more, because all terms of the fourth and 
the higher powers of temperature T have been dropped. 
The full lines in Fig. 1 are the reproduction of Atanasoff 
and Hart’s results and the broken lines show the com- 
puted values. It is rather surprising to discover that 
the computed values are very close to the measured 
results up to about 200°C in the case of X-cut plates, 
and even up to temperatures above 300°C in the case of 
Y-cut plates. 
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The deficiency area above a rise curve of fluorescence due to 
excitation by high-energy electrons is a measure of the total 
amount of energy stored in traps. In order to investigate the rate 
of decay of this energy, rise curves were taken for six phosphors 
of various luminescent properties and activation after various 
dark decay periods following excitation to equilibrium and after 
de-excitation by exposure to infrared light and heat. For all 
phosphors the trap concentration was found to be of the order of 
10'5/cc independent of the type of activator. In addition, the 
rates of decay of stored energy were determined and were found 
to be similar; from 20% to 60% of the energy remained in the 
phosphors after 1 week. This slow rate of decay is explained by 
predominant retrapping in traps of various depths. 

The areas under curves of phosphorescent emission were com- 
pared to the deficiency areas above rise curves taken immediately 


I. INTRODUCTION 


LECTRONS which are stored in traps can be 
removed by the addition of thermal energy or 
infrared irradiation. The resulting recombinations are 
often radiative so that a correspondence has been 
made between the area under a glow curve’ or under 
* Part of a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree (E.S.) at New York University, 


New York, New York. 
+ This work was supported by the Signal Corps Engineering 


~-Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 


1 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 366, 390 (1945). 

2G. F. J. Garlick and M. H. F. Wilkins, Nature 161, 565 (1948 . 

*R. H. Bube, Phys. Rev. 80, 655, 764 (1950). 





after the end of decay. For four of the phosphors these two areas 
are nearly equal to each other. One phosphor, especially activated 
with Ni and with practically no phosphorescence exhibited, 
however, a rate of energy decay similar to the phosphorescent 
phosphors. This means that the decay of stored electrons can 
take place radiatively and/or nonradiatively and that the rate 
for both processes is of the same order of magnitude. 

The areas under curves of visible light stimulated by infrared 
irradiation were compared with areas above rise curves taken 
immediately after the end of stimulation. If all stored electrons 
were released radiatively, these two areas would be equal. For 
only one phosphor (specially Pb activated ZnS) was this the 
case. All others exhibited only from 0.6% to 5% radiative recom- 
binations. Thus the light sum under a stimulation curve does not 
give a true picture of the trap population. 


a stimulation curve* and the total number of electrons 
which were originally in the traps. Both of these 
methods suffer from the fact that nonradiative transi- 
tions are induced along with the radiative ones so that 
determinations of trap population can be in error. 
Several investigators have found, for instance, that the 
area under a stimulation curve is many times greater 
than the corresponding area under a glow curve.*® 
Information about electrons stored for long periods of 


‘R. T. Ellickson, J. Opt. Soc. Am. 36, 264 (1946). 

5G. F. J. Garlick and D. E. Mason, J. Electrochem. Soc. 96, 90 
(1949). 

6 C. Bull and D. E. Mason, J. Opt. Soc. Am. 41, 718 (1951). 
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Fic. 1. Experimental apparatus for viewing beta-induced 
luminescence; A, light-tight screw-on cap; B, hollow copper tube; 
C, rotary lead shield; D, retractable beta source; E£, sliding light 
shield; F, photomultiplier, Type 1P28; G, filters; H, sample; J, 
steel cylinder; J, removable sample holder. 


time can be collected from investigation of the rise 
curve of fluorescence.*~* This method enables one to 
determine from the deficiency area® how long electrons 
remain excited in the sample and to infer the number of 
traps which are empty at the onset of excitation. In 
this paper, the rise-curve method is used tc analyze the 
distribution in lifetime! of excited electrons which are 
stored in the sample. A quantitative comparison of 
deficiency areas with respective areas below curves of 
decay of phosphorescence and below curves of stimu- 
lation provides information on the fraction of non- 
radiative transitions occurring during the two recom- 
bination processes. 


II. EXPERIMENTAL PROCEDURE 


Samples" were prepared as in reference 9 but on glass 
microscope slides. The apparatus was changed in order 
to be able to make stimulation-curve measurements as 
well as rise curves at various temperatures and to 
introduce neutral density and/or color filters for control 
of intensity and wavelength of light reaching the photo- 
multiplier (see Fig. 1). The dc amplifier had provision 
for measuring a range of four orders of magnitude. Zero 
adjustments before all readings were made after sliding 


7 A. Levialdi and V. Luzzati, J. phys. radium 8, 306, 341 (1947). 

8 W. Hoogenstraaten, J. Electrochem. Soc. 100, 356 (1953). 

*H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 

10 Lifetime here means the reciprocal of the probability per 
unit time of recombination of stored electrons. This is a function 
of the instantaneous state of excitation of the sample. We do not 
speak of the lifetime of a trap since the lifetime we refer to depends 
on retrapping. 

The materials used for this investigation were selected to 
cover a variety of luminescent properties and activation. A 
complete description will be found in reference 9, Table I. 
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the light shield over the face of the phototube. All 
samples were exposed to infrared light of \>7700 A 
(Corning 7-56) and heat for about 60 minutes so that 
complete de-excitation was achieved.” Rise curves were 
made with an incident intensity of about 1500 
roentgens per hour from a 10-mC Sr®—Y™” beta source 
about 10 mm distant. Electron excitation has several 
advantages over ultraviolet excitation. First, because of 
the excitation of channels within the phosphor which 
is characteristic of excitation by fast particles, the 
emitted light intensity at the onset of excitation jumps 
immediately to an initial value which varies from 10% 
to 30% of the equilibrium value depending on the 
phosphor. This is quite different from the situation with 
ultraviolet excitation where the initial point is at zero 
and the fluorescence rises in an S-shaped curve to the 
equilibrium value.** The initial point of a rise curve 
obtained with fast electrons is a very sensitive measure 
of the state of de-excitation of the phosphor and enables 
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Fic. 2. Rise of fluorescence of ZnS-LG as a function of time of 
excitation for varying dark periods since preceding excitation to 
equilibrium. A, 10 minutes; B, 1 hour; C, 1 day; D, 1 week; E, 
de-excited. The de-excited curve was obtained after exposure to 
heat and infrared light of \>7700A for one hour. The discon- 
tinuity at #=5 minutes is due to the change in time scale. 


one to check its initial state of excitation. In addition it 
gives information on the channel radius as will be 
reported by J. Dresner of this laboratory. Second, 
ultraviolet light, which excites electrons from the 
valence band, is strongly absorbed in a smal! thickness 
thereby producing layers of quite different excitation 
along the thickness of the sample. Fast electrons, with 
an average energy of 1.2 Mev, lose only a small fraction 
of their energy in going through a sample of average 
density 20 mg/cm?, thus assuring more uniform excita- 
tion of the sample. Third, the state of excitation of the 
phosphor during the rise curve is not too much changed 
with electron excitation (since the initial point is 
already about 20% of maximum), while with light 
excitation this change is very considerable (since the 
initial point is zero). Since the probability for nonradi- 

12 Further irradiation and heating left the initial value in the 


rise curve unchanged. See also reference 9. 
13 F, Moser and F. Urbach, Phys. Rev. 106, 852 (1957). 














cone? Boat 








hte? Rye 


ZnS AND ZnCdS PHOSPHORS 


ative transitions depends upon the state of excitation 
to some extent this variation of nonradiative transitions 
during the rise is minimized with fast electrons. 

The experiment is started by opening the lead shutter 
and pushing the beta source into its predetermined 
position. This procedure may introduce an inaccuracy 
of about one second in the first point of the rise curve." 
Since there is very little increase of fluorescent intensity 
in the time between 2 and 3 seconds no effort was made 
to go to earlier times. That this is a safe procedure is 
confirmed by the fact that the 2.5-msec value as 
reported in reference 9 is about the same as the 2-second 
value. Stimulation measurements were made one hour 
after excitation to equilibrium, the beta source having 
been retracted and shielded during that time. The 
sample was rotated now to face another window in 
which a Corning 7-69 filter was placed to pass \ > 7200 A 
from an infrared source. Because of the rapid variation 
in stimulated light intensity a dc scope was used as 
recorder. 


TABLE I. Percent of total traps remaining filled after various dark 
decays and deficiency area for de-excited sample. 








Normalized 














' deficiency 
area above 
de-excited 

Percent of traps remaining filled after Prigecd« otal 
Phosphor 10min 30min thour tiday 1 week units) 
ZnS LG 93.3 86.6 85.1 77.8 614 95.6" 
ZnCdS K $8.5 87.7 85.3 703 .45.5 13.5 
ZnCdS L 84.1 756 49.8 40.2 40.2 15.3 
ZnS M 78 65.4 54 SS 327 28.2 
ZnS N 78 78 166 SA Sea 13.5 
ZnS R 76 GS @3 G9 BS 45 
® The fraction of total incident siniead lost in traps for ils siineaiins 


indicates that this number is equivalent to 3 X10'* empty traps/cc. This 
confirms the result of reference 9. 


III. RISE CURVE RESULTS 


A sample family of rise curves is presented in Fig. 2. 
The area below the equilibrium value (normalized to 
100%) and above a given rise curve represents the 
number of empty traps which were filled during the 
excitation to equilibrium. It therefore also measures the 
number of stored electrons which had recombined 
during the dark decay period since the preceding 
excitation to equilibrium. This area is called the 
deficiency area. The discontinuity in the curves at (=5 
minutes is due to a change in time scale, the earlier 
part of the rise curve being expanded for easier analysis. 
Table I presents the fraction of traps still filled after 
various dark decay periods. Since these phosphors have 
different luminescent efficiencies and different thick- 
nesses the absolute values of the deficiency area do 
not give immediate information about the amount of 
energy stored in different phosphors. In order to get 

4 This statement also applies to the measurements of phos- 


phorescence except that the time error there is dtie to the retrac- 
tion and shielding of the beta source. 
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Fic. 3. Decay of phosphorescence of phosphors R, L, and N 
as a function of time. Values of m in the relation /=K/t" are 
indicated. 


this information the equilibrium currents for all 
phosphors -have been normalized to the same value. The 
resultant normalized deficiency areas are given in the 
last column of Table I in arbitrary units of yua-sec/ 
(mg/cm?*). They are a rough measure of the energy 
stored in a phosphor per unit volume if the emission 
efficiencies of these phosphors do not differ too much 
from each other. It can be further noted that for all 
six phosphors investigated, electrons remain excited 
over very long times (even after one week in darkness 
from 23% to 61% had not yet recombined).'® 


IV. DECAY CURVE RESULTS 


The curves of decay of phosphorescence for three of 
the six phosphors are shown in Fig. 3 plotted on log-log 
paper. The general shape of these curves follows a 1/i” 
law, where » changes from 0.3 to 1 as time increases. 
The area under these curves when plotted on linear 
paper corresponds to the number of electrons that 
recombine radiatively during the dark decay time. It 
should be noted that the first sharp drop occurs in 
about 1 second and therefore does not contribute very 
much to the total area. The sharp drop means that 
during this part of the decay recombination occurs 
mainly for those electrons which are in the conductivity 


TABLE II. Light sum under curves of decay of phosphorescence 
up to various times (after beta excitation to equilibrium). Nor- 
malized areas in same units as last colum of Table I. 











Phosphor 10 min 30 min 1 hour 
ZnS LG 6.7 12.4 16.9 
ZnCdS K 0 0 0 
ZnCdS L 1.9 3.1 3.8 
ZnS M 6.1 9.7 13.7 
ZnS N 1.8 3.1 ae 
ZnS R 10 16.7 22 








15 An analysis was made of the rise curves published in reference 
9 for the R phosphor. A comparison of the area above curve C in 
their Fig. 1 with the area above curve A showed that 44% of the 
excited electrons were still in traps after 24 hours. This agrees 
with the figure given here in Table I. 
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Fic. 4. Variation of luminescence stimulated by infrared light 
of \>7200 A in ZnS-R as a function of time of exposure to infra- 
red. The stimulation began after a 1-hour dark period following 
excitation to equilibrium. 


band immediately after the end of excitation so that 
only a small number of trapped electrons have recom- 
bined. The areas were determined for decay times of 
10 minutes, 30 minutes, and 1 hour. Table II presents 
these areas in the same units as the last column of 
Table I. Note that the ratios of the phosphorescence 
areas for one phosphor are nearly the same as the cor- 
responding ratios for the other phosphors. This is an 
indication that the law of decay is very similar for all 
these phosphors, except during the very first seconds. 


V. STIMULATION MEASUREMENT RESULTS 


A sample stimulation curve is presented in Fig. 4. 
Such stimulation releases some'® of the excited electrons 
still stored in the phosphor after 1 hour dark time. The 
area under the curve measures only that portion of 
the released electrons which recombine in a radiative 
manner. Stimulation curves for the six phosphors under 
investigation are analyzed in Table III. The areas in 
the last column are in the same units as in Tables I 
and II. All these phosphors show typical stimulation 
behavior in which the peak is reached only after a finite 
time. 


VI. ANALYSIS OF RESULTS 
A. Rise Curve Measurements 


1. For these phosphors, which are quite different in 
activation and in decay and stimulation properties, the 
total number of excited electrons per unit volume which 
can be stored in these samples is of the same order of 


16 As is indicated later on, irradiation by infrared light alone 
does not release all electrons stored in traps. 
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magnitude.!” The last column of Table I indicates that 
between the most stimulable phosphor (ZG) and that 
with the strongest quenching properties (K) this 
number differs by at most a factor of seven. In addition, 
the relative trap populations may be compared to the 
corresponding values published in Table II of reference 
9 for the same six phosphors. The differences in the 
relative magnitudes are probably due to the following: 
(1) In this paper normalization for different thicknesses 
was achieved by assuming that the phosphor is trans- 
parent to its own radiation. Since there is some self- 
absorption the light output is not exactly proportional 
to the thickness of the sample. (2) Our present de-exci- 
tation procedure is more effective. It was found that 
for some substances infrared irradiation alone does not 
empty the traps completely, the addition of heat 
being a necessary adjunct. This will be reported on 
more fully in the future. Since phosphor LG is especially 
sensitive to the de-excitation procedure its deficiency 
area increasesat a greater rate than the other phosphors. 

2. The relative rates of decay of the stored energy for 
all these phosphors differ by not more than a factor of 3. 
This can be seen by examining Columns 2-6 of Table I. 
In view of the fact that the K phosphor exhibits no 
phosphorescence this must mean that the recombination 
process during the decay for that phosphor is completely 
nonradiative. The uniformity of decay is noteworthy 
since the phosphors display quite different properties 
with respect to decay of phosphorescence, decay of 
photoconductivity (see later), stimulability, and type 
of activation. 

3. The observed decay of stored energy can be ex- 
plained by assuming electrons are trapped in levels 
varying over a range of energies. If one assumes no 
retrapping the traps must be very deep to account for 
the extremely slow decay. On the other hand, the 
existence of retrapping would permit shallower traps 
to explain the slow decay since the retrapping process 
would remove electrons from the recombination process 
and thereby cause an apparent lifetime longer than 
that associated with the actual energy depth. 

It is difficult to accept the assumption of no retrap- 
ping and the consequent necessity for very deep traps 


TaBre ITI. Analysis of stimulation curves induced by infrared, 
\>7200 A, 1 hour after excitation to equilibrium. Area in same 
units as Tables I and II. 








Time to 
decay to 1% 
sec 


Time to Peak 
reach peak amplitude 
Phosphor sec wa 


ZnS LG by 850 20 
ZnCdS K 3 
ZnCdS L 6 200 
ZnS M 5 
0 
oO 


Normalized 
area 





ZnS N 
ZnS R 








17 Rise curves made under varying conditions of excitation on 
de-excited phosphors all give similar results for the number of 
empty traps per unit volume. 





ZnS AND ZnCdS PHOSPHORS 


in view of the experimental facts that warming to 
100°C or exposure to 25 000 A for long enough time is 
sufficient to empty all traps.!* These experiments clearly 
indicate that retrapping is a predominant factor. In 
addition, a calculation which assumes dominant re- 
trapping, by R. Herman of this laboratory, predicts the 
proper shape of the curve of decay of phosphorescence. 


B. Comparison of Deficiency Area with Area 
under Phosphorescent Decay Curve 


The deficiency areas measure the number of stored 
electrons which had recombined during the dark decay 
period since the preceding excitation to equilibrium.” A 
comparison of this area with the light sum under a 
curve of decay of phosphorescence up to the same dark 
decay time will determine the proportion of radiative 
transitions occurring in the normal decay process. A 
comparison between appropriate areas in Tables I and 
II is presented in Table IV. The values for the deficiency 
area in Column 4 are calculated from the figures given 
in Table I. 

A result of this comparison is that one can separate 
these phosphors into two groups based on the percent 
of radiative recombinations during the phosphorescence 
process; one group having close to 100% radiative 
recombination during the decay and the other having 
less than 100%. Within the limits of experimental and 
graphical error, the ZnS phosphors LG, R, N, and M 
seem to have completely radiative recombinations—or 
more accurately—the percentage of nonradiative re- 


TABLE IV. Areas under phosphorescent decay curves for decay 
times up to 1 hour and comparison with deficiency areas above 
rise curves for same dark decay. Areas in same units as Tables 


I and II. 








( Decay area ) 
Denciency area 
x! 


Decay Deficiency 


Phosphor area 


ZnS LG 





6.7 , 103 
12.4 , 95 
16.9 ? 118 


ZnCdS K 0 : 0 
0 ; 0 
0 0 


ZnCdS L : , 78 
83 
50 


99 








18 Experiments performed in this laboratory. 
19 See the definition of deficiency area given in Sec. TIT. 
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combinations along the rise curves and the decay 
curves is the same for times up to 1 hour. The ZnCdS 
phosphors, K and L, show the effects of the excess of 
nonradiative recombinations during phosphorescent 
decay; K having completely nonradiative recombina- 
tions while Z has about 30% nonradiative. This analysis 
shows that the absence of phosphorescence for the K 
phosphor is due not to the absence of traps but to the 
preponderance of nonradiative transition processes at 
low emission levels. This also makes the nonlinear 
fluorescence efficiency of this phosphor understandable. 

The rate of decay of stored energy of the phosphor K 
is of the same order of magnitude as that of the other 
phosphors although there is practically no phospho- 
rescence. This could be interpreted to mean that the 
eventual radiative and nonradiative transitions which 
empty traps are similar processes. However, there are 
objections to this interpretation. The K phosphor also 
exhibits a sharp drop in photoconductivity after ter- 
mination of excitation. Z and N behave similarly. This 
is, in general, also true for all Ag-activated phosphors 
when subject to the same excitation conditions as the 
Cu-activated phosphors. A first attempt to explain such 
sharp drops in phosphorescence and photoconductivity 
assumes rapid recombinations of electrons from the 
conductivity band in radiative or nonradiative transi- 
tions. If this were so, one would observe a much 
faster decay of stored energy in these phosphors. This is 
not the case. A second attempt would ascribe the low 
phosphorescence and photoconductivity to traps which 
are almost filled to saturation. An examination of the 
equilibrium condition for the number of filled traps 
shows that when the traps are nearly all filled a slight 
emptying of traps causes the number of electrons in the 
conductivity band to drop sharply due to increased 
retrapping. It can thus be seen that for such a situation 
light emission and photoconductivity drop very quickly 
after termination of excitation while the traps empty 
quite slowly. The different behavior of the other 
phosphors would then be attributed to the existence of 
additional shallower traps which are not filled to 
saturation. This point of view agrees quite well with 
studies on Ag- or Cu-activated phosphors. As indicated 
above, all Ag-activated phosphors display this fast 
drop of light emission and photoconductivity during the 
decay. Experiments in this laboratory on other Ag- 
activated phosphors have shown that these Ag-activated 
phosphors have the same concentration of traps as 
Cu-activated phosphors and that they both remain 
occupied for as long periods of time. Phosphor JN, 
which is activated with Ag and traces of Cu, does not 
have as steep a drop in phosphorescence as other 
Ag-activated phosphors. This may be attributed to the 
presence of Cu. Thus the second viewpoint indicates 
that Cu activators are responsible for shallower, par- 
tially filled traps and that the Ag activators are con- 
nected with deeper, saturated traps. This is in agree- 
ment with results of other investigators.* However, the 
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TABLE V. Comparison of number of traps still filled after 1 hour 
dark decay as determined by difference between rise curve de- 
ficiency areas and by areas under stimulation curves. Area in same 
units as in Tables I and III. 











Difference - , 
between Area under (Sonation arco’) 
deficiency stimulation Deficiency area 
Phosphor areas curve x100 
ZnS LG 34 49 110 
ZnCdS K 6.7 0.04 0.6 
ZnCdS L bes 0.21 2.8 
ZnS M 15 0.63 4.2 
ZnS N 6.5 0.057 0.88 
ZnS R 27 1.2 4.5 








K phosphor does not fit into this picture since it is 
Cu-activated but shows the very rapid drop in phos- 
phorescence and photoconductivity characteristic of Ag- 
activated phosphors. There is another similarity between 
the K phosphor and the Ag-activated phosphor NV 
which can be noted in the last column of Table III; 
the areas under their stimulation curves are much 
smaller than the corresponding areas for Cu-activated 
phosphors. All the other Cu-activated phosphors have 
slow decay of light and photocurrent; this means that 
their traps empty via the conductivity band and 
recombine in completely radiative transitions. Since 
the photocurrent in the K phosphor drops so rapidly 
while its traps are emptying at the same rate as the 
other phosphors, it can be assumed that its traps do 
not empty via the conduction band but instead empty 
via a nonradiative direct recombination with free holes. 
This transition can be attributed to the presence of Ni, 
which, as is well known, acts as a “killer” impurity. The 
similarity in the rate of trap emptying between the K 
and the other phosphors is then quite accidental. 


C. Comparison of Deficiency Area with Area 
under Stimulation Curve 


The stimulation curves show a rather steep rise 
to maximum at the beginning followed by a decay 
which is given by a 1//" law, with m approximately 
unity at the beginning and approximately two when 
the phosphor is nearly exhausted. This behavior is 
remarkably uniform if one considers that these phosphors 
behave completely differently with respect to the total 
amount of stimulated light emission (see Column 5 of 
Table ITI). 
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The area under a stimulation curve measures only 
that portion of the released electrons which recombine 
in a radiative manner. Since the infrared irradiation 
does not release all electrons in traps, we must deter- 
mine how many electrons have been released by the 
infrared. This is done by taking a rise curve immedi- 
ately after the end of the stimulation period and sub- 
tracting from this deficiency area the deficiency area 
for the rise curve after 1 hour dark time. If the recom- 
binations induced by infrared light are completely 
radiative, the area under the stimulation curve will 
equal the forementioned difference in deficiency areas. 
A comparison of these areas for the various phosphors is 
presented in Table V. The values for Column 2 represent 
the number of traps emptied by the infrared stimulation 
process. A comparison of the areas in Columns 2 and 3 of 
Table V shows that predominantly nonradiative tran- 
sitions are induced by the infrared stimulation process. 


TABLE VI. Characterization of phosphors. 














Percent radiative pe prone 

recombination in remain- 

Phos- ing filled 
phores Stimu- Number after 

Type of phosphor cence lation traps/cc 1 week 
Stimulable (ZG) 100% 100% 3X 1015 61.4 

Normal 

(L,M,N,R) 100% 09-5%  4x10%10% 23-40 
Quenching (K) 0% 0.6% 4X 104 45.5 








Column 4 indicates the percentage of transitions which 
are radiative ; LG phosphor is the most stimulable (100% 
of stimulation-induced transitions radiative) while all the 
others show roughly 2% radiative transitions. The 
overpowering effect of nonradiative transitions pre- 
viously demonstrated in the phosphorescence decay of 
the K phosphor is once again evidenced in the very weak 
stimulability of this phosphor. 


VII. CONCLUSION 


The phosphors under investigation divide most 
naturally into three groups, depending on their phos- 
phorescence and stimulation behavior. This is sum- 
marized in Table VI. 

It must be emphasized again that for these three 
types of phosphors, (1) the total number of traps per 
cc is about the same and (2) the rate of trap emptying 
at room temperature is about the same. 
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A recalculation of the density of the domains in the paramag- 
netic effect for large values of the ratio of length to diameter of 
the domains shows that, except for a thin layer near the surface, 
the density is always very small. Under these conditions the cur- 
rent through a single domain becomes too large to be neglected. 
From whatever point of view one considers the effect of this 
current, one will conclude that it will lower the value of the mean 
magnetic field between the domains below the value of the bulk 
critical field. Assuming that the same conditions persist in absence 
of an external longitudinal field, one can explain the increase of 
the critical resistance above one-half of the normal resistance and 
its dependence on electronic mean free path, sample diameter, 
and temperature. 


An experimental study of the magnetic field in the center of a 
hollow indium wire and the Jongitudinal flux in a solid indium wire 
reveals that the paramagnetic effect gradually disappears at 
external fields below 0.5 amp/cm. This necessitates the assumption 
of disturbing influences which prevent the perfect alignment of 
the superconducting domains. It is believed that the disturbing 
influences, rather than the difference between the mean magnetic 
field and H,, will lead to the corrections necessary to account for 
the observed limiting current J,. A detailed treatment of the size 
of the domains and of their distribution should be made with the 
use of the thermodynamics of irreversible processes. 





I. INTRODUCTION 


ONDON’S theory! of the transition of a current- 

carrying wire was extended? in Part I of this series 
to include a superimposed longitudinal magnetic field 
H.. London’s theory as well as its extension do not 
make any specific assumptions about the supercon- 
ducting domains, but rather use a “smeared out” 
model, in which an anisotropic conductivity is linked to 
the mean magnetic inductance B and to the ratio //a of 
the length to the diameter of the superconducting 
domains. It has been found experimentally*® that the 
measurements of the longitudinal flux at large currents 
agree with the theoretical predictions if one chooses 
l/a~500. Furthermore, it has been found*® that the 
theory of the paramagnetic effect is still substantially 
correct for samples with a radius as small as R=0.6 mm. 
This implies that the diameter of the domains is still 
considerably smaller: a<10-? mm. 

It was shown’ in Part II that the theory predicts 
that the critical values of the resistance 2, as well as of 
the circular flux Kng=Pymax/Pyn are independent of 
the value of the longitudinal field H,o. Both predictions 
are well confirmed by experimental observations.*-” 
This suggests that the arrangement of the supercon- 


* Supported by a Grant of the National Science Foundation. 

1F, London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. 1, p. 120. 

2 Hans Meissner, Phys. Rev. 97, 1627 (1955), referred to as 
“Part i,” 

3 J. C. Thompson, Phys. Rev. 102, 1004 (1956). 

4Y. Shibuya and S. Tanuma, Sci. Repts. Research Insts., 
Tohoku Univ. A7, 549 (1955). 

5 Y, Shibuya and S. Tanuma, Phys. Rev. 98, 938 (1955). 

6 Hans Meissner, Phys. Rev. 103, 39 (1956). 

7Hans Meissner, Phys. Rev. 101, 31 (1956), referred to as 
“Pease Ti.” 

8 Hans Meissner, Phys. Rev. 101, 1660 (1956), referred to as 
“Part 11.” 

9 L. Rinderer, Helv. Phys. Acta 29, 339 (1956). 

1 Hans Meissner, Phys. Rev. 109, 668 (1958), referred to as 
“Part vs” 


ducting domains is similar for pure current transitions 
and current transitions with superimposed longitudinal 
magnetic field. 

In the following we will first show in diagrams the 
results which the present theory gives for large values 
of C=/l/a—1. We will see that the theory leads to a 
solenoidal current layer near the surface which produces 
a strong longitudinal component of the magnetic field 
in the central part of the sample. This makes the central 
part almost normal-conducting, with a few supercon- 
ducting domains almost aligned in the direction of the 
axis of the sample. 

We will then discuss the implications of the assump- 
tion of long and thin superconducting domains and we 
will see that it is possible to explain at least qualitatively 
most of the differences between the experimental obser- 
vations and the present theory. 

Furthermore, we will describe some experiments in 
the region of very small values of H.9 which indicate 
that the paramagnetic effect is incomplete at very 
small values of H.o contrary to the predictions of the 
present theory. This result shows the necessity to 
assume influences which disturb the ideal array of the 
superconducting domains. 

Finally we will see that the present discussion leads 
to a series of questions, experimental as well as theo- 
retical, which have to be answered before further 
quantitative progress can be made. 


II. RESULTS OF THE PRESENT THEORY FOR 
LARGE VALUES OF C 


The differential equations for the circular and longi- 
tudinal magnetic field [Part I, Eq. (20’)] have been 
solved in Parts I and II for various values of! 
¢0= A ¢0/H,o using a value of C=10. New experimental 
evidence (see reference 3) indicates that C is much 


1 We are using the same notation as in Parts I and II. 
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Fic. 1. Dependence of the longitudinal component of the 
magnetic field H,/H. on the radius p=r/R. 


larger. Therefore we have recalculated all functions of 
interest using a value of C=500, and have plotted them 
in Figs. 1-4. 

As in Part I, we are interested only in the case where 
the total magnetic field at the surface of the sample is 
equa! to the critical field. 

Figure 1 shows H./H.=x/(1+ ¢0*)! plotted as func- 
tion of the radius p=r/R. This figure shows only the 
outermost region of the sample p>0.8 in contrast to 
the Fig. 3(a) of Part I with which it should be com- 
pared. For p<0.8, the calculation shows that even for 
a very strong dominance of the current (¢o=100) the 
longitudinal magnetic field is almost equal to the critical 
field for the central part of the sample. 

Figure 2, which should be compared with Fig. 3(b) 
of Part I, shows a similar plot of ¢/¢o vs p indicating 
the relatively small deviations from the curve for 
C=. [Part I, Eq. (23) ]. 

Figure 3 is similar to Fig. 1 of Part II and shows the 
radial variation of the mean induction. The latter is 
connected to the density of the normal regions by 
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Fic. 2. Dependence of the circular component of the magnetic 
field ¢/go=H¢/H go on the radius p=r/R. 
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Eq. (5) of Part I. One can see that for p<0.8 this 
density has a value of &1=(C—1)/C even for very 
large values of go. (For go= the density £1 would be 
zero at the center of the wire.) 

Figure 4 shows, similarly to Fig. 2 of Part II, the 
radial dependence of the normalized longitudinal com- 
ponent of the current density. It can be seen that 
large deviations from one occur only in a zone p>0.8. 

It follows from these diagrams that the present 
theory for C=500 and values of go up to ¢o= 100 leads 
to a central, almost normal conducting core, filled with 
a longitudinal magnetic flux of an intensity almost 
equal to the critical field. 


III. INFLUENCE OF THE SHAPE OF THE 
SUPERCONDUCTING DOMAINS 


(a) The Current through the Domains and the 
Magnetic Field in between the Domains 


Despite the existing differences between theory and 
experiment, we shall now assume that the theoretical 
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Fic. 3. Dependence of the mean magnetic induction B/uoH on 
the radius p=r/R. B/yoH- is equal to the density of the normal 
conducting regions. 


prediction about the central core is substantially cor- 
rect. Furthermore, we shall tentatively assume that 
the diameter of the domains is about equal to the 
“range of order’ of the electrons, which is still con- 
siderably larger than the penetration depth.” For 
samples of low purity the range of order decreases and 
is of the size of the electronic mean free path [see 
reference 11, Eq. (16) ]. 

The assumptions above require immediately a slight 
modification of the definitions of ; and £1 in the present 
theory. In defining these densities in Part I, Eqs. (6) 
and (7), a two-dimensional approach was used. This 
was justified at that time because it was believed that 
only fairly high densities of the superconducting do- 
mains are of interest. 

2 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 


18 D. Shoenberg, Superconductivity (Cambridge University Press, 
New York, 1952), p. 150. 











PARAMAGNETIC EFFECT 


At very low densities the problem has to be treated 
as three dimensional. We consider a “unit cell” which 
contains just one superconducting domain. (See Fig. 5). 
For clarity the shape of the domain drawn is a rec- 
tangular prism rather than an ellipsoid.) The direction 
of the domain will be in the direction of the mean 
magnetic induction B. The domain has a length / and 
a diameter a, while the dimensions of the unit cell are 
l+d and a+d, respectively. An electric field applied in 
the y-direction (see Fig. 5) will be shorted out over the 
length / of the superconducting domain, so that the 
ratio rz of the mean electric field EZ, to the local electric 
field e, is, as in Part I, Eq. (7), 


tiz=E,/e,=d/(I+d). (1) 
Similarly one obtains for an electric field in the ¢ 
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Fic. 4. Dependence of the longitudinal component of the current 
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direction 
fur=E;/es=/d(at+d). (2) 


The ratio of the mean induction B to yo times the local 
field 4 is no longer equal to é:¢ but is given by 


tirp=B/uoh=([(a+d*)—a*]/(a+d)? 
=1-—(1—f1z)*. (3) 


It can be readily checked that most of the calculations 
presented in part [ remain unchanged, since ég and 
tng enter. Only the calculation of the magnetic flux 
requires the use of fr, rather than 112, leading to 
somewhat larger values of the flux. 

We shall now try to estimate the current through one 
domain assuming that the domain is parallel to the 
z axis and that the mean current density J, is about 
equal to the current density in the normal conducting 


IN SUPERCONDUCTORS. 
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Fic. 5. “Unit cell” of cross section (a+d)? and length /+d 
containing one superconducting domain of cross section a? and 
ength /. For clarity the superconducting domain is drawn as a 
rectangular prism rather than an ellipsoid. 


state. With these simplifying assumptions, practically 
all of the current entering the unit cell at the top will 
eventually go through the superconducting domain in 
an axial direction. The current will therefore be 


Ia= (a+d)*J,, (4) 
with 
J,=2H o0/R, (5) 


according to our assumptions above. This current will 
produce a circular magnetic field at the surface of the 
domain with a value of H,=J4/ra. Assuming H4o>H,.o 
leads to H,o=H, since the total field at the surface of 
the sample shall always be critical. With this we 
obtain 

H,/H.=2(a+d)?/raR. (6) 


Although this derivation is admittedly very rough, it 
allows one to see what quantities enter into the problem 
and in what direction changes are to be expected. 

The first effect is that the mean value of the magnetic 
field |H| =H, is not equal to H, but is given by 


H2=H?2+H,?, 
which leads to 
H,=H{1—4(a+d)*/w2a?R?}}. (7) 


There can be a further deviation from this value if the 
domain is so thin that its critical field differs from the 
bulk critical field H,. This deviation will be a decrease 
if the current through the domain is dominating, and 
an increase if the magnetic field around it is dominating. 

In all events, the value of the mean magnetic field 
which enters into the calculation [Part I, Eq. (14) ] 
will be smaller than the bulk critical field if the sample 
is subject to a sizable current, that is, if Hyo/H,o>1. 


(b) Critical Resistance 


The present theory (see Part II) gives for the value 
of the critical resistance 2./Q,=4, independent of the 








1482 


value of a superimposed field Ho. While, as mentioned 
earlier, the experiments confirm the independence of 
H., they all give values of 2./2, somewhat larger 
than 3 (see Rinderer® and Scott" and Parts V and VI"). 

It is easy to show that a decrease of the mean mag- 
netic field leads to an increase of the value of the 
critical resistance. We consider the case that the sample 
is subject to a current only. The equation J=curlH 
leads, with the assumption H=H, and independent 
of r, to J=H,/r. Following the derivation in reference 1, 
page 120, one obtains 


0./2,=3H./H,, (8) 


which is larger than 3 if H,<//,. This calculation cannot 
be strictly correct, since at the surface of the sample 


r=R we have 
B=potH,=poHl. (9) 


implying §>1, which is not possible. It follows that 
the mean magnetic field cannot be unequal to H, and 
independent of r at the same time. As rough as this 
estimate is, it still seems to give a plausible explanation 
for the fact that the values of 2./Q, found experi- 
mentally are all somewhat larger than 3. 

The hysteresis which is observed in transitions with 
uninterrupted current (see references 9 and 14 and 
Part V) is now easily understood. In approaching the 
normal conducting state the sample stays supercon- 
ducting until the critical field is exceeded at the surface 
of the sample. It then goes over into a state where the 
mean magnetic field H, is smaller than the bulk critical 
field. In approaching the superconducting state, how- 
ever, the sample can stay in the mixed state to values 
of H,o smaller than H,, conceivably as small as H,. 
This state is, of course, metastable, and a small fluctu- 
ation, especially the reversal of the current, can throw 
it into the stable, completely superconducting state. 


(c) Diameter of the Superconducting Domains 


The experimentally observed dependence of 2./Q, on 
the radius R of the sample and on the electronic mean 
free path (see references 9 and 14 and Parts V and V1) 
can now be easily explained. From Eq. (7) we can see 
that H, decreases with decreasing radius which, accord- 
ing to Eq. (8), leads to an increase in Q,/Q,, in qualita- 
tive agreement with the experiments. 

The dependence of 2./2, on electronic mean free 
path follows from the assumption that the diameter a 
of the domains is connected with the range of order of 
the superconducting electrons. According to Pippard 
[reference 12, Eq. (16) ] the range of order decreases 
with decreasing electronic mean free path. Assuming 
that the distance d between the domains does not 
decrease too much at the same time, it follows from 
Eq. (7) that H, decreases with decreasing electronic 

14 R. B. Scott, J. Research Natl. Bur. Standards 41, 581 (1948). 


15H. Meissner and R. Zdanis, Phys. Rev. 109, 681 (1958), 
referred to as “Part VI.” 
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mean free path, and from Eq. (8) that 2,/, increases 
with decreasing electronic mean free path, in qualitative 
agreement with the experimental observations [see 
Part V, Fig. 11(b) and Part VI, Fig. 7(b)]. 


(d) Deviations Near the Critical Temperature 


The present theory states that all functions, after 
proper normalization, should be independent of the 
absolute value of H., that is, independent whether the 
experiment is performed close to T, or at some distance 
from it. Contrary to this, a number of anomalies have 
been observed in the neighborhood of the critical 
temperature. 

In Part II, Fig. 6 it was observed that the assumption 
of a “mixed” core surrounded by a normal conducting 
sheath fails close to the critical temperature, and it was 
remarked that the transition region seems to be ex- 
tended to values H>H,,"* i.e., that the sheath is not 
completely normal conducting. 

Tke current transition of samples of lower purity is 
also spread out near T, as observed by Rinderer (see 
reference 9) and in Part V. Rinderer was especially 
careful with the attachment of the potential taps, thus 
omitting “tails,” and could prove (see reference 9, 
Figs. 5 and 7) that the first rise occurs even near 7, at 
the usual value of the critical field and that the sample 
is always more superconducting than it would be in a 
corresponding state at a lower temperature (see refer- 
ence 9, Fig. 5). 

A similar interpretation can also be given for the 
reduction of the circular flux at iow currents, that is, 
near 7,, found in Part III (see Figs. 5 and 6). The 
current is, in these cases, more evenly distributed over 
the radius. This can be explained by assuming that 
more superconducting domains are at large radii, that 
is in fields H> H,. 

It seems that these anomalies can be explained with 
the aid of Ginsburg and Landau’s new phenomeno- 
logical theory.” This theory gives first order transitions 
if the diameter of a sample (or domain) is larger than 
a certain critical value!® u,=v36, second-order transi- 
tions if it is smaller than a, (6 is the penetration depth). 
The quantity 6 increases with decreasing electronic 
mean free path (see reference 12) and increases sharply 
at temperatures close to T, (see reference 13, p. 143). 
As we have remarked above, the diameter of the 
domains decreases with decreasing electronic mean free 
path. It is then possible, especially in the neighborhood 
of T., that in samples of lower purity the diameter of 
the domains becomes smaller than a;. They will then 
undergo second order, rather than first order, transitions 
which will allow them to form more freely. Moreover 
their critical fields will be higher than the bulk critical 
wie - tata to a misprint the quoted equation unfortunately reads 

PV" L, Ginsburg and L. D. Landau, J. Exptl. Theoret. Phys. 


U.S.S.R. 20, 1064 (1950). 
18 V. P. Silin, J. Exptl. Theoret. Phys. U.S.S.R. 21, 1330 (1951). 
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field, since their size is comparable to the penetration 
depth. (It is assumed that the current through the 
domains is not too large, which will be true in the outer- 
most regions of the sample where the domains are 
tilted against the direction of the current.) Therefore 
domains can form in the outermost regions of the 
sample which, due to the high fields, should stay normal 
conducting. This is precisely what is needed to explain 
the anomalies discussed above. 


(e) Transitions in a Longitudinal Magnetic Field 


The present theory gives infinitely sharp transitions 
if these are forced by a longitudinal external magnetic 
field and observed with a negligibly small measuring 
current: H,o<H.. Experiments of this type have been 
performed by Sizoo et al.,!° by de Haas and Voogd™ and 
by McDonald and Mendelssohn.”! The first two groups 
observed very large hysteresis and stepwise transitions 
with some samples, and slight hysteresis and smooth 
transitions with other samples, while the last group 
found, for proper geometry, no hysteresis and smooth 
transitions. McDonald and Mendelssohn explained the 
difference of their results by their improved geometry. 
It is of course well known that improper attachment 
of the potential taps can lead to “tails” and that 
“shadows” from bulbous ends can lead to hysteresis. 
Nevertheless, it seems that there is some real difference. 
The strongly stepwise transitions with very large 
hysteresis were observed only for the thinnest samples 
if they consisted of not more than a few crystallites 
(the tin and indium samples of de Haas and Voogd). 
It seems as if here only a few domains are formed. This 
assumption is in agreement with recent measurements 
on very thin tin whiskers by O. Lutes.” In all other 
cases many superconducting domains are formed, a few 
of which can persist to external fields larger than the 
critical field of bulk superconductors, leading to an 
extension of the transition curve toward higher fields. 
A small increase in the measuring current actually 
makes the transition curves sharper (as long as 
H,oKH,.o) since the superconducting domains then 
carry a sizable current which reduces the value of the 
mean magnetic field H,. 

If hysteresis is found in these cases at all, it is very 
small, of the type discussed with the current transitions, 
and would probably vanish at sufficiently low measuring 
currents. 


IV. PARAMAGNETIC EFFECT AT LOW 
VALUES OF Ha 


The present theory predicts that for sufficiently large 
values of C=//a—1 the paramagnetic effect should 
practically always be set up leading to a longitudinal 


19 Sizoo, de Haas, and Onnes, Comm. Leiden 180c (1926). 

2% W. T. de Haas and J. Voogd, Comm. Leiden 191d (1928). 

21D. K. C. McDonald and K. Mendelssohn, Proc. Roy. Soc. 
(London) A200, 66 (1949). 

2. Lutes, Phys. Rev. 105, 1451 (1957). 
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Fic. 6. Schematic diagram of the 
indium sample XV. The sample S 
is provided with current (J) and 
potential leads (P). The current 
returns through the copper tube C, 
which carries a field coil F. A bis- 
muth wire Bi with current (/’) and 
potential leads (P’) is mounted in S 
a glass capillary G and inserted in 
the center hole of the sample. 
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field of almost critical strength at the center of the 
sample. No direct check of this prediction existed so far 
aside from the fact that the critical resistance did not 
change when a longitudinal field is superimposed. 

After it was established that indium gives reliable 
results also in extruded, rather than in the form of single 
crystals (see Part VI), it became feasible to make hollow 
wires of indium by an extrusion process. 

The sample No. XV was extruded from 99.97% pure 
indium of the Indium Corporation of America. It had 
an o.d. of 1.94 mm and an i.d. of (nominal) 0.5 mm 
and was 50 mm long. Potential taps were attached with 
In-Sn solder at a distance of about 5 mm from each end. 
The sample had an icepoint resistance of 9.91410 
ghm; the residual resistance ratio was ro=2.2K10~. 
The sample was mounted in a concentric copper tube 
of 10 mm o.d., 60 mm length which served as current 
return and holder for the field coil of 52 mm length. 
A bismuth wire of about 0.2 mm diameter and 15 mm 
length was provided with current and potential leads 
and mounted in a thin glass capillary which was in- 
serted into the 0.5 mm hole of the sample (see Fig. 6). 

The earth’s magnetic field was compensated by a pair 
of Helmholtz coils to less than 3X10-* amp/cm. The 
cryostat and automatic temperature control were the 
same as described in Parts III and V. 

The magnetic field in the center hole was measured 
with the bismuth wire as function of the sample current 
for various values of the longitudinal field H,» at two 
temperatures below the critical temperature of indium. 
Freezing-in of the flux was prevented by always re- 
moving the magnetic field at very high currents, 
restoring it at zero current and always measuring with 
rising current. 

Figure 7 shows the resistance of the sample and the 
magnetic field in the center hole for various values of 
the longitudinal field H,o plotted as function of the 
circular field Hyo. The sharp resistance transition (note 
the tremendous spread of the Ho axis) shows the good 
quality of the sample. Nevertheless the magnetic field 
in the center H,,; gradually disappears at low values 
of Ho. 

Figure 8 shows the dependence of the maximum 
value of H,; on H,» more clearly, indicating that the 
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Fic. 7. Resistance (upper part) and longitudinal field (lower 
part) H,; in the center hole as a function of the circular magnetic 
field Ho produced by the current at the surface of the indium 
sample XV for various values of the - ie longitudinal 
field H,o at a temperature of T=3.320 


theoretical prediction of almost critical values of the 
longitudinal magnetic field in the center is not fulfilled 
for values of H.o<0.5 amp/cm. 

One will, of course, query immediately whether this 
deviation is only caused by the existence of the inner 
boundary, which certainly is not included in a correct 
way in the present theory. A search through the 
literature shows that nobody kas measured below 
H.o=0.5 amp/cm and that the curves of Shibuya and 
Tanuma (see reference 4, Fig. 16) drop off conspicuously 
around H,o=0.5 amp/cm. Therefore it has been found 
worth while to make an immediate, even if rough, check 
of the paramagnetic effect at values of H.o<0.5 
amp/cm. 

The indium sample XVII was an extruded (solid) 
wire, about 50 mm long, 1.94 mm in diameter. The 
search coil of 10000 turns No. 40 wire was wound 
directly upon the sample and covered a length of 
40 mm. Despite the use of a special winding machine, 
the sample was somewhat damaged during the winding 
process, resulting in a high residual resistance ratio 
ro= 23X10~. The sample was placed in the center of a 
copper tube of 19 mm o.d. which served as a return for 
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Fic. 8. Dependence of the maximum value of the longitudinal 
field H,; in the center hole of the indium sample XV on the value 
of the superimposed longitudinal magnetic field. 
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the current and as holder for the field coil of 200 mm 
length. Part of the nuisance flux was compensated by a 
coil of larger diameter than the sample, wound with 
1000 turns of No. 40 wire and placed in the same field 
coil at some distance from the sample. All other 
arrangements were the same as described above. 

The longitudinal flux was measured by observing the 
deflection of a ballistic galvanometer connected to the 
search coil while the magnetic field was reversed. 
Figure 9 shows a plot of the longitudinal flux vs sample 
current for different temperatures and a value of the 
longitudinal field of H,.=0.20 amp/cm. Close to the 
critical temperature of In (7.=3. 412°K), the flux be- 
haves normally, the maximum values K,, increasing 
with current. The increase is considerably smaller than 
that found by Thompson (ese reference 3) for his very 
pure single crystal samples. At large currents, however, 
the maximum is smaller instead of larger. 

Figure 10, where K,, is plotted as function of H,o for 
fixed temperature, shows this behavior better. Fixed 
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Fic. 9. Dependence of the longitudinal flux on sample current 
for a value of the superimposed longitudinal] field 1.9=0.2 amp/cm 
at various temperatures for indium sample XVII, 1.94-mm o.d. 


temperature means fixed H, and, at low values of Ho, 
fixed Hyo. Since K,, increases in the regular region of 
sufficiently large H.o with y=(H,0/H.o)[1—(J,/I)] 
(see Part I), one would expect K,, to increase for fixed 
temperature with decreasing H.o. On the contrary, 
Fig. 10 shows that below H.o=0.5 amp/cm K,, drops, 
reaching a value of Kn=1 at H.o=0. 

It is very probable that this drop occurs at still lower 
values of H,o for samples of better quality, but it 
certainly will always be there. 

Table I gives a complete list of all measurements on 
the solid indium sample. Using only the measurements 
at the two lowest values of y at fields of H,>=0.2 and 
0.5 amp/cm, one obtains a value of 7,=0.31+0.02 and 
a value of y*=1.0-+0.3. At larger values of the points 
deviate in a manner such that K,, is no longer a function 
of y only. Nevertheless it can be said that at lower 
values of H,o the drop in K,» occurs at lower values 
of H. 20- 


V. DISCUSSION 


The following conclusions can be drawn from this 
investigation : 
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(1) One can qualitatively account for a number of 
differences between experiments and the present theory 
by the assumption that the superconducting domains 
are very thin. 

(2) In addition, one has to assume disturbing in- 
fluences which prevent the perfect alignment of the 
domains at low values of the longitudinal magnetic 
field. 


One might object that the first assumption leads to 
unreasonably large values of the surface energy of the 
domains. This objection is valid as long as one uses 
equilibrium thermodynamics. However, as soon as the 
sample is connected to a battery, no matter how small 
the current drawn, the thermodynamics of irreversible 
processes should be used rather than the ordinary one. 
It is interesting to note here that, as shown by Shoen- 
berg (reference 13, page 132), the equations for the 
current transition of a wire can also be derived from the 
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Fic. 10. Dependence of Km=Pmax/®, on the value of Hy for a 
fixed temperature of 7=3.228°K for indium sample XVII, 
1.94-mm o.d. 


condition of a minimum Joule heat, that is, minimum 
entropy production. 

One might further object that the qualitative explana- 
tion of the differences between theory and experiment 
is based upon the assumption that the arrangement of 
the superconducting domains is substantially the same 
whether or not a longitudinal magnetic field is present, 
while the experiments at low values of H,o show to 
the contrary that the arrangement cannot be quite the 
same. This objection is considerably more serious than 
the first one. The question is, however, what con- 
stitutes a “substantial difference.” A substantial differ- 
ence certainly exists between the structure with long 
and thin domains and the double-cone structure pro- 
posed by Shoenberg (see reference 1, p. 120, Fig. 40). 
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TABLE I. Values of the maximum apparent permeability Kn for 
low values of the superimposed longitudinal field Hyo. 











Tempera- Aw I He “ 

ture (°K) (amp/cm) (amp) (amp/cm) Y Ku 
3.228 0.1 12.8 21 205 1.38 
3.398 0.2 0.46 0.756 1.24 1.07 
3.388 0.2 0.90 1.48 4.85 1.69 
3.377 0.2 1.75 2.88 11.9 2.16 
3.228 0.2 12.8 21 105 1.78 
3.388 0.5 0.8 1.32 1.62 1.16 
3.377 0.5 1.70 2.89 4.58 1.73 
3.228 0.5 12.4 20.4 39.8 3.08 
3.228 1 12.1 19.9 19.4 2.16 
3.228 2 11.8 19.4 9.45 2.05 
3.228 4 11.4 18.7 4.55 2.11% 











* This curve has been measured both by ballistic and fluxmetric methods 
to check for the absence of time constants long enough to falsify the 
ballistic measurements. 


It is, however, not necessary to assume such a drastic 
difference for the explanation of the vanishing of the 
paramagnetic effect at low values of Hy». It is fully 
sufficient to assume that the actual angle which the 
domains make with the ¢-direction fluctuates some- 
what, thus reducing the increase of the longitudinal flux. 
Whether or not this would cause a change in the value 
of the critical resistance can only be decided after a 
quantitative calculation has been made. 

One is under the impression that the explanation of 
the constants J, will be found in connection with the 
disturbing influences rather than in connection with 
the difference between the mean magnetic field and the 
bulk critical field. 

Before any quantitative progress can be made, a 
number of questions must be answered: 


(1) What are the principles that govern the size of 
the superconducting domains? 

(2) How can the problems be treated with the use of 
the thermodynamics of irreversible processes? 

(3) What are the disturbing influences and how can 
they be taken into account? 
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Viscosity of the Electron Gas in Metals* 


M. S. STEmNBERGt 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received October 1, 1957) 


With a view toward explaining measurements of ultrasonic attenuation in metals, the coefficient of shear 
viscosity of a free electron gas interacting with thermal phonons and local crystal inhomogeneities is com- 
puted. The methods employed are essentially those developed for the problem of electrical conductivity. By 
means of a variational principle, a general formal solution is obtained. The effective mean free path is found 
to be somewhat smaller and of a somewhat more complicated (though not qualitatively different) tempera- 
ture dependence than that associated with electrical conduction. The effect of a transverse magnetic field 
is determined for the case when a time of relaxation exists. 





1. INTRODUCTION 


EASUREMENTS on lead and tin’? indicate 
several seemingly general features of absorption 
of ultrasound in metals at the lowest temperatures: 
(a) Attenuation is exponential and is qualitatively alike 
for shear and compressional waves. (b) The frequency 
dependence of the attenuation coefficient appears to 
be quadratic at low frequencies. (c) From a flat maxi- 
mum at absolute zero, the attenuation coefficient falls 
rapidly with increasing temperature. (d) When a 
sample is allowed to become superconducting, the 
attenuation falls off sharply (though apparently not 
discontinuously) as the temperature is lowered below 
the transition temperature. Mason has shown, by esti- 
mating the electronic mean free path from electrical 
conductivity data, that the static shear viscosity of the 
electron gas could account for the observed attenuation 
at very low temperatures.’ 

This paper will investigate the static shear viscosity 
of the electron gas in normal metals. The theory closely 
parallels that for the electrical conductivity (as elabo- 
rated, for example, in the account by Wilson‘), the 
difference lying in the second singular spatial direction 
introduced when transport of momentum is considered. 
All the usual assumptions of the theory for the conduc- 
tion problem will be retained; validity of Boltzmann’s 
transport equation, perturbation treatment of the elec- 
tron-phonon interaction, independent particle descrip- 
tion of the electron gas, electronic energy an isotropic 
quadratic function of wave number, and Debye spec- 
trum for the lattice vibrations. As no simultaneously 
realistic and tractable model of the polyvalent metals 
has as yet been proposed, the treatment will further 
be restricted to a single Brillouin zone. 


*From a dissertation submitted in partial fulfillment of the 
Ph.D. requirements at Yale University, 1955. 
+ Now at Stevens Institute of Technology, Hoboken, New 
ersey. 
’ 1H. E. Bommel, Phys. Rev. 96, 200 (1954). 
2L. MacKinnon, Phys. Rev. 98, 1181 (1955). 
3 W. P. Mason, Phys. Rev. 97, 557 (1955). 
f 4A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1954). 


2. FORMAL THEORY 


If a conductor having m conduction electrons (effec- 
tive mass m, charge e) per unit volume is in shear motion 
with constant local velocity u in the x direction and 
uniform velocity gradient 6=0u/dz in the z direction, 
the electrons will follow the lattice in the same state of 
steady flow and will experience no applied forces. The 
Boltzmann equation for the electron distribution func- 


tion will be 
h of of 
m OZ OLF colt 


The equilibrium distribution is given by the Fermi 


function 
E-~\ 7 
fo={esp( )+| ' (2.2) 
xT 


where E=*k*/2m is the energy of an electron with 
wave vector k and velocity v=#k/m, and the Fermi 
energy ¢ and velocity vp are given by 


h? s3nyi 
r= Imnd——(~) : (2.3) 
2m \8r 





In a frame of reference moving with the local flow 
velocity, fo(k) becomes fo(|k—mu/h|). If the flow 
velocity is small (wv) the departure from thermal 
equilibrium will be small, ie., (f—fo)<fo. The Boltz- 
mann equation may then be written 


he Ofo 9 
Bie ~~ (~) : (2.4) 
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and a solution found of the form 
Ofo 
S=fotkkS(E)\—. (2.5) 
OE 


The collision term may be put into the form 
(8/01) ou= —kk.£(S), (2.6) 


where £ is a linear operator, and the transport deter- 
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mined by solving 
(2.7) 


for the nonequilibrium distribution function S. 

The kinetic shear stress due to the velocity gradient 
of the electron flow is, in the observer’s frame of 
reference, 


r..= —{¢ tu)ef(v)e (2.8) 
z= = v,+u)0,f(v)d*0. , 


Dividing this by the transverse flow velocity gradient 
gives the coefficient of shear viscosity of the electron gas: 








Ts i? 
=—2—- f kaka f(k)d*h 
B 4or?mB 
(2.9) 
4(2m') igs 
~ 45ah8s 


(Terms of order k7/f are neglected.) 
In the event the collision term is of the simple form 


Seis: 


7(£) is identified as the time of relaxation, and one has 
S=h8r/m, (2.11) 
without further computation. Defining the electronic 


mean free path /=vr and using (2.3), the coefficient is, 
in this case, given by the familiar formula 


(2.10) 





~ (2.12) 


where /(¢) has been written simply as 1. In general, 
however, £ is an integral operator, the collision term 
is not of the form (2.10), and one must solve the integral 
equation (2.7).° 

The assumptions of steady flow and of uniform ve- 
locity gradient are not realized in practice when motion 
of the conductor is maintained by an acoustic wave. 
However, if the effective time of relaxation is much less 
than the period of the wave and if the effective mean 
free path is much less than the wavelength, then the 
static shear viscosity will be an accurate measure of the 
viscous attenuation. When the mean free path ap- 
proaches the wavelength—a condition which can be 
met in very pure metals at low temperatures in the 
upper range of practicable frequencies—the electrons 
will see an alternating velocity gradient which disrupts 
the transport of momentum down the velocity gradient 
and brings about a relative decline in the magnitude of 
n with increasing frequency. The high-frequency com- 
plications will not be considered in the present paper. 


n= §nmvdl, 


5 The viscosity of the thermal phonon gas may be treated in 
the same way. If the mean free path is the same as for heat 
conduction, one finds that » for the phonon gas is proportional to 
T times the lattice thermal conductivity. 
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3. COLLISION OPERATOR FOR THE 
LATTICE VIBRATIONS 

The first-order transition probabilities (single phonon 
emission and absorption) for an electron interacting 
with the acoustic lattice vibrations may, given the 
deformation of the potential seen by the electron, be 
calculated by means of perturbation theory. If the 
interaction produces only a small departure from ther- 
mal equilibrium, the collision term is approximately 
linear in the nonequilibrium part of the distribution 
function. The result appropriate to the conduction 
problem is given by Wilson (reference 4, p. 260). For 
the viscosity problem, using the form (2.5) for the 
distribution function, the collision term is 


(2) _ Ca gN(q) | 
at) on ShMxT v(q) 


X [kskeS(E)—k2'k,'S(E’)] 
X { folk) [1 — folk’) JQ(E— E’+hy) 
+ fo(k’)[1—fo(k) ]Q(E—E’—hyv)}. (3.1) 


Here, C is the coupling constant measuring the strength 
of the interaction, E’ is the energy, and 


k’=k+q (3.2) 


is the wave vector of an electron scattered by absorp- 
tion of a phonon of wave vector q and frequency »(q). 
N(q) is the phonon distribution function, and 


Q(x) = (h/x) sin(xt/h) (3.3) 


has the character of a 6 function for large ¢. The re- 
quired constants are defined as follows: M=mass of 
lattice atom, #,=number of atoms per unit volume, 
A=volume per atom (A=a*), v,=velocity of sound, 
go=maximum thermal phonon wave number, and 
©= Debye’s characteristic temperature. 

For isotropic metals, two integrations may be per- 
formed by introducing the angles @ and ¢ in the q 
space, with k the polar axis and 6 the angle between k 
and q. The required integrations over ¢ are 





Qe Qn 
f k.qdo= f k.qedo=2k.k,(q/k) cos, 
0 
(3.4) 


f “qngdb= nh bi (/#) (3 cos*@— 1). 


In the integration over 6, the expansion E’— E=q cosé 
X (dE/dk)+43¢?(@E/dk*) and the singular property of 
the 2 functions determine the slowly varying function 
of 6: 


2q 
i+— mam cos’6— 1) 
k 2k? 


3 3q° 3g fhv\ 3/hv\? 
wit tet (")4-(7). (3.5) 
ae 8k ANE) B\E 
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Integration over @ then produces a factor 


m(m/2) 


Qe 
J 0Q(E—E’+hy) sinddé =————_. (3.6) 
0 gE} 


The integration over g extends from g=0 to g=qo 








defined by 
hq,=O. (3.7) 
To cast this in a convenient form, put 
E-¢ hy 
v= > 2=—, (3.8) 
<r eT 
and use the relations 
fo(E)L1— fol E+hv)]=—«T. ah a ) 
op aS e, 
0 0 erty 
(3.9) 





Ofo/ e’+1 
fo(E—hv) [1 — fol) }=—«T—( ) 
OE ev-#+1 


If one assumes for the thermal phonons the elastic 
continuum spectrum 


2av(q) =», (3.10) 
and the equilibrium (Planck) distribution® 
N(q)= (e*—1)", (3.11) 


the collision term may now be written 


(a) 
edz 


ae ot ev+1 ) 
“"RAEV\O/ aEJ_jer\ert*+1/ |1-e+| 

















T\? (xT) 
x {5w)—Stw+)| E+<r:-3|D(—) = ls 
‘e) 8E 
3DxT (T\*? 3D Tr! 
~ (=) #+—(-)«]]. (3.12) 
2E \O 2E\0 
with 
4n\ 44M ax@ (6m)? gf 
1=(<) " D= = 7 
3 3h?C? 4ma®—-24(n/n,)! 


This should be compared with the analogous result for 
the conduction problem (reference 4, p. 263). 

The various terms in (3.12) may be ordered as 
follows: 


(1) For the significant energies, E~¢, 
(2) D(T/@)*#~ (D*/E)(T/0)'~f, 

(3) «Tz~ (DxT/E)(T/0)*2?~xO~10-%, 
(4) (xT)*s/E~ (xO)?/¢~10-€¢. 


® It appears that the long-standing objection to this procedure, 
originally raised by Peierls, has been clarified. For a self-consistent 
treatment of electron-phonon disequilibria, see I. I. Hanna and 
E. H. Sondheimer, Proc. Roy. Soc. (London) 239, 247 (1957). 
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With error of order 10~*, then, the collision operator 
for interaction with the acoustic lattice vibrations, as 
defined by Eq. (2.6), is given by 


(m/2)*/T\* dfo c97 7 ev +1 dz 
£,(S)= (<) —f ( ) 
PAE} \O/ aEJ_or\ert#+1/ |1-e*| 


x ES(w) ~stw+s]8-30(=) #+—(—) ’ 
(3.13) 








4. “IDEAL” VISCOSITY 


At sufficiently high temperatures (7>>Q) the inte- 
grand of the collision operator (3.13) may be expanded 
in powers of z. The electron-phonon interaction yields, 
in this limit, 


0 Ofo 2)! 
(~) Ope (- ~) 
OtF con OE RAE! \O 


xf s0(- =) *-sz(s) fe as 


£, is now a simple multiplicative operator and the 
collision term is of the form (2.10), with time of 
relaxation 

(¢/E) 


2WAE! /O 
. (—)|s- i (42) 
D(m/2)*\ T 24(n/n,)! 


mean free path /;=v7,, and “ideal” viscosity (due to 
scattering by the lattice vibrations alone) given by 

n= tnmvd);j. (4.3) 
(1; is evaluated at E=¢.) 

The quantity 7; in (4.2) differs from that for elec- 
trical conduction by the factor in square brackets. For 
the significant energies (E=£) in true metals (n/ng> 4), 
this factor has a value between one and three. 7;({¢) is 
thus always less for the viscosity than for the conduc- 
tivity at high temperatures, by a factor of up to 4. For 
semimetals, the limit of integration 0/7 must be 
replaced by (2E/D)4(Q/T), whereupon 7; becomes 
identical with that for the conductivity (see reference 4, 
p. 264), 

At intermediate and low temperatures, £; remains 
and integral operator and one must solve the integral 
equation (2.7). If only the electron-phonon interaction 
is considered, this is, when one uses (3.13), 


Ofo ye aanike (=), 2°dz 
[S(w+s)—S(w)]( 


E— 
afo 


OEY_eyr 
AB sO 8 
ial —(—) pi 
(m*/2)1\ TS dE 


fo rel? T\? 3D/T 
Fi s(w+s|30(—) « -—(— )e] 
OE -—O/T (2) 2E (3) 


e’+1 dz 
x ( . (4.4) 


evtz+1/ |1—e-*| 














\1—e-*| 

















VISCOSITY OF ELECTRON GAS 


The homogeneous equation obtained by setting the 
right hand side of (4.4) equal to zero is solved by 
S(w)=const; a solution of the inhomogeneous equation 
then exists only if the inhomogeneous part is orthogonal 
to a constant, which establishes the condition 


WAB /O\* -* dfo ” Of, 
(-) f E'\—dw= J —dw|  S(w+s) 
(m5/2)41\ T/ J. dw a Ow ~O/T 


T\? 3D°/T)4 
icles al 
e/ 628 \e 


e°-+-1 dz 
x(—)—. 
evtet+1/ |1—e-*| 
At sufficiently low temperatures (7<Q) the integral 


term on the right-hand side of (4.4) may be treated as 
a perturbation. A solution of the form 


S(w)=Sot+S;(w), |So|=const>|S;|, 


e/T 





(4.5) 





(4.6) 


may then be obtained in which Sp is determined by 
(4.5) and S; is (in principle) obtainable from (4.4). 
The result is 


Aris 7@\8§ 
oe 7) 
@\ (T/e /@\T? 
Lil) A. a 
T/ 243(n/n,)! T 


“ 2Pdz 
J,(a)m f 
0 


This procedure is due to Bloch. Its justification is 
discussed in the older literature on the conduction 
problem.’ As the method is limited compared to the 
variable principle now available, it will not be con- 
sidered at greater length here. 

According to Eq. (2.9), the “‘ideal” viscosity is now 
given by (4.3) if an effective time of relaxation is 
formally defined by 


mS(f) Wasi /O,> 
(;) 


S(w)=So = 





where 





(e?=—1)(1—e~*) 








(4.8) 





7(f)= = 
WB = 3(2m)'D 
(7/0)? 


(9) 6\T? 
Js§ — }- Jif — , ‘ 
x| ( 4 2*3(n/na)} ( =H ied 


Although the derivation does not permit such exten- 
sion, (4.9) includes the high-temperature result (4.2), 
for J ,(x)=x«?-/(p—1) when x<<1. In the neighborhood 








7 For example, in A. Sommerfeld and H. Bethe, Handbuch der 
Physik (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2, 


p. 499. 
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of absolute zero, J,(0/T)=J,(2)=const, and 


Wags 0,5 
1=—_—_——__[_—}. 
eae s 
Here, as for 7>>O, the temperature dependence is the 
same as for the conductivity, but the magnitude of 7; 
is exactly 4 that for the conductivity for all n/n_>4. 
At finite temperatures, the term in J;(@/T) spoils 
somewhat the 7~* dependence (to the extent of about 
5% at T/O=0.05), the ideal viscosity falling more 
slowly than the ideal conductivity with increasing 
temperature. 


(4.10) 


5. “RESIDUAL” FLUIDITY 


If the conduction electrons are scattered only by 
randomly located inhomogeneities of atomic dimen- 
sions, and if the scattering is elastic, the collision term 
of the Boltzmann equation may be written (compare 
reference 4, p. 268) 


af A 
(—) = —{ | Bex (0) |*kdk’ sinddddp 
Ot] oon mh 

X (ka ke' —kik2)S(E)Q(E—E')Ofo/dE. (5.1) 
Byx’(0) is the matrix element for the scattering. The 


required integration over ¢ is 


2 
f kz'k,'dp =: 2wk,k,(1—$ sin*6), (5.2) 
0 


and that over k’ is 
f Q(E— E’)k?dk! =2(2m')t Eth. (5.3) 
0 


In this case, a time of relaxation 7, exists for all 
temperatures, given by 


1 3(2m')fEIA p* 
————— | |_Bas (0) | ented. 
Tr 4nh* 0 





(5.4) 


A factor }sin’@ in the integrand replaces the corre- 
sponding factor (1—cos0) for the conduction problem. 
Since the scattering is probably mostly in the forward 
direction, and since 3 sin’*?>(1—cos@) for 6 less than 


about 100°, the time of relaxation and mean free path 


,=vr, are most likely smaller for the viscosity problem. 
In the neighborhood of absolute zero, the ideal fluidity 
1/n; vanishes as 7°, leaving a “residual” fluidity 1/n, 
given by 

(5.5) 


nr= inmvodl;. 


The collision operator for this residual scattering is 
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given by 

E} ofo 
S(E)—. 
(m/2)'I, dE 


It is independent of the temperature. 





£,(S)= (5.6) 


6. THE VARIATIONAL PRINCIPLE 


The variational principle developed by Kohler for 
the conduction problem® is easily adapted to the vis- 
cosity problem. It permits rigorous solution (to any 
desired degree of accuracy) of the linearized transport 
equation for all collision mechanisms treated simul- 
taneously, without any assumption as to the additivity 
of the associated partial fluidities. Its validity depends 
only upon quite general properties of the total collision 
operator. 

In terms of the operator Z defined by 


ri) he, 
(~) == kt), 


al m 


(6.1) 


where F(k) is the nonequilibrium distribution function 
defined by 
f=fot+ Fdfo/dE, (6.2) 


and where |Fdf/dE|«Kfo, the Boltzmann equation 
(2.4) is 


L(F)=hekiOfo/8E. (6.3) 
For any two functions G(k) and H(k) define 
m= [cLanee. (6.4) 


The variational principle is now stated as follows: If 
F is the solution of (6.3), then of all functions G satisfy- 
ing the condition 

of 


(G,G)= f Gk.k—@k, 
aE 


(6.5) 


F is the one which makes (G,G), as given by (6.4), a 
maximum. 

The proof follows the same steps as for the conduc- 
tion problem (reference 4, p. 301). The relations (F,G) 
=(G,F) and (G,G)>0 result, respectively, from the 
symmetry of the transition probability between in- 
cident and scattered electronic wave vectors and from 
the essentially positive character of the transition proba- 
bility. Equation (6.3) and the condition (6.5) also 
imply that (G,F)=(G,G). From these three relations 
it follows that (G,G) <(F,F), thus proving the maxi- 
mum principle. 

For the case of isotropic metals, the Boltzmann 
equation is 


(6.6) 


§ M. Kohler, Z. Physik 124, 772 (1948) ; 125, 697 (1949). 
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where 
o(E)= (m/h’B)S(E). (6.7) 
Now, 
F (k) = (#°8/m)k.k,o(E), (6.8) 
and 
L(F)=k,k,£(c). (6.9) 


The integration over angles may be performed directly, 
so that (F,F) is proportional to /*E'cL£(c)dE or, for 
a degenerate electron gas, to «7 /_,,”E'c£(c)dw. The 
solution to (6.6) is therefore determined by maximizing 


(on)=er f Ele £(c)dw, (6.10) 
subject to the condition 
oo Ofo 
(c,c) -f E'o—dw. (6.11) 
—» Ow 
7. GENERAL SOLUTION 
Let 
o(w)=>. ow’, (7.1) 
r=) 
d,,.= —f Ew £(w')dw, (7.2) 
c) Ofo 
a,= -f Ehw'—dw. (7.3) 
nn Ow 
Then the variational integral (6.10) is 
(,0) — x Po Ai ta, (7.4) 


and the condition that this be a maximum subject to 
condition (6.11) requires that the expansion coefficients 
a, Satisfy 














> d.0,—a,=0. (7.5) 
The formal solution is now, from (2.9), 
4(2m*)} p* Ofo 4(2m')! 
=— f E's (w)—dw = Qo, 
152°h? J_.. 15r°h® + 
4(2m*)! Daa 
= . (7.6) 
15r7h*? D 
Here, 
do du 0 a a 
_|dio du _|@o doo do 
ai: : ant Sa m1 dy dy 
(7.7) 


are infinite determinants which are in general not 
convergent except in ratio. 
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Now, define the finite determinants 





doo do, do, n-1 
dio di : 
Dp) = . . 
: 
|dn—1, 0 dn—1, n—1| 
|doo do. do, n—-1 ao 
|dio di; ; : 
Dea |: , (7.8) 
|dn—1,0 d,-1, n—1 Q@n—1 
lag ae Qn-1 0 
doo do, do, n—2 ao 
D, (7 V= jae dy ; “ t 
cas d, I,n—2 Q@n-1 





Daa’ =| Minors of Daa” |. 


According to a theorem of Sylvester, if M and M’ are 
corresponding m-rowed minors of any determinant D 
and its adjoint D’, respectively, then M’ is equal to 
Dr times the algebraic complement of M. Let M’ be 
the 2-rowed minor formed by the 4 elements at the 
bottom right hand corner of Daa”. Then D™'=D 
=D, the algebraic complement of M is D°*-, and 
the theorem yields the relation 














| Dea’) Dao") n n— 
Da) Hr) _ Dea DO. (7.9) 
Expanding (7.9), summing over , and using 
D) = doo, Dea = —ay’, (7.10) 
one obtains 
Daa Dea” ag e [Da P 
=lim —=— ——._ (7.11) 
D nO D)(n) doo n=2 F("-D Hl») 
The coefficient of viscosity is, therefore 
4(2m')§ © [Da P 
1=nt+— ; (7.12) 
1Srh? n= DieVDH™ 
with the first approximation 
4(2m')! ae” 
n= (~). (7.13) 
159k? \doo 


When the collision operator £ incorporates terms due 
to collisions with both phonons [Eq. (3.13) ] and in- 
homogeneities [Eq. (5.6) ], the required matrix ele- 
ments for a degenerate electron gas are 


a= fh, 


dow —«0 f EXLL;(1)+L£,(1) Jdw 


3(2m)'Dt/T\'5 7, (T/E) 70 
ea (;) =) ae 


3 


aa 





. (7.14 
(m/2)4l, tied 
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Inserting these in (7.13) and making use of (2.3) 
yields, for the first approximation, 


ay We 
a en +-, 
No Ni Nr 


that is, additivity of the partial fluidities [Eqs. (4.3), 
(4.9), and (5.5) ]. This is the analog of Matheson’s rule 
for the electrical conductivity; it does not hold in 
higher approximation. 

Calculation of successive approximations is straight- 
forward. On the basis of Sondheimer’s results for the 
electrical conductivity,’ corrections to mo may be ex- 
pected to be quite small. Extension to semimetals and 
to nonpolar semiconductors involves only minor altera- 
tions in £;. For polar semiconductors, where scattering 
of the conduction electrons by the optical lattice vibra- 
tions must be considered, extension of the theory could 
be accomplished along the lines established by Howarth 
and Sondheimer for the conduction problem.” The 
validity of the useful results depends, of course, upon 
the convergence of the sum in (7.11) and upon the 
convergence of lim,+.(Daa'”/D™) to Daa/D. 


8. TRANSVERSE MAGNETO-VISCOSITY 


When a magnetic field (0,H,0) exists in a metal, the 
Boltzmann equation for the electron gas is 


h of of of of 
mt tu( be k,— }= (-) , 
m oz Ok, Ok, OtF cot 
where 
w= eH /me (8.2) 


is the cyclotron frequency of the electrons. Since 
the operator (k,0/dk,—k,0/dk-) transforms kk, into 
(k,2—k,*) and vice versa, the appropriate form for the 
distribution function in an infinite metal is 


Ofo 
J fot UbbeS\(B)+ (bf ba) SHE) (8.3) 


Assume the existence of a time of relaxation, and small 
departure from thermal equilibrium. When one neglects 
small terms, but retains the terms in H, the Boltzmann 
equation reduces to 


(h?B/m)k 2k. —w[ 4k2kS2— ( 2—k2Z)S; | 
= (1/r)[kakeSit (k.?—k2)S2]. (8.4) 


Equating coefficients of k.k, and (k,?—k,) yields 


(S,/7)+40S2=8’B/m, —wSi+(S2/7)=0, (8.5) 
with the solution 
= (#2 9.22 1 
S1= (r8/m)[1 +4022, ie 


S2= (hw.1°78B/m)[1+402P? D1. 


9 E. H. Sondheimer, Proc. Roy. Soc. (London) 203, 75 (1950). 
10D. J. Howarth and E. H. Sondheimer, Proc. Roy. Soc. 
(London) 219, 53 (1953). 
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The coefficient of viscosity is therefore the zero-field 
value (0), with 5,(¢) replacing the former S(¢): 


n(H)=9(0)[1+4027r7 7. (8.7) 


The magnetic field suppresses the viscosity by fore- 
shortening the mean free path in the direction of trans- 
port. Apart from differences in the magnitude of 7, the 
term 4w,’7? in (8.7) replaces w,*7? in the analogous result 
for the conduction problem. This is owing to charge 
transport being reversed by turning through 180° while 
transverse momentum transport is reversed by turning 
through 90°, or in one-half the time. The assumption of 
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a time of relaxation limits the validity of (8.7) to T>0. 
However, as shown by Sondheimer and Wilson for the 
electrical conductivity," such a formula is probably 
more widely applicable than its derivation would 
suggest. 
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This paper presents a simple model for such processes as spin diffusion or conduction in the “impurity 
band.” These processes involve transport in a lattice which is in some sense random, and in them diffusion 
is expected to take place via quantum jumps between localized sites. In this simple model the essential 
randomness is introduced by requiring the energy to vary randomly from site to site. It is shown that at low 
enough densities no diffusion at all can take place, and the criteria for transport to occur are given. 





I. INTRODUCTION 


NUMBER of physical phenomena seem to involve 

quantum-mechanical motion, without any par- 
ticular thermal activation, among sites at which the 
mobile entities (spins or electrons, for example) may be 
localized. The clearest case is that of spin diffusion!.?; 
another might be the so-called impurity band conduc- 
tion at low concentrations of impurities. In such 
situations we suspect that transport occurs not by 
motion of free carriers (or spin waves), scattered as 
they move through a medium, but in some sense by 
quantum-mechanical jumps of the mobile entities from 
site to site. A second common feature of these phe- 
nomena is randomness: random spacings of impurities, 
random interactions with the “atmosphere” of other 
impurities, random arrangements of electronic or 
nuclear spins, etc. 

Our eventual purpose in this work will be to lay the 
foundation for a quantum-mechanical theory of trans- 
port problems of this type. Therefore, we must start 
with simple theoretical models rather than with the 
complicated experimental situations on spin diffusion 
or impurity conduction. In this paper, in fact, we 
attempt only to construct, for such a system, the 
simplest model we can think of which still has some 
expectation of representing a real physical situation 


1 N. Bloembergen, Physica 15, 386 (1949). 
* A. M. Portis, Phys. Rev. 104, 584 (1956). 


reasonably well, and to prove a theorem about the 
model. The theorem is that at sufficiently low densities, 
transport does not take place; the exact wave functions 
are localized in a small region of space. We also obtain 
a fairly good estimate of the critical density at which the 
theorem fails. An additional criterion is that the forces 
be of sufficiently short range—actually, falling off as 
r— © faster than 1/r’—and we derive a rough estimate 
of the rate of transport in the V « 1/r* case. 

Such a theorem is of interest for a number of reasons: 
first, because it may apply directly to spin diffusion 
among donor electrons in Si, a situation in which Feher* 
has shown experimentally that spin diffusion is neg- 
ligible; second, and probably more important, as an 
example of a real physical system with an infinite 
number of degrees of freedom, having no obvious 
oversimplification, in which the approach to equilibrium 
is simply impossible; and third, as the irreducible 
minimum from which a theory of this kind of transport, 
if it exists, must start. In particular, it re-emphasizes 
the caution with which we must treat ideas such as 
“the thermodynamic system of spin interactions” when 
there is no obvious contact with a real external heat 
bath. 

The simplified theoretical model we use is meant to 
represent reasonably well one kind of experimental 
situation: namely, spin diffusion under conditions of 


3G. Feher (private communication). 
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“inhomogeneous broadening.’”* We assume that we 
have sites 7 distributed in some way, regularly or 
randomly, in three-dimensiona! space; the array of 
sites we call the “lattice.” We then assume we have 
entities occupying these sites. They may be spins or 
electrons or perhaps other particles, but let us call them 
spins here for brevity. If a spin occupies site 7 it has 
energy FE; which (and this is vital) is a stochastic 
variable distributed over a band of energies completely 
randomly, with a probability distribution P(£)dE 
which can be characterized by a width W. Finally, we 
assume that between the sites we have an interaction 
matrix element V ;,(r;«), which transfers the spins from 
one site to the next. V;,.may or may not itself be a 
stochastic variable with a probability distribution. If 
one thinks of the mobile entities as up or down electron 
spins which can occupy various impurity sites, such as 
color or donor centers, in a crystal, then the random 
energies £; are the hyperfine interactions with the 
surrounding nuclei—Si® for the donors, alkali and 
halide nuclei for color centers—and P(£) is the line- 
shape function. In this example, V; is that part of the 
interaction which allows an up spin on atom 7 to flip 
down while a down spin on & flips up, and the simple 
process we study is the motion of a single “up” spin 
among “‘down” spins. 

The “impurity-band” example would again make the 
sites donors or acceptors, but the Z,’s would be energy 
fluctuations of the donor ground state caused perhaps 
by Coulomb interactions with randomly placed charged 
centers; the moving entity would be a single ionized 
donor. We would have to assume the states of the 
different donors to be orthogonal, which is no restriction 
if V is arbitrary. More generally, the situation described 
by our theorem probably holds in the low-concentration 
limit and the low-energy tail of almost any model for 
an impurity band. 

One important feature which is missing from our 
simple model is contact with any external thermal 
reservoir. When the present theorem holds, some such 
contact will actually control the transport processes. 
Our purpose is only to show that the model in itself 
provides no such reservoir and permits no transport, 
in spite of its large size and random character; study 
of the real relaxation and transport processes must come 
later. 

Our basic technique is to place a single “spin” on 
site m at an initial time /=0, and to study the behavior 
of the wave function thereafter as a function of time. 
Our fundamental theorem may be restated as: if V (rj) 
falls off at large distances faster than 1/r’, and if the 
average value of V is less than a certain critical V, of 
the order of magnitude of W; then there is actually no 
transport at all, in the sense that even as /—+ © the 
amplitude of the wave function around site n falls off 


4A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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rapidly with distance, the amplitude on site n itself 
remaining finite. 

One can understand this as being caused by the 
failure of the energies of neighboring sites to match 
sufficiently well for V to cause real transport. Instead, 
it causes virtual transitions which spread the state, 
initially localized at site m, over a larger region of the 
lattice, without destroying its localized character. 
More distant sites are not important because the 
probability of finding one with the right energy in- 
creases much more slowly with distance than the 
interaction decreases. 

This theorem leaves two regions of failure (and 
therefore transport) to be investigated, namely, 
V«1/r', as in spin diffusion by dipolar interactions, 
and V~W, or the high-concentration limit. In both 
cases, the methods used to prove the fundamental 
“nontransport” theorem will probably allow us to 
outline an approach to the transport problem. In the 
1/r*° case, we show that transport may be much slower 
than the estimates of reference 2 would predict. In the 
case V~W, we show that transport finally occurs not 
by single real jumps from one site to another but by the 
multiplicity of very long paths involving multiple 
virtual jumps from site to site. 


II. SUMMARY OF THE REASONING 


Since the mathematical development is fairly com- 
plicated and involves lengthy consideration of each of 
a number of points, we should like to summarize the 
reasoning rather fully in this section, leaving the proofs 
and details to later sections. First, then, let us set up 
the simple model which we study. The equation for 
the time-dependence of the probability amplitude a, 
that a particle is on the site 7 is: 


idj= Ejajst+ ¥ Vjxae. (1) 
kj 


Here we measure energies in frequency units, so we can 
set h=1. Equation (1) simply restates the assumptions 
about the model made in the Introduction. 

We study the Laplace transform of the equation 
(1): let 


f(s)= f e-a;(I)dl, (2) 


and then 


ils f;(s)—a;(0) ]J=E,f;+ L Vint. (3) 


The variable s must be studied as an arbitrary complex 
variable with positive or zero real part. 

The transport problem which interests us is: suppose 
we know the probability distribution |a;(0)|? at time 
i=0, and that it is appreciable only in a certain range 
of frequency £; or space r;. Then how fast, if at all, 
does this probability distribution diffuse away from 
this region? 
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The simplest question we can ask is to assume 
ao(0)=1 for a particular atom j=0 and inquire how 
a; varies with time, or f;(s) with s. In particular, for 
very small real part of s we are studying the behavior 
as {—> © ; for instance, lim sf;(s) is in fact (a;())w. 

a0+ 


Equation (3) can be written 





150; 1 
fi(s)=- + 2. > Vin fe(s). (4) 


1is— E; k#7 18— E; 
In one approach to ordinary transport theory® this 
equation is solved by iteration, in which the equations 
(4) not involving fo(s) are solved for f;(s) in terms of 


fo(s): 





fi(s)= Vjofo(s) 


1S— 1; 





1 
+> V in- Viofo(s)+---. (5) 


kis—-E; ts—Ey 
Then the zeroth equation becomes 
Vio 
is— Ex 








1 1 
fo(s)= + 3 Val 


is—Ey & its—Epo 
1 
+> Vii 


I is— FE; 





Vurt--- ) fol). 6) 


is— Ey 
Let us call the quantity 


(Vox)? VowViiV 20 
+ <i es a 
k is—E,  &.t (is— Ey) (is—E,) 





In many cases the first term suffices. Studying this 
first term, we see that it can be written 





we 1S 
V.0)= 5 (Vor)? ia 
stile ales lace: a ” 


In the limit as s — 0, the first part of this is obviously 
just the second-order perturbation —AE® of the 
energy. The second part may be written 





| | Wu) 
lim(V.)=—i D0 (Vox)*6(Ex)—is 
0 k k, Exo ER 
1 
=—--isK. (9) 
i 


Of course, if the first of these terms, the usual transition 
probability, is finite the second is indeterminate. We 
include both in order to see what happens if the first 
term does vanish. 


5 See, for example, W. Kohn and J. M. Luttinger, Phys. Rev. 
108, 590 (1957). 
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Now the equation for fo(s) is 








i 1 i 
fo(s)= + (—az%--— isk ) fol(s). 


is— Eq is— Eo T 


The solution for fo is 
i 
fo= ' 
is(1+K)+ (i/r) — (Eo>—AE™) 


If 7 is finite, one gets the usual result of perturbation 
theory : 


(10) 





(10A) 





J 09) yn) 4 Ey AE)’ 


which represents a state of perturbed energy Ey— AE 
decaying at a rate e~“". If, on the other hand, 7 is 
infinite [Im(V.) > 0 as s—> 0], then the constant K 
enters and the amplitude is 





fo(s)= (10B) 


s(1+K)+i(E>—-AE®) 


This is a state of the same perturbed energy which 
does not decay, but has a finite amplitude a) (t— ©) 
reduced from unity by the ratio 1/(1+). K is then 
simply a measure of how much this state has spread 
to the neighbors by virtual transitions, and has nothing 
to do with real transport. 

Our technique, then, will be to study the behavior 
of the quantity V.(s) defined in (7) by an infinite 
series, just as in the usual transport theory. However, 
the quantities entering into (7) are completely different 
in character because of the fact that we have chosen 
to start with localized states of random energies £;. 
In the usual case, there are an infinite number of states 
j connected to any state 0 by infinitesimal matrix 
elements Vo;, so that within any small range of energies 
there will be many possible energy-conserving transi- 
tions, no one of which takes place with particularly 
large probability. In such a case the first term of (9) 
is a meaningful limit of a certain integral. Here, only 
a few Vo,;’s are large, and the energies they lead to are 
stochastically distributed, so that whether or not 
energy can be conserved is a probability question. 

We find that the quantity V,(s) must be studied as 
a probability variable: that is, we pick a starting atom 
0 and an arbitrary energy E [imaginary part of s; 
Re(s) 0] and study the probability distribution of 
V.. Our study then resolves itself into three parts: 
First, we study the first term (8) ; second, we discuss the 
convergence of the series of higher order perturbations. 
Both of these questions we can resolve in the sense 
that there is a region in which, with probability unity, 
Im(V,.) — 0 as Re(s) — 0 and the series is convergent. 
These two parts we shall discuss here briefly, and 
expand upon in Secs. III and IV. Finally, we must 
decide whether this kind of convergence in a probability 
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sense is meaningful, and in particular whether the 
choice of an arbitrary energy is correct. Since this seems 
reasonable from the start, we shall not go into it further 
here, but reserve the discussion for Sec. V. We find there 
that this convergence means that the states are local- 
ized, but that it is not easy to assign a correspondence 
between the perturbed and unperturbed states. 

Let us, then, go ahead with the first two questions. 
The important quantity for the first is 

| Vox? 


Im(V.)=—s ),; ———. 
k P+E?2 
Let 

s | Vox|? 

k S+E2 


=X(s). (11) 





We note that X also represents the quantity 


| fi(s) |? 
xX@= 5 — 
Sem [fale 


in first order, as is clear from (5). This points up the 
interpretation that as s— 0 a finite X means no real 
transport. 

Using the Holtsmark-Markoff* method, in the next 
section we calculate the probability distribution of this 
sum X, and find that if V(r)~1/r***, where e>0, then 
X (0) has a distribution law with a perfectly finite most 
probable value, while the distribution falls off as 1/X! 
for large values of X. This latter fact shows, as can also 
be verified directly, that the mean value of X is in- 
finite. Clearly this is merely the result of an infinitesimal 
fraction of atoms having a very large value. It can be 
shown that even these few large values are illusory, 
and that by suitably redefining the localized states in 
accordance with multiple-scattering theory’ the proba- 
bility of such divergences is greatly reduced.® 

In reference 2 the transition probability is calculated 
by taking the mean of (11) over all possible starting 
atoms. The resulting finite transition probability is 
therefore meaningless, as discussed above. 

The case of V(r)=A/r’, or normal dipolar spin 
diffusion, is a special one. In this case X(0) — © for 
all atoms, but the divergence is so extremely weak that 
V .(0) is finite. In fact, the distribution of X(s) has the 
same form, but the most probable value is roughly 





(11’) 


n?A? W\ 
("DI 
Ww? 2s 


where n is the density of sites and W is the width of the 


[X(s) ]u.p.~ (12) 





6 J. Holtsmark, Ann. Physik 58, 577 (1919). 

7 See, for instance, K. M. Watson, Phys. Rev. 105, 1388 (1957), 
also the references therein. 

8 In this case this is particularly simple: near such an infinity 
Re(V-) will also be large so that the energy will simply be changed 
to a value at which Im(V.) is finite. 
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distribution of the £;. This most probable value 
diverges as the square of Ins when s — 0. 

This case leads to a transport theory with decays 
slower than exponential. Since the divergence of (12) 
is caused by large values of r, single, rather long, jumps 
have an important effect on the transport process. The 
existence of this transport process for V~1/r' provides 
a counter-example for those who may think the present 
theorem is self-evident for small enough V. 

One may roughly estimate transport times by noting 
that, by the definining relationship (2), that value of 
s for which sf(s) is of order unity is something like the 
inverse of a time of decay due to spin diffusion. Equa- 
tion (12) shows that this time increases exponentially 
with W/nA for large values—for example, for Si donors 
at 10'* concentration we compute a rate of exp(— 10*) 
sec". 

On the other hand, for V~1/r*** (or exponential, as 
it often is), the first term of perturbation theory leads 
to a vanishing rate of transport independent of V or W. 
Thus, if transport is to appear at all it must come in 
higher terms, and in fact it is easy to convince oneself 
that it can come only by a divergence of the whole 
series for V.. Therefore it is of great importance to our 
theory to learn how to handle the sums of products 


1 1 
ed 
is—E; is—E;, 





ky L+++m0 


V, (0) = ya Vo; 





1 
x Vir ag V no, (13) 


is— EF; 


which represent the possibility of successive virtual 
transitions until, at possibly some very great distance 
from site 0, a real, phase-destroying process can occur. 

Our methed for this problem, set forth in Sec. IV, 
involves both the idea of calculating a probability 
distribution rather than a mean for these terms, and 
also a modification of the multiple-scattering methods of 
Watson’ in order to eliminate certain troublesome 
repeated terms. We must do this elimination first. 

Certain terms in (13) are apparently very large 
because of the fact that there is no prohibition on 
repeated indices. Suppose, for instance, that Vj, is 
particularly large and that both is— Z; and is— EF, are 
particularly small so that 


1 1 


V5 : 
is— EF, 





. Vig) >1. 
is—E; 


Then there is the possibility of a term like 
1 1 1 1 


on ee V ns V ine Vij wave 
is— EF, is—E; is— EF; is—E; 
1 1 1 


| Ae 











x Vin ite 
is—E; 1is—Ep 
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Such a term will get larger the more times we repeat 
Vj. We can represent the terms of our series by closed 
diagrams through the various sites of the lattice, 
starting and ending at 0 (see Fig. 1), and this type of 
diagram involves a “ladder” which repeatedly runs 
back and forth from j to k. Physically, we can think of 
it as resulting from a pair of closely coupled atoms. 

The technique of Watson’® shows us that we may 
eliminate all repeated indices in a self-consistent way 
by including in the energy denominator for atom & the 
perturbed energy V.(k) calculated from just such a 
series of terms as (13). A complicating factor is that 
V.(k) must be calculated from a series of diagrams 
which do not include any indices which have previously 
appeared before in the particular term of V.(0) we are 
calculating. That is, if we want the term 


1 1 1 
Vos— Vse— Vor— Vio, 
3 €2 ei 


where for brevity we introduce the usual “propagator” 
notation 


is— E;—V.(j) =e), (14) 
then the propagator é2, for instance, is given by 
e2=is— E,—V°'(2) 
(15) 


c..; 0) cae 
ed ete 


7k, 10,1 e; é1 ek 


=is—E.— 


and again, each of the propagators in this series must be 
appropriately modified not to include either 0, 1, or 
any of the previous indices in the V,°.(2) series. 

Thus we may now write 





1 
V(0O)= > Vor: 

ix0 is—E,—V2:*-i(k) 
j¥i,0 

k #i.3,0 

rey | 

1 1 
xV Vio. (16) 





ki ve Vis 
is—E;—-V2*(j) is—E;—V£(i) 


All of this,{of course, involves a self-consistent type of 
reasoning, since it is only if these series converge that 
we can find V,(j) in this way, and therefore that we 
can define the modified series. We say in defense that 
clearly we can always make the sum converge for large 
enough s, and also that the V,’s in the higher terms, 
since they may have many forbidden indices, are more 
convergent than those we derive from them. 

The prohibition of repeated indices has two useful 
consequences. The most obvious is to prevent extensive 
correlations between successive factors V/e of a given 
product. However, they also introduce a useful and 


* For this purpose, one could equally well use the method of 
E. Feenberg, Phys. Rev. 74, 206 (1948). 
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Pj 
¢ 
important correlation. Namely, suppose that one factor j 
of our term, V4:/e,“"*”, is particularly large. The V. : 
of the previous factor, say Vim/e:“*”, will contain the 
term: 


| Vil ?/ex*”. 


Therefore this previous factor would contain the large 
factor in its denominator, leading to a tendency to 
cancel. On a quantitative basis, first think of all V’s as 
having the same order of magnitude. Then, since the 
other terms of the denominator e, will all be of order W 
or less, it is easy to see that we simply decrease the total 
unless 
| Vii! ers W, 

or 

| Vii/ex | <W/ £ (17) 
W is the breadth of the distribution P(£). 

We shall use the limitation (17) in our later com- 
putations. We note that it is meaningless if V is small; 
but the work of Sec. IV will show that small values of 
V are never important. In any case the results do not 
depend sensitively on the existence of this limitation. 

Actually, (17) is only the most important of an ex- 
tensive system of correlations, since similar con- 
siderations hold for any group of factors starting from 
atom & and ending at atom /, if there is a distinct 
return path to atom & from / which has a finite factor. 
The fact that isolated large factors are not important, 


oO 





O fe) 


Fic. 1. Diagrams corresponding to terms in the perturbation 
expansion of V.. (A) may be large and must be summed over; 
(B) is a legitimate term. 
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however, should apply even more strongly to groups of 
factors. We merely note that we will probably under- 
estimate the limiting density, even using (17). 

Our problem now is to study series of the form (16) 
in which the E’s, to a lesser extent the V,’s, and possibly 
the V;,’s are stochastic variables. We want primarily 
to find whether such series converge in some sense as 
s— 0; if so, we have found a self-consistent set of 
localized wave functions. If the convergence limit on s 
is finite it may still be possible to calculate some 
transport properties, but that can be reserved for later 
work, 

In the fourth section we discuss such series. The 
principle of this discussion is the following: since the 
terms T, of the series having a given length (number 
of denominators, say) Z, are themelves random vari- 
ables, we try to find a distribution function for their 
values. This distribution can be expressed as a number 
distribution. 


(Average number of terms of length Z between 
¢ and T,+d7T,)=n(T1)dT_. (18) 
(It is necessary to use a number rather than a proba- 
bility distribution because, when V extends to large r, 
the total number of terms of any length is infinite.) 
The techniques involved in getting such a distribution 
are closely related to the Markoff method of random 
walk theory, although we use, for convenience, the 
Laplace transform and the convolution theory for it. 
We are able to get n(T ) explicitly in two cases. In 
both cases we make the unimportant simplification 
that the distribution function P(Z) of the energies £; 
is flat: 
P(E)=1/W for —}W<E<3W, 
P(E£)=0 for |E|>4W, 


and we neglect the influence of V, on the frequency 
denominators except for the limitation (17). 

In the first case we assume that V; is finite only 
between “nearest neighbors,” of which there are some 
finite number Z; between these neighbors, it has a 
constant value V. Then the problem simplifies to finding 
the probability distribution of the product of denomi- 
nators P(IIp)dIIp 


(19) 


1 1 1 


pea + 


€; 2 3 e€L 


(20) 


Given P(IIp), we can use the idea of the “connectivity” 
from the percolation theory of Broadbent and Ham- 
mersley.!° The connectivity K for any given lattice 
with near-neighbor connections only is defined by 
exactly the relation we want: 


(N umber of nonrepeating paths of length L 


leading from any given atom)~K¥. (21) 


1S. R. Broadbent and J. M. Hammersley, Proc. Cambridge 
Phil. Soc. 53, 629 (1957). This work suggested some features of 
our approach to the present problem, 


1497 


K is generally of order Z—1 to Z—2. Then obviously 
n(T)dT= (K*/V"4)P(T/V*)dT. (22) 


A second case we are able to solve is that of the 
purely random lattice in which V falls off as some power 
of r. Unfortunately, we have to ignore the restriction of 
nonrepeating paths in this case, so that we rather badly 
overestimate the sum. On the other hand, this at least 
tells us whether or not large r’s are important since 
this restriction is not important for large jumps. Thus 
by this case we can show rigorously that V~1/r*** is 
the correct restriction on the range of V. 

In each case we come out with an n(T7) of the fol- 
lowing form: 


dT 
n(T)dT =(F(K,W/ VTL), (23) 


where L(T) is a slowly varying function relative to T. 
This form allows us to make use of the following result, 
which is implicit in (for instance) the theory of the 
Holtsmark distribution. The probability distribution 
of the sum of a collection of random terms of random 
sign such as (23) is the same as the distribution of the 
single largest term (a) for values greater than or of the 
order of the most probable or median value of the sum; 
and (b) if L(T) is increasing, or decreasing no more 
rapidly than 7-}. This is essentially the same as the 
theorem that the force on a dipole in an unpolarized 
gas, or on an electron in a discharge, comes primarily 
from the nearest neighbor. 

Since L(T) obeys this condition very well in both 
cases, at least for reasonable values of V/W, etc., we 
may immediately get the critical values of the parame- 
ters from (23). We know now that, if 


K" 
r= Dd (+T,) 


n=l 


(24) 


(where we use for clarity the case of a finite number of 
neighbors), then 


dz 
P(3)d5~F4(K,W/ V4). (25) 
First we find (W/V) to satisfy 
FMK,(W/V))L(1)=1. (26) 


If (W/V) has a value even very slightly greater than 
this, the most probable value of = will be small of order 
e~” and the probability of a value=1 will also be of 
order e~”. Now we consider L— ©: The number of 
2’s only increases as L, while with probability ~1—¢-“ 
their value is less than e~”. Therefore the series con- 
verges almost always if 


W/V>(W/V)o, (27) 


which is the desired criterion. In Sec. IV the critical 
values will be discussed numerically. A typical estimate 
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would be (W/V) o=26 for K=4.5 (about correct for 
the simple cubic lattice). 
With this result the theorem is established. 


III. PROBABILITY DISTRIBUTION OF THE 
FIRST TERM OF V,. 


Before Eq. (11) we related the transition rate to a 
certain quantity X(s), and showed that if X(s) remains 
finite as s— 0 no real transport takes place, in the first 
order of perturbation theory. Now X(s) is a sum over 
all possible single jumps: 


| Vox|? 
X(s)= >> ; 
kt +E? 





(28) 


The probability distribution of such a sum is best 
calculated by the Markoff method," as modified by 
Holtsmark.® In this method we find the Fourier trans- 
form of the probability distribution P(X) : 


f e'*X o(x)dx, 


“0 


“A ft-eo(oE2) 


The average is to be taken over the probability dis- 
tribution of E, P(E), and n is the density of sites. 

Let us write out the important integral in the 
exponent of (30): 


ws ” ixV?(r) 
=f P(E)dEAx f rar] 1—exp( )I (31) 
—7 0 F+s 


The behavior of P(X) for large X depends on the 
behavior of J for sufficiently small x. Let us first con- 
sider the case s=0. Now for small enough x, and a 
finite E (say of order W), the exponential expixV?/E? 
can be expanded in a power series in x, and the inte- 
gration over r done (so long as V is finite and falls off 
faster than r~') to obtain terms which go as 2! or higher 
powers for small x. Thus only the behavior for small £ 
is important, and we can neglect the variation of P(£), 
replacing it by a constant, 1/W. Then 


4r fp” “ ixV?(r) 
=f rar f az | 1—exp| |} 
Wo - FE 


4x @ © 
=f rirvin faut —exp(i/’) | (32) 


V 
=2(*) r ray: ”) 
1 W 


"1S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). I am 
indebted to L. R. Walker for suggesting the use of the Markoff 
method here. 


P(X)= (29) 


where 





o(x)=exp 
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The integration here depends on the more stringent 
condition V~1/r*+« for large r. The probability dis- 
tribution, which will be valid for large X at least, is 
familiar from line-broadening theory’: 


eal (sro) 3} os 


P(X)= 
) 





For large X, this falls off as X~!, as stated in Sec. II: 
while the mean of X is divergent, the probability that 
X is larger than some value Xo decreases as X¢~!. Thus, 
for any given starting atom n, the renormalization 
constant K may be large, but the probability that 7 is 
finite is exactly zero. 

We see that none of these conclusions are valid for 
the case V «r~* for large r. In this case a finite s must 
be retained. Again looking at the integral (31), let us 
substitute V(r)=A/r* for all r.% Then we do the 
integration over r first : 


4r fr” bed ixA? 
l=— P(E\dE d(r’)i1—e) 
+s (E) J | Te 


dr A a © P(E)dE 
~ ae es 


—2 








(34) 


We see that J indeed has a logarithmic singularity as 
s— 0. A simple case for which we can evaluate the 
integral (34) is the flat distribution (19) of width W 
for which 


W 4A W x\} 
—1=—-| si(—)|(=) | 
2 3 2s i 


ng leads to the probability distribution of the sum 
4v2nA W 
ya(;) 
3n'W! A2s 
8arnA Wy\7 71 
Xexp| -| sinh"(—) | (—) , (36) 
3W 2s X 


which was discussed in Sec. II. 


(35) 


P(X)= 








IV. DISTRIBUTIONS OF HIGH-ORDER TERMS 
IN THE PERTURBATION THEORY 


In order to simplify the later manipulations, and to 
make closer contact with the Watson theory, it will be 
useful to expand some of the formalism of the problem. 

Equation (4) presents our basic equations of motion: 


io, 


1 
j = V ik ° 
fi(s)= “an zg Yeon, fx(s) 


12H. Margenau, Phys. Rev. 48, 755 (1935). 

13 We make this substitution since there exists some ro beyond 
which V—(A/r’)—0. We point out that fi" leads to terms in J 
of identical form with those we have already found, and thus 
independent of s. 
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Let us consider simultaneously all possible initial 
starting atoms 0. The /(s)’s which result will form a 
matrix fim, of which our f’s are the particular row fio. 
It is simple to introduce as the “Green’s function” the 
matrix 





(j|W|k)= —ifix(s), (37) 
which satisfies the equation 
55x 1 
(j|W\k)= +2 ——Vyll|W[k); (38) 
is— E; t is—E; 
or, if one introduces the matrix 
(jla|k)=d(is— EB), 
then W satisfies 
ee 
W=-+-VW. (39) 
aa 
The Mller wave matrix is defined also, as 
Q= Wa, (40) 
and satisfies the equation 
1 
Q=14+-V2. (41) 


a 


The general philosophy of the multiple-scattering 
theory is to try to separate and identify, in these 
matrices 2 or W, effects which are ‘‘coherent” in the 
sense that they involve perturbations in which, finally, 
the system returns coherently to the initial state, from 
effects which involve real (as opposed to virtual) 
transitions to other states. Another way to put it is 
that this is an attempt to define a new set of states, 
once the perturbation V is applied, which correspond 
in some sense to the unperturbed states, and thus to 
have left over only the effects of whatever real transi- 
tions may occur. In principle this is exactly what we 
are attempting in this paper. 

The coherent effects are mainly included in a di- 
agonal coherent wave matrix Q,, and the rest of the 
problem is contained in the “model operator” F: 


Q= FQ, (42) 
where we want F to satisfy an equation like 
1 
F=i+——PYF, (43) 
a—V, 


where P is an operator which prevents in some way the 
repetition of indices in the perturbation series for F, 
while V, is a correction which must therefore be made 
to the energy a. 

It is perhaps simplest just to go ahead and show 
what must be done. The solution of Eq. (41) may be 
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written out as a perturbation series by direct iteration: 


1 1 1 
(j|2| k) =8je+-—Vjet+ 2 —Vir—Vu 
a; ‘a YQ 


1 1 1 
+E —Vir—Vim—Vne tes. (44) 


ima; Qt Om 


A very direct way to eliminate repeated indices is 
as follows: take any given term of (44) and, starting 
from the right, look through until we find the first 
repetition of the index k. Between these two repetitions 


comes a factor: 
ein Ss 
(—Va— **Vink J. 
ak a; 


Next we continue to look from right to left and find 
another similar factor, etc., until we find all such factors 
and no more & indices occur. Now everything which 
remains to the left will also appear multiplied by the 
factors we have found in all other possible combinations 
and repetitions, and in fact by all possible such factors 
in all such combinations. Summing all such factors, we 
get for that series which comes to the right of the last 
repetition of index k: 


1 1 . 1 1 
[1+—Vut (—vu) feo 2 —Var—V a 


a ay Lak a 


1 1 . 
+12 —Vi-Vut) 7 ** | 


l ay ai 
1 1 1 % 
-[1- (Vat 2, Var Vat: ‘)| 
ay lt a a 
== (0,) (45) 
=——_—-=—= (0), 5 
a~— V.(R) ee 


where V.(k) is defined as in (13). The corresponding 
term of 2 is then in the form 


ae 1 
—Vjr—V im ¢ -—Vax(Q.)e. 


a; a an 


We now begin the same process as in (45), looking 
for repetitions of the index m which appear next. We 
collect together all such terms, and finally find that we 
can replace a, by a,—V.*(m), where 


1 
V¥(n)=Vant p 2s Vur—Vin 
l#k,n ai 
1 1 
+ z Var—Vim—V mn° he 


l,m#k,n ai am 


(46) 


This process may be repeated until we come to the end 
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of the given term. Thus we have successfully expanded 
Q as 


Q= FN, 
2.=a/e, 
1 Te 
Fj4k=—Viet+ > —Vir—Viun (47) 
ej #ki ej; = ey 
1 1 1 
+— a Vy—- > Vij —Veat peas 
Cj lém,k,i ey m*¥i,k Cm 


The final step is obvious: in each of the V,’s in (45) 
itself we eliminate repeated indices in an exactly similar 
manner, obtaining expressions like (16) for V.." 

Now the usefulness of such expressions in the usual 
multiple-scattering theory comes only from the fact 
that the limitations on the sums are unimportant, since 


there are an infinite number of V ;,’s starting from any | 
j, each being small. In our case we have a different: 


kind of fortunate circumstance which allows us to get 
around this problem; namely, all of the quantities of 
the theory are stochastic variables, so that all we really 
wish to know is the distribution function of the e,’s, 
which except for the restriction (17) is practically that 
of the £,’s unless V, is quite large. Even if V. were 
large, one might study it as a stochastic variable. 

We now have the problem of calculating probability 
distributions for products such as the terms of (47). 
Because the only question is that of convergence we 
are interested only in the terms of very high order, that 
is, those of order L with L>1. We call such a term T: 


1 1 1 
Tj” = —Var— Vim—"*° 
ej €1 €m 


Vink 


=exp{[InVjtInVin+---(L terms) ] 


—[Ine;+lne,+---(Z terms) ]}. (48) 


In Sec. II we presented the two cases in which it has 
been possible to calculate explicitly the number dis- 
tribution of T. We take up the simplest first: the case 
in which V is a constant, so that the only stochastic 
element in (48) is the denominators. In this case 


L 1 
T=V" JI —. 


l=] ei 


(49) 


To find the convergence limits, we go to s=0 im- 
mediately. Then clearly T has random sign, which 
must be taken into account later in summing the 7’s. 

As we discussed before, V, is important only in that 
it causes a certain restriction (17) on the magnitude of 
the separate factors of the product; otherwise we shall 

“JT am indebted to P. A. Wolff for many helpful discussions on 


the above, and in particular for pointing out that (43) is true only 
in the sense of the perturbation series. 
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make the approximation of neglecting it altogether as 
an unimportant correction to the stochastic variable 
E;. Since we are for simplicity confining ourselves to 
the flat distribution P(E)=1/W of Eq. (19), we can 
express (17) semiquantitatively. The smallest denomi- 
nator e; which will not seriously affect the probability 
distribution of subsequent factors we define to be 4/2. 
The quantity 4/2 satisfies the criterion that the con- 
tribution to V, from it must be less than the maximum 
possible £;: 
V*/(3A) <3W, 

or 


A>4V2/W. (50) 


Our approximation is simply to take this as a lower 
limit on e and modify (19) to 


1 
P(e;))s=——,_ 4A<|e;| <3 W; 
. a saan (51) 


P(e;)=0, |e;|<}4 or |e;|>3W. 


We shall find that the use of (51) changes our con- 
vergence limits by less than a factor of 2, in spite of its 
apparent importance in eliminating singular factors; 
this is our justification for the crude approximation. 
We now take up the question of the probability 
distribution of 7. Let us define the variable S as 


[2 1] 
ae 


i=! €; 


=e5/(1W). (52) 








The range of S starts from zero, so that we can apply a 
Laplace transformation to its probability distribution: 


F,(p)= f e-PSP(S)dS 


L 
= ( II exp{ pLine;—In(4W) }} ). (53) 


j=l 


Since all the e,’s are independent variables, the 
average in (53) is just the product of the separate 
averages. Thus 


1-(A/W)*! W 
p+1 W-A 


For regions of S in which we may neglect A, this is very 
easily inverted: 
AO: Fr(p)~1/(p+1)4, P(S)=eSS*/T(L). (55) 


Since 





Fu(e)=| (p>—1). (54) 


T=V4/(3W)"e', 


to our order of approximation we have 


2eV\ “fInT 2V\ dT 
pcrT=(—) |---mn(—) ae 
WILL w/) fT 


which shows that it is of the form (23). 


(56) 
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It is interesting to note that while (55) is a rea- 
sonably narrow distribution, satisfactorily obeying the 
central limit theorem, the fact that the quantity of 
interest is exponential in S transfers our attention to 
what, in (55), appears to be the extreme tail of the 
distribution. This is a characteristic of this problem. 
On the other hand, our task is simplified, in that nothing 
smaller than factors exponential in L affects our results. 

Without neglecting A, we can get the full distribution 
with sufficient accuracy from (54) by applying the 
inversion formula for the Laplace transform, 

1 re 4 
P(S)=— | Fulp)ersdp, 


TI _ io 


(57) 


and using the method of steepest descents. Writing 
out (57) in appropriate form for this method, we obtain 


P(S 4% S— Lh} 1 1 
(S)=—f  exp{ps—afin(p+9 


1m 


A A\'+ 
+in(1-—) tol 1- (_) | . 
W W 
First notice that as p becomes large and positive, the 
exponent will approach + unless S<0. If S<0, we 
can find a path via p— + and P(S)=0, as it should 
be. Similarly, as p—> —, the S term dominates if 
S>LIn(W/A),so that, correctly, P(S>Z In(W/A))=0. 
Within these limits, there is a saddle point for finite p 
which may be found by differentiating the exponent. 
At the point 1+p=0, the exponent changes char- 
acter, from not depending on A/W above this point to 
depending primarily on it below. It is instructive to 
expand the exponent about this point: 


(58) 


A 
-1{in(1+p)+in(1-—) 


“-G)"Toeo(-8) 


W 1+p/ Wr? 
-tn|n—-—*(n—) +] (59) 
A 2 A 


As we see, this point is actually not a singularity. 
Taking derivatives, we find that the condition that the 
saddle be here is: 


S| p,=-1=3L In(W/d), 
and that at this point 


W In(W/A) \ 4 
(iz 1n—)es(- ) ; 
A 1—-A/W 
As S gets appreciably larger than this value, Fz (p) 
and the exponent again become simple when we can 


(60) 


vi) 


- 
2 





nI- 


> 
biz blz 











Fic. 2. The function y of Eq. (64), giving the slowly varying 
part of P(S). 


neglect 1 relative to (A/W)?*!. Here it becomes neces- 
sary to continue the logarithms in (58) to negative 
values of their arguments, but this can be done by 
referring to (54) and noticing that we must change the 
sign of 1+ and — (A/W)?* simultaneously. Then the 
saddle-point condition is 
A 
+L |In—=0, 
1+ po W 


and the probability of such values of S is 


W S\t A\! 
rismers(w—S)" (1-2) 
i AL W 


The results (56), (60), and (62) may be summarized 
in the following way: 


S- (61) 


(63) 


L 
) -[y(S/L)}, 


ris)=( 
1—A/W 


where ¥' is a slowly varying function which may be 
estimated in each of the three regions: 


I: 3LIn(W/A)>S>0, y(S/L)~S/L; 
II: S$ In(W/A), ¥(S/L)~In(W/A)/e; 
III: LIn(W/A)>S>4L In(W/A), 
¥(S/L)=In(W/A)— (S/L). 
The function y is easily plotted approximately from 


these results and is shown in Fig. 2. For the probability 
distribution of 7, we obtain 


dT /2eV\* 
p(rat=—(—) 
r\w 


InT 2 A\# 
xv ——tn—] jf (1-—) . (65) 
iF W 


Except for the most remote parts of region III, (65) is 
of the form (23) and satisfies our condition. 

We have not explored very carefully the corrections 
to the saddle-point method, both because we need only 


(64) 
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terms of the order e“, and because the results are clearly 
in accordance with expectations. 

Before studying (65) numerically, let us go on to 
the second case which can be solved; namely, 


V=V)/r*. (66) 


We find a solution only in the limited sense that various 
crude approximations are made for small r; what we 
try to do is to assure ourselves that the region of large 
r and small V is not important, in spite of the extra 
mathematical difficulties to which it leads. 

These “crude approximations” are threefold: (a) We 
ignore the fact that a path leading to an atom from its 
nearest neighbor must leave it via a further neighbor— 
ie., in each factor we allow V to be randomly dis- 
tributed, ignoring the favorable correlations caused 
by the restriction to nonrepeating paths. (b) We ignore 
(17) and thus can use (55) and (56) as the distribution 
function of the denominators, again overestimating the 
effects of large V’s without disturbing the small V 
region. (c) We limit |V| simply by introducing a 
minimum radius a; the maximum V is then 


V <Vin= Vo/a**. (67) 
Now we study the distribution of terms of the form 


L L 
T=IIV;/ Il¢. (68) 


j=l i=l 
The distribution of the V’s may be approximated by 
using a perfectly random distribution of neighbor 
distances : 
n(r)dr=4rpr'dr, 


where p is the density of sites. From this and (67) the 
distribution of V is immediately 


4p dV 
n(V)dV =—_V/¥—_, V<V a 
3N 


V 14+1/N 


(69) 
=0, V>Vn. 


The numerator in (68) may take on values from V,.“ 
to zero; the inverse of the denominator, from » to a 
certain minimum. Again the mathematics is more 
familiar if we study the logarithm, which is a variable 
extending from — © to ©. Thus it is necessary to use 
now the bilateral Laplace transform. This causes no 
difficulty in (53), (55), and (56) since S>0 anyhow; 
we simply reinterpret these as the corresponding 
bilateral formulas. 

The logarithmic variable 2, corresponding to S, we 
define by 


L 
II V;= Vat, 


j=l 


(70) 

and the quantities (68) whose distribution we want are 
VF 

~ (W/2) 


eStz. 





(71) 
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Thus, once we have the distribution of 2, we can find 
the distribution of S+ 2 by convolution of the bilateral 
Laplace transforms, and thence find that of 7. 

The required Laplace transform is 


(fp) -f P(2)e-?*dz 


1(V/Vm)—?d(V/Vm) | 
(V/Vin)-?d(V/ | ay 
(V/V) HN 





|= 
| 3N 








1 L 
, p<-t/N. (73 
eL(p)= (=) {- al p /N. (73) 


Here we have defined 
(74) 


The transform of the denominators, F,(p), was 
convergent for p>—1 [Eq. (55) ]. Thus for N>1, or 
forces falling off more rapidly than 1/r’, the two trans- 
forms have a common strip of convergence. This is the 
criterion on range we already expected from Sec. III. 
Now let 


fars'=1/p. 


X=S+42, 
Jf nenaxe 1.19) (75) 
Also, by the convolution theorem, 
¥u(p)=exr(p)Fi(p), —1<p<—1/N 
(76) 








a \l 1 L 
-(—) freee 


The inversion of this is simple if we apply the shifting 
operator to , bringing the origin to the center of the 
convergence strip: 


wlo)= f exp(— p’X)n’(X)dX, (77) 


n!(X)=n(X)ebXAHy), 
Then 








a 1 I 
a 
Wn Sep 1(1—1/N)*—p” 


The standard inversion formula now gives us 
1 fi = dp’ exp(p’X) ey 
n' (X)=— [ . (78) 
Qmid_ ie [4(1—1/N)?— p?}4A Nrs? 


This integral can be expressed in terms of the Bessel 
function Ky; (which is actually a polynomial in 
elementary functions) by Basset’s formula,'® which in 








18 G. N. Watson, Bessel Functions (Cambridge University Press, 
Cambridge, 1944), p. 172. 
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turn can be expanded by the well-known asymptotic 
expansion for large order.'® The result, for our purposes, 
could be foreseen by realizing that in (78) practically 
all the contribution will come from p’=0. Using (77), 
and neglecting unimportant constant factors, it is 


4a L 
nx)=|- paw ace —| exp[—3(14+1/N)X]. (79 
Nrg(1—1/N)? pL 3 + (79) 


Now we get the number distribution of the terms 7, 
using (71): 


dT 4a? Lt 2V,, ea) 
n(T)dT =—— {-. - —.| =] . (80) 
THN Nrgt(1—1/N)? W 


Again we find a distribution of the form (23), satisfying 
very well the condition that the distribution of large 
values be that of the largest term. 

Now the only remaining task to complete the dis- 
cussion is to study the criterion for localization nu- 
merically, using (23) and (26). First we shall deal very 
briefly with the unrealistic second case. Upon using 
(80), Eq. (26) becomes 


4q3 L 2h. §L(1+1/N) 
esctoml ST 
Nr3§(1—1/N)? W 


It is interesting to put this in the following form: 


Vo 


| 2 P; 3N/(N+1) 2° 
Ni—1/N} 


The 3Nth root of the denominator on the left can be 
thought of as an effective radius of interaction; namely, 
contributions from much greater distances are certainly 
of no importance. Except when N is very close to unity 
this radius is smaller than the mean nearest-neighbor 
distance (~0.8r,) and strongly dependent upon a. 
This tells us two things: first, that the infinite range of 
the potential is, unless V~1, of no importance, and the 
important interactions are with close neighbors; and 
second, that this particular calculation, which did not 
take into account the important correlations of near 
neighbors introduced by the restriction to nonrepeating 
paths, is of no direct value. 

An order-of-magnitude guess at the correct answer 
to this problem might be gotten by inserting something 
like r, for a in (81); this eliminates the false effect of 
single, very close neighbors, which by the restriction 
to nonrepeating paths should make no contribution. 
We see then that r.:~r,, or approximately the mean 
nearest-neighbor distance. The resulting V/W is rather 
surprisingly large and tends to explain Feher’s result 
that even when a considerable fraction of the atoms 


(81) 


16 J. W. Nicholson, Phil. Mag. 20, 938 (1910). 
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have a close neighbor for which V>W, there is still 
little or no spin diffusion. 

These difficulties with correlations confine our 
quantitative work to the one case in which this problem 
is solved for us, at least in principle, by Hammersley’s 
work: The regular lattice with a finite number Z of 
equal interactions. 

Here we apply very directly the discussion of Eqs. 
(22)-(26) : that is, we find the probability distribution 
of the sum of K“ terms from that of the largest term, 
and thence find a critical (W/V) » below which all the 
higher terms are exponentially small with exponentially 
large probability. The criterion for applicability of the 
basic theorem in the case of the present distribution 
(65) turns out to be 


2V InT 
In——-—< 1, 
A L 


(82) 


which we can show to be true at the critical V/W in 
all cases. 

Equation (26) for the critical W/V is, when one uses 
(65) and takes the Lth root, 


2eK 
i=—— (V/W)a4{—In[2(V/W).]}. (83) 


1—(4/W). 


Since we are really quite uncertain as to exactly how 
to take the correlations into account, we shall solve 
(83) first in the case of no correlation, which gives us 
an upper limit on (W/V)o, as well as in the case of a 
finite A given by (50). 

I. Upper limit.—Here we assume that A=0 and that 
y for region I is always correct, so that 


eK In(W/2V)ua.=(W/2V)u.1.. 


A rough solution by iteration is clearly (W/2V)u.1. 
= eK |In(eK). More accurate solutions can be obtained 
by plotting (84) and are given in Fig. 3. The values are 
rather large; for instance, at K=4.5, approximately 
correct for the simple cubic lattice, (W/2V)u4.=45. 
The rather large effect of increasing connectivity is 
interesting. 

II. Lower limit—Next let us do the calculation 
taking into account the approximate lower limit (50). 
It turns out that in this case the T of interest is in 
region IT. In fact, with the definition (50), 


—In(2V/W)-=} In(W/A), 


(84) 


so that S is exactly correct for region II. This leads to 


2K In(W/2V). 
= (W/2V).. 
1—(4V2/W?), 


(85) 


Except for the correction in the denominator, which is 
negligible for all but the smallest values of K, this is 
the same equation as before with 2 replacing e. Its 
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Fic. 3. Numerical estimates for the critical W/2V, the ratio of 
line width to interaction, for transport, plotted against con- 
nectivity K. The upper curve is a quasi-exact upper limit; the 
lower one is our best estimate. 


solution is the lower curve of Fig. 3. It is very unlikely 
that (85) is accurate for K™1, so no plot has been made 
in this region. This concludes our estimates of the 
critical ratio for transport. 


V. MEANING OF CONVERGENCE OF THE 
PERTURBATION THEORY 


The results of Secs. III and IV may be stated simply 
as follows: 

(1) The first few terms of perturbation theory are 
convergent in the sense that Im(V,) is finite with 
probability unity, at any particular randomly chosen 
point on the energy axis. 

(2) The terms of order Z or higher are, at any par- 
ticular random point on the energy axis, smaller than 
e~ with probability 1—e~*“, under the appropriate 
conditions. 

We discuss here the question of what this tells us 
about the actual perturbed energy states. Our con- 
clusion is that we can show that a typical perturbed 
state is localized with unity probability; but that we 
cannot prove that it is possible to assign localized 
perturbed states a one-to-one correspondence with 
localized unperturbed states in any obvious way, so 
that perhaps with very small probability a few states 
may not be localized in any clear sense." 

Equation (37) introduces the “Green’s function” 


(j|W(s)|k)=—ifj(s). Let us define 


s=o+iE. (86) 


According to the meaning of fjx(s), we can find the 


17 Our criterion for nontransport is the same as that of L. Van 
Hove [Physica 23, 441 (1957); see especially Sec. 4] translated 
into probability language. Van Hove’s resolvent R; is our Green’s 
function and his G; our V-. 
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final amplitudes on the various atoms by the pre- 
scription : 
limio(j|W|k)=d;.(£), (87) 
o—0 
where @;,(Z) is the amplitude at energy E and on atom 
j of the wave function which initially was unity on 
atom k. The total amplitude on atom j is the sum of 
squares of (87) over all energies E which are exact 
eigenenergies of the problem. Finally, W obeys the 
usual definition of the Green’s function: 


1 1 
Ww =- lene, (88) 
is—H,—V iot+E—H 
[This is just (39). ] 
The scheme of the multiple-scattering method is to 
replace V in (88) by a number V,, which can, of course, 
only be done in the diagonal elements: 


1 





(89) 





(j|W| j)=—— os 
io+E—E;—V3(iot+E) 


Then the general elements of W are obtained by using 
the model operator F of (42) and (47): 

(j|W|k)= (g| F|R) (| WR). (90) 
It is important that in the expansion (47) of F the 
particular denominator occurring in (89) never appears. 
Let us start by thinking of a large but finite system, 
so that we know the energy levels are not a continuum. 


Then the exact energies of the problem are clearly the 
poles of W, which occur at 


E-E;—V,_(E£)=0. (91) 


This is just the expression one gets in Brillouin-Wigner 
perturbation theory. At such an energy, the amplitude 
at {— © is given by 


io 





(92) 


d;;(E)=lim ’ 
9 ig —i Im[V. (io+ E) | 
so that if Im V, converges and this convergence remains 
as N — o, this is finite, not zero as in usual transport 
theory. 

Thus our proof that, at an arbitrarily chosen point 
E, ImV,, or any of the quantities of the theory, 
converge, and (as we could also show) (j|F|&) falls 
off rapidly with distance, would be complete if (91) 
furnished us with only one solution per £;, and if this 
solution were displaced by a finite and indeterminate 
amount from the poles of V. or F. Unfortunately, this 
is only true of some of the solutions of (91), those 
which correspond to nearby localized functions; but 
because (91) is a Brillouin-Wigner result it also con- 
tains all the other eigenstates as well. We have to show, 
of those distant from atom j, that their energies are 
nol random relative to the poles of (V.‘”), but instead 
are specially related to V, so that dj; and dj, are 
decreasing functions of distance. 
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Why this is so is just as apparent from the simplest 
second-order theory as from the whole sum. Let us 
write (91) to second order: 


Clearly this has a solution Zo(j) near E; at which the 
sum takes on the value 


| V ix!" 
Ye 
—_ 


“? 
kt E;—E;, 


approximately. There is no close relation between 
Eo(j) and any of the poles of V, to this order. But even 
for very small V;,’s it also has a solution E(k) near 
Ey, given by 
(V jx)? 
E(k) — E.=——— = (6E) x. 
E,—E 


Lk Lj 


(93) 


This solution is closer to Ey, the weaker the coupling 
with 7. 
Let us now compute 4;;(Z) at this energy, from (92). 
It is 
1 
G;;(Eo(k))=lim | 1-- In| - 


0 


(V jx)? 


1 
ier | 


V it , 
KI, 


=—-— (94) 
(Vix)?+ (Ej— Ex)? 


In a similar way, one can show that 


(j| F/R) (E;— Ex)/| Viel, 
so that 
lim Gjx(Eo(k)) =0 


Vir 


also. 
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In the finite random lattice with all orders of per- 
turbations the same considerations obviously hold; 
now, however, EZ, is a perturbed energy, and Vj. 
includes virtual effects. In principle all the same 
considerations apply, since except for the exact localized 
state E, of (93) we have proved that all contributions 
to V’s and F’s fall off with distance sufficiently fast. 
Taking the limit V— © cannot change the above 
arguments for most states. However, because one of 
the distant wave functions may pop up at any point 
on the energy axis, it is not easy to see a way to assign 
a one-to-one correspondence of sites 7 and perturbed 
energies. This seems hardly necessary for a qualitative 
understanding of what is happening, however. 

The difficulty lies in the fact that V, is not really a 
continuous function in any sense. What can be done 
is to eliminate distant neighbors beyond a certain 
radius R. Then we find an appropriate perturbed 
energy £,’(R). The contribution to V., 6V.(R), from 
beyond R is a probability variable which can be made 
to have as narrow a distribution as desired, but at all 
R may be large at a few E. Thus it is probable, but not 
certain, that a state localized around j has an energy 
within a predetermined 6V,.(R) of E;’/(R). However, 
as we increase the size of the system we can never find 
an R beyond which £,’(R) is always as close as we like 
to the correct value. The fault lies in the Brillouin- 
Wigner technique, and is similar to problems as yet 
unsolved in other theories using this technique. 
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Persistent internal polarization is shown to result from the accumulation of trapped charge near the sur- 
face layers of a photoconductor. At equilibrium it is predominantly of a bulk nature, rather than being 
localized in individual grains. The charge layers are found to be restricted to narrow regions from 5 to 10 
microns from each surface. This distance is almost independent of sample thickness and polarizing voltage. 
While the external field is still applied, the equilibrium state of polarization is such that between the layers 
the field approaches zero. This is concluded from the fact that the buildup and release of polarization proceed 
at the same rate when equal exciting intensities are used. 





I. INTRODUCTION 


HIS paper deals with the electric field distribution 

in a photoconductor when polarization by charge 

displacements occurs. The distribution is determined 

from changes which occur in the persistent polarization! 
under various polarizing conditions. 

Most photoconductive investigations attempt to 
avoid the creation of large polarization fields, and the 
majority of calculations are made under the assumption 
that dE/dx across the photoconductor is practically 
zero. Here, dE/dx is by no means zero and its distribu- 
tion is investigated directly. Such a polarization will 
always occur, for instance, when the conductivity of a 
surface layer is different (larger or smaller) from that 
of the bulk of the material. This difference of con- 
ductivity may be intrinsic or may be due to contact 
potentials. Even a difference of 1:2 is sufficient to 
produce considerable polarization, which will persist 
when sufficient traps or lattice disturbances are avail- 
able to store the charge accumulated near one electrode. 
Thus the essential conditions for the creation of per- 
sistent polarization are (1) a surface layer, usually of 
smaller conductivity than the bulk material, and (2) a 
sufficient number of traps. 


II. POLARIZATION MODELS 


If it is assumed that the polarization in the powder 
sample is due to discrete charge layers situated at dis- 
tances d, and d; from the two electrodes (Fig. 1) then 
the polarization charge (oo), at electrode B is 


«Vo d2 
(o)e="—( ), (1) 
4irdy d,+d; 


which is the previous formula [see Eq. (5), Paper I] 
except that d; is not assumed equal to d; and a field 
factor y is included which is defined by E:= (1—7) Eo. 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

¢ This paper will form part of a thesis submitted (by J. R. F.) 
in partial fulfillment of the requirements for the degree of doctor 
of philosophy. 

1H. Kallmann and B. Rosenberg, Phys. Rev. 97, 1596 (1955), 
referred to as Paper I throughout. 


Eo is the external field in the absence of any space 
charge (Eo=Vo/do) and Ez is the actual internal field 
between the layers while Ep is still applied. Previously 

e had assumed that y=1, which means that the 
polarization field exactly cancels the external field. It 
will be shown in Sec. IV that this assumption is a good 
approximation for equilibrium polarizations. The only 
significant simplification remaining in our formulation 
is the replacement of a charge layer of finite thickness 
by one of infinitesimal thickness placed at the position 
where the internal field changes its sign for a grounded 
out sample. 

Another polarization model recognizes the fact that 
the sample is composed of many grains and that the 
separation’ of charge may be restricted to individual 
regions in the interior. If each grain is visualized as a 
small disk of thickness d,, and if the above described 
model is applied to each grain, the expression for total 
sample polarization is (assuming » grains) 


Vo dog ; 
(oo)a= (- -), (2) 
4nd, digtds,y 


where the subscript g refers to single grain quantities, 
and the sample thickness do is now nd,. Thus similar 
formulas for bulk polarization (1) and grain polariza- 
tion (2) are obtained, but there is a fundamental dif- 
ference in their do dependence. In (1), because of the 
size of the polarization observed, d2/do is practically 
independent of sample thickness for d.>>d, and d3, and 
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Fic. 1. The double charge layer model of polarization. Fi’, 
Es’, and E;’ refer to the internal fields upon removal of the 
polarizing field and grounding out of sample. 
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ELECTRIC FIELD DISTRIBUTION 


therefore the polarization should depend only upon the 
thickness of (d;+d;). In (2), d2,/d, is likewise insensi- 
tive to a change in do, but the factor m means that the 
polarization should vary much more strongly with in- 
creasing thickness of sample when V» is kept constant. 
This is quite evident on physical grounds. The field 
strength decreases with increasing do and hence so does 
the polarization. In order to determine whether formula 
(1) or (2) is the correct description, the thickness 
dependence of internal persistent polarization has been 
measured. 


III. EXPERIMENTAL PROCEDURE 


The persistent polarization was measured in detail 
with phosphor K as a typical photoconductor.? Equi- 
librium values of polarization were obtained by using 
the radiation discharge method of Paper I with the 
improvement that the discharge was performed into a 
large condenser in order to minimize the buildup of 
back voltages. The size of the condenser was chosen so 
that the ultimate released voltage was between 1 and 
2 volts. Still smaller voltages decrease the accuracy of 
the method because of photovoltages created across the 
sample which are of the order of a tenth of a volt. The 
main difficulty which remained was to obtain repro- 
ducibility in two respects; (1) for one and the same 
sample the polarization must be the same under 
equivalent conditions regardless of previous sample 
treatment, and (2) different samples of the same thick- 
ness must yield the same polarization. Although rather 
good reproducibility is obtained with normal sample 
preparation methods, a better method has been de- 
veloped which completely excludes moisture effects, 
guarantees better powder-to-electrode contact, and in- 
creases the magnitude of the polarization effect.* In 
any one sample, the reproducibility is now approxi- 
mately 1% while between comparable samples, the 
reproducibility is better than 5%. 

Table I gives the measured polarization of four K 
samples differing in thickness but in each case polarized 
with 200 volts to equilibrium. It is seen from this table 
that although the sample thickness varied by a factor 
of 4, the polarization did not vary by more than 12%. 
Of course, one does not know how (d;+d3) or (di,+d3,) 
change with do. But if there is any change, it can only 
increase with increasing do since the field strengths 
decrease. Since the decrease of polarization with in- 


TaBLeE I. Polarization* as a function of sample thickness. 








eo (coul/cm?) 


1.37X 10-8 
1.15X 10-8 
1.18 10-8 
1.20X 10-8 


Thickness (mm) 


0.16 
0.31 
0.49 
0.65 


K powder sample 


F-105 
F-106 
F-102 
F-103 











® Vo =200 volts, visible excitation; radiation discharge after 1-min decay. 


2H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 

3 For details, refer to Progress Report No. 5 on “Persistent In- 
ternal Polarization,’’ New York University in contract with U. S. 
Air Force, January, 1956. 
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creasing do is very small, formula (2) grain polarization 
is ruled out. This result further shows that (d,+d3) 
depends only slightly upon dp. From this it is clear that 
formula (1), bulk polarization, is the valid relation. It 
must be emphasized that these results have been found 
to be generally true not only in K samples but in a 
large number of other similar phosphors. The persistent 
polarization is, to a large extent, independent of sample 
thickness and is thus bulk polarization in the equi- 
librium case. 

The factor y is still undetermined. However, for any 
sample consisting of a high resistance layer near the 
surface, must decrease with increasing thickness dp if 
it is not close to 1. In Table I there is practically no de- 
pendence of polarization on thickness and therefore one 
may conclude that y~1. 

Further, the results apparently mean that the re- 
sistance between grains is less important than that 
occurring near the powder surface; i.e., charge can be 
readily moved across these internal boundaries to the 
surface boundaries. Of course this is only true if the 
polarization is carried out until equilibrium conditions 
are reached. For shorter polarizing times, differences 
exist between samples of different thickness. 

As a further check, another type of sample was in- 
vestigated. Whereas the samples described above were 
prepared with very little Duco cement as binder, other 
samples were tested which contained in addition various 
waxes as binders.‘ For these samples, a decrease in 
equilibrium polarization was observed with increasing 
thickness, but the decrease was weaker than one pro- 
portional to do. This means that in these waxed samples, 
which displayed polarizations greater than 10~7 coul/ 
cm?, the contact resistance between grains becomes a 
more important factor. However, a considerable amount 
of charge must still have been shifted to the surface 
layers as evidenced by the weak do dependence. 

In Paper I experiments were described using a split- 
sample technique whereby the polarization distribution 
could be measured in each half after the sample had 
been polarized as a single unit. It was found that each 
half carried the proper sign of charge at its interface, 
implying local or grain polarization. In view of the 
present findings, these results may also be interpreted 
in terms of a high resistance separation layer in the 
split sample perhaps of the same order as the layers 
near the electrode contacts. Such a separation layer 
would impede the transfer of charge much more than 
that between grains, so that each half acted as a sepa- 
rate sample. 


IV. EVALUATION OF y 


An entirely different approach can be used to show 
that y is indeed of order one. If a sample is polarized 
under strong illumination, the initial buildup of 
polarization is determined by the intensity of excitation 
and the strength of the applied external field. Similarly 


4 These experiments were performed by Mr. A. Segal of this 
Laboratory and will be described elsewhere. 
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Fic. 2. The buildup and release of polarization in powder K as 
a function of polarizing and release time, respectively. The in- 
tensity of visible light in both cases is approximately 10 watts/cm?. 


(Note: The release curve is given in terms of the voltage de- 
veloped across the standard condenser.) 


the release of polarization from equilibrium conditions 
(excluding that due to spontaneous dark decay) de- 
pends upon the excitation intensity and the internal or 
polarization field strength. By finding that external field 
which produces the same rate of polarization buildup 
as the discharge of a given polarization, using equivalent 
excitation in both cases, one can determine qualitatively 
the strength of the polarization field. 

Figure 2 presents in curve (a) the observed buildup 
of polarization in a K sample when one uses a 200-volt 
polarizing field. Curve (b) gives the discharge of the 
equilibrium polarization using the same intensity of 
excitation. The almost uniform displacement of curve 
(a) below that of (b) can be accounted for by the 
spontaneous decay which occurs in the 1 or 2 seconds 
required to remove the external field and make a 
measurement. That is, curve (a) is derived point by 
point, whereas (b) is a standard radiation discharge 
measurement. When one takes this fact into account, 
Fig. 2 shows that the internal polarization field is 
approximately equal to the external field which pro- 
duces this same polarization. Hence y~1. Beyond this 
result, the curves show that the decay of the polariza- 
tion field is closely parallel to the decay of the polarizing 
field. In the buildup a displacement of charge occurs 
under the influence of the external field until the net 
field between opposite signs of charge approaches a 
small value. In the discharge a similar displacement 
takes place under the influence of the internal field until 
this vanishes. Similar conclusions have been drawn from 
ac impedance measurements of such samples under 
excitation®: The polarization field which persists after 
removal of the external field approaches the initial 
field in magnitude. 

V. DISCUSSION 

Using an external voltage of 200 volts and a polariza- 
tion charge of 1.3X10-* coul/cm’, one obtains from 
Eq. (1) a value of (d;+d3) equal to 12 microns. This 
distance is not only independent of sample thickness 
but also of applied voltage since the polarization is 

5 Kallmann, Kramer, and Mark, Phys. Rev. 109, 721 (1958). 
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proportional to the polarizing voltage over a wide 
range. Thus 1.3X10-* coulomb or 10" charge carriers 
must be distributed over a distance of about 6X10~ 
cm if d; and d; are assumed equal. Since it has previ- 
ously been shown that the traps in this powder are 
filled to saturation throughout the whole sample, the 
polarization layer close to the positive electrode must 
consist of a layer several microns thick where all traps 
are filled but a large portion of the positive charges 
have disappeared because of an increased recombina- 
tion rate with electrons during the polarizing process. 
At the other electrode, the picture is reversed and 
probably all the electrons are removed from traps and 
only the positive charge remains. 

In a waxed sample, the density of polarization is still 
higher but the thickness of the respective layers is of 
the same order of magnitude as in unwaxed samples. 
Thus the number of positive charges is even more de- 
pleted and the limiting of polarization probably occurs 
when all these charges have disappeared from the 
neighborhood of the positive electrode. Such a descrip- 
tion is in qualitative agreement with the number of 
traps per unit volume in this powder which is of the 
order of 10 to 10". 

These experiments were performed with powder 
materials since the reproducibility between samples 
can be made very exact. With crystals, this repro- 
ducibility is not so readily obtained. Nevertheless, it is 
noteworthy that with single crystals and crystal-like 
layers of quite different materials, similar polarization 
values greater than 10-* coul/cm? are obtained. 

The polarization distribution in such powders is 
therefore pictured as consisting of narrow charge layers 
of relatively high density, positive and negative, situated 
from 5 to 10 microns from the surfaces of the powder, 
with the remainder of the sample almost charge-free. 
In this region between layers there exists at equi- 
librium a field nearly equal to the original external field 
before polarization but in the opposite direction. 

The conclusion that both layers are approximately 
of equal charge was derived from lifting electrode 
measurements. Since the samples used here were sealed, 
such measurements could not be performed and one 
could argue whether this conclusion is still valid. It 
may be remarked that our results about the field dis- 
tribution and layer thickness are essentially independent 
of the assumption of equal charge layers. Formula (1) 
would still be valid with a slightly different meaning 
of d3. For instance, for zero charge at d3, formula (1) 
would be correct with d;=0 and do=d,+d2. Besides, 
one can show experimentally, even for the case of 
sealed samples, that charge layers of both signs exist. 

The internal field distributions as described above 
play an important role in photoconductivity, electro- 
luminescence, and electrophotoluminescence processes. 
They are capable of explaining the smal] changes which 
occur when additional dc bias or ac is applied to the 
phosphor.® 

6H. Kallmann and P. Mark, Phys. Rev. 105, 1445 (1957). 
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Dielectric Breakdown of KCl Crystals Irradiated with » Rays 


Yosuio INuisH1 AND Tokuo Suita 
College of Engineering, Osaka University, Osaka, Japan 
(Received November 4, 1957) 


Irradiation with y rays causes marked changes in the dc dielectric strength of KCI crystals both with and 
without illumination with visible light, whereas the impulse dielectric strength is not significantly changed. 
The results are ascribed to space charge and electron trapping. 


FFECTS of x-ray irradiation on the dielectric 

breakdown of KCI crystals have been reported by 
the authors.!:? The dc breakdown voltage of x-ray ir- 
radiated crystals in the dark increases with increasing 
coloration,' while dc breakdown voltage under F-band 
light illumination decreases with increasing coloration.? 
In this paper some effects of y irradiation from Co® 
are reported. 

In Fig. 1, dc breakdown voltages with and without 
visible light illumination are shown as functions of 
- y-ray dosage. The breakdown voltage in the dark 
increases to a maximum after some threshold dosage 
(approximately 10° roentgen) and then decreases at 
much larger dosage. The breakdown strength of well- 
annealed starting samples (0.5 Mv/cm) increases to a 
maximum of 1 Mv/cm at an exposure of about 2X 10° r. 
The dc breakdown voltage under illumination by visible 
light decreases with increasing dosage at the start. 
Figure 2 shows the effects of intensity of light iliumina- 
tion on the dc breakdown voltage of KCI colored by 
y irradiation. The breakdown voltage decreases with 
increasing illumination. The impulse breakdown strength 
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Fic. 1. Breakdown voltage of KCI crystal irradiated with y rays. 








1T. Suita, Technol. Repts., Osaka Univ. 1, 51 (1951). 
2'Y. Inuishi and T. Suita, J. Inst. Elec. Engrs. (Japan) 75, 382 
(1955). 


(0.5 100 usec) was also measured and it was found to 
be not affected by y irradiation through a wide range of 
dosage, being slightly higher than the dc strength of 
well-annealed unirradiated KCl as shown in Fig. 1. 
These facts seem to suggest that the abnormal change 
in dc breakdown strength by irradiation is due to space- 
charge effects at y-ray-created imperfections. The 
decrease of dc breakdown voltage under illumination 
may be the result of enhancement of the cathodic field 
due to positive space-charge of ionized F centers as 
was suggested by von Hippel* in the case of photo- 
conduction and was extended to the case of breakdown 
by the authors.? The increase of dc breakdown voltage 
in the dark is possibly due to (i) negative space charge 
of trapped electrons at vacancies and F centers created 
by y irradiation, which suppresses electron injection‘ 
from the cathode, (ii) change in ionic space charge. 

The mechanism of the decrease of breakdown voltage 
with no illumination at much larger dosage is unknown 
at present. X-ray, optical, and conduction current 
measurements are now in progress. 
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Fic. 2. Effect of illumination on the breakdown voltage of KCI 
crystals irradiated with y rays. 
3 A. von Hippel ef al., Phys. Rev. 91, 568 (1953). 
4A. Rose, Phys. Rev. 97, 1538 (1955). 
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Cyclotron Resonance in Graphite 


Pururre Nozitres* 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 2, 1957) 


The model of the bands recently proposed by Slonczewski and Weiss for graphite single crystals is described 
in some detail. It is then applied to a study of the cyclotron resonance absorption in graphite, taking into 
account plasma effects. This theory is then compared to the recent experimental data of Galt e¢ al. The 
comparison leads to the conclusion that the charge carriers consist of holes with effective masses ranging 
from 0.066m to 0.054m, and electrons with effective masses from 0.054m to 0. The present information on the 
band structure of graphite is gathered in the conclusion. 





I. INTRODUCTION 


N 1947, Wallace! published a tight-binding theory of 
the energy bands of graphite. He restricted his 
study to m electrons, taking into account only the 
nearest neighbor interactions. Later, more involved 
calculations were made by Coulson and Taylor,’ 
Lomer,’ and Corbato.‘ All of them tried to obtain the 
band structure quantitatively from first principles, 
with different approximations. Because of the very 
nature of the approximations involved, their results 
agree only qualitatively with one another. 

Recently, Slonczewski and Weiss® (hereafter referred 
to as S.W.) have proposed an alternative approach. 
They first make a detailed group theoretical study of the 
crystal, thereby obtaining the ‘“‘topology” of the bands. 
Then, since the layer spacing is large (3.37 A), they 
treat the interlayer interaction by perturbation theory. 
They are thus led to a model of the energy bands de- 
pending only on a small number of parameters. Rather 
than trying to calculate the latter theoretically they 
proposed to obtain them from experiment. In Sec. I, 
we sketch a somewhat altered version of their method. 

The problem of fitting this model to experiment has 
been considered recently by McClure® and Hearing and 
Wallace.’ McClure, using the S.W. model, gives a very 
detailed interpretation of the de Haas-van Alphen 
effect, but appears at first sight unable to account for 
the very large static susceptibility. The parameters he 
thus obtains are in fair agreement with the theoretical 
estimates. Hearing and Wallace propose a completely 


* Now at the Laboratoire de Physique de |’Ecole Normale 
Superieure, 24 rue Lhomond, Paris V, France. 

1P. R. Wallace, Phys. Rev. 71, 622 (1947). 

2C. A. Coulson and R. Taylor, Proc. Phys. Soc. (London) A65, 
815 (1952). 

3 W. M. Lomer, Proc. Roy. Soc. (London) A227, 330 (1955). 

‘F. J. Corbato, Solid State and Molecular Theory Group, 
Massachusetts Institute of Technology Quarterly Progress Re- 
port, No. 21, 1956 (unpublished), p. 23. 

5 J. C. Slonczewski, Ph.D. thesis, Rutgers University, 1955 
(unpublished). J. C. Slonczewski and P. R. Weiss, Phys, Rev. 99, 
636(A) (1955) and to be published. (Their model will be hereafter 
referred to as the S.W. model.) 

6 J. W. McClure, Proceedings of the Third Carbon Conference, 
n1957)" New York, 1957 (unpublished); Phys. Rev. 108, 612 

1957). 

7R. R. Hearing and P. R. Wallace, J. Chem. Phys. Solids 

(to be published). 
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different explanation of the de Haas-van Alphen effect, 
which yields the correct static susceptibility. To do so, 
however, they have to choose values for the band 
parameters quite different from the theoretical esti- 
mates. In Sec. III, we propose a detailed interpretation 
of the cyclotron resonance data by Galt, Yager, and 
Dail,* which yields one of the parameters. In Sec. IV, we 
correlate this result with experimental information 
available from de Haas-van Alphen effect (McClure), 
oscillatory magnetoresistance (Soule®), and infrared 
optical properties of graphite single crystals (Boyle and 
Noziéres®). We then discuss the present situation with 
regard to the band structure of graphite near the Fermi 
level. 


II. THE ENERGY BANDS OF GRAPHITE 


Graphite has an hexagonal lattice, with layers stacked 
in the order 1-2-1-2 (Fig. 1). The spacing between 
layers is much larger than the spacing between neigh- 








Fic. 1. The graphite lattice layer 2, represented by dashed lines, 
is 3.37 A above layer 1, represented by solid lines. The unit cell 
contains atoms A;, A», B:, Bz. The neighborhood of A1A2 type 
atoms is different from that of B:B: type atoms. 


§ Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956). 

®D. E. Soule, Proceedings of the Third Carbon Conference, 
Buffalo, New York, 1957 (unpublished). 

10 W. S. Boyle and P. Noziéres (to be published). 




















CYCLOTRON RESONANCE 


bors in the same layer. The unit cell contains four 
atoms and has a height Co=6.74 A. Note that the atoms 
belong to two classes: those which have neighbors just 
above them and those which do not. The Brillouin zone 
is a thin hexagonal prism, represented in Fig. 2." 

Because of the large distance between layers, it is a 
reasonable first approximation to neglect their inter- 
action. We shall put this off for a moment, and consider 
just the single-layer problem. This problem has been 
studied by various authors, and we merely sketch their 
results. According to their behavior with respect to 
reflection about the layer plane, the electron eigen- 
states are rigorously divided into o (symmetric) states 
and w (antisymmetric) states. Although the various 
calculations disagree on many points, they agree on one: 
the Fermi level (Er) lies at the corners K and K’ of the 
two-dimensional zone, in a 7 band, on a doubly di- 
generate level, K;~. At this point of the zone, the closest 
levels to this one are o levels above and below Er 
(Fig. 3). The distances between the latter and Ep are 
not known with certainty: Lomer gives a value ~1 ev, 
while Corbato proposes ~6 ev. Recent measurements” 
of x-ray absorption and emission of graphite both show 
a definite shoulder in the observed spectrum, which 
does not appear for diamond. These shoulders probably 
correspond to the above o band edges. Because of 
various broadening effects, it is not possible to locate 
with precision the Fermi level on the x-ray spectrum, 
or to measure the above o—7 band gaps. We can, how- 
ever, assert that the latter are larger than 2 or 3 ev, 
thereby contradicting Lomer’s result. This conclusion 
is consistent with that derived from photoelectric 
emission data." 

In order to obtain the energy in the neighborhood of K, 
we use a standard method: a change k in the wave vec- 
tor is equivalent to a perturbation (#k-p/m+}h?k?/m) 
on the Hamiltonian at K. It is then straightforward to 
show that, to first order in k, the wave function near K 
is a linear combination of the eigenstates at K;~. There 
are two of these, which we will call 6 and y. Asa result, 
the energy surface E(k,k,) is a circular cone with its 
axis along the E direction. 

Since the interlayer interaction is small, we expect 
the above energies to be only slightly changed when we 
go to the actual three-dimensional crystal; the de- 
generacy at K;~ will, however, be lifted, and this will 


Kz 

Fic. 2. Half the Brillouin zone = 
for three-dimensional graphite 
(kz ranging from 0 to 2/C»). ‘Y . H 
Note that there are only two 
independent edges of the zone, 
KH and K'H’. 0 K 





























11 Tn what follows, we choose the z direction along the c axis of 
the crystal. 

12 See for instance S. Flugge, in Handbuch der Physik (Springer- 
Verlag, Berlin, 1957), Vol. 30, p. 274. 

13 EF. Taft and L. Apker, Phys. Rev. 99, 1831 (1955). 
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result in a profound change in the shape of the bands 
near the Fermi level. Even though the effect is small, 
it will modify drastically all the properties of the 
electron gas. Now, since the energy shift due to the 
layer interaction is small, the admixture of single-layer 
wave functions other than @ and y will be small. This 
suggests an approximation which is the basis of the 
S.W. model: let us take as a wave function of the total 
solid a linear combination of the single-layer wave 
functions @ and y on each of the two layers in the unit 
cell; this leads to a fourth-degree secular equation which 
can readily be solved. We thus neglect the coupling of 
the K;~ level with other two-dimensional levels, es- 
pecially with the nearby K,*+ and K,* a levels'*: this 
may result in a slight change of the parameters entering 
the secular equation, which we discuss later. To sum up, 
the S.W. model considers a wave function of a tight- 
binding type for the &, direction, and treats the change 
of k, and k, by perturbation theory. 

Let us sketch briefly the method used to obtain the 
secular equation along HK."° For each of the two layers 
of the unit cell, we consider the wave vector groups G, 
and G», including a set of rotations centered, respec- 
tively, at O; and O; in Fig. 1. We then consider the wave 
vector group G of the total crystal which includes rota- 
tions around the axis A;A:2 eventually followed by trans- 
lations along O.. It is straightforward to express the 
operations of G in terms of those of either G, or G:, 
followed by nonprimitive translations. We then define 
the single-layer wave functions 4; and y; on layer 1, 
62 and Wz on layer 2, as the basis of the same representa- 
tion of G; and G2 (namely the representation in which 
the rotations by 27/3 and 47/3 are diagonal). 

The next step is to choose a value of k,. We then can 
build four three-dimensional wave functions #,(k,), 
$2(k.), Wi(k.), V2(k.) valid for any specific value of k., 
defined as 


Fic. 3. The energy vs kz, meas- 
ured from the corner of the zone. 
The Fermi level lies at a doubly 
degenerate mw level, K;-. The 
closest levels are o levels K:it* 
and K2*. 











®,(k,) = pe einksCop (r— nCo), 
(kz) = a ef (mth) ksC09,(r—nCo), 


The o and + wave functions are decoupled when they lie 
on the same layer, but no longer so when they are on different 
layers. 

18 The group-theoretical techniques used in this paper are 
described by Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 
52, 731 (1937). 
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Fic. 4. The energy levels vs k, along the line HK in the Brillouin 
zone. At right is a section of the energy surface as cut by an 
(E,kz) plane for an arbitrary k,, showing the hyperbolic shape of 
the bands. 


and similarly for ¥,(,) and W2(k,). These wave func- 
tions form the basis for a representation of G whose 
matrices we can form from the symmetry properties of 
6 and yw. With our particular choice of @ and y, this 
representation is reduced easily into a two-dimensional 
representation, with basis ®; and W2, and two one- 
dimensional representations, with basis (1/V2) (#2+W,) 
and (1/vV2)(@.—W,) (except at k,=2/'Co, in which case 
the two one-dimensional representations merge into a 
two-dimensional one). In this reduced representation, 
we may easily build the normalization matrix S and the 
Hamiltonian H. Each of the matrix elements is a 
Fourier series in g¢=3k,Cy in which only cosine terms 
appear. The coefficient of 1 involves overlap of wave 
functions on the same layer, that of cosy overlap of 
nearest layers, and so on: the series converges very 
rapidly, so that we keep only the lowest order terms. 
This yields the following energies along HK"*: 

E,=A+2y; cosg, 

E,=A—2y, cose, (2) 

E3= 272 cos*¢, 
(where we have chosen arbitrarily the origin of the 
energy scale as E; for g=72/2). The corresponding level 
scheme is pictured on Fig. 4. 

In order to obtain the secular equation for points of 
the Brillouin zone near the line HK, we must find out 
for each k, the matrix of the perturbation (#k-p/m 
+4h*k?/m). Since it will finally turn out that the effec- 
tive masses of the carriers are very small, we may 
neglect the term 3%7k*/m, and concentrate on the matrix 
elements of the momentum #. Furthermore, we must 
first make sure that the wave functions we are using are 
orthonormalized. In the above reduced representation, 
the normalization matrix may be written as 


ite 0 O 0): (¥144,)/V2 
0 1-e 0 O|: (W—4,)/v2 


S= » 8) 
0 0 1 0 ° P; 


. 0 UO Ws Rs 


16 We adopt the notation of McClure (reference 6). 
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in which we have limited ourselves to nearest layer 
interactions. We have indicated at right the labeling of 
rows and columns, which we shall keep in the following; 
€=(W,|2) is a small quantity which we can neglect in 
our approximation, for it affects only the nondegenerate 
levels. 

Using the symmetry of the wave functions, we then 
find easily the matrices of Vz=V.+iV, 








0 0 d,+6;3* 0 
i 0 0 d,—5;* 0 
Vi=— ’ 
v2} 0 0 0 bo 
5s+d; 53—d, 0 0 
(4) 
0 0 0 d,+63* 
i} O 0 0 53*—d, 
vV_=— ; 
V2|dité3 di—3ds 0 0 
\ 0 0 be 0 
in which the constants d), 52, 63 are defined as 
d,=(@,|V_|;), 
52=(#|V,| V2), (5) 


53;=(4, | V_ |e). 


The quantities d, and 6, may be shown to be real, while 
63 is complex. In first approximation, d, is independent 
of k., while 52 and 6; are proportional to cos¢g, and much 
smaller than d;. Since 4; arises as a small correction to d; 
in matrix elements connecting nondegenerate states, 
we may neglect it. On the other hand, 52, even though 
it is small, arises in matrix elements connecting the two 
components of a degenerate level: close enough to the 
symmetry point, these matrix elements will determine 
the band structure; let us therefore keep 65, and set it 
equal to d2 cos¢. 

We are now able to write down the Hamiltonian 
matrix for any wave vector in the neighborhood of HK. 
Let us describe the wave vector in cylindrical coordi- 
nates (k,,k,a), around the axis HK. Using (2) and (4), 
we obtain 

FE, 0 Ay; H,;* 
0 E, Ai; — H,;* 

H= : (6) 
H,;* H,;* E3 33 


Ay, —Mis As3;* Es 








in which 
1 hdik 
Ay3=— ec, 
v2 m 
(7) 
1 hdok 
A33=— e’* cosy 
m 


eee soe) hen ne Nee — 
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This is essentially the Hamiltonian proposed by S.W. 
and McClure. In determining it, we neglected several 
things. One is the effect of the spin-orbit splitting. S.W. 
have shown that this is completely negligible. More 
important is the coupling with the nearby o bands. 
The matrix element of the Hamiltonian between 7 
and o wave functions involves overlap of nearest layers, 
and is proportional to sing. This effect will therefore 
yield an energy shift of all the levels proportional to 
sin’y, and will simply result in a change of 2 and A, 
with no further alteration of the Hamiltonian (6). 

Before trying to solve the secular equation of (6), 
let us discuss in some detail the five parameters A, 71, 
2, d;, and dz which enter it. The parameter +; corre- 
sponds to the main splitting between the singly de- 
generate bands, and involves overlap integrals between 
nearest layers. Johnston"’ estimates 0.3 ev from theo- 
retical arguments. From a study of the magnetic proper- 
ties, Hearing and Wallace’ argue that y; is of order 
0.005 ev, in contradiction with the theoretical estimate. 
These two attitudes lead to completely different models 
for the energy bands, and a direct experimental meas- 
urement of 7; is highly desirable. Recently, Boyle and 
the author” have studied the infrared emissivity of 
graphite single crystals. This yields a value of y; of 
order 0.2 ev, in accordance with theoretical estimates. 
In what follows, we shall assume that 7; is effectively 
of this order of magnitude. 

The parameter ‘v2 describes the slope of the doubly 
degenerate level, and determines entirely the band 
overlap. It arises both from the next nearest layer inter- 
action, and from the o-7 coupling. A very rough theo- 
retical estimate of the first effect yields a value of order 
0.01 ev. The effect of the o-r coupling depends essen- 
tially on the proximity of the o bands. If we use the 
Corbato results, it is relatively weak, also of order 0.01 
ev. The two effects compete, and the sign of 2 is 
doubtful. McClure’s study of the de Haas-van Alphen 
effect yields a value of order +0.02 ev. Our interpreta- 
tion of the cyclotron resonance data confirms this sign, 
while the optical properties’ around 20 seem to support 
a value of |y2| of this order of magnitude. 

The parameter A describes the separation of the two 
levels at k,=a/Co. It comes from the fact that the 
neighborhoods of A and B atoms are different. It also 
involves next-nearest-layer overlap integrals, and 
Carter and Krumhans!'* estimate it to be around 
0.01 ev. McClure obtains ~0.02 ev, in fair agreement 
with the above estimate. 

Our parameter d, describes essentially the behavior 
of the energy away from the line HK as we shall see 
later. It is related to the yo of Wallace and McClure by 
yo= 2h'd,/(V3mao), where ao is the primitive vector in 
the layer plane. (See Fig. 1.) Various theoretical esti- 
mates give values of yo ranging from 1 to 4 ev. From a 

17 PD, F. Johnston, Proc. Roy. Soc. (London) A227, 349 (1955). 


18 J, L. Carter and J. A. Krumhansl, J. Chem. Phys. 21, 2238 
(1953). 








calculation of the magnetic susceptibility, McClure’ 
obtains 2.6 ev. Using cyclotron resonance and infrared 
data, we obtain 2 ev. 

Finally, dz involves matrix elements of the momentum 
between nearest layers, and gives rise to the anisotropy 
of the bands in the x, y plane. It is related to the +; of 
McClure by 3=2h?d2/(v3mao). Johnston estimates 3 
to be ~0.1 ev. In any event it is small, and the anisot- 
ropy affects only a very narrow energy range. 

Let us now turn to a study of the energy bands, and 
solve the secular equation (6). Since H3; is very small, 
we may neglect it for energies E such that (E—E;) >. 
Within this approximation, (6) breaks down into two 
second degree secular equations. [The component 
(b,e~‘*+V2e'*) of level 3 is coupled only to level 1, while 
(@,e~**—We'*) is coupled only to level 2.) The energy 
is independent of a, given for every value of k, by 


E\+E; E\—E3\? htd?k?7} 
ecm aun 








2 2 m 
E.+E; E,— Ez; 2 hid Pk i 
pm dori ( )+ |. 
2 2 m* 


As Slonczewski pointed out, the surfaces E(k.,ky) are 
two circular hyperboloids (Fig. 4). For & large enough, 
they are asymptotic to the single-layer energy cone, 
E=z4'd,k/m. For k small enough, we may approxi- 
mate them by paraboloids, yielding two k, dependent 
effective masses m*(k,) in any direction perpendicular 
to the C axis. 


m?(E3— FE) m?(E3;— E2) 
m,*(k,)=——————,_ m2*(k,) =——————._ (9) 
2nd? 2hd; 


For energies E very close to E;, we must take 
into account H33. But we may then use the fact that 
(E,—E;)>>(E—E;), and solve the secular equation by 
perturbation theory. This gives the following energy: 
nthid,'[ (2E;— E,— E2) 


2m? L (E\- E;) (E.— E3) 


4 





ny 


Wkd, cose k i 
(142 sinte+—) , (10) 
m k, k,? 


Pf 2md2(E3— E;)(E3— E2) cosy 
ied,*(E,— Ex) 





Except when , is very close to r/Co, one has 
(E3— Ex) = (E,— E;) = 21 cosg. (11) 


Equation (10) then simplifies, and yields the anisotropic 
warped energy surface shown in Fig. 5. There are four 
conical points, one at k=0, and three at k=k,, at the 


19 J. W. McClure, Phys. Rev. 104, 666 (1956). 
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Fic. 5. The anisotropic energy surfaces near £;, for an arbitrary 
k,. The lower part shows the constant energy contours in k, at 
various values of the energy while the upper part shows the func- 
tion E(k) in the direction a=0. The surface E(k,,k,) has four 
“feet,” which merge together when E increases. 


corners of an equilateral triangle. For k>>k,, the warp- 
ing fades away, and the energy is again given by (8). 
The range of & and E in which the anisotropy is im- 
portant is given by k, and Ey (Fig. 5). 





2md zy; cos*¢ d? 
k,=——, Ey=—7 cos*e. (12) 
hed; 2d;* 


With our present estimate of the parameters, Ey is of 
order 0.002 ev for k.=0, which is very small. Further- 
more, when cos¢ becomes small enough that (11) might 
be wrong, Ey is so small that the warping is altogether 
negligible. In any event, the warping is a secondary 
feature of the bands, which may be dealt with as a 
perturbation upon the main band structure arising 
from (8). 

For pure graphite, the Fermi level will be very close 
to E; (see Fig. 4), in such a way that there are an equal 
number of holes and electrons. Since y;>>72, the effec- 
tive-mass approximation will therefore be very good 
near Er except for k, very close to r/Co. Now, the latter 
range of k, is very narrow, and furthermore yields 
energies rising very steeply with k,. It therefore con- 
tains a very small number of electrons. This suggests 
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the following approximations to the band structure 
near E;: we neglect A, and replace the hyperbolic 
bands by parabolic bands with an effective mass 
m* =m, cos¢/(h®d;*). We furthermore neglect the 
warping of the bands (letting d,=0). We are then left 
with only two parameters, 7:/d;? and 72. This model is 
completely wrong near k,=2/Co, where m* goes to 0. 
As long as we do not deal with phenomena in which 
those very-low-mass carriers govern the behavior, this 
is nevertheless a good approximation, since it concerns 
only a few carriers.” 

In this simple model, it is trivial to calculate the 
position of the Fermi level, the number of free carriers, 
etc. It is found that for pure graphite, the Fermi level 
crosses the level E; for a value of cosy equal to (3)!. 
The total number of free carriers of each sign is in 
this case”! 


16 my172 


N=————. (13) 

ON3 wCoh'd; 
With the above estimates of the parameters, NV turns 
out to be of order 10'8/cm*. If ye is positive, the holes 
are heavier than the electrons, which as we shall see 
is confirmed by experiment. For energies EX<2y,, the 
density of states per unit energy for holes and electrons 
are as follows: 


d Nho le 4m*y 1 d Na 4m*y 1 








= petecarin aM, 
dE wCh'd? dE wrCihiid? 
f(E)=1 if E<0. 
(14) 
E\.} 
-(1-—) if 0<E<2y2. 
2y2 
=0 if E>2y2. 


These quantities are plotted in Fig. 6. 

An important feature of the present model is that the 
carriers do not have one effective mass, but rather a 
continuous distribution of masses. The density of 
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Fic. 6. The density of holes and electrons per unit 
energy vs the energy. 


2” This model would, for instance, be very bad for dealing with 
optical properties at energies around A. As was pointed out by 
McClure, it does not describe the diamagnetic susceptibility 
correctly. 

21~n evaluating (13), one must remember that there are two 
independent corners of the zone. 
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carriers of a given mass vs the mass is plotted in Fig. 7. 
Any model which attempts to assign discrete masses to 
the carriers is therefore somewhat unrealistic, although 
in some cases it might be a fair approximation to define 
an average mass for holes and for electrons, as may be 
seen in Fig. 7. In a certain class of experiments, such 
as the de Haas-van Alphen effect, or the oscillatory 
magnetoresistance, one only samples carriers located on 
the Fermi surface at points such that the cross section 
of the latter by a (k.k,) plane is maximum or mini- 
mum.” In the present model, this occurs at ¢=0 for 
holes, and g=arc cos(v2/3) for electrons. The above 
experiments should therefore show up holes with a mass 
m*y,/(h?d;*) and electrons with a mass V2m?y,/(3hd,’). 


Ill. APPLICATION TO CYCLOTRON RESONANCE 


In this section, we use the model of the bands de- 
veloped in Sec. II to treat the problem of the cyclotron 
resonance in graphite single crystals. We propose an 
interpretation of the recent experimental data of Galt 
et al.8 which yields a value of the mass parameter 
vi/d? in excellent agreement with that proposed by 
McClure. In the light of what we know about the band 
structure, we compare the present work with the recent 
explanation of Galt’s results by Lax and Zeiger.¥ In 
what follows, we consider the geometry used by Galt, 
with the dc magnetic field directed along the ¢ axis, and 
a circularly polarized wave propagating in the same 
direction. 

We assume that there is no anomalous skin effect 
present: this point has been discussed by Lax and 
Zeiger, who concluded that in Galt’s experiment, one is 
probably close to the anomalous range, but still far 
enough for a classical calculation to be meaningful, at 
least qualitatively. Let us furthermore neglect for a 
while possible quantum effects. It is well known™ that 
under these conditions, each electron travels in k space 
along an “hodograph” C, characterized by constant 
E and k,. Assume that this contour is closed (Fig. 8) 
enclosing an area S(E,k,). The time 7.(£,k,) needed 
for a complete revolution is then given by 

ch? 0S(E,k.) 
T .(E£,k,) =— — ’ (15) 
eH OE 
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Fic. 7. A sketch | 
of the density of 
carriers of a given | 
effective mass vs the | 
mass. 
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2 See, for instance, McClure, reference 6. 

2B. Lax and H. J. Zeiger, Phys. Rev. 105, 1466 (1957). 

2 See for instance J. W. McClure, Phys. Rev. 101, 1042 (1956) ; 
J. M. Luttinger and R. R. Goodman, Phys. Rev. 100, 673 (1955) ; 
Zeiger, Lax, and Dexter, Phys. Rev. 105, 495 (1957). 
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t----CONSTANT ENERGY 
SURFACE 


Fic. 8. In a magnetic field along O., each electron travels on 
a contour in & space like C, called the hodograph. The action 
variable is then proportional to the area S enclosed by C. 


This classical result may be affected by two kinds of 
“quantum” effects. The first arises when the frequency 
w-(E,k.) varies appreciably over an energy range of 
order fw,(E,k.), i.e., if 


dw. (Ek) 
hi————- > 1. 
OE 


(16) 


This will occur at high magnetic fields, and will lead to 
resonance lines at fields H which do not depend linearly 
on the microwave frequency w. Now, even when (16) is 
not satisfied, one may still have quantum effects arising 
at the touching points of two bands (as Luttinger and 
Kohn** have shown). Generally, the cyclotron level 
spacing is not proportional to H, except if the two 
touching bands are parabolic. These effects extend over 
an energy range of order fw, in our case ~10~ ev. 
Now we know from Sec. II that within this distance of 
the touching points in & space, the energy surfaces are 
essentially conical. Quantum effects for such energy 
surfaces have been studied by McClure” and again 
they yield a nonlinear dependence between field and 
frequency. Galt, Yager, and Merritt?® have performed 
a cyclotron resonance experiment on graphite at 24 000 
Mc/sec and 72000 Mc/sec, and they find that the 
absorption spreads linearly with frequency (Fig. 9). 
This affords experimental evidence of the absence of 
quantum effects of any kind in graphite, and justifies a 
classical treatment of cyclotron resonance. 

We may then define an effective mass m*(E,k.) for 
each carrier, such that w.(E,k.) =eH/[m*(E,k.)c |. This 
defines m* for orbital motions of the sort relevant to 
cyclotron resonance. In the most general case, it does 
not have to be the same as the effective mass defined 
for other phenomena (for instance conductivity in the 


25 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
26 Galt, Yager, and Merritt, Proceedings of the Third Carbon 
Conference, Buffalo, New York, 1957 (unpublished). 
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Fic. 9. The observed dP/dH plotted against H at two different 
microwave frequencies w (taken from Galt et al.2*). The H scale 
for the 72 000 Mc/sec is reduced by a factor 3, in order to empha- 
size the linear relation between H and w. 


xy plane). If, however, the energy contours, in the k,ky 
plane are circular, the above m* is the same as the one 
occurring in the conductivity in the layer plane. Let 
us restrict ourselves to this simple case. 

In fact, because of the exclusion principle, resonant 
absorption will only occur for carriers near the Fermi 
level Er, so that one only samples the frequency 
w-(Er,kz). In the general case where w, varies with E, 
one needs a complete quantum treatment of the ab- 
sorption process in order to describe correctly the ob- 
served phenoemnon. However, if w, is independent of E, 
one may neglect the exclusion principle, and perform a 
classical calculation of the conductivity o of the elec- 
tron gas. In our simplest model of the bands, m* is 
precisely independent of E, so that the classical ap- 
proach is justified. 

Let us now describe any circularly polarized motion 
around the c axis by an algebraic frequency w (w and —w 
corresponding to opposite circular polarizations). Let 
r(E,k.) be the relaxation time for each electron. The 
total conductivity of the system for a circularly polar- 
ized electric field at frequency w is*’ 


edn(E,k.) 


x f (17) 
” id m*(E,k,)[w—i/7(E,k,) ]—eH/c 





From a, we can easily get the complex dielectric con- 
stant, e=1—4zia/w. In the present case, € will always 
be much larger than 1, giving large refraction and 
extinction indices. The reflection coefficient R at the 
surface of the sample is then given by 


4wi\ 3 
1—R™4 Re(t/Vo=Re| (—) | (18) 


TO 


27 For a derivation of (17), see, for instance, P. W. Anderson, 
Phys. Rev. 100, 749 (1955). 
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(1—R) measures the power loss P at the surface of the 
sample (through absorption and transmission), and 
is the quantity measured experimentally. 

For high fields H, o goes to 


o& (ec/iH)[na—na], 


where ”,; and m, are the total number of electrons and 
holes respectively.** If however m-1=*, the first non- 
zero term of the expansion of ¢ is proportional to 1/H?. 
These two possibilities result in quite different behaviors 
of P vs the field H. In the first case, P~ Re(4/H); the 
absorption curve P(H) is then completely asymmetric, 
going to zero for one sign of H and to infinity on the 
other.” On the other hand, if m=, P~|H|, and one 
has a symmetric absorption curve. The experimental 
results show clearly that the power absorption coeffi- 
cient is symmetric about H=0 in graphite, and we 
therefore conclude that in this case m.)=m» [Fig. 1(a) 
of reference 8]. This conclusion is quite independent of 
the model chosen for the bands. This proves that the 
sample used by Galt was very pure, a suggestion which 
is confirmed by the reproducibility of the data from 
sample to sample, and by x-ray observations. 

In order to make a really quantitative analysis of 
Galt’s data, we should know the distribution of relaxa- 
tion times, 7(Z,k,). Unhappily, this is quite outside the 
scope of the present study. Certainly, 7 depends strongly 
on k,, and probably also on E. We may, however, de- 
fine an average 7 for the whole group of carriers (the 
“majority” carriers). As was pointed out by Lax and 
Zeiger, the broad variation of dP/dH vs H suggests that, 
at 24 000 Mc/sec, r is such that wr=2. The sharp lines 
observed on Fig. 9 must then be due to “minority” 
carriers with a much longer relaxation time. Further- 
more, the lines at 72 000 Mc/sec have the same frac- 
tional width as at 24000 Mc/sec and are therefore 
wider as measured in oersteds (Fig. 9); this suggests 
that their width is not due to a relaxation process, but 
rather to the width of a distribution of the effective 
masses of the minority carriers. The following treatment 
will confirm this point of view. Because of the com- 
plexity of the problem with a finite 7, we shall first 
carry out a calculation of ¢ and P for r= ~, and discuss 
the relevant features of the results. We then shall try 
to plug in to the problem some average relaxation time 
for the majority carriers, in order to see qualitatively 
how o and P are modified by a finite r. 

Let us use the simple model described at the end of 
Sec. II with parabolic energy bands for any given value 
of k,. It is then a straightforward matter to calculate 
dn(E,k,) and m*(E£,k,), and from this to calculate the 


28 As has been shown by J. A. Swanson [Phys. Rev. 99, 1799 
(1955) ], the motion of carriers in high magnetic fields depends 
only on the topology of the bands, and not on their detailed shape. 
Our result foro is just a special case of this more general treatment. 

* The sign of H describes the orientation of the field with re- 
spect to the frequency w of the circularly polarized electromag- 
netic wave. 








’ 





CYCLOTRON RESONANCE IN GRAPHITE 1517 


conductivity o(H), using (17) with r=. We obtain 
Seo [ #0 (cos? — cos? go) Cosy 
ie Cual J 





dg 
cosy—a 





£: (cos? yp— cos? y) cose | (19) 
a? |; 


0 cosy+a 

in which a is a parameter defined as 
eH eH I'd? 
a= =— (20) 


, 
Max * Cw 





c my w 


and go=arc cos[ (2)!] is the value of 34,Co at the point 
where Er crosses the level E;. a is simply the ratio of H 
to the resonant magnetic field for the holes at g=0. 
The integral (19) may be calculated analytically (using 
principal parts when it is necessary). If we define 
imh?C mw 
Tieden, (21) 
8e*y2 





we find that 
I (a) =sin go cosg¢o+ (4 —cos* gota’) (2¢0—34) +a 
rl. ( wr) 
(1—a?)! 





1—a(1—a’)-! tango 


1+(1-a’)! 
+n(—")] 


The function J (a) for cos’ go=# is plotted on Fig. 10. 
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Fic. 10. The conductivity o, times # at frequency w for an 
infinite r'vs the magnetic field H, in suitably normalized units. 
[The abscissa a is equal to (eh*d, 2/em*yw)H, and the ordinate J 
is equal to (ix*h?Cqw/8e*y2)e. ] ° 
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Fic. 11. The rate of power absorption P, in units of (aw*h®Co/ 
2e*y2)*, plotted against the magnetic field H, in units of em?y.w/ 
eh*d,?, for two values of the relaxation time 7, characterized by 

= (wr)! =0, 0.4. 


We remark that the function J (a) has only four singu- 
larities, at a=0, +cos¢o, +1. This has a simple physical 
origin. We have seen that we have a continuous dis- 
tribution of effective masses. If we choose a field such 
that some carrier in the middle of the distribution is at 
resonance, we do not expect any singularity in ¢. The 
infinite negative reactance of carriers slightly lighter 
than those at resonance cancels the infinite positive 
reactance of those slightly heavier (that is what we 
mean by the use of principal parts). Singularities can 
only occur at the edge of the mass distribution: the 
singularity at a=1 arises from holes with k,=0, those 
at a=-tcos¢p arise from holes and electrons at the 
crossing of E; and Er, and that at a=0 comes from the 
electrons at k,=a/C». The latter is in fact spurious, 
being a consequence of our poor treatment of the elec- 
trons near k,=2/Co; those carriers do not have in fact 
a zero mass, and the singularity at a=0 would disap- 
pear in a correct treatment.” We shall therefore dis- 
regard it. 

Since we neglect the relaxation processes, the im- 
pedance oa is purely reactive and the power loss P from 
the cavity occurs only through transmission. Using 
(18) we obtain easily P, which is given by 





murh?Coy3 
p-| Re(—J)-}. (22) 
2e*72 ; 


The quantity Re(—J)~ is plotted vs a on Fig. 11. 
We note that perfect reflection occurs in the ranges 


% Tn fact, the picture is somewhat changed when one takes 
properly into account the splitting of the levels at p=x/2. On 
Fig. 4, one sees that the free electron range stops at the intersec- 
tion of Er and £2, for a value of cosa equa! to 4(A—Er)/y:. 
One should therefore expect a very weak singularity at a very 
low, but nonzero, magnetic field on the electron side. This is 
probably smoothed because of the large E dependence of the 
effective mass in this range of ky. 
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from a= —0.52 to a=+1. In this range the wave does 
not penetrate into the sample, and P=0. Because of 
this effect, the singularity at a=-+cos¢o is washed out. 
The singularities at a=—cosgo and +1 are still 
present, however. In addition, we have a new singu- 
larity at a=—0.52. The latter cannot be assigned to 
any carrier in particular; it arises from the accidental 
fact that the conductivity goes through zero at this 
point. 

Now consider the case in which the relaxation time 
is finite. The sharp singularities of P(H) are then 
smoothed. Let us assume the same relaxation time 7 
for all carriers, and set »=(wr)~!. The conductivity of 
the system is now given by 


8e*y2  I(a’) 
Gee eee ’ 
in?hC wo I—in 


where a and J(a) are defined by (20) and (21). From 
this, we may compute the power loss P(H). The results 
are plotted on Fig. 11 for »=0.4. We remark that the 
singularity at a=—0.52 has completely disappeared. 
This is always true, even for very small 7, and shows 
that there is a fundamental difference between 7=0 
and 7 very small. We also note that the singularity at 
H=0 is not removed by the inclusion of a finite r. 
Since it is in fact spurious, we may forget about it. 
In the range from a=—0.52 to a=+1 we no longer 
have complete reflection. Nevertheless, the penetration 
of the wave into the sample is smallest in this range. 
Any singularity superimposed on the absorption curve 
will be less intense in this range than outside, increasing 
in magnitude when 7 increases. 

As we have mentioned, the sharp singularities ob- 
served by Galt, Yager, and Dail can only be explained 
if we assume minority carriers with a much longer 
relaxation time than that of the majority carriers. Let 
us therefore assume that the carriers near the crossover 
of E; and Ep (with ¢ very close to go), have a very 
long 7, which, in fact, we shall take to be infinite. This 
assumption is plausible if the collision time is mainly 
determined by phonon and ionized impurity scattering. 
In both cases, most of the scattering will involve small 
changes of k,. On one hand, there are no phonons with 
large k, at helium temperature.** On the other, the 
screening in the z direction is rather inefficient, yielding 
a small z component of the Fermi Thomas wave vector: 
therefore the scattering by ionized impurities involves 
mostly small changes Ak,. Now, if the change Ak, is 
bound to be small, the density of states around the 
carriers at the cross-over is much smaller than around 
the other carriers, which justifies our assumption con- 
cerning the relaxation time. Under these conditions, 
the singularities at a==cos¢p will not be smoothed, 
and will be superimposed on the smooth curve of 








a 
a’ = ) (23) 
1—in 


31 For an estimate of the Debye temperature along the z direc- 
tion, see J. Krumhansl and H. Brooks, J. Chem. Phys. 21, 1663 
(1953). 


NOZIERES 


Fig. 11. Their shape is somewhat uncertain, since they 
arise from a complicated complex expression. The 
singularity at +cos¢o will be much smaller than the 
one at —cos¢o, for the reason mentioned in the pre- 
ceding paragraph. 

What is observed experimentally is the derivative 
dP/dH. This is plotted against H in Fig. 12, for »=0.4, 
neglecting the change due to the longer r of the carriers 
at the cross over. The latter will show up as sharp 
singularities in the derivative curve, the one on the 
positive side being much less intense than the one on 
the negative side. At this stage, we may compare these 
results with the experimental data of Galt, Yager, and 
Dail. However, we will first discuss the resonance of 
minority carriers in more detail. 

In deriving (23), we have neglected the warping of 
the energy surfaces near E;. But the minority carriers 
which we are considering are precisely in the region 
where this warping is of importance, so that this point 
calls for further investigation. It turns out that it is 
possible to evaluate the area S(E,k,) defined in (15) 
for these warped bands, and thereby to calculate rigor- 
ously the cyclotron period T,(E,k,). Let us define: 


E—E;=2(d/dy)y1e cos’ ¢. 


For each k,, we must distinguish between three kinds of 
carriers (see Fig. 5): for |¢|<4, we have those in the 
central foot of the energy surface on one part, and those 
in the outer feet on the other. For | «| >}, we have only 
one kind of carrier, moving along contours which have 
a trigonal symmetry. Using (10) and (15), we obtain 
T.(¢,¢), which is given by 


(24) 








2yim* 
T.(€, ¢) aia cose | 40, (25) 
h'd, eH 
dP 
dH 
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Fic. 12. The derivative dP/dH vs H, plotted with the same units 
as in Fig. 11, for »=0.4. The two arrows mark the positions of the 
singularities due to the minority carriers at the crossover of E; 
and Er. To take account of the fact that the singularity at a=0 
is spurious, we indicate by a dotted line what we expect in the 
absence of this singulagity. 
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where g is a function defined for the three kinds of 
carriers as follows: 


| €| <}: Scentral = 3£outer 
8e 1—(1—16¢*)! 
= K( ), (26) 
1+(1—16e)! \1+(1—16é)! 


le|>%: g=}K/e. 





K(x) is the complete elliptic integral of the first kind. 
The function g(e) is plotted on Fig. 13. For e>>4, T, is 
practically constant, equa! to the period obtained when 
neglecting the warping. On the other hand, when 
e<}, T. varies considerably, and we may wonder how 
to get a sharp peak from the corresponding carriers. 

It is no longer possible to calculate directly the con- 
ductivity; this would require a complete knowledge of 
the dynamics of the carriers on the warped contours 
and lead to very complicated calculations. We may 
avoid this difficulty as follows: let us consider the 
carriers in a narrow energy range dE around the Fermi 
level Ey. They have a cyclotron period T,(y) deter- 
mined by (25), in which we must choose ¢ such that the 
energy is equal to Er. This leads to 


elmer: ‘Times 


¥2 d;" / cos? o— cos’ go 
( ———*). (27) 


yd? cos*y 
It is possible to calculate the number dN of these 
carriers having a cyclotron period between T, and 
T.+dT,.. If the density dN/dT, peaks for a certain 
value of T., we can explain the presence of sharp peaks 
in the spectrum. 

Let us consider carriers in the neighborhood of a 
given contour in k space, enclosing an area S. The 
number of carriers in an interval dk,dE is 


dN = (2n*)“'dk,(0S/0E)dE. (28) 
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Fic. 13. The cyclotron period T, vs the energy for a given value 
of k., for electrons on the warped energy surfaces near E;. The 
units are defined by Eqs. (24) and (25). 
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(b) 
Fic. 14. The density of carriers dN /dT, in an energy range dE 
around the Fermi level and resonating with the period T,, vs T., 
plotted (a) for the carriers in the feet of the warped energy sur- 
faces, (b) for the carriers outside these feet, but in the neighbor- 
hood of g= ¢o. (The arrows indicate how the curve continues out 

of the range y= ¢o.) 


But 0S/0E is related to T, by (15). We therefore ob- 
tain easily dN /dT, as a function of ¢ (which we take 
running from 0 to 1/2). The result is 


dN 
dT, 





dn sinieesvcansilf cog 
t®Co ch? 


(29) 


Equations (25), (27), and (29) give a parametric repre- 
sentation of the curve of dN/dT, vs T,. In evaluating 
dg/dT., we must remember that 7, depends on ¢ both 
directly, and indirectly through e. In Fig. 14(a) we give 
a plot of dN/dT, vs T., in suitable units, for the carriers 
lying in the feet of the energy surface. In Fig. 14(b), 
we give the same plot for the carriers immediately out- 
side the feet on both the electron and the hole sides. 
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TABLE I. Calculated and observed fields for harmonics of 
minority carrier resonances. 











Harmonic Calculated H(oe) Observed H (oe) 

Electrons +1 —460 
+4 —115 —120 

+7 — 66 —65 

+10 —46 —45 

—1 +230 +240 

—§ +92 +91 

—8 +57 +62 

Holes +1 +460 
+4 +115 +120 

—1 — 230 — 230 








We may then draw the following conclusions: the 
carriers inside the feet have a very broad distribution of 
T,., and very small values of dN/dT,.. They would give 
rise to a very weak and broad variation in the absorp- 
tion, which would certainly be hidden by the broad 
variation due to majority carriers. On the other hand, 
the carriers outside the feet show a very sudden drop 
of dN/dT,. The corresponding values of dN/dT, are 
about 100 times larger than those of Fig. 14(a). If we 
neglected completely the warping of the bands, the 
drop would occur at the same 7,, but would be rigor- 
ously vertical. The warping just smears it slightly. 
Therefore, the anisotropy of the bands near E; does not 
modify at all the singularities occurring at a= -tcos¢o. 

Although the warping does not shift or broaden the 
minority carrier absorption line, it has an important 
physical effect : it gives rise to harmonics. Because of the 
trigonal symmetry of the energy bands outside the 
feet, the motion of the carriers contains only harmonics 
at frequency w.(1+3m), where n is any integer, positive 
or negative. If Hp is the field at which the fundamental 
resonance of minority carriers occurs, we expect to see 
also absorption lines at fields Ho(1+3m)—'. Note that 
there would no longer be such a selection rule for the 
harmonics if the observed minority carriers were 
lying in the outer feet of the energy surface. 

Let us now compare the preceding theoretical results 
with the experimental data of Galt, Yager, and Dail 
obtained at 24000 Mc/sec (Fig. 9). The broad varia- 
tion of their derivative curve agrees fairly well with the 
dP/dH curve of Fig. 12, for 7=0.4, and therefore may 
be assigned to the absorption by majority carriers. 
One cannot ask for much more than a qualitative agree- 
ment, since our assumption of a constant 7 is only 
approximately valid. (We must furthermore remember 
that we are not very far from anomalous skin effect 
conditions.) We have shown in Fig. 12 the position of 
the two discontinuities due to minority carriers, for 
a=-tcos¢o. This agrees with experiment if we choose 
as the fundamental singularity for a= —cos¢o the peak 
at —460 oe. We then expect a much weaker singularity 
at H=+460 oe. There is faint evidence of it on the 
24 000 Mc/sec data, but it shows up better on the 72 000 
Mc/sec curve.*® The remaining lines of the observed 
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spectrum are all ascribed to harmonics of the preceding 
two minority lines, as shown in Table I. We thus ex- 
plain all the observed lines. 

Furthermore, the intensity of the harmonic lines 
essentially depends on the penetration of the corre- 
sponding frequencies into the sample. Since the har- 
monics propagate by exciting an electron motion at the 
fundamental frequency, their penetration will depend 
mainly on that of the fundamental. We therefore expect 
the lines at — 230 oe and 120 oe to be much weaker than 
those at 230 oe and —120 oe, which is indeed verified 
experimentally. The agreement between theory and 
experiment is therefore quite satisfactory. 

Let us summarize the information on the band param- 
eters given by this interpretation. First, the -main 
singularity (a=—cos¢o), occurs on the electron side. 
This confirms our choice of the sign of y2: the holes 
are heavier than the electrons. Furthermore, the posi- 
tion of this singularity yields the mass of the carriers 
at p= ¢o 


m* (eo) =0.054m, (30) 


where m is the free-electron mass. From this, we get 
easily the maximum mass of the holes, for ¢=0, which 
is 0.066m. In short, the hole mass varies from 0.066m 
to 0.054m, that of the electrons varies from 0.054m to 0. 

It is worth mentioning that in the light of our band 
model, there is in fact very little choice in interpreting 
the data. There are so many lines in the experimental 
spectrum that most of them are almost certainly 
harmonics. But in order to have harmonics, we must 
have warped energy surfaces near Ey; the only place 
where this may occur is at the cross-over of E; and Er: 
this fixes the nature of the minority carriers. The 
selection rules arising from trigonal symmetry then 
fixed unambiguously the choice of the fundamental 
line. The weak point of this interpretation is the 
following: the minority carriers are very few, because 
of the very small extent of the anisotropic region in k 
space. It is therefore surprising to see as large minority 
lines as in Fig. 9. In this respect, it must be recalled 
that the cyclotron resonance is a very sensitive method, 
especially when one uses a derivative technique. This 
objection is therefore not very important. 

Finally, let us compare our interpretation with that 
of Lax and Zeiger. They assume the existence of four 
groups of carriers: a majority and a minority hole plus 
a majority and a minority electron, each group having 
a well-defined discrete mass. They choose the same 
relaxation time for all carriers. Their majority carriers 
are taken to be 5 times as many as the minority ones. 
They identify the peaks at +240 oe and —120 oe with 
the minority holes and electrons, respectively. The 
peaks at +120 oe and +91 oe are then attributed to the 
second and third harmonics of the minority holes, those 
at —65 oe and —45 oe being second and third harmonics 
of the minority electrons. (They do not consider the 
possibility of negative harmonics.) From the presence 
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of third harmonic, they conclude that the energy sur- 
faces around Er cannot have trigonal symmetry. Al- 
though simple and suggestive, their analysis is purely 
phenomenological, and does not seem consistent with 
the present knowledge of the band structure of graphite. 
First we have seen that the distribution of effective 
masses was in fact continuous. Furthermore, the only 
region in which the bands do not have trigonal sym- 
metry is in the outer feet of the warped energy surfaces 
near E; and we have seen that the carriers in these feet 
cannot give rise to sharp absorption peaks. 


IV. CONCLUSION 


Let us now compare these results with those obtained 
by other methods. From our maximum mass 0.066m 
for the holes, we can obtain the masses for holes and 
electrons at the section of the Fermi surface whose 
area is a maximum. They are respectively 0.066m for 
the holes and 0.031m for the electrons. These must be 
compared with the masses obtained from de Haas- 
van Alphen effect,” 0.070m and 0.036m. The agreement 
here is well within the possible error in both the theory 
and the experiments. Recently, Soule’ has reported 
similar masses derived from the oscillatory magneto- 
resistance. It should be noted that the ratio of the elec- 
tron mass to the hole mass constitutes a check of our 
band model. 

From the carrier masses, we obtain the parameter 
d,?/y,. We find it more convenient to express the result 
by replacing d; with the equivalent parameter Yo intro- 
duced by Wallace, defined by yo=2h*d,/(V3mao). We 
then obtain 


yo/yi1= 25 ev, (31) 





% TD. Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 
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which is just the value quoted by McClure.® Further- 
more, note that our sign of 2 is also in agreement with 
that of McClure. As Dr. McClure has kindly pointed 
out to us, it would be possible in theory to obtain the 
parameter y; (describing the anisotropy), from a study 
of the relative intensity of the harmonics. This, how- 
ever, is a very involved calculation, and will not be 
attempted here. 

Let us now summarize what we presently know 
about the band parameters. From the emissivity of 
graphite in the near infrared,’ one can obtain directly 
v1 which is roughly 0.14 ev. Equation (31) then gives 
vyo=1.9 ev. For y2 and A, we can take the values of 
McClure,® and we are thus led to the following model 
of graphite: 


yi=+0.14 ev, 
A=+0.025 ev, 


v2= +0.016 ev, 


v3=? (0.1 ev). (32) 


yo= 1.9 ev, 
Equation (32) disagrees sharply with the values pro- 
posed by Hearing and Wallace.’ We may point out 
that there are in fact two pieces of evidence which seem 
to contradict their model. One is the value of ; ob- 
tained from infrared measurements. The other is the 
fact that the cyclotron absorption curve P(H) supports 
strongly the assumption of an equal number of holes 
and electrons. 
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Magnetization Curve of the Infinite Cylinder 
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The nucleation field for an infinite circular ferromagnetic cylinder, with the field applied along its axis, 
is rigorously calculated by exploring the whole eigenvalue spectrum of Brown’s equations. 

The nucleation fields for cylinders with “large” radii are found to be those of the magnetization curling. 
For ‘‘small’’ radii the nucleation field is found to be somewhat smaller than that for the magnetization 
buckling. However, the difference is only about 1%, and the exact mode of reversal is very close to the 
buckling. The transition from exact buckling to curling is abrupt. These two modes are shown to be the 
only modes for nucleation for any radius, the other modes giving higher nucleation fields. 

It is shown that the magnetization reversal occurs in one jump, which means that the magnetization 


curve for the cylinder is a rectangular loop. 





I. INTRODUCTION 


T has recently been found that the reversal of 
magnetization in a ferromagnetic cylinder does not 
occur by “rotation in unison.”?? Much more compli- 
cated modes have to be considered for the reversal.*~7 
In particular, for a cylinder whose axis is parallel to 
the field, the reversal starts when the initially saturated 
state along the axis ceases to be stable, at a certain 
negative field intensity. This field is called the ‘“‘nucle- 
ation field” and was shown by Brown’ to be the 
smallest eigenvalue of a certain set of partial differential 
equations. The modes of deviation from the initially 
saturated state are the associated eigenfunctions.’ 

Frei et al. have calculated the nucleation field of an 
infinite cylinder for three modes, namely: spin rotation 
in unison, “‘magnetization curling,” and “magnetization 
buckling.” However, it has been pointed out by Brown® 
that of these postulated modes, the buckling is not an 
eigenfunction of his equations, so that the calculation 
in this case is only approximate. Because of this, a 
rigorous solution of Brown’s differential equations is 
undertaken and the eigenvalue spectrum is calculated. 
This calculation will be given in Part IT. 

In Part III the behavior after the nucleation is 
considered. Only the modes which are associated with 
the most positive nucleation field need be treated in 
this respect. As will be shown in Part II, these modes 
are the curling and the “exact buckling” which is the 
eigenfunction approximated by the magnetization 
buckling calculated previously.2 The equations which 
govern the behavior after nucleation were already given 
in 1940 by Brown.’ For curling, these equations reduce 


1S. Shtrikman and D. Treves, Bull. Research Council of Israel 
6A, 145 (1957). 

? Frei, Shtrikman, and Treves, Phys. Rev. 106, 446 (1957). 

* E. Kondorskii, Doklady Akad. Nauk S.S.S.R. 82, 365 (1952) ; 
Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 16, 398 (1952). 

*S. V. Vonsovskii, Sovremnoi Uchenie O Magnetism, (G.I.T.T.L. 
Moscow, 1953), pp. 262-268. 

5 W. F. Brown, Jr., Bull. Am. Phys. Soc. Ser. IT, 1, 323 (1956). 

® W. F. Brown, Jr., Bull. Am. Phys. Soc. Ser. II, 2, 9 (1957). 

7™W. F. Brown, Jr., Phys. Rev. 105, 1479 (1957). 

8 W. F. Brown, Jr. (private communication). 

*W. F. Brown, Jr., Phys. Rev. 58, 736 (1940). 


to an ordinary nonlinear differential equation with 
boundary conditions, the numerical solution of which 
is given in Part III. The case of exact buckling however, 
leads to a complicated set of nonlinear partial equations ; 
therefore, only a Ritz approximation,’® equivalent to 
the approximate buckling, is made. This will be justified 
in Part ITI. 


Il. THE NUCLEATION FIELD 
A. Eigenvalue Equations 


Consider an infinite circular cylinder of radius R, 
which does not possess magnetocrystalline anisotropy. 
Let the field H be in the direction of the cylinder axis 
which is chosen as the z axis in a Cartesian coordinate 
system. Let the direction cosines of the spin be az, ay 
and a,, respectively. According to Brown,’ the nucle- 
ation field H, is the least eigenvalue H of the set of 
equations: 


—(2A/I,)Va,+aU /dx+Ha,=0, 
—(2A/I,)Vay+dU /dy+Ha,=0, 


I / eet ee (1 
VU =441,(da,/dx-+da,/dy), 
for 2+y'< R’, 
and 
VU=0 for 7+y2R’, (2) 


with the following boundary conditions at 2°+y’= R*: 
da,/dn= da,/dn=0, 
Uin=UV out, (3) 
— OU in/On+441 = — OU our/ On. 


Here A is the exchange constant,’ U is the scalar 
magnetostatic potential associated with the free poles 
of the magnetization in the cylinder (and does not 
include the external field), and m is the normal to the 
cylinder. 

In a cylindrical coordinate system (r,¢,2) in which 
the axis g=z=0 coincides with the x axis, Eqs. (1) 

1H. Margenau and G. M. Murphy, The Mathematics of 


Physics and Chemistry (D. van Nostrand Company, Inc., Prince- 
ton, 1956), second edition, p. 377. 
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are transformed into: 











2sing da, cos¢g 
—2A (coseV%a,— — ——a; 
rae r 
: 2cosy da, sing 
—singV’a,— —+ a) 
ray r 


+I, cosgdU/dr—I,r singdU/dg 
+HI,(a,cosp—a,ysing)=0, (4a) 








2cosy da, sing 
—2A{ singV’a,+ — — —a, 
rae - 


2sing da, cosy 
+cosgVa,— ——— — — ——ay 
2 


+I, singdU/dr+I.r“ cosgdU/dg 
+H1I,(a,sing+a, cosg)=0, (4b) 
VU =4rI1 ,{ 0a,/dr+1r (a, + da,/d¢)}, (4c) 


for r¢ R. The boundary conditions at r=R become 


0a,/dr= da,/dr=0, (5a) 
Vin= Vout, (Sb) 
4] a, = OU jn/Or— OU out / Or. (5c) 


Here a,, ay, and a, are the direction cosines of the spin 
in the cylindrical coordinate system. 
Let the notations 


t=r/R, h=H/(2nI,), Ro=A?/I,, 


6 
u=U/(2rI,Ro), S=R/Ro, p=2/R, (6) 
and the operator 
r tH 16 e 
Vix — 4+ -—+-— + — (7) 
oF td Pde OF 


be substituted in (4). Multiplying (4a) by cosy and 
(4b) by sing and adding, yields 


"a,— art? — 2t-*da,/Ig—rSdu/dt—rSha,=0. (8a) 


Multiplying (4a) by —sing and (4b) by cosy and 
adding, one obtains 


Vg — gt *+ 2t-*da,/d¢ 
—nSt"du/dg—rSha,=0. (8%) 


Substituting (6) and (7) in (4c) yields 
V"u—2S{da,/dt+t" (a,+da,/d¢)}=0. (8c) 
The relations (8) are valid for 


t<1. (8d) 


Using the same substitution, one obtains 


V’u=0 for 21. (9) 
The boundary conditions at =1 are 
da,/dt= da,/dt=0, (10a) 
Uin=Uout; (10b) 
2Sar= OtUin/Ot— OUour/ dt. (10c) 


The complete regular solution of Eqs. (8) is a linear 
combination of functions of the type 


a,=A,(l) cos(kp— po) cos(my— ¢o), (11a) 
a,=A,(t) cos(kp—po) sin(my—¢go),  (11b) 
u=U,(t) cos(kp— po) cos(mg—¢o).  — (11c) 


Here A,, A,, and U; are independent of ¢ and z. The 
parameters k, po, and ¢o are real constants, while m is 
an integer. 

Substituting (11) in (8), adding and subtracting 
(8a) and (8b), respectively, one obtains 











@ 1d = (m-+1)? 
| —P+—+-—-—— —15%| (Arty) 
dP tdt e 
U, du; 
+15(m— — —}=0, (12a) 
lt dt 
1d (m-—1) 
| —¥ —+-—-—— =25%i|(4,-A,) 
d@ tdt 
U, du; 
=r5(m— + —) =0, (12b) 
t dt 
1d mm 
{+= 4-— 7 t 
d? td ?# 
A,+A, A,—Ag 
-5| (m+1) —(m—1) 
l l 
d(A,+A,) d(A,—Ag) 
+ + =0. (12c) 
dt dt 
It can be shown by substitution that 
A,—A,=aJ m1 (ipl), (13a) 
U .=bI m(iputl), (13b) 
A, +A g=CI mis (ipl) (13c) 


is a solution of (12), if the following equations are 
satisfied. 


ipmSb+ (u?—k?—2S*h)c=0, 
(uw? —k?—2S*h)a—iprSb=0, (14) 
ipSa+ (u?—k?)b—ipSc=0. 
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Here J, is Bessel’s function of the first kind and of the 
mth order. In order that at least one of the constants 
a, 6, and c be nonzero, the determinant of the coefli- 
cients in (14) should be zero. This implies for u either 
the value 


w= (P+2S%h)}, (15a) 
in which case one gets by substituting in (14) 
b,=0, a\>=(1, (15b) 


or one of the two values 


pe, s=(P+9S*($h+1) 
+S {2rk?+-0°S?(3h+1)7}4]!, (16a) 


in which case 


—Se s. (16b) 


k?— po, Pe 





Ce, 3= — @2,3; bo. 3= 


Since there are three values for yw, Eq. (13) is the 
general regular solution of (12). (The other three 
solutions are the associated Neumann functions.) 

Up to now the calculation has been done for any 
value of m. However, though it is possible to write the 
general solution, this is not actually necessary for m¥1, 
so that the complications involved in the straight- 
forward solution can be avoided in these cases by some 
other treatment. Therefore only for the case m=1 will 
the direct method be applied (in Sec. D). In the 
following two sections (B and C) the cases m=0 and 
m>1 will be treated, using different considerations. 


B. Case m=0 


Returning to Eqs. (12) and substituting m=0, one 
sees that the variable A, can be separated, yielding 


e044 
(-#+<+ a rh) A,=0, (17) 
d@ id # 


-f id 1 dU, 
(-#+ —+----- ri) A,—a5—*=0, (18a) 
t 





df? td ?# 
e 1d aA, A, 
(-#+ <4 -“\u,-25/ +—)=0. (1st) 
d?@ tdt dt t 


The general regular solution of Eq. (17) is 
A,=CJ (init), (19) 


with yw; given by (15a). 
Using (11a) and the boundary condition (10a), one 
obtains the eigenvalue equation 


J (ips) /d (ips) =0. (20) 
The smallest root of this equation is®:” 
iy, = 1.841. (21) 








Substituting this value in (15a), one obtains 
h(k,S) = —1.08S-*— k?/ (2S*). 
The least negative value of h is therefore 
h,(S)= —1.08S~. (22) 


This is the same result as obtained earlier? for the 
magnetization curling, and in fact the mode associated 
with (22) is identical to the magnetization curling. 

The eigenvalues of (18) are more difficult to evaluate 
rigorously. However, they can be estimated by the 
following reasoning. 

If the self-magnetostatic energy is neglected, it is 
certainly easier to reverse the magnetization than when 
this energy is taken into account. Now, it is seen from 
the derivation of the basic equations’ that neglecting 
the self-magnetostatic energy is equivalent to inserting 
U,=0 in (18a) and discarding (18b). The solution is 
then the same as (19), and the nucleation is therefore 
given by (22). Since assumptions were made to facilitate 
the reversal, the actual nucleation field for this mode 
is certainly more negative than that given by (22). 

One can therefore conclude that for m=0 the mode 
for nucleation is the magnetization curling and that 
the nucleation field is given by (22). 


C. Case m>1 


By a similar reasoning to the one that led to the 
estimation of the eigenvalues of (18), it will be shown 
here that the magnetization reversal is more difficult 
for m>1 than for curling, for any value of S. To see 
this, the self magnetostatic energy is neglected again, 
so that in (12) one has to write U,=0 and discard 
(12c). The solution is then 


A,+A o™ OS msi (ipl), (23a) 
A r—Ag=bI m1 (inst), (23b) 


with yw; given by (15a). The boundary condition (10a), 
with (11a) and (11b), then leads to one or both of the 
following equations for the nucleation field, 


+e Sha= —X mp1’, (24a) 
P+a2Sh,=—Xm_’, (24b) 

where X,, is the smallest solution of 
J m' (X)=0. (25) 


Since m>1, and since X,, is a monotonous ascending 
function" of m, it is seen by comparing (24) and (22) 
that the nucleation field for the case discussed here 
cannot be more positive than for curling. Therefore 
when the magnetostatic energy is not neglected, the 
nucleation for m>1 is more difficult than by magnet- 
ization curling. 


1G. Petieu, La Théorie des Fonctions de Bessel (Centre National 
de la Recherche Scientifique, Paris, 1955), p. 467. 
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D. Case m=1 
1. General Case 


As has been remarked before, in this case one needs 
the general solution of (12), and the eigenvalues have 
to be evaluated numerically, using the boundary 
conditions (10). 

According to Sec. A, the general regular solution of 
(12) for m=1 is 





3 
A,—Ag= D anJo(ipnl), (262) 
n=l 
5 Anfln 
U,=2iS >> — ~Ji(ipnt), (26b) 
n=2 Rohn 


3 
A,+Ag= L (—1) Pa, J2(innt), (26) 


n=l 


where the uw, are given by (15a) and (16a). If all the uv, 
are different from zero, Eqs. (26) involve 3 arbitrary 
constants 4a), a: and as. [The other 3 independent 
solutions are the Neumann functions which are infinite 
at ‘=O and are therefore not included in (26).] Here 
it will be assumed that all the uw, are different and 
nonzero, the other cases being treated later. 

Equation (26b) describes the potential for ¢¢ 1. The 
potential for />1 is the solution of (9) : 


u=CH, (ikl) cos(kp— po) cos(mg—¢o). (27) 


Here H, is the Hankel function of the first kind and 
order. The constant C is evaluated from the boundary 
condition (10b) which gives, when one uses (lic), 
(26b), and (27), 


21S 3 Ann : 
C= + J i(ipn). (28) 
H, (ik) 2 BP —p,? 





In a similar way, one obtains from the boundary 
condition (10c) 


2I (ips) 3 Ra, 
ai+ > 


: [ olin) — Jolin) 
11 nad — ps 








Mn J (iptn) 


k Hy (ik) 





[Ho (ik)—H2™(ik)]}=0. (29) 


Similarly one obtains from the boundary conditions 
(10a) 


3 


2 ip nJ 1(itn)an ai 0, (30a) 


n=l 


> (—1)* Yin n{ Si (itn) —Ss(iun)}an=0. (30b) 


Since at least one of the a, should be different from 


zero, the determinant of the coefficients of (29) and 
(30) should be zero. This implies that 











21 (iu) Rk k? 
. 01 (ue) 1 (us) | 
141 k?— us? P— us? 
ats a alias =0, (31) 
ius (ips) ives (ie) iusJ 1(ius) 
Q2(u1) —Q2(p2) —Q2(u3) 
where 


Q; (un) _ J o(ipn) —J2(ipn) 





He JiGh0) o> ik) — HGR), (32a) 
— one 1R)— fe 4 ’ 
k Hy (ik) . 
Qo (Mn) = ipn{ Ji (ipn)—Js(inn)}. (32b) 


For every value of S the nucleation field 4, is the 
least negative value of A satisfying (31). A numerical 
solution of this equation was therefore undertaken 
using tabulated Bessel functions.” [The necessary 
transformations of the functions involved in (31) for 
the use of these tables can be found in ordinary text- 
books.!* ] 

In a previous paper’ the nucleation field for the 
magnetization buckling was calculated. This mode is 
not an eigenfunction® of Eq. (1), but it is an approxi- 
mation to the case m=1 (with the assumption A,=A, 
=const). The search for zeros of (31) could therefore 
start with the buckling solutions, which proved to be 
a good approximation. In fact, for S=1 and S=2 the 
magnitude of the exact nucleation field was found to be 
only about 1% smaller than the approximate solution. 
For this reason it was not found worthwhile to compute 
h, for other values of S. The approximate solution was 
believed to be close enough in the “interesting region’” 
S<1.1. For S>1.1 the exact buckling is not important 
since the values of h, are close to those of the approxi- 
mate: buckling which are more negative than those of 
the curling. (In particular, for large values of S the 
exact buckling nucleation field need not be calculated, 
since it is certainly more negative than that of the 
curling, because of the magnetostatic energy involved 
in the buckling mode.) These facts also suggest that 
the exact buckling eigenfunction should be approxi- 
mately independent of ¢, and that A,=A,. Actually 
for S=1 it was found that A, and A, were different 
by less than 1%. The function A, (for S=1) is plotted 
vs t in Fig. 1, and it can be seen that it does not vary 
much. 


12 Annals of the Computation Laboratory of Harvard University 
(Harvard University Press, New York, 1947), Vols. III and IV; 
British Association for the Advancement of Science, Mathematical 
Tables (Cambridge University Press, New York, 1950), Vols. 
VI and X. 

13 See, for example, N. W. Maclachlan, Bessel Functions for 
Engineers (Clarendon Press, Oxford, 1954). 
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Fic. 1. The reduced radial component of the direction cosine 
A, as a function of the reduced radial distance ¢ for the case 
R=Rp, and for the “exact buckling” mode. It is seen that the 
mode does not differ much from the approximate buckling for 
which A,=const. 


2. Special Cases 


In the general treatment of Sec. 1, it was assumed 
that Eq. (26) is the general solution of (12). This is 
not the case whenever at least one of the u, is zero or 
at least two of them are equal. These special cases will 
therefore be treated separately here. 

2.1. Case 4;=0.—From (15a) and (16a) it is seen 
that in this case 2 is also zero. In this case the general 
regular solution of (12) is 





A,—Ag=2rSa;l+a2.—a3J o(ipt), (33a) 
2iSps 
U.=4Sayt— a3J 1 (ipl), (33b) 
P—ps 
rm A,+A,=—(P+0S)ail+asJo(inl), — (33c) 
wit 
u=(R+20S%)!, (33d) 


(The nonregular solutions in this case, besides the 
Neumann function, are A,+A,=ay*; A,-—A,=as Int; 
U,.=0.) 
Using the boundary conditions (9a), one obtains 
4nS°a,+ipJ ;(in)as=0, 
—2(+a9S*)ayt Fin{ Ji (in) —J3(in)}as=0. 
Suppose first that a;=a;=0. In this case (33) yields 
A,=4a2, which is in disagreement with U,=0 unless 
a2=0. Therefore either a; or a3 must differ from zero, 
so that the determinant of the coefficients in (34) must 
be zero. This yields 


(K+ 2nS*)ipS 1 (iu) =2S*ipJ 3(in). (35) 


(34) 








According to the power series expansion for Bessel 
functions," J,(iu) has the opposite sign to that of 
J3(iu) for real u (which is the case here). This means 
that (35) does not have any root except 1.=0 which is 
of no interest. 

. 2.2. Case u2=0.—From (16a) it is seen that either 
ui=0, which has been treated in the former paragraph, 
or k=0. In the latter case the regular solution of (12) is 


A,—Ag=a1J o(ipyt) +a2+a3J o(iust), (36a) 
U.= —}Shast— (2iSa3/u3)J 1 (inst), (36b) 
A, +A y=) 2(iil) —asJo(insl), (36c) 
with 
wi=(rS*h)*,  ws={rS?(h+2)}}. (36d) 


From the boundary condition (10a) one obtains two 
linear homogeneous equations in a; and a3. If at least 
one of them is not zero, the determinant of the coeffi- 
cients is zero, which yields 


ipsJ 1 (ipr){ Jo(ius) —ipsJ 1(ius)} aaa ips J 1 (ius) J2(ips), 


i.€., 


Jo(ips) J o(ius) 


‘ ’ (37) 
ipsJ 1 (ips) ipsJ (ip) 





The nucleation field for rotation in unison is* h,=—1, 
as will be seen in the following. Therefore one is inter- 
ested only in h> —1. This means that y; is real, and” 
left-hand side of Eq. (37) is larger than 0.75, so that 
iu,:>3. According to (36d), this means that / is more 
negative than the nucleation field for magnetization 
curling given by (22). 

If (37) is not fulfilled, a; =a;=0, in which case (36) 
gives rotation in unison. The potential for />1 is, in 
this case, 

U.=—4}Shat", 
and the boundary condition (10c) gives 
Sa2=—Sha2, ie., h=—1. 
This value is more negative? than the nucleation field 
for magnetization buckling. 

2.3. Case u3=0.—Since k is real and S>0, it is seen 
from (16a) that yu; can be zero only if h<—2. 

2.4. Equal Values of un.—According to (15a) and 
(16a), 41 =e Or ws implies that 


aS*{ 2h +9S?(h+1)}=0, ie, h<—1. 
In the same way one obtains from (16a) that w2=y; 


implies that 
2k-+-S2(4h+1)2=0, 


which cannot be satisfied for any real value of h. 


III. HYSTERESIS CURVE 


As is proved by Brown,’? the equilibria after the 
nucleation are characterized, in general, by a set of 


44 See reference 10, p. 113, Eq. 3-63. 
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nonlinear partial differential equations. Actually one 
needs to solve these equations only for modes which 
reduce to the curling or to the exact buckling for small 
angles, since these two modes were found in Part II 
to be the easiest modes for nucleation. Yet even this 
is complicated so that simplifying assumptions are made. 


A. Magnetization Curling 


For the calculations of this case, the magnetization 
curling in the sense of reference 2 is assumed throughout 
the whole process. It is possible in principle (though it 
does not seem conceivable in this case) that the reversal 
is thus restricted to an unfavorable mode, so that when 
complete freedom is allowed, the jump will bring the 
spins to some other state than that calculated here. 
However, because of mathematical difficulties, one has 
to assume the curling throughout the process, thereby 
reaching the following equation? for the magnetization 
equilibria : 


@w/d?+tdw/dt— (xrSh+t cosw) sinw=0, (38) 
with the boundary conditions 

w(0)=0, (39a) 

w’(1)=0. (39b) 


Here w is the angle between the spin and the 2z axis, 
assumed to be independent of z and ¢, and / is defined 
in (6). The boundary condition (39a) is somewhat 
different than that assumed previously? when freedom 
was given inside the cylinder. This freedom has been 
removed here, since it was not found to be necessary.® 
Equation (38), with the boundary conditions (39), 
was solved by the trial and error method.'® For this, 
(39a) was preserved and instead of (39b) various 
derivatives were tried at ‘=0, in search for a solution 
converging into (39b). The calculation was done for 
the nucleation field #S°h=—3.39 using a fourth-order 
Runge Kutta method" on the WEIZAC—the electronic 
computer of this Institute. The computer was pro- 
grammed to stop each solution at ‘=1 or when w’ <0. 
This enables the choice of small enough intervals 
without waste of computer time to print unwanted 
results. Some of the solutions are plotted in Fig. 2. It 
is conceivable from this figure that there is no other 
solution of (38) which satisfies (39) except w=0 and 


w=0 for t=0 


=g for t0. (40) 


That (40) is a solution of (38) may be seen by substi- 
tuting in (38) 


w= lim 2 arc tan gt. 
roo 


1W. E. Milne, Numerical Solution of Differential Equations 
(John Wiley and Sons, Inc., New York, 1953), p. 102. 
16 See reference 15, p. 72. 
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Fic. 2. Some of the solutions of Eq. (38) with the initial value 
w(0)=0 and w’(0) as a parameter. 


It has already been proved? that for h¢h, the 
equilibrium state w=0 is unstable. This, together with 
the results given here, shows that at nucleation the 
jump is to the state (40). If one removes the restriction 
of curling only, the central line of spins at /=0 will 
rotate “in unison” to w= without a further change in 
the field. This instability of (40) may be seen from the 
fact that the exchange energy is finite and decreases 
monotonically during the rotation, while the self- 
magnetostatic energy is zero throughout the rotation. 

It should also be noted that the solutions of (38) 
shown in Fig. 2 are equilibria for 


h=hyale’, 


with the new coordinate (/=t/t, substituted for ¢. 
Here ¢» is the value of ¢ in Fig. 2 for which w’=0. 
However, these equilibria are not stable since they 
yield negative susceptibilities. 

It has thus been shown that the nucleation field in 
this case is identical with the coercive force, and the 
hysteresis curve is a symmetrical rectangular loop. 
This result has also been found by Brown.*:!” 


B. Magnetization Buckling 


The exact calculation of the magnetization curve is 
much more complicated here than for the magnetization 
curling. Even the choice of a mode which reduces to 
the exact buckling for small angles was not found 
possible. However, since the exact buckling gave 
nucleation fields which were very close to those given 
by the approximate buckling, the latter mode was taken 
as the basis for the calculations. The following mode, 
which gives energies that are easy to deal with and 
nucleation fields identical to that of the approximate 


17 W..F. Brown, Jr., J. Appl. Phys 29, 470 (1958). 
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Fic. 3. The reduced nucleation field, hn=H,/(2x/,), as a 
function of the reduced radius of the cylinder. The actual magnet- 
ization reversal will be carried out by buckling for R/Ro<1.1 
and by curling for R/Ro>1.1. The previous assumption of 
— in unison” is plotted for the sake of comparison of the 
scale. 


buckling, was chosen. 


a,=sine coskp, 


ay=sine sinkp, (41) 


a@,>= cose, 
where # is given by (6). 


The energy per unit volume is calculated in this case 
analogously to the buckling case.? This yields 


a Re 
E= a cnt —+ ri) (ik) |- 2h cose}. (42) 


aS? 





Here the self-magnetostatic energy is only that of the 
surface charges a, since in (41) diva=0. These surfaces 
charges are 


o=0,+0,=I, sine coskp cosy+/, sine sinkp sing. 


The self-magnetostatic energy is composed of the self- 
energy of o, and that of ¢,, which are given in Appendix 
V of reference 2, and of the interaction energy of c, 
and ¢,, which can be shown to be zero in this case. 

By comparing (42) with Eq. (6.2.3) of Kittel,!® 
the hysteresis curve in this case too is a rectangular 
loop, and the nucleation field (which is equal to the 


18 C, Kittel, Revs. Modern Phys. 21, 575 (1949). 
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coercive force) is 





k 
—h= — +i], (tk), (ik), 
nS? 


(43) 


which is the same as given in Eq. (29) of the former 
paper for the nucleation of the approximate buckling. 

One remark is needed here. In principle the transfer 
from one equilibrium to the other should be studied 
by means of dynamic equations of motion. It is believed 
however, that for the infinite cylinder there are no 
stable equilibria except.for saturation parallel to the 
axis so that at nucleation, the magnetization reverses 
completely. 


IV. CONCLUDING REMARKS 


The results obtained in this paper confirm the 
conclusions of the former paper? that the hysteresis 
curve of an infinite cylinder with the field parallel to 
its axis, is a symmetrical rectangular loop so that the 
nucleation field is identical with the coercive force. 
The magnitude of the nucleation field of the exact 
magnetization buckling was found to be somewhat 
smaller than that considered before, but the deviation 
was about 1%, at most. In view of the results obtained 
by Brown,’ the transition from exact buckling to curling 
(at S~1.1) is abrupt (as is seen in Fig. 3) contrary to 
the former suggestions.? It should be especially noted 
that a critical size for spin rotation in unison does not 
exist for the infinite cylinder. 

All the calculations here were carried out by neglect- 
ing the magnetocrystalline anisotropy energy. If this 
energy is introduced, with the easy direction coinciding 
with the cylinder axis, the only difference is that one 
should substitute 4+(K/x/,*) for 4 throughout the 
whole calculation of the nucleation. Here K is the 
anisotropy constant, assumed to be positive. The 
nucleation field is thus given by the same formulas 
with the added term. As for the hysteresis curve, it is 
conceivable that it will remain rectangular, at least for 
anisotropy energy of the type K cos*w. This is because 
the energy after nucleation will decrease faster than for 
the case K=0 discussed before, and because w=7 will 
remain a stable equilibrium for fields past the nucleation 
field. 
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The increase in linear dimensions of a 99.999% copper foil upon deuteron irradiation was measured directly 


as a function of integrated flux. Two bombardments were made on the same specimen with integrated fluxes 
of 3.14 10'*d/cm? and 7.68 X 10'*d/cm?, respectively. It was found in both runs that the specific change in 
length per incident deuteron per square centimeter was 3.8 X 10~*!. This value applies to an average deuteron 
energy of 8.5 Mev. Measurements of the thermal recovery of the irradiation-induced change in length were 
also made. If the stages of thermal recovery between the bombardment temperature and room temperature 
are designated as Stage I (70°K), Stage II (70-180°K), and Stage III (180-300°K), then the amount of 
recovery per stage is 64%, 6%, and 26%, respectively. The residual effect remaining at 300°K is 4% of the 
maximum effect. It is suggested that the defects introduced by the deuteron irradiation are Frenkel pairs 
and that thermal recovery proceeds by means of recombination of vacancies and interstitials between the 


bombardment temperature of 17° and 300°K. 








I. INTRODUCTION 


HE imperfections existing in crystalline solids 
greatly influence the properties of the crystals. 
There are many ways in which these imperfections may 
be studied, one of which involves the use of high-energy 
particle irradiation. This field of irradiation effects in 
solids offers an excellent opportunity for a study of par- 
ticular crystal imperfections. Much has been learned 
regarding the properties of these defects ; however, their 
precise nature is still not known. 

One reason for this lack of detailed understanding is 
a result of the nature of most of the measurements which 
have been reported to date. These measurements have 
been largely concerned with changes in electrical resist- 
ance occurring upon bombardment and subsequent an- 
nealing. Unfortunately their interpretations have some 
ambiguities; a measurement of more direct interpreta- 
tion would be desirable. The present paper reports such 
an experiment; it is a report of the volume change in 
Cu which occurs upon irradiation. To show how the 
present experiment is related to earlier studies, we will 
first review a few published facts about damage in Cu. 
Since excellent reviews of radiation damage exist in 
several places,’ however, no large amount of data will 
be presented. 

Irradiation effects generally fall into two categories, 
those occurring during bombardment and these asso- 
ciated with thermal recovery. Each gives useful infor- 
mation about the defects produced by the irradiation. 

*This paper was presented by R. Vook to the Graduate College 
of the University of Illinois in partial fulfilment of the degree 
Doctor of Philosophy in August, 1957. 

¢ This work was supported by the U. S. Atomic Energy 
Commission. 

t Now at International Business Machines, Poughkeepsie, 
New York. 

1F, Seitz and J. S. Koehler, Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 305; J. W. Glen, Advances in Physics, edited by N. F. 
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The amount and type of bombardment and the tem- 
perature of irradiation determine the concentration of 
defects produced. The maximum concentration for a 
given irradiation dosage will be obtained if the tem- 
perature of irradiation is kept low enough so that 
thermal recovery does not occur. It appears that this 
can be done in copper only by irradiating it below 20°K. 
Then the bombardment and thermal recovery effects 
may be separated, thereby making the interpretations 
of the experimental results more straightforward. 

The first irradiations of copper from which thermal 
recovery effects appeared to be almost entirely elimi- 
nated were electrical resistivity measurements carried 
out below 20°K by Cooper, Koehler, and Marx.’ Un the 
assumption that only Frenkel pairs were produced by 
the irradiation, these investigators obtained an estimate 
of the concentration of these defects for a given inte- 
grated flux. This estimate was smaller by a factor of 
about five than the estimate resulting from the use of 
the simple theory of Seitz and Koehler.' In their re- 
covery data they showed that various annealing stages 
occurred. In the present paper these stages will be de- 
noted as follows: Stage I: to 70°K, Stage II: 70°K- 
180°K, Stage III: 180°K-300°K. About half the resis- 
tivity change resulting from the irradiation annealed in 
Stage I while most of the remaining damage annealed 
in Stages II and III. A small residual effect remained 
at room temperature. 

Measurements of the change in volume of copper 
upon deuteron irradiation were first performed at liquid 
nitrogen temperature by McDonell and Kierstead.’ 
They observed a small volume increase upon irradiation 
and their thermal recovery data showed that only a 
small amount of annealing occurred between their bom- 
bardment temperature of 80°K and 400°K. Unfortu- 
nately their experiment suffered from constraints placed 
on the copper by the manner in which the irradiation 
was performed. 

2 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 


3 W. McDonell and H. A. Kierstead, Phys. Rev. 93, 247 (1954); 
98, 1870 (1955); H. A. Kierstead, Phys. Rev. 98, 245 (1955). 
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The first investigation of irradiation effects in copper 
resulting from deuteron bombardment below 20°K 
other than a resistivity measurement was that per- 
formed by Simmons and Balluffi. These investigators 
measured the change in lattice parameter upon irradia- 
tion and subsequent thermal recovery. They observed 
a linear increase of lattice parameter with integrated 
flux and thermal recovery effects which paralleled those 
observed by Cooper et al.? 

The experiment described in the present paper reports 
measurements of the length change induced in high 
purity copper at 17°K by deuteron irradiation. The 
specific length change was measured directly to a pre- 
cision of 5%. It was demonstrated in two bombard- 
ments, one short and one somewhat longer, that the 
damage introduced was a linear function of the inte- 
grated deuteron flux. In addition the annealing proc- 
esses between the bombardment temperature and room 
temperature were studied. Excellent agreement was 
obtained between the present experiment and Simmons 
and Balluffi’s lattice parameter measurement both 
for the bombardment and thermal recovery data. Fur- 
thermore the length change recovery curve closely fol- 
lowed the resistivity recovery curve of Cooper ef al. 
under similar irradiation conditions. 


II. EXPERIMENTAL PROCEDURE 


The actual measurement of the change in length was 
complicated by several factors. The specimens them- 
selves were of necessity fragile because the short range 
in copper of the bombarding particles did not allow the 
use of massive samples. Furthermore, the specimens had 
to be held in vacuum near liquid helium temperature 
during the bombardment. Since the effect of strain 
upon defect production during irradiation and upon 
thermal recovery was not known, all measuring devices 
which might produce strains in the specimen could not 
be used. Finally, a method had to be developed which 
would measure precisely small length changes because 
the effect was expected to be very small. 

Prior estimates had indicated that the maximum 
specific length change, AL/L, after a week’s bombard- 
ment at 15°K with 12-Mev deuterons from the Uni- 
versity of Illinois cyclotron would be certainly no 
greater than 10~*. To get high precision it was thought 
necessary to be able to measure a length change to about 
+2X10-* cm. An optical technique was developed 
which would do this. It consisted simply of a microscope 
with a long working distance fitted with a Filar microm- 
eter eyepiece.® The measurement of the change in length 
consisted of observing with this microscope the change 
in position of a point on the specimen relative to a fixed 
point on the specimen holder. 


*R.O. Simmonsand R. W. Balluffi, Atomic Energy Commission 
Technical Report No. 10 At (11-1)-182 (unpublished); R. O. 
Simmons, thesis, University of Illinois, 1957 (unpublished). 

5 Use of this microscope was originally suggested by Professor 
J. S. Koehler. 
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Two measurements of deuteron-induced length 
changes with specimens cooled to 15°K and 25°K were 
made with this instrument. These preliminary measure- 
ments determined the order of magnitude of the bom- 
bardment effect in copper, silver, and gold and gave 
some thermal recovery data. They also showed that this 
simple method of measurement had some disadvan- 
tages: namely, taking the measurements was very 
tedious, no permanent record was obtained, and bending 
of the foil due to the production of nonhomogeneous 
damage in the specimen could not be detected. These 
disadvantages were eliminated or measured in the ex- 
periment reported in the present investigation by 
attaching a camera to the microscope and recording the 
data on photographic plates. The details of this tech- 
nique will be pointed out later. 

The low-temperature irradiation was performed with 
the specimen cooled by a liquid helium cryostat de- 
scribed by Mapother and Witt.* Heat generated in the 
specimen was carried by conduction from its ends to a 
block in good thermal contact with the liquid helium 
Dewar. A vacuum was maintained in the cryostat by 
attaching to its bottom a brass container (which will be 
designated as the “sump”). The specimen mounting 
block extended down into this sump in the deuteron 
beam which entered the sump through a tube connected 
to the cyclotron. 

It is imperative that the total flux of deuterons inci- 
dent on the sample be known. This integrated flux was 
measured by stopping the collimated beam in an exten- 
sion of the liquid nitrogen Dewar (see Fig. 1) and meas- 
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Fic. 1. Top view schematic diagram of apparatus. 


*D. D. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 


(1955). 
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uring the accumulated charge. The liquid nitrogen and 
helium Dewars were electrically insulated from their 
stainless steel container and the attached sump. The 
charge that accumulated on the Faraday cage so con- 
structed was then permitted to run through a current 
integrator which recorded the integrated deuteron flux 
as number of counts on a mechanical counter.’ 

In the final measurements two copper samples were 
irradiated. One was used for the length measurement 
while the second was merely a temperature monitor. 
Both were manufactured from American Smelting and 
Refining 99.999% pure copper rod, which was cold 
rolled from } in. diameter to a strip 0.0034 in. thick. The 
purity of this copper was estimated from a measurement 
of its residual resistance. Two test samples were cut 
from it and annealed at about 500°C for 3 hours. The 
ratio of the room temperature resistance to the resist- 
ance at 4.2°K was then measured and found to be 1040 
and 1080, respectively. If one assumes a resistivity of 
1.5 ohm cm/at.% of impurity and a room temperature 
resistivity of 1.55 wohm cm, then the defect concentra- 
tion is of the order of 10~° (or the material is indeed 
99.999% copper). The samples that were irradiated are 
believed to have this same purity. 

The samples were made in the following manner. First 
they were cut into4cmX2 mmstripsand reduced in thick- 
ness to 0.0028 in. by a dilute HNO; etch followed by a 
FeCl;+HCl etch. The monitor foil was then bent down 
the middle into a rooftop shape in a stainless steel form 
to give it mechanical rigidity. The specimen on which 
the length measurements were made was cut in half and 
each half was similarly bent down the center in another 
stainless steel jig. With this jig a half-millimeter flat- 
tened portion was left on the end of each half to make 
optical observations easier. On these flattened ends fidu- 
ciary marks were made. First the end was chemically 
electropolished to smooth the surface and then light 
scratches were made with a razor blade. Finally the sur- 
face was electropolished again until it was almost 
smooth. The remaining surface irregularities produced 
high-contrast bright diffraction spots when viewed 
through the microscope. These spots were used as fidu- 
ciary marks. 











Fic. 2. Specimen mounting block. 


7H. T. Gittings, Jr., Rev. Sci. Instr. 20, 325 (1949). A slightly 
modified version of the circuit described in this paper was used. 
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Fic. 3. Front view of specimen block. The thermocouples TC-1 
and 7C-2 and standard platinum resistance thermometer are 
shown. 


The two specimen halves and the temperature moni- 
tor were mounted on a copper block by means of copper 
clamps at their ends as shown in Fig. 2. They therefore 
presented a 0.0039 in. projected thickness to the deu- 
teron beam. The ends of the two halves of the specimen 
were separated by a gap of about 0.09 mm to allow for 
radiation expansion. The specimen was mounted in this 
way instead of using a single foil twice as long in order 
to increase the efficiency of cooling. 

Since the temperature of the specimen foil itself can- 
not be measured, the monitor and specimen foils were 
placed side by side. See Fig. 3. A 0.005-in. copper and 
0.010-in. constantan thermocouple was spot-welded to 
the center of the monitor foil. Possible radiation effects 
on the thermocouple were avoided by shielding it from 
deuteron irradiation with a thick copper stub. In this 
condition the block, specimens, and thermocouple were 
annealed in vacuum at about 350°C for six hours to 
remove the residual strains and improve the thermal 
conductivity of the block and foils. The thermal contact 
of the foil ends was further improved by the annealing 
since the copper clamp and foil sintered during this 
treatment. The block was then attached by screws to 
the stub on the liquid helium Dewar. At the interface 
of the block and Dewar a thin layer of varnish was used 
to insure good thermal contact.® 

It was important to keep the specimen as cold as pos- 
sible during the bombardment to prevent thermal 
annealing from occurring. In addition to providing good 
thermal contact to the helium Dewar it was necessary 
to take a number of precautions to reduce the heat flow 


8 It was found that a thin layer of G. E. 7031 varnish had excel- 
lent thermal conductivity at temperatures near 10°K. 
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from warmer parts of the cryostat to the specimen. Heat 
flow down the thermocouple wires to the junction was 
avoided by passing these wires through holes in the 
specimen mounting block before they were led outside 
the cryostat. Thermal radiation to the foils was consid- 
erably reduced by enclosing them in a radiation shield 
which was at the block temperature. The front and back 
parts of the shield through which the beam passed were 
made of copper foils 0.0005 in. in thickness. The front foil 
was part of a small door which could be opened manu- 
ally during the length change measurement. 

The temperature of the monitor foil was measured by 
means of the copper-constantan thermocouple attached 
to its center. A second similar thermocouple was used 
to measure the block temperature. These thermocouples 
were both calibrated in place prior to the bombardment 
against a standard platinum resistance thermometer. 

The heat flow to the block occurred primarily by con- 
duction down the thermocouple wires. Hence these wires 
were cooled to liquid nitrogen temperature before they 
were led to the block. In this way the liquid helium 
evaporation rate was reduced to 2.5 cu ft of gas/hour. 
During the irradiation, however, the rate increased by 
factors of 6 to 10 depending upon the deuteron beam 
current. 

The vacuum required for the optical observation of a 
metallic surface at temperatures near that of liquid 
helium must be extremely clean. It is absolutely neces- 
sary to have a liquid nitrogen trap in the pumping 
system to keep oil vapors out of the cryostat vacuum 
system. Such oil vapors would condense on the cold 
specimens and obliterate the spots at low temperatures. 
In addition numerous dry runs in the laboratory showed 
large pressure bursts at several temperatures between 
25°K and room temperature. These bursts were appar- 
ently caused by evolution of condensed gases from the 
cold metal surfaces when a particular phase transition 
point of one of the gases was reached in the warmup. 
At such transition points rather high pressures were 
produced in the vacuum system. At these temperatures 
there was so much condensation on the specimen that 
the fiduciary spots were obliterated. To prevent this 
loss of spots during a gas burst or as a result of slow con- 
densation at 17°K it was necessary to keep the small 
door on the specimen block shut at all times except when 
measurements were being made. Furthermore, meas- 
urements could not be made during the gas bursts. In 
the cryostat used in the present investigation three 
pressure bursts occur upon warmup from helium tem- 
perature. They reached their maximum pressures during 
the warmups at block temperatures of about 35°K, 
100°K, and 200°K. The first two of these are possibly 
caused by melting and boiling of oxygen which had con- 
densed on parts of the helium Dewar. The gas burst at 
200°K is probably caused by sublimation of COs. 

A schematic drawing showing the location of the opti- 
cal system relative to the specimen is also shown in Fig. 
1. The heart of the measuring equipment is the micro- 





R. VOOK AND C. WERT 


scope and camera. (The microscope was a Gaertner 
“creep test” microscope with a 5-in. working distance. 
The camera was a Leitz “Makam” camera with a spe- 
cially designed cassette.)? The specimen was viewed 
in a front surface mirror through open doors on the 
block and nitrogen shield and through a glass window 
on the front of the sump. It was illuminated with a 30 
watt AO illuminator fitted with a glass heat-absorbing 
filter. By using oblique illumination it was possible to 
make the spots appear bright against a dark back- 
ground. Ten second exposures were made on 3}X4}- 
in. Kodak Metallographic plates. The heating effect of 
the illuminator when the block was at 12°K amounted 
to raising the temperature of the monitor by about one 
degree during the exposure of the plate. The natural 
vibration of the system was sufficiently damped by 
tying the helium Dewar to the nitrogen Dewar and wedg- 
ing the latter against the sump with a piece of Tygon. 
Shrinkage of the emulsion was negligible but slight vari- 
ations in magnification due to refocusing were corrected 
for in the analysis. Photographs of the specimen were 
taken at normal incidence; the equipment in this posi- 
tion was calibrated by a Leitz stage micrometer having 
0.01 mm divisions. 

The length data were read from photographic plates ; 
a typical example is given in Fig. 4. The change in length 
showed itself by the motion of the spots on one foil rela- 
tive to those on the other. This relative motion was 
measured with a Gaertner coordinate comparator. The 
length changes were computed from the motion of spots 
3, 4, 5, and 6 on the right foil relative to spots 1 and 2 on 
the left foil. This was done by measuring the (x, y) co- 
ordinates of each of the six spots per plate. In order to 
introduce a common coordinate system on all the plates, 
it was necessary to perform a translation and rotation 
of the actual coordinate system introduced when the 
position of the spots on each plate was measured on the 
comparator. This was done by translating the origin of 
the existing coordinate system on each plate to spot No. 
1 and then rotating it so that the “y” axis passed 
through spot No. 2. The new positions of the spots on 
each plate were calculated by means of the University 
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Fic. 4. One of the photographic plates. 


® Use of this camera was suggested by Mr. T. Nilan. 
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of Illinois digital computer. Variations in magnification 
and thermal expansion among the plates were corrected 
for by taking a standard length on one of the specimen 
halves on a standard plate and insisting in the calcula- 
tions that this distance by uniform on all plates. This 
was done by using the distance between spots No. 1 and 
No. 2, r12*, on a particular plate, say plate No. 1, as the 
standard length and then multiplying the translated and 
rotated coordinates of the spots on other plates as calcu- 
lated above by the factor r12*/ri2, where ri2 is the corre- 
sponding distance on the plate in question. The fact 
that rj2 increased with irradiation is not significant 
since its maximum change was of the order of 9X 10-® 
cm. This change would introduce a similar change in 
the position of the spots and since this value was less 
than the experimental error, it could be neglected. 
After all the foregoing calculations and corrections 
were made, a set of numbers was obtained for each spot 
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Fic. 5. Temperature of foil during warmup. 


on every plate. These numbers represented the coordi- 
nates of that spot relative to a fixed coordinate system 
(based on spots 1 and 2). These numbers could then be 
plotted for the spots 3, 4, 5, and 6, and from such plots 
the change in length at eny time could be deduced. 


III. RESULTS 


Measurements were made on two successive bom- 
bardments of the same specimen. The temperature of 
irradiation for both runs was 17°K. Run I had a final 
integrated flux of 3.14 10'* deuterons/cm? while Run 
II had a dosage of 7.68X 10'*d/cm?. After the irradiation 
in Run I, the specimen was warmed to 264°K before 
coolants were again added to the cryostat. The recovery 
of damage in Run I was essentially complete by 264°K 
since a residual length change in the specimen of only 
2X10-* cm remained. This value corresponds to the 
experimental error (at 264°K). The specimen was then 
cooled to 10°K and Run II was performed. When this 
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Fic. 6. Plot of part of the data from which expansion was deter- 
mined. Two-dimensional spatial motion of spot No. 3 relative to 
spots No. 1 and 2 during Run I and Run II bombardment. The 
plane of the observed motion is the plane perpendicular to the 
deuteron beam. Each point represents the position of spot No. 3 
as measured on a particular photographic plate. Straight lines 
= points corresponding to plates exposed at identical integrated 

uxes. 


irradiation was terminated, the specimen was warmed 
to a temperature of 293°K and the amount of thermal 
recovery was measured at this temperature and then 
checked at 7°K by adding coolants to the cryostat. At 
this time the residual length change was again 2X 10~° 
cm. The rates of warming for the two runs are given in 
Fig. 5. 

The radiation expansion data were obtained from the 
two dimensional motion of spots 3, 4, 5, and 6 relative 
to 1 and 2 as explained in the previous section. In Fig. 
6 this motion is shown for spot No. 3. (It is typical of 
the graphs of the motions of the other three spots.) 
Each point represents the position of spot No. 3 on a 
single photographic plate. The units used in the abscissa 
and ordinate are physical distances on the plate. The 
expanded condition of the foil was determined from the 
normal projections of the positions of the points on the 
line giving the direction of expansion. It will be noted 
that at the maximum expansion the foils are slightly 
distorted since the points tended to fall below the direc- 
tion of the expansion. This distortion is even more pro- 
nounced on spatial plots of points 4, 5, and 6. 

The curve shown in Fig. 7 was obtained by averaging 


28 
24 


20) 


sd 


ie 


aLl/L x 105 
@ 


> 





ie} 1 1 1 1 = 1 1 


0 2 3 4 5 6 8 
Integrated Flux: d/cm?x 10°!'6 





_ Fic. 7. Plot of bombardment curves showing radiation expan- 
sion. Each point represents the expansion observed as a result of 
the average change in positions of spots 3, 4, 5, and 6 relative to 
1 and 2. 
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Fic. 8. Thermal recovery to room temperature. Each point 
represents the average residual AL/L. 


the radiation expansion observed as a result of the 
motion of spots 3, 4, 5, and 6 relative to 1 and 2. Each 
point in this figure is the mean value of the relative 
motion of the 4 spots per plate used to determine the 
expansion. It will be seen that the slopes of the two 
bombardment curves for Runs I and II are the same 
within the experimental error. The average value of the 
specific change in length per deuteron per cm? was 
found to be 


AL/L 
= (3.840.2)X 10-7. 





d/cm? 


This value applies to an average deuteron energy of 
8.5 Mev. 

During thermal recovery the spatial motion of the 
spots was the reverse of that occurring during expan- 
sion ; the average data are plotted in Fig. 8. Because of 
the smaller effect in Run I, the precision was not as 
good in it as in Run II, nevertheless, the recovery data 
of both runs agree in all their aspects within the experi- 
mental error. For the sake of simplicity the thermal re- 
covery regions may be designated as follows: Stage I, 
specimen temperature less than 70°K; Stage II, 70°K 
to 180°K ; and Stage III, 180°K to 300°K. The thermal 
recovery occurring in Stage I is plotted in Fig. 9 on a 
greatly expanded scale. In Run II Stage I recovery 
accounted for 64% of the damage, Stage II accounted 
for 6%, and Stage III accounted for 26%, leaving about 
4% at room temperature. The residual effect after Run 
II can be compared with the total effect of irradiation 
in both Runs I and II. Therefore the amount of damage 
remaining after a total irradiation of 10.8X10!'®d/cm? 
(which would produce a total length change of about 
76.8X 10-* cm) is about 4X 10-* cm or about 5% of the 
effect. This value is about twice the experimental error 
in measuring the length and therefore represents a small 
but real residual effect. 

Although sufficiently precise measurements of the 
change in thermal conductivity were not made, it was 
however noted that a cumulative decrease resulted from 
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increasing irradiation dosage. This decrease in thermal 
conductivity at the bombardment temperature of 17°K 
was found to anneal out upon warming to 20°C. 


IV. DISCUSSION 
1. Radiation Expansion 


It is desirable that an irradiation designed to produce 
measurable changes in the physical properties of a metal 
be carried out at a temperature where thermal recovery 
does not occur. Various investigators have reported the 
start of low temperature annealing somewhere in the 
vicinity of 15° to 21°K.?-+° In the present investigation 
the maximum bombardment temperature was 17°K 
and annealing was observed to commence very slowly 
between 18° and 20°K. Hence it does not appear likely 
that appreciable thermal recovery occurred during the 
irradiation. 

The first observation that can be made is that the 
radiation expansion was positive. Calculations have 
shown that the volume increase due to an interstitial 
atom in the lattice is roughly five times the volume de- 
crease due to a vacancy.’ Hence the above result is 


_in agreement with the assumption that Frenkel pairs 


are produced by the irradiation. 

It is also interesting to compare the radiation expan- 
sion of the present investigation with the lattice param- 
eter change observed by Simmons and Balluffi.! The 
experimental conditions in both experiments were very 
similar, the only correction needed to compare them is 
that due to the 1/E energy dependence of damage ob- 
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Fic. 9. Thermal recovery in Stage I. 
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served by Simmons and Balluffi. In the present investi- 
gation the average value of the deuteron energy was 
8.5 Mev while in Simmons and Balluffi’s measurement 
a value of about 7 Mev applied. The value of the specific 
lattice parameter change per deuteron per square centi- 
meter, (Aa/a)/(d/cm?), for 7-Mev deuterons was found 
by them to be 4.1 10~"/(d/cm*). This value corrected 
to an energy of 8.5 Mev is 3.4X10-*/(d/cm?). The 
value of the specific length change per deuteron per 
square centimeter, (AL/L)/(d cm*), observed in the 
present experiment is 3.8X10~"/(d/cm*). These two 
results differ by 11% and show that the 1/E energy 
dependence of damage is verified to at least this pre- 
cision. One can also conclude that Aa/a=AL/L to a 
precision of 11%. It should be pointed out in this con- 
nection that Simmons and Balluffi’s bombardment tem- 
perature was about 5 degrees below the 17°K bombard- 
ment temperature of the present investigation. While 
it is possible that the resulting damage in the two cases 
could be different, it appears unlikely that this should 
be the case. 

It is also useful to compare the change in resistivity 
to the specific length change upon irradiation. This can 
be done by calculating the quantity Ap/(AL/L), where 
Ap is the change in resistivity and AL/L is the specific 
length change upon irradiation. Using the initial slope 
of 2.3 10-'Suohm cm/(d/cm*) for Cooper’s resistivity 
damage curve? and making the energy correction from 
9.5 Mev to 8.5-Mev deuterons, one gets a slope of 
2.58X 10-'8uohm cm/(d/cm?). This value together with 
the length change data of the present investigation gives 


Ap 
———= 6.8 10-4 ohm cm. (1) 
(AL/L) 


The value obtained for the same quantity using the lat- 
tice parameter data of Simmons and Balluffi’s experi 
ment is 


=7.6X 10-4 ohm cm. (2) 


(Aa/a) 





As was noted earlier in this paper the existence of foil 
distortion was clearly evident near the maximum inte- 
grated fluxes used in the irradiation. This distortion is 
probably the result of the production of inhomogeneous 
damage in the specimen caused both by the 1/F depend- 
ence of damage through the specimen thickness and by 
a possible nonuniform deuteron beam across the face of 
the specimen. 

No evidence of any “radiation annealing” was ob- 
served in the present irradiation at least up to an inte- 
grated flux of 6X 10'8d/cm?*. Beyond this value the dis- 
tortion of the foil has masked any such effect. 


2. Thermal Recovery 


The thermal recovery of the bulk expansion was 
similar to that noted earlier for recovery of both resis- 
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Fic. 10. Comparison of low-temperature recovery effects of 
resistivity, lattice parameter, and macroscopic length. 


tivity and lattice parameter.?* A comparison of the re- 
covery of these three properties is shown in Fig. 10. In 
general the agreement among all three recovery curves 
is very good, but the agreement between the residual 
lattice parameter change and radiation expansion is in- 
deed excellent. The relative amounts of resistivity, 
lattice parameter, and length change remaining after 
Stages I (<70°K), II (70°K-180°K), and III (180°K- 
300°K) of recovery are shown in Table I. While the 
choice of temperature limits for the three recovery 
stages is somewhat arbitrary, it is believed nevertheless 
that a reasonable choice has been made. It appears that 
if radiation annealing had not occurred in the measure- 
ment of the resistivity change upon irradiation, then 
the agreement would be considerably better. 


3. Effect of Impurities and Other 
Crystal Imperfections 


It is possible that small concentrations of impurities 
might affect the thermal recovery of copper. The esti- 
mated impurity concentrations for the specimens used 
in the resistivity measurements of Cooper ef al.,? the 
lattice parameter measurements of Simmons and 
Balluffi,t and the present investigation were 3X10~, 
3.5X 10-5, and 1.0 10~-° impurity atoms/lattice atom, 
respectively. The variation by a factor of 30 in the im- 
purity concentration shows that impurities have little 
effect on annealing properties, at least for these small 
concentrations, since the recovery curves for all three 
properties are very similar. This is in agreement with 


TABLE I. The relative amounts of resistivity, lattice param- 
eter, and length change, remaining after the various stages of 
recovery. 











AL/ALMax 

Ap/ApMax Aa/Aamax remaining 
remaining remaining Run II 
Stage I 50% 37% 36% 
Stage IT 33% 30% 
Stage III 10% 4% 4% 
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the data of Blewitt who found that for neutron irradia- 
tion, significant effects were not observed for impurity 
concentrations less than 1X 10~*.!8 

Grain boundaries appear to have little effect on radia- 
tion expansion and its recovery. The polycrystalline 
specimens used in the present investigation had grains 
smaller than the specimen thickness, while the copper 
single crystal used by Simmons and Balluffi for their 
lattice parameter measurements gave essentially the 
same results as those reported in this paper. 


4. Interpretation 


Several types of defects have been suggested as being 
responsible for the effects occurring during irradiation. 
For comparison of experiment with various theoretical 
calculations it will be assumed that the defects produced 
during low-temperature deuteron irradiation are 
Frenkel pairs. Although this assumption is made some- 
what arbitrarily, it appears to be the best that can pres- 
ently be made. On this basis then, the results of this in- 
vestigation will be compared with properties which have 
been calculated for Frenkel pairs. 

The first comparison to be made between theory and 
experiment is that of the number of defects produced 
during irradiation. To compute this number from the 
experimentally determined length change, one uses the 
linear expression 

AL/L=Af, 

where AL/L is the specific length change per deutron 
per square centimeter, f is the fraction of atoms dis- 
placed per d/cm?, and A isa constant. A is presently not 
known accurately; a range of values of A between 0.15 
and 1.0 has been calculated.” A recent calculation by 
Tewordt gives a value for A lying near the middle of 
this range, namely A=0.5."" Use of this number to cal- 
culate f from the present experiment yields f= 7.6X 10-7 
per incident deuteron/cm?. The specimens contained 
about 8.4X 10” atoms/cm’, so the number of displaced 
atoms per incident 10.7 Mev deuteron is 6.4. 

The simple theory of Seitz and Koehler! can be used 
to predict the concentration of defects which should be 
produced by the incident deuterons. Such a calculation 
gives f=4.8X10~* per incident deuteron/cm?; so the 
predicted number of displaced atoms per incident deu- 
teron is 40.5. This number is 6.3 times higher than that 
computed from the experimental data. Smaller values 
of the constant A would make this agreement better, 
but it is unlikely that it could be reduced enough to 
make the agreement satisfactory. One must therefore 
conclude that the simple theory overestimates the num- 
ber of defects produced. 

It was noted earlier that to within 11% the observed 
X-ray expansion was equal to the bulk linear expansion. 
The damage for both these measurements varied by 
about 40% from the front to the back face of the speci- 
men. However, the short penetration depth of the x-rays 


a8 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957). 


R. VOOK AND C. WERT 


in the former experiment and the favorable geometry in 
the latter permitted a comparison of the two results. 
The variation of inhomogeneity of damage in the small 
X-ray penetration depth was no more than a few per- 
cent. Calculations were made which showed that the 
effect of inhomogeneity on the measurement of the aver- 
age bulk linear expansion was also at most of the order 
of a few percent. Hence upon adding up the experi- 
mental and known systematic errors it appears that the 
two experiments ought to agree to within 20%. As was 
shown in this paper, the actual agreement is 11%. 

The resistivity of Frenkel pairs in copper can be 
readily calculated using the resistivity changes observed 
by Cooper ef al.? and the data of the present experiment. 
Their initial resistivity change per incident deuteron per 
cm? was about 2.58 10-'8u0ohm cm/(d/cm?) when cor- 
rected to a deuteron energy of 8.5 Mev. From the pres- 
ent experiment one has f=7.6X 10~" per incident deu- 
teron/cm?. The resistivity per atomic percent of Frenkel 
pairs is then 3.4u0hm cm. This value is intermediate in 
the range estimated from theory and other experiments 
for this number; estimates have ranged between 0.75 
pwohm cm and 12 wohm cm.!*-* 

The annealing of the radiation expansion also may be 
used to make some observations about the defects pro- 
duced. Again the statements which can be made are 
strengthened by considering the bulk expansion along 
with the x-ray lattice expansion measurements and the 
measurements of electrical resistance. Two general ob- 
servations can be made. 

(1) Where comparison is possible during thermal re- 
covery, the fractional amount of AZ and Aa remaining 
at a particular temperature, AL/ALmax and Aa/Admax, 
are equal to within 5%. The only exception occurs at 
227°K where the single point of the residual Aa/Admax 
at that temperature differs from the residual AL/AL max 
curve by slightly less than 10%. The fact that about 
equal fractions of resistivity, lattice parameter and 
length change are left after annealing to specific tem- 
peratures in the region below 300°K suggests that 


recombination of vacancies and interstitials occurs 


throughout this temperature range. Actually a good 
comparison cannot be made between 90°K and 300°K 
because of insufficient lattice parameter data. 

(2) From the present experiment an estimate can be 
made of the energy which should be released in the 
thermal recovery. This estimate will be based on the 
assumptions that only Frenkel pairs are produced 
during the irradiation and that these are annihilated in 
thermal recovery. Furthermore it will be supposed that 
the energy of formation of a Frenkel pair is 5 ev. Using 
these assumptions one finds that the energy released 


19 P. Jongenburger, Phys. Rev. 90, 710 (1953); Appl. Sci. Re- 
search, Sec. B. 3, 237 (1953); Nature (London) 175, 545 (1955). 
” F. Blatt, Phys. Rev. 99, 1708 (1955). 
21D. L. Dexter, Phys. Rev. 87, 768 (1952). 
as - W. Overhauser and R. L. Gorman, Phys. Rev. 102, 676 
956). 
*3 Walter Harrison (to be published). 








EXPANSION OF Cu 


during the complete thermal recovery of the copper 
specimen used in Run II should be about 1.1 cal/g.™ 
This energy release when normalized to a 1 wohm cm 
resistivity change (using Cooper’s initial resistivity 
change per d/cm?)? is 5.4 (cal/g)/uohm cm. The only 
measurement of stored energy on deuteron irradiated 
samples was performed by Overhauser.” He found that 
between liquid nitrogen temperature and room tempera- 
ture the stored energy release was 1.7 (cal/g)/wohm cm. 
No measurements on deuteron irradiated samples have 
been made below liquid nitrogen temperature. The only 
measurement of stored energy in copper below liquid 
nitrogen temperature was performed by Blewitt, Colt- 
man, Holmes, and Noggle on neutron irradiated sam- 
ples. Their measurement indicates that the stored 

* This value corresponds to an energy decrease of about 4.3 Mev 
from an incident deuteron energy of 10.7 Mev to 6.4 Mev. 

%5 A. W. Overhauser, Phys. Rev. 94, 1951 (1954). 

#6 Coltman, Blewitt, and Noggle, Rev. Sci. Instr. 28, 375 (1957); 


Blewitt, Coltman, Holmes, and Noggle, Creep and Recovery 
(American Society of Metals, Cleveland, 1957), p. 84. 


1537 


energy was less than 0.8 (cal/g)/uohm cm in the tem- 
perature range between 22°K and 60°K. It is clear that 
this value of stored energy is considerably smaller than 
the value predicted above. Since it is possible that the 
damage resulting from neutron irradiation is different 
from that produced by deuteron irradiation, a measure- 
ment of the energy released in Stage I recovery for the 
latter case should be performed. If the same result ob- 
tains for deuteron irradiation it appears that annihila- 
tion would not be the dominant process occurring in 


Stage I recovery. 
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Ionization Rates for Electrons and Holes in Silicon 
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The ionization rates for holes and electrons in silicon have been determined over the following ranges of 
field: for holes, (2.5-6.0) X 105 volts cm™; for electrons, (2.0-5.0)10® volts cm. The ionization rate for 
electrons is higher than that for holes. The results suggest that the field dependence of the ionization rate for 
holes and, probably, for electrons also, can be expressed by a exp(—b/E), where E is the field. The constants 


a and bd are different for electrons and holes. 


INTRODUCTION 


HE charge multiplication that results when car- 
riers are injected into silicon p-n junctions was 
measured as a function of the reverse bias by McKay 
and McAfee':? and explained as an avalanche process 
similar to that used by Townsend as a mechanism for 
breakdown in gases. Making the assumption that the 
ionization rates for holes and electrons were equal, 
McKay was able to deduce the field dependence of the 
ionization rate. More recently, by fitting empirical 
relations to the multiplication versus bias measurements, 
Miller* has been able to solve the analytical expressions 
for the multiplication for the case where the ionization 
rates for holes and electrons are different. Miller’s 
results were confined to fields greater than 4105 
volts cm™. 
By using more refined methods for measuring the 
multiplication as a function of bias, the ionization rates 
1K. G. McKay and K. B. McAfee, Phys. Rev. 91, 1079 (1953). 


2K. G. McKay, Phys. Rev. 94, 877 (1954). 
3S. L. Miller, Phys. Rev. 105, 1246 (1957). 


have now been determined over a very much wider 
range of fields for a given junction. In particular, it has 
proved possible to obtain the separate ionization rates 
for holes and electrons rigorously, that is, without 
having to use empirical relations of somewhat limited 
validity. The results reveal an interesting relation for 
the field dependence of the ionization rate. 


EXPERIMENTAL 


The technique used to determine the multiplication 
characteristics down to multiplications of 1.001 has 
been described elsewhere.‘ The charge multiplication, 
M, produced by carriers injected into a p-m junction was 
measured as a function of the reverse bias, V, for two 
different grown junctions. The high-resistivity side of 
junction A was m type while that of junction B was 
p type. The position of the light beam relative to the 
junction was adjusted so as to produce a maximum 
signal with zero or low reverse bias applied. Thus, the 


ane G. Chynoweth and K. G. McKay, Phys. Rev. 108, 29 
(1957). 
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initiation of multiplication was caused almost entirely 
by holes in the case of junction 4 (minority-carrier life- 
time much greater on the n-side) and by electrons for 
junction B. Careful measurements of the junction 
capacity as a function of the reverse bias showed that 
each of the junctions followed the relation C"V =con- 
stant, with n= 3.0 for junction A and 2.9 for junction B. 
These values indicate that A follows very closely a 
parabolic field distribution while that of B is slightly 
distorted. The breakdown voltages of junctions A 
and B were 11.20 and 20.0 volts, respectively. 


THEORY AND RESULTS 


The ionization rates were computed from the multi- 
plication curves first for the two cases: (i) where the 
parabolic field distribution vas approximated by a 
constant field equal to the maximum of the actual field 
and extending for half the actual width of the junction, 
and (ii), where the actual field distribution was used. 
In both cases it was assumed that the ionization rates 
for holes and electrons were equal, the analysis being 
extended afterwards to the actual situation of different 
ionization rates. 


(i) Square Field Approximation, «= 


Let a and @ be the ionization rates for holes and 
electrons, respectively. Then,” 


1 


w/2 
—_— f a(Ey)dx=}Wa(Ew), (1) 
M 4, 


where W is the actual width of the junction and a(Ey) 
is the ionization per unit path length at a field 
equal to Ey, the actual maximum field in the junction. 
For a linear-gradient junction, 


Ey=1.5V/W= (1.5/W1) V4, (2) 
where V is the sum of the applied voltage and the built- 
in potential, the latter as well as the junction width 
being determined from the capacity measurements. 
W, is the junction width for a total potential difference 
across it of one volt. By using Eqs. (1) and (2) the field 
dependence of a can be obtained. 

(ii) Parabolic Field, a= 


For this case,? 


271.5\' d@ p®™ (1—-1/M) 
(ijn. | acne © 
im — | (Ey—E)* *) 


The integral was evaluated by machine after a sixth- 
order polynomial had been fitted to the experimental 
curve of (1—1/M) against Ey. 


(iii) Results of Above Methods of Analysis 


For reasons discussed below, the results of the fore- 
going calculations are plotted in Fig. 1 in the form 


CHYNOWETH 


logiow versus Ey~'. The solid lines labeled “holes” and 
“electrons” are the solutions of the parabolic field case 
for junctions A and B, respectively. The plot for 
junction A deviates less than 2% from a straight line 
for almost two decades. The plot for junction B is not 
so good; while it more or less follows a straight line at 
low fields it departs appreciably at the higher fields. 

The plots obtained from the square field calculations 
show very similar shapes and slopes to the plots ob- 
tained from the more sophisticated treatment. The 
only important difference is that the latter result in 
rather higher values for the ionization rates. This, no 
doubt, arises from the arbitrary choice of an effective 
width for the constant field. Making the effective 
width somewhat less than half the actual width would 
bring the ionization rates more into agreement while 
having no effect on the value of E.y,. Square field calcu- 
lations made on several other junctions showed approxi- 
mately straight plots in each case though there was 
some scatter when the various a vs E plots were super- 
imposed. This scatter was probably due to nonideal 
field distributions which would result in errors in both 
a and Ey. Furthermore, the effective width used in the 
square field approximation varies with the actual width 
in a way that is not known with precision. 


(iv) Calculation for the Case Where a+6 


For multiplication initiated by hole injection, we 
have® 


1 Ww z 
=| a(E) exp|- f [a(E)—8(E) }dx’ }dx. (4) 


A similar expression results for the case of electron 
injection if a and @ are interchanged. The solution of 
these two simultaneous equations in a and @ in the 
range of fields where the data overlap can be obtained 
for the case of a parabolic field by a method of successive 
approximations, as described in the appendix. The 
results of these calculations show that the ionization 
rates for holes as calculated for the case a=f and 
parabolic field distribution are very close to the true 
values. For example, though the correction to ao(E) 
increased with the field, a was reduced by only 7.5% 
at Ey=4X105 volts cm™, an amount that is not very 
significant in the semilogarithmic plots. On the other 
hand, (Ey) is increased at the same field by about 
20%. Thus the curve for electrons gets appreciably 
straightened by these calculations, as is shown in the 
figure. The small residual curvature could be accounted 
for, perhaps, by the departures of the field in junction B 
from a true parabolic distribution. Another possible 
source of error lies in the assumption concerning the 
relative lifetimes for minority carriers on either side of 
the junction. The lifetimes close to the space-charge 
region are not known and may be quite different from 
the lifetimes measured in the bulk crystal. However, 
based on bulk crystal measurements, the hole lifetime 
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Fic. 1. The field de- 
pendence of the ionization 
rates for electrons and holes 5.0 
in silicon. Curves A and B 
are those obtained for elec- 
trons and holes, respec- 
tively, using the uniform 
field approximation and as- 
suming that the ionization 
rates for electrons and holes 
are equal. Curves C and D 
represent the results ob- 
tained by Miller for elec- 
trons and holes respectively, 
while curve E represents 
McKay’s averaged data. 
Curves F and G are those 
obtained for electrons and 
holes, respectively, for the 
case of a parabolic field 
distribution and assuming 
equal ionization rates for 
holes and electrons. No ap- 
preciable correction results 
to curve G when the ioniza- 
tion rates for holes and 
electrons are not assumed 
to be equal but the curve F ao 
(for electrons) deviates (as 
shown) to higher values of 
the ionization rate at the 
higher fields. j 
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is very much greater than that for electrons for junc- 
tion A but for junction B, the ratio of electron-to-hole 
lifetimes may not be so great. It can be concluded, 
therefore, that to within the limits of experimental 
error, plotting the logarithm of the ionization rate 
against the reciprocal of the electric field strength 
results in a straight line for holes and, probably, for 
electrons also. 


DISCUSSION OF RESULTS 


For comparison purposes the results obtained by 
Miller and McKay are also shown in Fig. 1. It is not 
possible to compare Miller’s electron data with the 
present results but his hole curve appears to differ quite 
considerably. It is felt that this difference most likely 
results from the radically different methods used for 
analyzing the data. 

McKay’s curve is a composite from multiplication 
measurements on a number of junctions and reference 
to his original plot shows considerable scatter in the 
points. Furthermore, McKay’s method of determining 
the multiplication was by measuring the largest charge 
pulses produced by carriers injected by a-particle bom- 
bardment. It is now apparent that the largest pulses 
would correspond always to electrons being injected at 
the p side of the junction because of their higher ioniza- 
tion rates. Thus, McKay’s curve should correspond to 
the present one for electrons. Though it does appear to 


be closer to the electron rather than the hole curve, 
the agreement is not good. The discrepancies may be 
caused both by the scatter in McKay’s data and by 
effects such as those discussed above in connection with 
the deviation of the electron curve from a straight line. 

Ionization rates measured in gases can often be fitted 
by an expression of the form®® 

a=aexp(—b/E), (3) 

where a and 0 are constants. The results obtained for 
the better-behaved junction in particular (junction A) 
agree with Eq. (5) so closely that it seems there should 
be some theoretical justification for its use. However, 
Wolff’s theory,’ even in approximate form, does not 
lead to an E-! dependence of an exponential factor, 
suggesting, therefore, that some fresh theoretical ap- 
proach is necessary. Approximate theories® of the 
ionization rate in gases do lead to relation (5) though, 
as Rose has pointed out,® the theories fail to predict the 
observed linearity of Ina against E~' over so wide 
a range. Such a relation suggests a carrier energy 
distribution function approximating a Boltzmann dis- 
tribution. The constant b may then be related to the 
ionization energy and the mean free path for the carriers 
between ionizing collisions. 

5 L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955), Chap. 8. 

6D. J. Rose, Phys. Rev. 104, 273 (1956). 


7™P. A. Wolff, Phys. Rev. 95, 1415 (1954). 
8 For example, T. Kihara, Revs. Modern Phys. 24, 45 (1952). 
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APPENDIX. METHOD OF OBTAINING THE SOLU- 
TIONS FOR a AND 6 IN THE CASE OF A 
PARABOLIC FIELD DISTRIBUTION, ax6 


The field distribution for junction A is 


E(a)=Ey(1—(2a/W,)*], 
where 
—W,/2<a<+W,/2, 


W, being the total width of the junction. Transferring 
the origin of the coordinate system to a= —W,,/2, i.e., 
x=a+W,/2, we have 


x=W,[1+(Ey—E)*)/2(Ey)'. (1) 
Similarly, for junction 8, 
y=W,[1+ (Eu—£)*)/2(Ewm)}. (2) 


The suffices m and # refer to the junctions where the 
initial injected carriers are electrons and holes, respec- 
tively. Now 


(1) -f" 


xexp| o f : [a(E)—B(E Hs bd 
0 


Wp 
= f ao(E)dx, (3) 


where ao(Z) is the ionization rate calculated from the 
same multiplication data for a=8. From Egs. (1) 
and (2), 

dx=f(E)dE and dy=g(E)dE. 


Equating the integrands in Eq. (3), transforming the 
variable of integration, and identifying the upper limit 
of integration with Ey, we obtain 


EM 
infa(Ew)/aa(Ew)]= f a(E)f(E)dE 


“i f B(E)f(E)dE. (4) 


But 
W ,g(E)=W,f(E). (5) 
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Also, 


1 Em 
(:-—) =? f ao(E)f(E)dE, 


Pp 


0 
1 oe 
(1-5) -2 f Bo(E)g(E)E. 


Using (5), we obtain 


1 W, r®™ 

(:-—) =2 f Bo(E) f(E)dE. 
M n W, 0 

Thus, if ao is not too different from a and fp is not too 

different from 8, we can write 


infax(Ex)/au(Ex)}=2 f ao(E) f(E)dE 
0 


Po e (E)g(E)dE, (6) 
“a! Bo g ’ 


where a;(£,) is a first approximation to a(Ey). 

Now at a particular value of Ey we can fit the solu- 
tion of the parabolic field case with a= to that of the 
square field approximation by choosing an appropriate 
effective width, that is, 


EM Ww ,* 
2f au(B)f(E\GE= f ao(Ey)dx=ao(Eu)W,*, 


where W,*=k,W , k, being a constant less than unity. 
Similarly, 


EM 


W,* 
2  bo(E)g(E)dE= f Bo(Em)dy=Bo(Eu)W*, 
0 


0 
where W,,*=k,W,. Hence, 


Inlay (Ey) /a0(Eu) P=a0(Em)W »*—W p8o(Eu)W,.*/W,, 
=W ,[a0(Em)kp—Bo(Em)Rn |. 


Similarly, it can be shown that 
In[61(Em)/Bo(Em) = W n[Bo(Emu)kn—co(Em) hy]. 


The right-hand sides of these two equations are 
known completely, thus enabling the approximate 
solutions a;(Ey) and 8,(Ey) to be obtained. Inserting 
these values into the right-hand sides yields the second 
approximations a2(Ey) and 82(Ey). Over the range of 
fields where the data from the two junctions overlapped, 
the solutions converged very rapidly. 
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Electronic Energy Bands in Lithium* 
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The orthogonalized plane wave method has been applied to a calculation of energy bands in metallic 
lithium. An empirical potential, constructed by Seitz, was used. Energies were obtained for states belonging 
to twenty-four symmetry types at four points of the Brillouin zone. The energy of the lowest state of a 
valence electron determined in this work is in good agreement with a previous cellular method calculation. 
The states which bound the lowest band were found to be of predominantly P type. 





I. INTRODUCTION 


HE band structures of the lighter alkali metals, 
particularly lithium’ and sodium, have been 
studied extensively for many years. 

Because the atom is so simple, lithium has been used 
as a test case for nearly every method of band calcula- 
tion. Much of the work has been concerned with states 
below the Fermi surface and the determination of 
the cohesive energy, whereas this calculation involves 
principally the normally unoccupied states. It is not 
our intention to review the previous work in detail; 
we cite in particular only two calculations which bear 
most closely on ours: that of Parmenter® who also 
used the OPW (orthogonalized plane wave) method, 
and that of Schiff® who calculated some of the same 
states but with a different potential and the cellular 
method. 

Parmenter used as a crysta! potential a lattice sum 
of atomic potentials, V= —2Z,(r)/r, where Z, is an 
effective charge determined on the basis of an electronic 
configuration (1s)?(2s)*/8(2p)*/§, constructed by using 
self-consistent field wave functions, and approximated 
by a sum of Gaussians. Exchange effects were included 
by using Slater’s free-electron exchange potential. 
This potential is probably not as satisfactory as the 
Seitz empirical potential.? The core state was obtained 
by a variation procedure using a single exponential. 
At most five orthogonalized plane waves were used in 
the expansions and states were examined in the (100), 
(111), and (110) directions in k space. It is not clear 
that this procedure was adequate to insure convergence. 
Although some features of the results—the width of 
the conduction band and the effective mass values—are 
qualitatively reasonable, the energies obtained do not 
have quantitative significance. 


* Supported by the Office of Naval Research. 

1 J. Millman, Phys. Rev. 47, 286 (1935). 

2 F. Seitz, Phys. Rev. 47, 400 (1935). 

3 J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

‘C. Herring, Phys. Rev. 59, 598 (1939), and 82, 282 (1951). 

5 R. A. Silverman and W. Kohn, Phys. Rev. 80, 912 (1950), 
and 82, 283 (1951). 

6 R. H. Parmenter, Phys. Rev. 86, 552 (1952). 

7T. Wainwright and G. Parzen, Phys. Rev. 92, 1129 (1953). 

8 W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 

9B. Schiff, Proc. Phys. Soc. (London) A67, 2 (1954). 

10H. Brooks, Phys. Rev. 91, 1027 (1953). 

11 E, Brown and J. A. Krumhansl, Phys. Rev. 109, 30 (1958). 


Schiff used a potential which was obtained similarly 
to that of Prokofjew” for sodium but which is somewhat 
weaker than the Seitz potential near the nucleus. 
This would tend to make a difference in the relative 
position of s and p states. Schiff was interested in the 
shape of the soft K x-ray emission spectrum and 
particularly in the nature of the states on the zone 
faces. His results are listed in Table IV, where they are 
compared with ours. 

In the present calculation the OPW method is 
used with Seitz’s empirical potential." This potential 
reproduces the observed spectrographic energy values of 
the free atom with considerable accuracy. Of particular 
interest are the convergence of the method and agree- 
ment with the cellular method for the state T). The 
chief advantage of using the OPW method is that it 
eliminates the need for explicitly satisfying boundary 
conditions. For this reason it is possible to determine 
the energies of a large number of states. 

Our principal objective in determining the energies 
of states high above the Fermi level is to test the 
hypothesis that the order of levels of a particular type 
with respect to each other is reasonably independent 
of the crystal potential." Also of interest is the proposal 
of Mott,'® advanced to explain the observed x-ray 
emission spectrum of lithium,’® that states on the 
boundary of the first Brillouin zone are of s character. 


METHOD 


Only the body-centered cubic form of lithium is 
considered here. The lattice constant is taken as 
6.5183 in atomic units. The crystal potential is devised 
on the basis of the Wigner-Seitz approximation that 
an electron sees only the spherically symmetric potential 
in each cell of the lattice, the other cells appearing 
electrically neutral. Thus, the crystal potential is 
taken to be a lattice sum of ionic potentials, in this 
case the Seitz potential V,. 


22, W. Prokofjew, Z. Physik 58, 255 (1929). 

13 An error exists in the potential published by Seitz in reference 
2. The potential is given correctly by Kohn and Rostoker in 
reference 8. 

4 J. Callaway, Phys. Rev. 103, 1219 (1956). 

15. N. F. Mott, Phil. Mag. 44, 187 (1953). 

16D. Tomboulian, in Handbuch der Physik (Springer Verlag, 
Berlin, 1956), Vol. 30, p. 246. See also D. E. Bedo and D. H. 
Tomboulian, Phys. Rev. 109, 35 (1958). 
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TABLE I. Fourier coefficients of the potential given as a 
function of n?= (ak/27)*. 











n? Vn2 n? Vn2 n? Va2 
0 — 1.00221 22 —0.02724 42 —0.01217 
2 —0.18090 24 —0.02917 44 —0.01381 
4 —0.04155 26 —0.02830 46 —0.01466 
6 —0.05866 28 —0.02518 48 —0.01523 
8 —0.07491 30 —0.02133 50 —0.01518 
10 —0.06461 32 —0.01750 52 —0.01440 
12 —0.04705 34 —0.01316 54 —0.01317 
14 —0.02812 36 —0.01113 56 —0.01208 
16 —0.01998 38 —0.01051 
18 —0.02038 40 —0.01101 


20 —0.02337 











The orthogonalized plane wave method, used in this 
calculation, has been throughly discussed in a number 
of papers,’ and it is not necessary to repeat this 
material here.” The notation used below is that of 
reference 18. The Fourier coefficients of the crystal 
potential, defined by 


V (k) =057 f e*-*V (r)d'z, 
2 


where k is proportional to a reciprocal lattice vector, Qo 
is the volume of the atomic cell, and V (r) is the potential 
within one cell, are tabulated in Table I. The wave 
function of the core 1s state required in the application 
of the OPW method, was determined by numerical 
integration. The energy of the core state was found to 
be —3.765 Rydbergs. This result differs considerably 
from that of Wainwright and Parzen,’ and is presumably 
more accurate. The orthogonality coefficients uj, which 
were used are defined by 


un 004 f6*(erar, 


where ¢; is the wave function of an electron in state 7; 
these coefficients are given in Table II. 


RESULTS AND DISCUSSION 


The energies of twenty-four states at the points 
I, H, N, and P of the Brillouin zone (Fig. 1) were 


TABLE ITI. The orthogonality coefficients as a function of n?. 








n? Buse n? H(is)k 

0 0.32905 10 0.050408 
2 0.17958 12 0.039928 
4 0.11676 14 0.033101 
6 0.083317 

8 0.062964 


GLASSER AND J. CALLAWAY 


TABLE III. Lowest energy states in lithium (in Rydbergs). 
The quantity n?=(ak/27)?, where k is the wave vector of the 
lowest plane wave in each representation, is also given. The two 
lowest values for each state are given and compared with Schiff’s 
values. 











Order Energies (in Rydbergs) 
of No. Lowest 
Repre- Degen- deter- of Two lowest values value 
sentation eracy minant mm? waves (this work) (Schiff*) 
s-like 
states 
Ti 1 8 0 135 —0.6863 1.8786 —0.6148 
N; 1 4 0.5 18 —0.176 0.871 —0.114 
Pi 1 4 0.75 40 0.330 2.75 
Ay 1 4 1.0 62 0.571 2.60 0.550 
p-like 
states 
Ny 1 1305 72 —0.404 1.433 —0.304 
P, 3 13 0.75 80 —0.189 1.338 
is 3 9 1.0 92 —0.092 1.739 —0.120 
N;’ 1 4 1.5 20 0.274 2.11 
Ng 1 4 5 20 0.475 1.37 
Tis 3 4 2.0 42 0.617 2.71 
D-like 
states 
Hi. 2 4 1.0 54 0.227 3.52 0.202 
N2 1 4 15 28 0.524 2.44 
P25" 3 4 2.0 48 0.854 4.35 
Ti. 2 4 2.0 54 1.146 2.84 
N, 1 4 2.5 28 1.477 2.49 
P; 2 3 215 3 1.603 3.57 
Hos 3 4 3.0 56 1.84 3.61 
N2 1 4 GS 28 2.21 3.35 
F-like 
states 
T 25" 3 3 1.0 48 1.156 4.85 
H, 1 3 3.0 56 1.73 7.18 
P; 3 3 2.75 36 1.86 3.65 
Nz 1 2 3.5 24 2.46 
Hs 3 3 5.0 48 3.70 4.00 
Ty 1 3 6.0 32 4.49 10.18 





* See reference 9. 





calculated; the results and sizes of the determinants 
used are listed in Table III. The relative positions of 
the states are shown in Fig. 2. Fourth-order determi- 
nants were solved to determine the energy in most 
(thirteen) cases. The four states bounding the lowest 
band were studied in much higher order as indicated in 
Table III. Some of the states of higher energy were 
carried only to third, and in one case, second order. The 
relative position of the latter states should not change 
if larger determinants be used and since these states are 
far above the occupied parts of the bands, a more care- 
ful calculation is not necessary. The convergence of the 
lowest eigenvalue for I’, is shown in Table IV. It is to be 
noted that the convergence of I’; is very good and gives 


TABLE IV. Lowest eigenvalues according to 
determinantal order for T's. 











17 C. Herring, Phys. Rev. 57, 1169 (1940). 

18 J. Callaway, Phys. Rev. 97, 933 (1955). 

1% T. O. Woodruff, in Solid State Physics, edited by F. Seitz 
my | “ Turnbull (Academic Press, Inc., New York, 1957), Vol. 4, 
p. 367. 

* Further details of the calculation may be found in M. L. 
Glasser, Master’s thesis, University of Miami, 1957 (unpublished). 


Order Lowest E 


—0.6667 
—0.6667 
—0.6796 
—0.6859 
—0.6863 
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Fic. 1. Brillouin zone for body-centered cubic lattice. 


excellent agreement with the value —0.6832 Rydbergs 
obtained by the cellular method.*® The states at N and 
P cannot be expected to converge as well as those at T 
and H because of the lesser symmetry and hence the 
smaller number of OPW’s used in the expansions at 
these points. Also p-like states will not converge as fast 
as the s-like states. 

Our results agree fairly well with those of Schiff; 
some difference is expected because of the difference in 
potentials. The main feature of both sets of results is 
that the states at the zone faces are predominantly 
p-like, the lowest state at N being the p state N,’ 
rather than the s state V;. The difference (N,/— Nj) 
obtained is 0.228 ry as compared with Schiff’s value, 
0.190 ry. The calculation does not support Mott’s 
conjecture,'® and leaves the problem of explaining the 
x-ray emission still unresolved. 

It can be observed from Table IV that the relative 
order of levels of a particular type at symmetry points 
corresponds to the kinetic energy of the lowest plane 
wave appearing in the expansion of the wave function. 
That is to say, the order of levels in a particular band 
is the same as for the corresponding free-electron band 
of the same symmetry. This result was also obtained 
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Fic. 2. Order of the energy levels at the four symmetry points. 
Levels up to 1.5 Rydbergs are shown. 


for potassium," cesium,” and iron.” Of course, the 
relation of bands of different symmetries is dependent 
on the potential. For example, we find in lithium that 
the p levels are relatively much closer to the Fermi 
surface than they are in potassium. In the latter 
element, d levels play a much greater role. It is also 
worth noting that the bands in lithium tend to be 
considerably wider than in potassium and cesium. This 
is consistent with the smaller lattice constant. 
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Magnetic Properties of Dysprosium Single Crystals* 
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Single crystals of metallic dysprosium have been grown by the Bridgman method and their magnetic 
properties have been determined in different crystallographic directions of the hexagonal close-packed 
structure. Below the Néel point of 178.5°K the individual magnetic moments are aligned perpendicular 
to the co axis. The moments are aligned in an antiferromagnetic manner from 178.5°K down to 85°K and ina 
ferromagnetic manner below 85°K. Measurements with the field parallel and perpendicular to the co axis 
reveal magnetic anisotropy at all temperatures. Below 110°K magnetic anisotropy is also observed in the 
basal plane. The direction of easy magnetization is along an ap axis. In the co direction the crystals are 
extremely “hard” magnetically, the magnetization curves being linear as in the case of a paramagnetic 


material. The saturation moments follow the 7? law. 





I. INTRODUCTION 


HE magnetic properties of metallic dysprosium 

have been investigated by Trombe'* and by 
Elliott, Legvold, and Spedding.‘ Trombe found it to 
have an anomalous peak in the susceptibility near 
179°K, which indicates the presence of an antiferro- 
magnetic Curie point (Néel point). Below 85°K he 
reports dysprosium to be ferromagnetic, this being the 
zero-field transition temperature from antiferromagnet- 
ism to ferromagnetism. Above 179°K Trombe reports 
it to be paramagnetic, following the Curie-Weiss law 
between 250°K and 750°K. In the temperature range 
179°K to 250°K he finds that it departs somewhat 
from this law. The paramagnetic Curie temperature 
was reported to be 157°K, and the effective number of 
Bohr magnetons was found to be 10.64 from the slope 
of the 1/X vs T plot. 
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KILO-OERSTEDS 


Fic. 1. Magnetization isotherms beiow 85°K with H along two 
different directions in the basal plane. The upper ordinate number 
should be 350, not 310. 


* Contribution No. 606 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 

+ Present address: Battelle Memorial Institute, Columbus, 
Ohio. 

1F, Trombe, Compt. rend. 221, 19 (1945). 

2 F. Trombe, J. phys. radium 12, 22 (1951). 

3 F. Trombe, Compt. rend. 236, 591 (1953). 

4 Elliott, Legvold, and Spedding, Phys. Rev. 94, 1143 (1954). 


Elliott, Legvold, and Spedding* have confirmed 
Trombe’s results and have carried the measurements 
to lower temperatures and to higher fields. They report 
the Néel temperature to be 176°K and find the transi- 
tion temperature from antiferromagnetism to ferro- 
magnetism to be 92°K in a field of 1200 oersteds. 


II. CRYSTAL PREPARATION 


Two single crystals were studied in this investigation, 
one being roughly a cube and weighing 0.5 g and the 
other a sphere weighing 0.1 g. These crystals were 
grown by the Bridgman method in an atmosphere of 
argon with equipment described in a previous paper.® 
After a melt the tantalum crucible was removed and 
the bulk materia! was etched with a solution of 40% 
nitric acid and 60% glacial acetic acid to reveal the 
grain structure. The largest grains were then cut out 
with a jeweler’s saw and again etched. The spherical 
crystal was ground from a cube by the methods 
described by Bond.*? 

The larger of the two single crystals had the following 
spectroscopic analysis: Si, detectable but less than 
0.02%; Cr, detectable but less than 0.008%; Y, 
detectable but less than 0.02%; Er and Ho, detectable 
but less than 0.05% ; Ta, 0.25%; Ca, Tb, Yb, Gd, and 
Tm, not detected. The smaller crystal showed the 
same analysis except for tantalum which was reported 
to be 0.15%. 

Magnetic measurements were made on the larger 
crystal above the Néel temperature and on the smaller 
spherical crystal below the Néel temperature. For both 
of the crystals the demagnetizing factor was taken 
to be 41/3. The method used to measure the magnetic 
moment was the same as that described in an earlier 


paper.® 
Ill. EXPERIMENTAL RESULTS 


Figures 1 and 2 show some of the o, vs H isotherms 
obtained for the field parallel to two different crystalline 


5 Behrendt, Legvold, and Spedding, Phys. Rev. 106, 723 (1957). 
6 W. L. Bond, Rev. Sci. Instr. 22, 344 (1951). 
7™W. L. Bond, Rev. Sci. Instr. 25, 401 (1954). 
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MAGNETIC PROPERTIES OF Dy 


directions in the basal plane of the hexagonal close- 
packed structure of dryprosium; o, is the magnetic 
moment per gram and H is the magnetic field in 
kilo-oersteds. The notation used to designate the 
crystalline directions is as follows: the /kil in brackets 
are the coefficients of the three ao and the co unit cell 
vectors, respectively. A crystalline direction is then 
defined by [hkil], and this direction or an equivalent 
direction is then given by (kil). From Fig. 1, which 
shows the isotherms in the ferromagnetic temperature 
range, it can be seen that the preferred directions (the 
directions of easy magnetization) are the [1120] 
directions. Fig. 2 shows the isotherms obtained in the 
temperature range in which dysprosium is antiferro- 
magnetic. Above approximately 110°K dysprosium is 


isotropic in the basal plane. The effects of the anisotropy 
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Fic. 2. Magnetization isotherms in the antiferromagnetic range 
from 90°K to 160°K with H perpendicular to ¢o. 


in the basal plane are readily observed in the ferro- 
magnetic temperature range and can be seen also in 
the antiferromagnetic temperature range below 110°K 
(Fig. 2). Figure 3 shows the magnetization curves 
obtained for temperatures near the Néel temperature 
with the magnetic field perpendicular to the ¢o axis. 
With the magnetic field parallel to the co axis, the 
magnetic moment was a linear function of the magnetic 
field for all temperatures investigated, and therefore 
the susceptibility was independent of the field. Figure 4 
shows the variation of the parallel susceptibility (the 
susceptibility obtained when the field is parallel to the co 
axis) with temperature over the entire temperature range 
investigated. Above the Née] temperature, the perpen- 
dicular susceptibility (the susceptibility obtained when 
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Fic. 3. Magnetization isotherms near the Néel point with 
H perpendicular to ¢o. 


the field is perpendicular to the co axis) was found to be 


_ independent of the field, and exhibited the dependence 
on temperature shown in Fig. 4. In Fig. 4 are also shown 


the inverses of the parallel and perpendicular suscep- 
tibilities as a function of temperature. From the slopes 
of these curves the effective numbers of Bohr magnetons 
were determined. With the field parallel to the co 
axis a value of 10.64 Bohr magnetons was obtained, 
and with the field perpendicular to the co axis the 
number of Bohr magnetons indicated was 10.65. These 
values agree very well with the free gas value for the 
tripositive ion which is 10.64 Bohr magnetons. The 
paramagnetic Curie temperatures obtained for the 
field parallel and perpendicular to the co axis are 121°K 
and 169°K, respectively (Fig. 4). 

Figure 5 is a plot of the magnetic moment vs 1/H 
for several of the isotherms of Figs. 1 and 2. The 
saturation moments, o.,7, were found by extrapolating 
these curves to infinite fields (1/H=0). 

In Fig. 6 the saturation moments obtained from 
Fig. 5 are plotted as a function of T! and 7? to obtain 
the absolute saturation moment. The 7? law appears to 
fit the experimental data better than does the 7! law. 
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Fic. 4. Magnetic susceptibilities along co and perpendicular 
to co vs temperature and the reciprocal] of these susceptibilities 
vs temperature. 
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Fic. 5. Magnetic moment extrapolations to infinite field. 


The absolute saturation moment is found to be 350.542 
cgs units per gram for dysprosium. This is to be 
compared with the theoretical saturation moment at 
absolute zero of 343.8 cgs units per gram, which is the 
free-gas value for the tripositive ion of dysprosium. 

A similar plot of the spontaneous magnetization vs 
T* yields a value of 346.442 cgs units per gram for 
the saturation moment at absolute zero. The spon- 
taneous moment at a given temperature was obtained 
by extrapolating the high-field data of the isotherms 
of Fig. 1 to H=0. These values were then plotted 
against 7 to find the absolute saturation moment. 

Figure 7 shows the magnetic moment per gram 
plotted against temperature for various fields. The 
determination of the Néel temperature, which is 
178.5+0.5°K, is shown in the insert. This graph also 
shows the dependence of the transition temperature 
from antiferromagnetism to ferromagnetism on the 
magnetic field, the transition temperature decreasing 
as the field is made larger. 

In Fig. 8 is shown the critical field, H., plotted against 
temperature. The critical field is defined as the magnetic 
field at which the magnetic moment rises discon- 
tinuously (Figs. 2 and 3) from an antiferromagnetic to 
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Fic. 6. The saturation magnetic moments taken from 
Fig. 5 vs T? and vs T. 
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Fic. 7. Constant field plot of the dysporsium data with H 
along an dp axis. The insert is an enlargement of the data near 
the Néel point. 


a ferromagnetic state. For H.=0 the zero-field transi- 
tion temperature is seen from Fig. 8 to be 85+0.5°K. 


IV. DISCUSSION 


An interpretation of the experimental] results of this 
study in terms of the molecular field theory will be 
given in a subsequent paper. Here we only point out 
certain of the salient conclusions. Dysprosium is 
magnetically very hard along the co axis, the magnetic 
moment being about 7% of the absolute saturation 
value for a field of 20 kilo-oersteds at low temperatures. 
In order that the absolute saturation moment obtained 
here may be compared with that found by Elliott, 
Legvold, and Spedding‘ we make the approximation 
that for small fields the magnetic moment is confined to 
a plane which is perpendicular to co. Then for a poly- 
crystalline sample the apparent absolute saturation 
moment will be 2/4 times the true absolute saturation 
moment. 

Elliott, Legvold, and Spedding have found the 
apparent saturation at absolute zero to be 2733 cgs 
units per gram for fields less than 14 kilo-oersteds, and 
299+5 cgs units per gram for fields from 14 to 18 
kilo-oersteds. Taking their low-field value and multiply- 
ing it by 4/z, we find the true saturation moment at 
absolute zero to be 347.644 cgs units. This is within 
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Fic. 8. The critical field, H., required to go from the antiferro- 
magnetic state to the ferromagnetic state vs temperature. 
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experimental error of the value 350.0+2 cgs units per 
gram obtained in this investigation. 

The average or polycrystalline paramagnetic Curie 
temperature can be obtained from the single crystalline 
Curie temperatures by use of the relation A= 34,,+34,, 
where A,, and A, are, respectively, the Curie tempera- 
tures obtained with the field parallel and perpendicular 
to the co axis. Using the values 121°K and 169°K as 
the single crystalline paramagnetic Curie temperatures, 
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we find that their polycrystalline average value is 
154°K, which is to be compared with the value of 
157°K which Trombe reports. 
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Magnetic Properties of Holmium and Thulium Metals* 
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The magnetic moments of holmium and thulium metals have been measured in applied fields of 3000- 
18 000 oersteds, over the temperature range of 4.2-300°K. Holmium, paramagnetic above 133°K, appears to 
be antiferromagnetic between 20°K and 133°K, and ferromagnetic below 20°K. Thulium was found to be 
paramagnetic above 51°K and possibly antiferromagnetic below 51°K. 


I. INTRODUCTION 


HE magnetic properties of holmium have been 
studied by Bommer! over the temperature range 
90-515°K. From his investigation of a powdery mixture 
of the rare-earth metal with an alkali chloride, he found 
that the magnetic susceptibility of holmium for tem- 
peratures above 195°K was in excellent agreement with 
the Curie-Weiss law, xat.(7-87) =14.30. The Curie con- 
stant in this relation corresponds to an effective moment 
of 10.6 Bohr magnetons and the value 6,=87°K agrees 
well with the value calculated by Néel.?* Below 195°K 
there was evidence of a departure from the Curie-Weiss 
law. 

The heat capacity of holmium has been measured by 
Gerstein ef al.‘ from 12°K to 300°K, and the curve is 
similar to that for dysprosium,® except that the trans- 
formation peaks are displaced toward lower tempera- 
tures. For holmium, a large peak occurs at 131.6°K, 
indicating an order-disorder magnetic transition, and a 
small peak occurs at 19.4°K, indicating an order-order 
transition. 

Klemm and Bommer® have reported the magnetic 
properties of thulium from a powdery mixture of the 


* Contribution No. 608 Work was performed in the Ames Labo- 
ratory of the U. S. Atomic Energy Commission. 

1H. Bommer, Z. anorg. u. allgem. Chem. 242, 277 (1939). 

2L. Néel, Z. Elektrochem. 45, 379 (1939). 

3L. Néel, Compt. rend. 206, 49 (1938). 

4 Gerstein, Griffel, Jennings, Miller, Skochdopole, and Spedding, 
J. Chem. Phys. 27, 394 (1957). 

5 Griffel, Skochdopole, and Spedding, J. Chem. Phys. 25, 75 

1956). 

é 6 W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937). 


rare-earth metal with an alkali chloride. The magnetic 
susceptibility of thulium was found to be independent 
of the applied magnetic field over the temperature range 
of the investigation, 90-291°K. The paramagnetic Curie 
point was experimentally found to be 10°K, a value 
somewhat lower than the 22°K calculated by Néel.?* 
The results of Klemm and Bommer indicate an effective 
moment of 7.6 Bohr magnetons. 

The results of magnetic measurements on holmium 
and thulium extending down to 4.2°K are reported in 
this paper. 
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Fic. 1. Magnetic moment of holmium vs temperature at 
constant applied fields. 
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Il. EXPERIMENTAL PROCEDURE 


The rare-earth metals employed in this investigation 
were prepared by methods previously reported.?-” 
Holmium contained the following spectrographic im- 
purities : Ca and Mg, 0.02% each; Fe, Si, and Ta, 0.05% 


7 Na Spedding et al., J. Am. Chem. Soc. 69, 2777, 2786, 2812 
(1947). 

* F. H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 
(1952). 

*F. H. Spedding and A. H. Daane, J. Electrochem. Soc. 100, 
442 (1953). 

10 J. E. Powell and F. H. Spedding, U. S. Atomic Energy Com- 
mission Report ISC-617, 1956 (unpublished). 


each; Dy, 0.1%; and Er, 0.2%. Other elements, includ- 
ing Co, Ni, and other rare earths, were not detected. 
Thulium contained the following impurities : Cr, 0.05%; 
Si and Fe, 0.1% each; LaEr, Yb, Y, and Lu, 0.025% 
each; Mg, 0.05%; and Ca, La, and Ta, 0.02% each. 
Other metallic elements were not detected. 

The experimental procedure followed has been de- 
scribed by Elliott ef al. The addition of a current con- 
trol which held the magnetic field constant within one 
oersted improved the apparatus considerably. Samples 
immX1mmX1cm were used. 


1 Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953). 











MAGNETIC PROPERTIES 


For most of the measurements the sample.was placed 
in the gas stream above a vessel of boiling liquid nitro- 
gen or liquid hydrogen. A heater in the gas stream was 
used to obtain temperatures up to 350°K. In addition, 
measurements were made in liquid hydrogen and liquid 
helium baths. 


III. RESULTS 


Figure 1 shows the magnetic moment of holmium vs 
temperature at constant applied fields. These data were 
obtained with increasing temperatures. Near 133°K the 
magnetic moment of holmium attains a sharp maximum 
value, indicating the onset of an antiferromagnetic state 
similar to that found in dysprosium,” in erbium,"® 
and, as will be shown later, in thulium. Below the Néel 
temperature, 133+2°K, the magnetic moment of hol- 
mium tends to decrease until a temperature of about 
115°K is attained. As the temperature is decreased 
below this value, the moment begins a temperature-de- 
pendent rise, indicating a transition from the antiferro- 
magnetic to the ferromagnetic arrangement. Below 
20.4°K, the magnetic moment tends to level off and 
approach the saturation moment for the fields plotted. 
It is apparent from the curves in the insert in Fig. 1 that 
there exists a shift in the Néel temperature with applied 
field. 

In Figs. 2 and 3 the magnetization curves for holmium 
are shown. Some representative data taken with the 
field decreasing are also shown as broken curves in Fig. 
2. The upper (broken) curve B at 4.2°K in Fig. 2 repre- 
sents the field-decreasing data while the center curve C 
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shows the effect of remanent magnetism when the field 
is again increased from zero. The lower of the three 
curves, curve A, is the virgin run. 

Figure 4 shows the reciprocal of the magnetic suscep- 
tibility of holmium as a function of temperature. The 
data above 133°K obey the Curie-Weiss law with a 
Curie constant of 14.8, a result somewhat higher than 
that found by Bommer.! This result indicates an effec- 
tive Bohr magneton number of 10.9, a value that is 3% 
larger than that resulting from the theoretical value of 
10.6 for the holmium tripositive ion with spectroscopic 
state °Js. The extrapolation of the linear portion of the 
curve intersects the temperature axis to yield a para- 
magnetic Curie point of 87°K in agreement with the 
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Il, EXPERIMENTAL PROCEDURE 


The rare-earth metals employed in this investigation 
were prepared by methods previously reported.’ 
Holmium contained the following spectrographic im- 
purities : Ca and Mg, 0.02% each; Fe, Si, and Ta, 0.05% 


( —_ Spedding et al., J. Am. Chem. Soc. 69, 2777, 2786, 2812 
1947). 

8 4 H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 
(1952). 
* F. H. Spedding and A. H. Daane, J. Electrochem. Soc. 100, 
442 (1953). 

10 J. E. Powell and F. H. Spedding, U. S. Atomic Energy Com- 
mission Report ISC-617, 1956 (unpublished). 
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each; Dy, 0.1%; and Er, 0.2%. Other elements, includ- 
ing Co, Ni, and other rare earths, were not detected. 
Thulium contained the following impurities : Cr, 0.05%; 
Si and Fe, 0.1% each; LaEr, Yb, Y, and Lu, 0.025% 
each; Mg, 0.05%; and Ca, La, and Ta, 0.02% each. 
Other metallic elements were not detected. 

The experimental procedure followed has been de- 
scribed by Elliott ef al." The addition of a current con- 
trol which held the magnetic field constant within one 
oersted improved the apparatus considerably. Samples 
1mm X1immX1icm were used. 


1 Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953). 











MAGNETIC PROPERTIES OF Ho AND Tm METALS 


For most of the measurements the sample was placed 
in the gas stream above a vessel of boiling liquid nitro- 
gen or liquid hydrogen. A heater in the gas stream was 
used to obtain temperatures up to 350°K. In addition, 
measurements were made in liquid hydrogen and liquid 
helium baths. 


III. RESULTS 


Figure 1 shows the magnetic moment of holmium vs 
temperature at constant applied fields. These data were 
obtained with increasing temperatures. Near 133°K the 
magnetic moment of holmium attains a sharp maximum 
value, indicating the onset of an antiferromagnetic state 
similar to that found in dysprosium,” in erbium,"® 
and, as will be shown later, in thulium. Below the Néel 
temperature, 133+2°K, the magnetic moment of hol- 
mium tends to decrease until a temperature of about 
115°K is attained. As the temperature is decreased 
below this value, the moment begins a temperature-de- 
pendent rise, indicating a transition from the antiferro- 
magnetic to the ferromagnetic arrangement. Below 
20.4°K, the magnetic moment tends to level off and 
approach the saturation moment for the fields plotted. 
It is apparent from the curves in the insert in Fig. 1 that 
there exists a shift in the Néel temperature with applied 
field. 

In Figs. 2 and 3 the magnetization curves for holmium 
are shown. Some representative data taken with the 
field decreasing are also shown as broken curves in Fig. 
2. The upper (broken) curve B at 4.2°K in Fig. 2 repre- 
sents the field-decreasing data while the center curve C 
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shows the effect of remanent magnetism when the field 
is again increased from zero. The lower of the three 
curves, curve A, is the virgin run. 

Figure 4 shows the reciprocal of the magnetic suscep- 
tibility of holmium as a function of temperature. The 
data above 133°K obey the Curie-Weiss law with a 
Curie constant of 14.8, a result somewhat higher than 
that found by Bommer.! This result indicates an effec- 
tive Bohr magneton number of 10.9, a value that is 3% 
larger than that resulting from the theoretical value of 
10.6 for the holmium tripositive ion with spectroscopic 
state Js. The extrapolation of the linear portion of the 
curve intersects the temperature axis to yield a para- 
magnetic Curie point of 87°K in agreement with the 
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result of Bommer.' In addition, the magnetic data on 
holmium agree well with the thermal data of Gerstein 
et al.4 

Figure 5 shows the variation of the magnetic moment 
of thulium with temperature at constant field. For thu- 
lium, as for holmium, there exists an antiferromagnetic 
region with the indicated Néel point very near 51°K. 
At the lower temperatures there is some evidence of a 
tendency toward ferromagnetism. The low magnetic 
moments observed at 4.2°K indicate that an additional 
transition of some kind must occur between 20.4°K 
and 4.2°K. 

Figure 6 shows the result of the isothermal measure- 
ments of the magnetic moment of thulium. The data 
from room temperature down to 60°K show strictly 
paramagnetic behavior, i.e., the plots are linear and 
pass through the origin. Between 60-52°K the plots are 
linear, but tend to intersect the magnetic moment axis 
between the origin and unity. Below 50.5°K the data 
are like those for holmium in the antiferromagnetic 
region. 

Both the 20.4°K and the 4.2°K isotherms show curva- 
ture toward the field axis in the range below 13 000 
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oersteds and curvature away from the field axis above 
13 000 oersteds. In the high-field range of these two iso- 
therms there is a marked, abrupt trend toward ferro- 
magnetic-like behavior, but the applied fields were not 
high enough to attain any approach to magnetic satu- 
ration. Not shown here are data taken with fields de- 
creasing from the maximum value which indicate that 
magnetic hysteresis is present at 20.4°K and at 4.2°K. 

Figure 7 shows the reciprocal of the magnetic suscep- 
tibility of thulium vs temperature. The data satisfy the 
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Curie-Weiss law in the temperature region above the 
Néel point. The indicated Curie constant corresponds 
to an effective Bohr magneton number of 7.6 as com- 
pared with the theoretical value of 7.6. Extrapolation 
of the linear portion of the curve to the temperature 
axis indicates a paramagnetic Curie temperature of 
20°K. Our Bohr magneton number agrees well with that 
found by Klemm and Bommer,® but our paramagnetic 
Curie temperature is 10° higher than theirs and is very 
close to the 22°K value predicted by Néel.?* 

The authors wish to thank Jack Powell for preparing 
the rare-earth salts and A. H. Daane for preparing the 
metal samples from the salts. 
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Antiferromagnetism in the Body-Centered Cubic Mn-Cr Solid Solution* 


J. S. Kasper AND R. M. WATERSTRAT 
General Electric Research Laboratory, Schenectady, New York 


(Received November 11, 1957) 


Neutron diffraction evidence for antiferromagnetism in an equiatomic solid solution of Mn and Cr, with 
the body-centered cubic structure, is presented. At 298°K the average moment per atom is (0.85+0.04)us. 





HERE is only one reported example of antiferro- 
magnetism in the simple body-centered cubic 
structure, namely chromium, for which the small value 
of 0.4uz per atom is deduced.! Furthermore, the implica- 
tion has been made? that antiferromagnetism should 
not occur in the body-centered cubic structure for an 
effective atomic number larger than that of chromium. 
Accordingly, we have examined by neutron diffraction 
an equiatomic solid solution of Mn and Cr with this 
structure with the primary aim of ascertaining its 
magnetic structure. We find evidence for antiferro- 
magnetism in this instance, contrary to the implication 
mentioned above. 

An equiatomic composition of Mn and Cr provides 
the special situation that there is no measurable in- 
tensity for the nuclear diffraction for the characteristic 
body-centered cubic reflections (h+k+/=2n). This 
follows obviously from the respective nuclear scattering 
factors of Mn and Cr (6ma= —0.37, bcp = +0.352). On 
the other hand, reflections with 4+k+/=2n+1 may 
be observed, either if there is atomic ordering or if 
there is an antiferromagnetic structure, with opposite 
spin directions associated with the origin atom and the 
one at the center of the cell. In either event, few co- 
herent “peaks” would result, but especially for the 
latter case because of the rapid decline of the magnetic 
form factor with sin6/). 

In point of fact, only one peak, both at 298 and 
77°K, is discernible in a neutron diffraction powder 
pattern obtained with usual rates of traverse of counter 
(~4 degree per hour). This peak occurs precisely at the 


TABLE I. Neutron diffraction intensities at 77°K for Mn-Cr 
solid solution, body-centered cubic, a9=2.914 A. Calculated in- 
tensities are normalized on the (100) value. 














Pea o> 
Poalc® Pas - 
(hkl) d (A) Povs (magnetic) ordering) 
(100) 2.914 633 (633) (633) 
(111) 1.682 72 85 291 
(210) 1.303 <30 36 541 








« Based on magnetic form factor for Mn** (Corliss, Elliott, and Hastings’ 


Phys. Rev. 104, 924 (1956)]. 
b Assuming a degree of ordering (35%) such as to give agreement with 
the observed (100) intensity. 


*The neutron diffraction measurements were made at the 
Brookhaven National Laboratory Reactor, Upton, New York. 

1C. G. Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 
100 (1953). 

2 R. J. Weiss and K. J. Tauer, Theory of Alloy Phases (American 
Society for Metals, Cleveland, Ohio, 1956), p. 290. 


position for a (100) reflection, (corresponding to 
d=2.914A which is identical to the ao of the cell). 
With longer counting times, however, the (111) peak 
(d= 1.682 A) is observed, but not the (210). The situa- 
tion is depicted in Fig. 1. Also, no other peaks are 
observed, even at the positions for (110), (200), etc. 
As indicated numerically in Table I, this situation is 
compatible with an antiferromagnetic structure, with a 
magnetic form factor such as has been used for Mn**. 
In particular, the intensity of (210) should be almost 
that of (100), were there an ordering of atoms respon- 
sible for the diffraction effects. 

The data of Table I at 77°K cannot be put on a 
sufficiently accurate absolute basis because of the ex- 
perimental conditions employed. An absolute measure- 
ment of the (100) peak could be made at 298°K, how- 
ever, and it yielded a value for the average moment per 
atom of (0.85+0.04)u2. There was no means of decid- 
ing between various distributions of moments on the 
two atoms. If, for example, a moment were attributed 
only to Mn, then its value would be 1.70y2. 

No determination of the Curie point was made, but 
the observation was made that the (100) intensity 
dectined only slightly upon heating to 300°C. 

The actual composition of the specimen studied was 
48.2 atomic percent Mn, 51.8 atomic percent Cr. It was 
prepared by melting pure electrolytic manganese and 
electrolytic chromium in a resistance furnace under one 
atmosphere of argon. The ingots were homogenized at 
1000°C for 5 days in a hydrogen furnace and quenched 
in cold water. The ingots were quite brittle and were 
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crushed to —200 mesh in a hardened steel rod mill. 
An x-ray powder picture showed only the lines of the 
body-centered cubic structure, presumably the @ chro- 
mium solid solution. 


S. KASPER AND R. M. WATERSTRAT 





Detailed magnetic measurements would be highly 
desirable, but the observations cited are definite evi- 
dence for the presence of antiferromagnetism in this 
disordered body-centered cubic structure. 
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Anelasticity of Synthetic Crystalline Quartz at Low Temperatures* 


J. C. Kine 
Bell Telephone Laboratories, Whippany, New Jersey 


(Received October 2, 1957) 


This is a preliminary report of an examination of the anelasticity and frequency-temperature behavior of 
synthetic quartz resonators, vibrating in thickness shear at low temperatures. The stress-induced relaxation 
absorption occurring at 50°K for a frequency of vibration of 5 Mc/sec in natural quartz is found to be three 
orders of magnitude larger in some samples of the synthetic quartz. The magnitude of the 50°K absorp- 
tion is dependent upon the crystallographic orientation of the seed plate upon which the quartz is grown. 

The frequency-temperature behavior of the resonator over the region of maximum absorption is char- 
acteristic of a stress-induced relaxation. The crystal imperfection underlying the absorption at 50°K is 
considered to be responsible for the apparent lowering of the rigidity modulus of synthetic quartz above 
the temperature region of stress relaxation. X-ray irradiation of synthetic quartz is found to produce a 
marked lowering of the defect concentration responsible for the 50°K relaxation loss. 


EASUREMENTS of the mechanical! and di- 
electric? losses in crystalline quartz at low tem- 
peratures have disclosed relaxation absorption processes 
which appear to be attributable to vibration of atoms 
(ions) within the crystal lattice. The condition within 
the crystal allowing for such motion is probably local 
distortion of the lattice network induced by specific 
crystal imperfections. Relaxations of this type may be 
termed deformation losses. 
Recent measurements of the anelastic behavior of 
quartz at low temperatures have disclosed that 


(1) a deformation loss, which is a maximum at 50°K 
for a frequency of 5 Mc/sec, is consistently several 
orders of magnitude larger in synthetic quartz’ than in 
natural quartz; 

(2) the magnitude of the 50°K absorption in syn- 
thetic quartz is strongly dependent upon the crystallo- 
graphic orientation of the seed plate on which the quartz 
is grown; 

(3) coincident with the maximum absorption at 
50°K there occurs an inflection in the frequency devia- 
tion versus temperature curve,‘ and 

(4) x-ray irradiation of synthetic quartz greatly 
reduces the magnitude of the 50°K peak but induces 
another relaxation absorption at 100°K. 

* This study was supported in part by the U. S. Army Signal 
Engineering Laboratory. 

1 Bommel, Mason, and Warner, Phys. Rev. 102, 64 (1956). 

2 Volger, Stevels, and van Amerongen, Philips Research Repts. 
10, 260 (1955). 

3 Grown by the process of hydrothermal synthesis. 

4In these measurements the frequency deviation, Af/f, is 
proportional to the change in the rigidity modulus. Af=f—fr, 


where f is the frequency at 300°K and fr, the frequency at tem- 
perature T. 





The technique used in the study of the mechanical 
behavior of quartz involves the fabrication of high-Q, 
AT-cut resonators, from the quartz under investiga- 
tion. The equivalent electrical characteristics of the 
resonators vibrating in thickness shear are then deter- 
mined in a transmission circuit test set. In this manner 
the effective Q of the crystal, as weli as its frequency at 
series resonance, can be determined. All of the measure- 
ments herein reported were made at 5 Mc/sec. 

The effects listed under (1) and (2) are best illustrated 
in Fig. 1, showing the value of Q~ as a function of 
temperature for representative samples of synthetic and 
natural quartz. The loss at 50°K for Brazilian quartz, 
curve A, is approximately 10~-*, whereas the loss peak 
in quartz grown on a basal cut (normal to the Z axis), 
curve B, is some two decades greater. The anelasticity 
at 50°K of quartz grown on seed plates oriented nearly 
parallel with the z-minor rhombohedron, curve C, is 
still greater. Curve C may be seen to be approximately 
three decades greater at 50°K than the natural quartz 
sample. Additional information® suggests that the 
50°K deformation loss in synthetic quartz is best 
described by a rather narrow distribution of relaxation 
frequencies. The form of the dashed portion of curves B 
and C, covering the region over which the value of the 
absorption was not experimentally determined, was 
estimated on the basis of 0 values above and below the 
absorption peak. 

It is apparent that the concentration of the crystal 
defect underlying the deformation loss at 50°K is 
several orders of magnitude greater in synthetic quartz 


5L. F. Koerner, Proc. Inst. Radio Engrs. 39, 16 (1951). 
6 J. C. King (to be published). 
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Fic. 1. Absorption of thickness shear waves at 5 Mc/sec be- 
tween 1.2° and 100° Kelvin in natural quartz, curve A; in syn- 
thetic quartz grown on a basal-cut seed plate, curve B; and in 
synthetic quartz grown in a seed plate oriented parallel with the 
z-minor rhombohedron, curve C. 


than in natural quartz. Furthermore, the incorporation 
of this defect in synthetic quartz grown on the z-minor 
rhombohedron is greater than in material grown on a 
basal cut. 

In Fig. 2 may be seen the effect of stress relaxation 
on the frequency deviation curve over the temperature 
region corresponding with maximum deformation loss. 
This behavior is characteristic of a stress-induced 
relaxation process. The lower rigidity modulus of syn- 
thetic quartz at temperatures above the region of stress 
relaxation suggests that the defect reponsible for the 
deformation loss also weakens bonds in the crystal 
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Fic. 2. Absorption of thickness shear waves and frequency 
deviation for a synthetic quartz (grown on a z-minor rhombo- 
hedron) resonator at low temperatures operating at 5 Mc/sec, 
before and after x-ray irradiation. 


lattice. This would explain the difference observed be- 
tween the frequency-temperature characteristics of 
AT-cut synthetic and natural quartz resonators.”* 

The effect of x-ray irradiation upon the anelasticity 
of synthetic quartz is also shown in Fig. 2. The irradia- 
tion has effected a two and one-half decade decrease 
in loss at 50°K. Coincident with this decrease in defect 
concentration, the frequency deviation curve becomes 
characteristic of natural quartz. The irradiation has 
also activated another relaxation loss mechanism which 
is maximum in the neighborhood of 100°K. 

This work is continuing and the results will be pub- 
lished later in greater detail. 


™Chi, Hammond, and Gerber, Proc. Inst. Radio Engrs. 43, 
1137 (1955). 

*R. Bechmann, Proc. Inst. Radio Engrs. 44, 1600 (1956). 

* J. C. King, Signal Corps interim reports, 1956 (unpublished). 
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Stark Effect at 2.0 and 1.2 Millimeters Wavelength: Nitric Oxide 


C. A. Burrus AND J. D. GrAYBEAL* 
Beil Telephone Laboratories, Incorporated, Holmdel, New Jersey 


(Received September 24, 1957) 


Stark-effect measurements have been made for the first time in the 1-2 mm wave region. Results of 
Stark-effect measurements on the J=4— § and J=} — § transitions of the *M, ground state of N“O'%, 
falling at 2.0 and 1.2 mm, respectively, are reported, and are shown to fit closely existing theory; the electric 
dipole moment of NO in ‘the ground state is found to be 0. 15840. 006 Debye unit. 


INTRODUCTION 


At frequencies higher than 50 kMc/sec (6 mm 
+ % wavelength) Stark-effect measurements have 


~ © Present address: Department of Chemistry, West Virginia 
University, Morgantown, West Virginia. 











rarely been made by microwave techniques. The 
relatively high losses in a wave-guide absorption cell 
suitable for Stark modulation, coupled with the fact 
that only small amounts of power have been available 
at the higher frequencies from semiconductor crystal 
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harmonic producers, has been the principal deterrent. 
One Stark-effect measurement, however, at 118 kMc/ 
sec, employing square-wave modulation and phase-sensi- 
tive detection, has been reported! and is believed to be 
the highest frequency at which such an observation 
has been made up to the present time. 

A Stark spectrometer is now in operation in this 
Laboratory which promises to be useful into the sub- 
millimeter wave region. So far we have made Stark- 
effect measurements up to 250 kMc/sec (1.2 mm), and 
we report here the results of such measurements on 
nitric oxide at both 2.0 and 1.2 mm; similar measure- 
ments on carbon monoxide at 2.7 mm and deuterium 
iodide at 1.5 mm have been completed and are being 
reported elsewhere. 

Nitric oxide is unusual among stable molecules in 
that it has both nonzero electron spin and angular 
momentum in the ground state. The ground electronic 
state is *II,, but the *II; state lies only 124 cm™ above 
it, and is appreciably populated at room temperature. 
The lowest rotational transitions, J=}— 3 and 
J=%}-— 3, each have two components due to A doubl- 
ing. Since the nitrogen nucleus has a spin of 1, the 
molecule has a nuclear magnetic moment as well as 
a nuclear electric quadrupole moment, and hyperfine 
structure arises from the interaction of these moments 
with the molecular magnetic and electric fields, further 
splitting the A-doubling components. The resulting 
rotational spectrum is composed of two groups of five 
lines each for the J=}— $ transition, and two groups 
of six lines each for the J=}— § transition, as has 
been observed in the microwave spectrum by several 
workers.” 

Recently Mizushima*® has made theoretical predic- 
tions concerning the Stark effect in the NO molecule, 
and we have now measured the effect in the two 
lowest rotational transitions, J=}— 3 and J=3-— , 
of the *Il; ground state, which fall at 2.0 and 1.2 mm, 
respectively. 


APPARATUS AND MEASUREMENT 


The stark spectrometer was of the conventional 
type,‘ with a one-meter absorption cell of K-band 
wave guide carrying a Teflon-insulated metal septum. 
A dc voltage was applied to the septum to produce 
an electric field parallel to the microwave electric field. 

Power at 2.0 and 1.2 mm was generated by a crossed- 
wave-guide crystal harmonic producer of the general 
type described by King and Gordy,’ driven by a 
Raytheon 2K33 klystron operating at about 25 kMc/ 


1 Trambarulo, Ghosh, Burrus, and Gordy, J. Chem. Phys. 21, 
851 (1953). 

?C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953); 
Gallagher, Bedard, and Johnson, Phys. Rev. 93, 729 (1954); 
Mizushima, Cox, and Gordy, Phys. Rev. 98, 1034 (1955); J. J. 
Gallagher and C. M. Johnson, Phys. Rev. 103, 1727 (1956). 

3M. Mizushima, Phys. Rev. 109, 1557 (1958), following paper. 

‘See, for example, Gordy, Smith, and Trambarulo, Microwave 
Spectroscopy (John Wiley and Sons, Inc., New York, 1953). 

5 W. C. King and W. Gordy, Phys. Rev. 90, 319 (1953). 
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sec and frequency modulated at 60 cps. The silicon 
crystals used in the harmonic producer were of a 
considerably improved variety produced in_ these 
laboratories by R. S. Ohl. The detected signal was 
amplified by an audio amplifier employing a modified 
cascode input stage with a 5-megohm input impedance, 
and the absorption lines were displayed on a cathode- 
ray tube screen. Wave-guide sections with constrictions 
at least 2-3 wavelengths long were used as high-pass 
filters to prevent passage of lower frequency harmonics 
and thus reduce the otherwise excessive noise at the 
crystal detector. 

Frequency measurements were made with a secondary 
frequency standard monitored by station WWV at 
5 Mc/sec; dc voltage measurements were made at the 
Stark cell with a Simpson model 262 voltmeter which 
had been recalibrated to an accuracy of about one-half 
percent. 

The effective electrode spacing in the Stark cell was 
determined by measurement of the Stark effect in 
HCN. The electric dipole moment of this molecule has 
been determined by microwave measurements of the 
Stark effect in the /=0 — 1 transition at 88.6 kMc/sec, 
and the value of uv thus obtained is 3.00+0.02 Debye 
units.*’ In the calibration process, which was carried 
out at dry-ice temperatures both before and after 
the NO measurements, frequency shifts up to 129 
Mc/sec were observed. The splitting in the J=0— 1 
transition of HCN due to the electric quadrupole 
moment of the nitrogen nucleus is small (a fraction of 
a Mc/sec for the component used) and thus a strong- 
field case was assumed; the effective electrode spacing 
was then obtained from the slope of the Av vs E plot. 

Stark splittings of the strongest lines in NO were 
measured at both dry-ice and liquid-nitrogen tempera- 
tures, but it was necessary to use liquid-nitrogen 
temperatures in order to observe adequately the 
splittings of the weaker lines. A very small correction 
in the electrode spacing (0.2%) was occasioned by 
this necessity of making part of the measurements at 
liquid-nitrogen temperature. 

Figure 1 shows a photograph of oscilloscope tracings 
of some of the lines as observed at 1.2 mm both with 
and without a Stark electric field. 


THEORY 


Since the rotational spectrum of nitric oxide is 
complicated by hyperfine structure, calculation of 
the Stark-effect perturbations is somewhat more 
complicated than for the usual diatomic molecule. 
Recently, however, Mizushima*® has made theoretical 


Ghosh, Trambarulo, and Gordy, J. Chem. Phys. 21, 308 
(1953). 

7 At the 1957 American Physical Society meeting in Washington, 
D. C., Bhattacharya, Gordy, and Fujii [Bull. Am. Phys. Soc. 
Ser. II, 2, 213 (1957)] reported preliminary results of precision 
measurements of the dipole moment of HCN. Their tentative 
value is 4=2.986+0.002 Debye units. If this value is taken for 
calibration instead of 3.00, our value of » for NO will be lowered 
by about 4 percent. 
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Fic. 1. Photograph of oscil- 
loscope tracings of the three 
high-» lines of the v4 (upper) 
group of the J=}— $§ transi- 
tion of the *I, ground state 
of nitric oxide. Lower tracing: 
Stark field=0; upper tracing, 
Stark field=6000 v/cm. The 
wavelength is 1.2 mm, and 
the greatest frequency shift 
shown is about 9 Mc/sec. 





predictions, for both the strong- and weak-field cases, 
of the ground-state energy level perturbations to be 
expected from the application of an external dc electric 
field to the NO molecule. 

For the weak-field approximation, where the Stark- 
effect perturbations are small compared to the hyperfine 
separations, and where the effect is second order, the 
energy level perturbations are given by Mizushima as 


W (cJFMp) 
2.27925 10'y2E? 


16J°(J+1)? 


(J+A) +F(F+1) +29 
My + (F*— Mr?) 
(Warr Were) FF +1)" 


(F+J+2)(J—F+2)(F-—J+1)(J+F-1) 
(W azr—1°— W.yp°)F?(2F +1) (2F—1) 
+[(F+1)?—Mr*] 


(F+J+3)(J—F+1)(F—J+2)(J+F) 








(Wares°—Wesr)(F+1)2(2F +3) (2F +1) 
+W'(cJFMp), (1) 





where yu is the electric dipole moment in Debye units, 
E is the applied electric field in esu/cm, and the energy 
W is in Mc/sec. The subscript ¢ is used to designate 
the lower frequency component of the A doublet and 
the subscript d denotes the higher frequency component. 
The factor 2.27925 X10‘ is necessary for conversion to 
the units used here, and the last term, W’(cJFM rp), 
arises from nondiagonal matrix elements between 
different J values; it is assumed to be small.* W (dJ FM pr) 
may be evaluated by an interchange of ¢ and d in 
Eq. (1). 
The zero-field energy levels are given by® 


Wasr?=WaytWasst Waser + Aw arr: 
+Wasr'+AWasr’, (2) 


where a=c or d and F’=F—1, F, F+1. Wy is the 
rotational energy, and Was gives the A-doubling energy 
with the (+) and (—) signs corresponding to the d 
and c states, respectively. W.sr is the magnetic 

8M. Mizushima, Phys. Rev. 94, 569 (1954); C. C. Lin and 
M. Mizushima, Phys. Rev. 100, 1726 (1955). 
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TABLE I. Calculated energy level shift in an electric field for the 
"TI, state of N4O!*4 








State 
J F Mr ke(JFM Pr) ka(JFMr) 
j 4 6.8583 — 11.370, 
10.6525 — 6.140, 
5.8862 — 5.8862 
} 0.863; —0.885, 
} 0.659; —0.655; 
3 0.8822 —0.894; 
0.255, —0.238; 
0.5503 —0.538, 
1.139% — 1.139 
; 0.0811, —0.0823; 
0.3807 —0.381; 
0.0845, — 0.0845; 
0.179, —0.179; 
0.3685 —0.369; 
0.0364, — 0.0354; 
3 : 0.0971; —0.0962; 
r 3 § 0.218, —0.217, 
0.400; —0.400; 




















* The energy level shift is the coefficient kg (a =c,d) multiplied by —y?E?. 


hyperfine energy, AW. sr arises from mixing of the 
rotational levels in the “Il, ground state and the 
nearby *II; state, Ws,’ is the nuclear electric quadru- 
pole interaction energy, and AW, sp’ is a “pseudo- 
quadrupole” term resulting from a magnetic interaction 
between the *II; and *IT; states; these are evaluated in 
reference 8. 

The expression for the weak-field Stark perturbation 

energy may be reduced to 

W (aJ FM p) = —(ka(JFM r) PE. (3) 
Numerical values of k,(JF Mp) have been calculated 
for the J=3, 3, and § levels of the "I, ground state 
and are tabulated in Table I. 

When the electric Stark field and the microwave 
electric field are parallel, the allowed transitions are 
given by AJ=1, AF=0, +1, AMr=0. The Stark 
splitting of a given transition is then, from Eq. (3): 


W (aJ'F'M p)—W (a J FM rp) = —[ha(J'F’M pr) 
—ka(JFM rp) WE, (4) 
or 
Av*(J > J', F— F’, Mr — Mp) 
=—[Ak,(J—- J’, FF’, Mr Mr) WE, (5) 
where the unprimed letters refer to the lower of the 


transitions involved. 
For a second-order Stark effect the electric dipole 


moment, wu, may be determined from a plot of the 


experimenta! values of Av* vs E*. From Eq. (5) it is 
seen that the slope, S*(J — J’, F— F’, Mr — Mp), of 
such a curve is [Ak,(J— J’, F— F’, Mr— Mp) |? 
and thus the electric dipole moment is given by 





=| (6) 
; 6 
Aka(J — J’, F— F’, Mr Mp) 
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TABLE II. Calculated stark splittings and observed stark splittings and dipole moment of the *IIj state of N“O"*. 








Transition Frequency 
(Mc/sec) 
Lower state Upper state lower group Slope* 
J F Mr J *F Mr of doublet Observed Calculated 





150 176.54 0.259; 0.2602 
150 176.54 0.129; 0.133, 
4 150 198.85 0.157, 0.155; 

150 218.81 q 0.249, 
150 218.81 0.127; 0.1252 
150 225.68 0.148; 0.1505 
150 245.72 0.245; 0.2459 


: 250 437.03 0.0569; 0.00549. 

; 250 437.03 0.0123; 0.0113, 
250 437.03 0.0233; 0.0230, 

7 250 440.82 . 0.0143, 

250 440.82 0.0166; 0.0178, 

3 250 448.70 0.0187; 0.0195, 


250 475.56 0.0144, 
250 475.56 0.01169 0.01255 
250 483.10 . 0.00429, 
250 483.10 ° 0.00928» 




















250 483.10 0.0191, 0.0192; 


Dipole> Frequency Dipole> 
moment (Mc/sec) moment 
(Debye upper group Slope* (Debye 
unit) of doublet Observed Calculated unit) 
0.157, 150 546.54 ~0.1430° —0.147, 0.1557 
0.155, 150 546.54 aes —0.133, 0.163; 
0.159; 150 644.34 —0.266 —0.2682 0.157, 
150 439.07 e —0.137; 

0.159 150 439.07 —0.126; —0.124, 0.159; 
0.157; 150 580.63 —0.265o —0.262, 0.159 
0.158; 150 375.03 —0.133> —0.131, 0.159; 
0.161; 250 796.51 —0.00547, —0.0507; 0.164; 
0.1655 250 796.51 —0.0122, —0.0110, 0.166, 


0.1592 250 796.51 —0.0230, 0.02305 0.1583 


250 815.69 —0.0145; —0.0142; 0.159% 
0.152. 250 815.69 —0.0176. —0.0178, 0.1565 
0.154 250 817.01 —0.0192; —0.0201 0.1545 
250 753.20 ° —0.0143, 
0.152; 250 753.20 —0.0125;  —0.0128; 0.1562 
250 708.48 . —0.00384, 
250 708.48 —0.00920. —0.00898, 0.160: 


0.157, 250 708.48 —0.0192, 0.1565 








* Calculated using » =0.158: Debye units. 

> Calculated from the observed slope. 

¢ Line quite broad but never split into resolvable components. 
4 Insufficient experimental data to obtain slope. 

¢ Weak transition not observed. 


RESULTS 


Microwave measurements of frequency shift vs 
applied field in NO show that the Stark effect is second 
order up to fields of approximately 5 esu/cm (1500 
v/cm) for the J=}— 3 transition, and up to approx- 
imately 16 esu/cm (4800 volts/cm) for the J=3— 3 
transition. At higher fields, up to 25 esu/em (7500 
v/cm), there was considerable but consistent deviation 
from the Av« F* relation, indicating that the weak 
field approximation is no longer valid. 

Of the expected Stark components in the J=}— 3 
transition, only one was too weak to be observed with 
video detection at 2 mm. At 1.2 mm, the F=$— 3 
hyperfine component of the J= 3 — § transition, with a 
relative intensity of 0.5, was not observed. Of the 
remaining possible 22 Stark components, only 6 
were too weak to be seen with video detection. These 
data thus include measurements on many components, 
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Fic. 2. Representative plot of the experimental data from 
which the electric dipole moment was calculated. Shown is the 
J=}— 3, F=}- § transition at 2 mm. The theoretical curves 
were plotted using appropriate values of kg(JFMr) from Table I 
and u=0.1582 Debye unit. 


and the very good agreement between theory and 
experiment may be seen from a comparison of the 
experimental and calculated slopes of the Av vs 
curves, which are tabulated for all observed transitions 
in Table II. A representative plot of Av vs E* for one 
F — F’ transition is shown in Fig. 2; the usual intensity 
rules have been used to identify the components. 

The electric dipole moment was evaluated from all 
observable components of both the J=}— § and the 
J =%-— § transitions. Plots of Av vs E*, the tabulated 
values of k, from Table I, and Eq. (6) were used in 
the calculations. The values thus obtained from each 
of the individual Stark components are tabulated in 
Table II, and an average of the results gives 


u=0.158+0.006 Debye unit 


for nitric oxide. 

Values of u for NO have been obtained previously by 
calculation from measurements of the dielectric 
constant, and are given as 0.16 Debye unit by Watson 
et al. and as 0.07 Debye unit by Smyth and McAlpine.” 
Watson’s value of 0.16 Debye unit is seen to be in 
excellent agreement with our present microwave 
value of 0.158 Debye unit. 


ACKNOWLEDGMENTS 


We wish to thank Dr. M. Mizushima for sending 
us his work on the theory of the Stark effect in NO 
which led us to undertake this measurement; Mr. R. S. 
Ohl for the specially prepared silicon crystals; and 
Dr. R. F. Trambarulo for helpful discussions. Mr. R. D. 


Bahrs assisted in taking the data. 


® Watson, Rao, and Ramaswamy, Proc. Roy. Soc. (London) 
A143, 558 (1934). 
10 C. P. Smyth and K. B. McAlpine, J. Chem. Phys. 1, 60 (1933). 


eed 





Aa Se A i A DONE He NE Rg a tats ms 











PHYSICAL REVIEW 


VOLUME 109, 


NUMBER 5 MARCH 1, 1958 


Theory of the Stark Effect of the NO Molecule 


MASATAKA MizusHIMA* 
Boulder Laboratory, National Bureau of Standards, Boulder, Colorado 


(Received October 21, 1957) 


Since the NO molecule has a finite electronic angular momentum h/2 along the molecular axis in its ground 
state, the Stark effect of this molecule is very large, the molecule being effectively a symmetric top molecule 
rather than a diatomic molecule. The calculation is made both for weak-field and strong-field cases. An 
experiment by Burrus and Graybeal has been done for weak fields and gives 1=0.158 Debye unit. The 
dielectric constant of this molecule is also discussed and it is shown that the ordinary Langevin-Debye 
formula can be used with the effective dipole moment pes;=0.971 yu. 





1. STRUCTURE OF THE NO MOLECULE 


HE NO molecule is a diatomic molecule with its 
internuclear distance 1.15 A. This molecule is 
different from most of the stable molecules in the fact 
that the ground-state electronic state is not a & state, 
but a *II,; state. This happens because this molecule has 
five x electrons. The detail of the electronic structure 
has been explained by the present author’ from an 
analysis of the hyperfine structure of the microwave 
absorption of this molecule. 

The angular momentum J consists of the electronic 
angular momentum Q, which lies along the molecular 
axis and has the magnitude #/2, and the end-over-end 
rotational angular momentum J, which is perpendicular 
to the molecular axis. Thus this molecule, although a 
diatomic molecule, is somewhat similar to a symmetric 
top molecule, in the sense that J has a finite component 
along the molecular axis. 

There are two possible arrangements of Q with given 
J; that is, Q can have the direction either parallel or 
antiparallel to the molecular axis NO. These two 
independent states for each J give rise to the so-called 
“A-type doubling” of each rotational state. The sepa- 
ration of the two states is found to be 355 Mc/sec at 
the lowest level (J=4) and is proportional to J+}. 
The wave function for each component state of this 
doublet is : 


1 
a (J,M|+(J_M|} for the c state, 

and ‘ (1) 
at (J,M|—(J_M|} for the d state, 


where (J,M| is the wave function of the state in which 
Q is parallel to the NO axis, while (J_M| is that of the 
antiparallel state. It is customary to call the lower 
component of the doublet the c state and the upper the 
d state. The signs of the wave functions are chosen in 
the same way as in the present author’s former work.? 

Since the nitrogen nucleus has a spin of value 1, it 


* Department of Physics, University of Colorado, Boulder, 


Colorado. 
1M. Mizushima, Phys. Rev. 105, 1262 (1957). 
2M. Mizushima, Phys. Rev. 94, 569 (1954). 


has a nuclear magnetic dipole moment, as well as a 
nuclear electric quadrupole moment. These moments 
interacting with the molecular magnetic and electric 
field give the hyperfine structure. This was observed in 
the microwave spectra of this molecule by Burrus and 
Gordy*® and Gallagher, Bedard, and Johnson,‘ and 
explained by the present author!” and Lin.’ 


2. STARK EFFECT IN A WEAK FIELD 


If the external field £ is sufficiently weak, the angular 
momentum F(=J+I) gives a good quantum number, 
where I is the nuclear spin of the nitrogen nucleus. 

If @ is the angle between the molecular axis and the 
external field and yw is the dipole moment, the per- 
turbation is —uEcosé. The matrix elements of this 
quantity can be obtained by the regular procedure.® 


(aJIFM p\pE cos6| bJIFM p) 
= (aJJ|pE cosé|bJJ)(M r/J}{J(J+1)+F(F+1) 
—I(I+1)}/{2F(F+1)}, (2) 
(aJIFM p\yE cos6|bJI F—1 Mr) 
= (aJJ | wE cosé|bJJ){ (F?—M r*)}/J} 
X{U+F+J+1)(+J—F+1)(I+F—-J) 

X (J+F-D}4/{4F(2F+1)(2F—1)}4, (3) 

where a and 3 indicate electronic states. 


From the discussion in the previous section one can 
see that 


QM 
(J,M | Ep cos6| JM) =~E——— 
J(J+1) 
=—(J_M| Ey cosé|J_M), 
where 2= +3, and 
(J,M | Eu cosé| J_M)=0, (4) 


by applying the formula for a symmetric top rotator. 
Thus, using the formula (1), one obtains 


(cJJ |wE cosé|cJJ) = (dJ J |pE cosé|dJJ)=0, 
(cI J |wE cosé|dJ J) = +E/(2(J+1)]. 


3C. A. Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953). 

‘Gallagher, Bedard, and Johnson, Phys. Rev. 93, 729 (1954); 
103, 1727 (1956). 

5C. C. Lin and M. Mizushima, Phys. Rev. 100, 1726 (1955). 

® See for example, Mizushima, Cox, and Gordy, Phys. Rev. 98, 
1034 (1955), formulas (2), (3), and (4). 
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TABLE I. W(cJFM rp) and W(dJFM,F) in Mc/sec (E£ in esu). 








State 





J F Mr Wa We 

4 § 12.617 Ey? —7.54 Ee? 
4 4 5.652 E*u? — 10.164 Ey? 
$ 3 1.472 E*y? — 1.469 Fy? 
a 4 0.629 Fy? —0.621 Fey? 
% } 0.414 FY? —0.422 Fy? 
i 3 0.890 Fy? —0.898 Ey? 
3 3 0.199 Fy? —0.215 Ey? 
3 3 0.168 Ey? —0.180 Fy? 
3 $ 0.113 Ey? —0.113 Ey? 











If the perturbation is small compared to the hfs 
separation, the second-order perturbation method can 
be applied, which gives, 


we? 
16J2(J+1)? 
iol (J(J+1)+F(F+1)—2F7 
(Wasr— Wes) F(F+1)° 
+(F—M/’) 
(F4+J+2)(J—F+2)(F—J+1)(J+F-1) 
: (Warp_°—Wesp")F?(2F +1) (2F —1) 
+[(F+1)—M-*] 
(F+J+3)(J—F+1)(F--J+2)(J+F) 
(Wasps — Wes) (F+1)?(2F +3) (2F+1) 
+W'(cJFMr), (6) 


W(cJFM r)=— 











where W® is the energy when E=0, and W’(cJFM Fr) . 


gives the.terms due to the nondiagonal matrix elements 
between different J’s which terms are assumed to be 
small. 

W(dJFM rf) can be obtained by just exchanging c 
and d in the above formula. 

The numerical values of the Stark energy for some 
lower states can be obtained and the results are shown 
in Table I. 

Since W—W ° is nearly proportional to J, one can 
see that W is proportional to J~" at large J, where n 
is a number between 3 and 5 depending on M p. 


3. STARK EFFECT IN A STRONG FIELD 


If the external field is so strong that n.E>W 2-W 2, 
the Stark effect will become first order. The situation 
is about the same as in ammonia where the inversion 
doublet exists instead of our A-type doublet, and the 
present author has shown’ that in that case the Stark 
effect is second order in weak fields, but is first order in 
stronger fields. 


7M. Mizushima, Phys. Rev. 74, 705 (1948). 
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Neglecting hfs, the matrix elements of our molecule 
are 
(cJM|H|cJM)=W.,, 


(dJM|H|\dJM)=W.,, (7) 
(cJM|H|dJM)=yEM/(2J(J+1)]. 
Thus the secular equation is 
W.-W pEM/(2J(J+1)] 
wEM/(2J(J+1)] War-w * & 
which gives 
W=}3(W.s)+{[wEM/2J (J+1)? 
+3(Was—Wes")}*. (9) 
If the field E is very strong, Eq. (9) reduces to 
W=}(Wey’+Was)tuEM/2J (J+1), 


and thus gives the first order Stark effect. 
If 1=0.16 Debye, the Stark energies in the lower 
rotational states are 


+8.05E Mc/sec for J=}, 
+1.61E Mc/sec for J=3, M=}, 
+4.83E Mc/sec for J=3, M=3, 


where E£ is in esu. 
The field strength necessary to give this situation 
depends on J. The condition derived from Eq. (9) is 


uE>>355J (J+1)(J+4)/M~355J?/M Mc/sec, (12) 


since, according to the calculation by the present author," 


(10) 


Was —W.s9=355[J (J+1) +3]! Mc/sec. (13) 
If 1=0.16 Debye, Eq. (12) gives 
E>15J*/M esu. (14) 


4. DIELECTRIC CONSTANT 


According to Van Vleck,® the susceptibility is given 
by 
x=N VW OITA —2W 5] 
Xexp(—Wf/kT)/L;exp(—WP/kT), (15) 
where 
W;=WP4+W;®%E+W,/9°P+0(E). 


In Watson ei al.’s experiment,® E is about 5 volt/cm, 
thus a very-weak-field case. Since k7T/h is about 
6000 000 Mc/sec, one sees that exp(—W,/kT) is 
almost the same for all hfs levels and A-type doublets 
for a given J. Thus Eq. (15) reduces to 
x=-2N O{ > [W(cJFMr)+W(dJFM >) | 

_ oF 


FMr 
Xexp(—Wy'/kT)}/X0s 2X3(2I+1) 
Xexp(—W"/kT), 
where W(cJFM fr) is given by Eq. (16). 


8 J. H. Van Vleck, Theory of Electric and Magnetic Susceptibil- 
ities (Oxford University Press, New York, 1932). 

® Watson, Rao, and Ramasuamy, Proc. Roy. Soc. (London) 
A143, 558 (1934). 


(16) 











THEORY .OF 

Since the first three terms in Eq. (6) cancel out if we 
add them to those of W(d/FM »), we have an approxi- 
mate relation that 


W (cJFM r)+W (dJ FM ¢)=W' (cJ FM rf) 


+W'(dJFMr); (17) 
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in other words, the terms considered in Sec. 2 can be 
nearly neglected in our case, and only nondiagonal 
terms between different J levels will remain. 

It is obtained by the second order perturbation 


method that 


> MrW'(cJFMr)=> MerW'(dJ FM p) =| [16J?(2J+1)W 5°} 





x| (J+F+2)(J+F+1)(J+F-1)\(J+F—2) (J+F+2)(J+F—-1)(J—F+1)(J—F—2)(2F+1) 


F 
UPA U-PI-F- 2-3) 
F+1 





F(F+1) 


|-tou+iras+s (WW) 





_{_~——— rrr 1) (J+F+3)(J+F)(J—F+2)(J—F-—1)(2F+1) 


F 


Then one can show that 
> > W'(cJFMr)=> > W'(d/ FMP) 
F Mr F Mr 
3(2J—1) 
4] (W »°—Wy_1°) 
3(2J+3) 





=p? FE? 





nas }, a9 
4(J+1)(W— W541") 


which is merely a formula for a symmetric top with 
K=3 and multiplied by the statistical factor 3, due to 
the nuclear spin 1. 

If we assume W f=J(J+1)h?/2/, then 


8 \wI 
> E W'(c1/2FM r)= -3(=) 


’ 
F Mr 27/7 kh 


(2J+1) wl 
> > W'(cJFM r)=—3 . (21) 
F Mr 24J?(J+1)?) he? 
Since.the value of formula (21) decreases very rapidly 
with J, and h?/27=150 000 Mc/secKkT/h=6 000 000 
Mc/sec, we have the approximation 
> ¥ [W(cJFM r)+W (dJFM ¢) | exp(—Ws/kT) 
J FMr 
8 »  (2J+1) 
= |— > ap exp(—W,°/kT) 
270 y= 24)?(J+1)?! 
=—6X0.314 exp(—W,°/kT). 
At room temperature, 


¥ (27 +1) exp(—W 2/kT)L2KT / 2; 


(22) 


(23) 


F(F+1) 
(J+F+4)(J+F+3)(J+F+1)(J+F) 
m F+1 |} 18) 








thus, from Eq. (16), 


x =0.314Nu2/kT. (24) 


Comparing this result with Langevin-Debye formula, 


x= Nw ets/3kT, (25) 
we obtain 


i= 1.030 pete, (26) 


which shows that pers obtained by the Langevin-Debye 
formula is not much different from the true yu. 

The dielectric constant of this molecule was measured 
by Watson ef al.? and Smyth ei al. They calculated the 
dipole moment to be 0.16 Debye unit and 0.0; Debye 
unit, respectively, from their results by using the 
Langevin-Debye formula. _ 

Recently Burrus and Graybeal" observed the Stark 
effect of this molecule in the microwave region. Their 
result agrees well with the theory presented here in 
Sec. 2 and they found ».=0.158 Debye unit. Since from 
the above discussion, the Langevin-Debye formula 
should give about the same value of u, the result of 
Watson et al. is preferred to that of Smyth e¢ al. 
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It has been confirmed that the absorption of 3-cm waves in methyl chloride and methyl bromide is 
entirely due to the inversion transition at zero wave number. In the J band the additional absorption 
observed has been assigned to the resultant effect of various rotational transitions of the molecule. In this 
connection it has been found that the following average values of the pressure-broadening parameter Av 
give the best fit to the experimental results. Methyl chloride: Ay=0.5067 cm™/atmos (rotational line) ; 
Av=0.124 cm~/atmos (inversion line). Methyl bromide: Avy =0.633 cm/atmos (rotational line) ; Ay=0.122 
cm7/atmos (inversion line). It is suggested that a more accurate fit can be obtained if the distribution of 
relaxation times for the inversion line and the shift of rotational lines to lower wave numbers is taken into 


account. 


Study of the temperature dependence of the absorption coefficient for methy] chloride in the 3-cm region 
indicates that, at low pressure, it varies as 7~*. This temperature variation of the absorption coefficient 
confirms that Ay« 1/7, as predicted by Anderson’s or Margenau’s theory of pressure broadening. 





ERSHBERGER ef al.'* measured absorption 
coefficients of many gases, including methyl 
chloride and methyl! bromide. They explained these on 
the assumption that the absorption in the X and K 
bands is entirely due to the inversion line at zero wave 
number. They gave the values of Av and the intensity 
factor which explained the observed absorption. Bleaney 
and Loubser*® measured the microwave absorption in 
these gases and found different values of Av and an 
intensity factor which was in better agreement with 
the theoretical values. They further pointed out that 
the absorption coefficient calculated with their ‘value 
of Av and the intensity factor was less than the observed 
value of the absorption coefficient in the K band. They 
pointed out that this difference could be explained if 
the absorption due to rotationa! lines which fall in that 
region is taken into consideration. We have measured 
the absorption coefficient in the X and J bands. In the 
X band we have found that the absorption is entirely 
due to the inversion line at zero wave number. We have 
explained the excess of the absorption in the K and J 
bands by taking into consideration the absorption due 
to rotational lines. The experimental and calculated 
values have been found to agree fairly well if the simple 


TABLE I. Microwave absorption in methy] chloride. 











Wave . 

number Pressure in cm of Hg 

(cm™) 10 20 30 40 50 60 70 76 
0.29 03 04 O8 15 2.5 3.8 5.3 
0.80* - §©6 ti 22 $86 5.2 6.8 8.0 
1.14 02. “04 12 24 65 7h ii1 12.5 








* The values at 0.8 cm~ are computed from the data of Walter and 
Hershberger (reference 2). 


1W. D. Hershberger, J. Appl. Phys. 17, 495 (1946). 

2]. E. Walter, and W. D. Hershberger J. Appl. Phys. 17, 814 
(1946). 

3B. Bleaney and J. H. N. Loubser, Proc. Phys. Soc. (London) 
63, 483 (1950). 


theory of Van Vleck and Weisskopf‘ is used. A more 
accurate fit is obtained if the distribution of relaxation 
times for the inversion line and the shift of the rotational 
lines is taken into consideration. This has been verified 
by using empirical relations. 


EXPERIMENTAL TECHNIQUE 


The experimental technique of measuring the absorp- 
tion coefficient consists in measuring the microwave 
power transmitted through a wave guide cell evacuated 
and then filled with the gas. The X and J band setups 
use the klystrons 2K39 and QK292, respectively, as the 
source of the power. The details of the arrangement 
have already been given in an earlier communication.® 


RESULTS AND DISCUSSION 
Methyl Chloride 


The values of the absorption coefficient at various 
pressures up to one atmosphere and at v=0.29 cm", 
0.80 cm, and 1.14 cm™ have been tabulated in 
Table I. 


Analysis 


Methyl chloride is a symmetric-top molecule. Its 
microwave absorption has been studied earlier by 
Walter and Hershberger? and by Bleaney and Loubser.’ 
They have assigned the observed absorption to the 
inversion of this molecule at nearly zero wave number. 
The inversion transition is due to the doubling of 
rotational levels. The separation of this doublet depends 
on the height of the potential barrier if the molecule is 
to be inverted. The potential barrier in the case of 
methyl chloride is very high and hence the doublet 
separation is very small. The inversion frequency, 
therefore, can be regarded effectively as zero. The 


‘J. H. Van Vleck and V. E. Weisskopf, Revs. Modern Phys. 
17, 225 (1945). 
5 Krishnaji and G. P. Srivastava, Phys. Rev. 106, 1186 (1957). 
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MICROWAVE ABSORPTION 


complete expression® for the absorption coefficient due 
to a particular line is 


8xN 


Ge. Jos4F | P sas 
pol | mis 


Av’+(v— Vij)" 


+] { 
Av+ (v+,;)? : 


Substituting v;;=0 in the above expression, 








82°N | rel 2Av 
=— fu frr| wis 
wre Avy? 
Ap 
=6rY . (2) 
Avr 


The quantity 8 has been theoretically evaluated by 
Walter and Hershberger’ and is equal to 54X10~ cm™. 
Bleaney and Loubser* have found that Av=0.124 cm™/ 
atmos gives the best fit to the observed data. Figure 1 














r oe 
CHCl 
450 5? A) 

Pressure = 1 Alm, 
400 
550 
300} 
250 
200) 
150 
100 
so 

a ° Vv 
° 2 oa o6 oe +o 2 4 


Fic. 1. a/v* plotted against » for methy] chloride. 


shows a theoretical curve of a/v’ (due to the inversion 
line only) against » at atmospheric pressure. The 
experimentally observed values in the graph are seen 
to fit reasonably well at y=0.29 cm™, but at higher 
wave numbers they are greater than the theoretical 
value. The difference can be accounted for if the 
contribution of the rotational lines is taken into 
consideration. 

The rotational constants of methyl chloride are 
A=150000 Mc/sec, B=C=13 292.95 Mc/sec, and 
hence the rotational frequencies in the ground vibra- 
tional state can be calculated from the expression 


v=2B(J+1). (3) 


Since the temperature is not high and absorption due 
to a pressure-broadened line at one atmospheric pressure 
is to be considered, the value of f, can be approximately 
taken as unity. Further, the fine structure due to the 
effects of the spin, isotope substitution, and centrifugal 


6C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 
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IN METHYL HALIDES 


TABLE II. Comparison of the experimental and the theoretical 
values of the absorption coefficient for methy] chloride, in cm™. 











(v =0.29 cm", (»=0.80cm", (» =1.14cm™, 
T =300°K) T =300°K) T =282°K) 
p=t p=! P=} p=! p=} p=! 
atmos atmos atmos atmos atmos atmos 
Author 0.30 5.30 tee ee 0.70 12.50 
Hershberger «+» 5.50" 0.55 8.00 ee tee 
Theoretical 
Due to inversion 
lines» 0.40 560 043 653 045 7.07 
Due to inversion 
lines® 0.39 560 041 653 041 7.07 
Due to rotational 
lines» (negligible) 0.16 1.33 0.33 4.36 
Due to rotational 
lines® (negligible) 0.19 1.50 0.31 5.21 
Total theoretical 
values 
Total theoretical 
values» 0.40 5.60 0.59 7.86 0.78 11.43 
Total theoretical 
values® 0.39 5.60 0.60 8.03 0.72 12.28 











* This datum of Walter and Hershberger (reference 2) is for » =0.31 cm™, 

b Using the simple theory of Van Vieck and Weisskopf (reference 4). 

* Taking into consideration expressions (6) and (7) for A» and »i;’, 
respectively. 


distortion need not be considered for similar reasons. 
The value of fz7 for a symmetrical top molecule is 


BAh*} 
, (4) 
a(kT)? 





fir=(2I+ tye ates 


where A and B are the rotational constants in cps. 
For R-branch transitions AJ =+1, AK=0, and 


_(IH1)- 
* (F+1)(2I-+1) 


Since the value of Av for the rotational lines of methy] 
chloride is not known, a reasonable value of 0.5067 cm= 
per atmosphere [20 (Mc/sec)/mm] has been assumed 
for calculating the absorption due to rotational lines. 

Table II gives a comparison of the experimental and 
the theoretical values of the microwave absorption 
coefficient for methyl chloride at two pressures and at 
three frequencies. The theoretical value has been calcu- 
lated with the help of simple Van Vleck-Weisskopf 
theory as well as modified theory taking into account 
the nonlinear pressure variation of Av and the shift of 
v;; towards the lower frequencies with increasing pres- 
sure. The following empirical expressions have been 
used in this connection: 


Av/p=0.124[1—0.45p] cm-, (6) 


2.6X 10")? 
nf=nf1-(— ) P| (7) 


where # is the pressure in atmospheres. These expres- 
sions are similar to those used by various workers*.” 
for other molecules. 


7H. Margenau, Phys. Rev. 76, 1423 (1949). 


(5) 


hy = 
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Fic. 2. a/v? plotted against » for methyl bromide. 


It is observed that the data for the absorption 
coefficient show a better fit with the theoretical value 
which takes into account the distribution of relaxation 
times for the inversion line and the shift of the rotational 
lines towards lower frequencies with increasing pressure. 

It can therefore be safely concluded that the assumed 
causes of absorption and the estimated value of Av for 
the inversion and the rotational lines are correct. The 
values of the collision diameter corresponding to these 
values of Av are 7.60 A and 15.36 A. Birnbaum and 
Maryott® found that the relation Av « 1—4rb®N/3 does 
not hold in the case of ND3. As the present observations 
are only at three frequencies, this could not be verified. 


Methyl Bromide 


The experimental values of the absorption coefficient 
at various pressures up to one atmosphere at v=0.28 
cm“, 0.8 cm™, and 1.14 cm are tabulated in Table III. 


Analysis 


Methyl bromide is a symmetric-top molecule. In 
this case also the inversion frequency is small and can 
be taken as zero. The absorption coefficient is calculated 
with the help of the expression (2) in a manner similar 
to that for methyl chloride. The quantity 8 has been 
calculated by Walter and Hershberger? to be 38X10~¢ 
cm /atmos, and the value of Av which gives the best 


TABLE IIT. Microwave absorption coefficient in 
methyl bromide, in cm™. 











Wave , 

number Pressure in cm of Hg 

(cm~) 10 20 30 40 50 60 70 76 
0.28 0.20 040 0.70 130 2.05 2.95 3.60 
0.80 0.54 1.10 2.10 2.20 4.40 5.50 6.20 
1.14 0.60 150 295 460 640 850 10.60 11.80 








*® The values at 0.80 cm™ are computed from the data of Walter and 
Hershberger (reference 2). 


8G. Birnbaum and A. A. Maryott, Phys. Rev. 92, 270 (1953). 
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fit has been estimated by Bleaney and Loubser* to be 
0.122 cm~!/atmos. Figure 2 shows a plot of the theo- 
retical a/v? (due to inversion lines only) against v. The 
experimentally observed points are marked in the graph. 
At 0.28 cm the experimental point is seen to fit in 
very well. At higher wave numbers the experimental 
values are higher than the calculated ones. The differ- 
ence can be accounted for if the contribution of rota- 
tional transitions is taken into consideration. 

The rotational constants of methyl bromide are 
A=150.000 Mc/sec, B=C = 9568.19 Mc/sec, and hence 
the rotational frequencies in the ground vibrational 
states can be calculated from the expression (3). The 
parameter f, is taken as unity for the reasons already 
explained. The values of fr are calculated with the 
help of expression (5). 

Since the value of Av for the rotational lines of 
methyl bromide is not known, a reasonable value of 
0.633 cm=! per atmosphere has been assumed for 
calculating the contribution of rotational lines to the 
microwave absorption. 

As in the case of methyl] chloride, similar relations 
have been assumed to account for the distribution of 
relaxation time for the inversion line and the shift of 
the rotational lines. They are 


Av/p=0.122[1—0.070p] cm, 


2.43 X 10")? 
ni=nf1-(——) P| on, 
Vij 


where p is the pressure in atmospheres. 

Table IV gives a comparison of the experimental and 
theoretical values of the microwave absorption coeffi- 
cient for methyl bromide at two pressures. 


TaBLE IV. Comparison of the experimental and the theoretical 
values of the absorption coefficient for methyl bromide, in cm™. 








(vy =0.28 cm", (¥=0.80cm™, (»=1.14cm", 
T =300°K) T =300°K) T =282°K) 

p= p=1 p=} p=1 p=} p= 

atmos atmos atmos atmos atmos atmos 





Author 0.20 3.60 tee nee 1.50 11.80 
Hershberger 0.30 4.20% 0.50 6.20 tee tee 
Theoretical 
Due to inversion 
lines 0.28 3.90 0.29 4.52 0.31 4.91 
Due to rotational 
lines» (negligible) 0.21 2.00 0.93 6.37 
Due to inversion 
lines® 0.26 3.90 0.27 452 0.28 4.91 
Due to rotational 
lines® (negligible) 0.22 240 1.05 7.11 
Total theoretical 
values 
Total theoretical 
values” 0.28 3.90 0.50 6.52 1.24 11.28 
Total theoretical 
values° 0.26 3.90 0.49 6.92 1.33 12.02 








® This datum of Walter and Hershberger (reference 2) is for »y =0.31 cm™. 

> Using the simple theory of Van Vleck and Weisskopf. 

* Taking into consideration expressions (6) and (7) for Av and vj’, 
respectively. 














MICROWAVE 


It is clear from the above analysis that the experi- 
mental and theoretical values agree very closely. It can 
be safely concluded that the assumed causes of the 
absorption and the estimated values of Av for the inver- 
sion lines and the rotational lines are very nearly 
correct. The consideration of the distribution of relaxa- 
tion times and the shift of the rotational lines to lower 
frequencies at higher pressures gives a better fit to the 
observed data, except at v=0.80 cm™. 

The values of the collision diameter corresponding to 
the above values of Av are 8.825 A and 20.1 A. 


Temperature Dependence of the 
Absorption Coefficient 


The absorption coefficient a of methyl chloride at 
various temperatures and pressures has been measured 
at v=0.29 cm™. The data are presented in the form 
of graphs of logioa versus log;oT in the Fig. 3. Table V 
gives the temperature dependence of a@ at different 
pressures as calculated from the experimental data, 
under the assumption that a= (constant)7—*. 


Analysis 


The microwave absorption coefficient, at a particular 
frequency, is given by 


8r°N SE fofor| mil? { Av 
saat SAS ins. mC 
3kT «ii ade Av?+ (v— vj)" 


Av 
Sree 
Av+(v+y;;)? 


In this expression f, is equal to unity and fyr is also 
unity since all the molecules are taking part in the 
transitions responsible for absorption in the three- 


TABLE V. Experimental values of the exponent x in the relation 
a= (const)7~*, at various pressures, for methy] chloride, »=0.29 
cm", 





Pressure in 
cm of Hg 30 50 70 





x 3.2403 2.4 1.6 
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Fic. 3. Logioa plotted against logio7 at various pressures for 
methyl chloride, »=0.29 cm. 


centimeter region. N, in this expression, is the total 
number of molecules per cc. Its value is N=9.68 
X10"%(p/T) where p is the pressure in cm of Hg and 
T is the absolute temperature. At X-band frequencies, 
the main contribution to the absorption is due to 
inversion of the molecule at zero wave number; hence 
putting v;;=0 in the above expression one gets 





a= 


(constant) / Av 
Tr? latte) 


At a low pressure Av’<v*, hence 


(constant) 
a=—————Ap. 


in 


According to Anderson’s’ or Margenau’s” theory 
Av«1/T, hence a= (constant)T—. 

It is therefore, clear that the experimental results are 
quite close to that expected in accordance with Ander- 
son’s or Margenau’s theory of pressure broadening. 
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The theory of cluster expansions is studied by a new method. A general procedure for obtaining the 
thermal average of a many-body function as a series in powers of density is derived. A recipe based on the 
Baker-Hausdorff theorem for reducing quantum thermal averages to their classical analogs is also described. 
These results are used to express the slow neutron cross sections of imperfect gases as power series in mo- 
lecular density. Formulas are given for the leading contributions to both elastic and inelastic scattering. 





1. INTRODUCTION 


HE scattering of slow neutrons by nuclei subject 
to chemical forces in atomic and molecular 
systems can be used as a tool to study these forces. 
This technique is being developed as a new and welcome 
supplement to such well established methods as x-ray 
and electron diffraction. Considerable work has been 
done on neutron diffraction by crystals and within the 
past few years, the use of neutrons in the study of 
gases and liquids has been initiated.’ 

Methods have recently been developed? for the 
treatment of inelastic as well as elastic scattering of 
neutrons by gaseous systems. Since the effects of inter- 
molecular interactions were considered quite crudely, 
and only in connection with the “outer effect,” the 
results are strictly valid only in the limit of vanishing 
density. When scattering experiments are performed at 
gas densities at which the departure from ideality is 
manifested in other properties, corrections to the 
formulas previously given may be required. From the 
investigation of such imperfect gas corrections, one may 
hope to elicit information on the potentials which act 
between gas particles and on other aspects of the 
behavior of dense gases. 

In the present work, we extend the methods of 
reference 2 to obtain the neutron cross section in a 
power series in the gas density, the leading term of 
which is the ideal gas result. For this purpose, a method 
is presented in the next section which both unifies and 
generalizes procedures previously used for deriving 
density expansions in simpler contexts. We shall confine 
our treatment to gases whose behavior approximates 
that of a classical ensemble of particles (a slight 
restriction in practice). A concise technique for obtain- 
ing classical limits of averages over systems in thermal] 
equilibrium and quantum corrections to them is also 
explained in Sec. 2. 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

t Now at the University of California, Berkeley, California. 

s E. Bacon, Neutron Diffraction (Clarendon Press, Oxford, 
1955). 

2A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 129 
(1956), hereafter called ZG. 


We discuss first some aspects of the scattering 
formalism. The excitations of a target system bom- 
barded by a slow-neutron beam remain, as a rule, 
unobserved. We recall the optical theorem which relates 
a total cross section, summed over all scattering 
processes, to a coherent scattering amplitude, i.e., to 
an amplitude for the process which leaves the dynatical 
system as a whole unaltered. An analogous result is 
achieved in the present case where a summation is 
performed over the final states of the scattering medium 
only. In the time-dependent formulation of the diffrac- 
tion problem, the relation takes the form® 


o(6)= (29) >,» (A,Aw+5,rC,?) 
x f f (k/kode-**(yy)dlde, (1.1) 


(x)= (| aati exp(ix-r,)e~*! exp(—ix-r,-) ly), (1.2) 
for the differential cross section when the initial state 
of the scatterer is y. 

Thus the cross section, originally computed within 
the formalism of the first Born approximation, may be 
reinterpreted in terms of a twofold collision of the 
neutron and the scatterer following which the scatterer 
returns to its initial state. Specifically, if the expression 
for (x»»’) is read from right to left, we find that the 
scatterer, initially in state ¥, loses momentum x in a 
collision of the neutron with nucleus »’, propagates 
through a time interval ¢, and regains the momentum 
« in a collision involving nucleus v. The cross section 
depends upon the overlap of the latter state with the 
state e~#4) resulting from an uninterrupted temporal 
development of y in the course of the “collision time” ¢. 
The final states of the true scattering processes appear 
as intermediate states in the double scattering picture. 
The presence of the phase factor e~** insures that in 
the integration over collision times, contributions from 
intermediate states which disobey the conservation 
condition 

e=E;—Ey; 
* The reader is referred to ZG for definitions and notation. 


Boltzmann’s constant and # have unit magnitude in the system 
of units adopted. 
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interfere destructively. Equation (1.1) leads to compact 
and powerful methods for the calculation of cross 
sections; in addition, the accompanying physical inter- 
pretation is of great utility in appreciating the quali- 
tative features of the scattering. 

The approximation method? based on an expansion 
of all or part of the expectation values (1.2) in ascending 
powers of ¢ is of particular importance both because of 
its wide domain of validity and the comparative 
simplicity of the ensuing computations. The procedure 
is applicable when the variation in time of the expanded 
quantities is slow compared to the rate of oscillation of 
e~**t, We shall employ it in treating the imperfect gas 
problem. Work extending these calculations to denser 
systems such as liquids is planned. 


2. CLUSTER EXPANSIONS AND 
THERMAL AVERAGES 


We present a theory of cluster expansions which 
unifies and extends the formalism originated by Ursell 
and Mayer® and which provides a foundation for our 
later calculations. 

The central problem concerns the average of a 
many-particle operator Q, 


WlQl¥) 
= fete see) QM (ty ytu)dti dt (2.1) 


in some state or thermal ensemble of states of a gaseous 
system. The integrand above is a separable function; 
i.e., when the particles divide into isolated clusters,® 
the function itself separates into factors, each a function 
of the coordinates of particles in one cluster. Corrections 
to the ideal gas limit of (2.1) which account for inter- 
particle collisions make up a series in powers of mo- 
lecular density. Series of this type are closely related 
to the cluster expansions of separable functions. 

A situation of complete symmetry will be examined 
first. For brevity, we designate a set of particle coor- 
dinates m1, f2, «++ ,tw by r¥ and dridr2: + -dry by dr. For 
each integer NV, let Wy(r%) specify a symmetric coor- 
dinate function which is separable in the sense that if r¥ 
divides into isolated clusters r’" and r’™, n+-m=N, then 


Wyw(t®) > Wr) Wale’). (2.2) 


We introduce a parametric function a(@) of a single 
position coordinate and write a‘) in abbreviation of 
the product a(o:)a(o2)---a(o,). A generator Gw(a) for 


4G. C. Wick, Phys. Rev. 94, 1228 (1954). 

5 See, for example, Hirschfelder, Curtiss, and Bird, Molecular 
Theory of Gases and Liquids (John Wiley and Sons, Inc., New 
York, 1955). Also, J. deBoer, dissertation, Amsterdam, 1940 
(unpublished), where the expansion of thermal averages is 
obtained for the completely symmetrical case. ‘ 

6 That is, clusters whose physical separation exceeds the range 
of molecular forces. 
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the W functions is then defined by 


o | 
Gw(a)= > o a W,,(o")d”. 


n=O 1! 


(2.3) 


In this equation, Wo is taken to be unity. Employing 
the technique of functional differentiation with respect 
to the parametric function, as expressed by 


FY 
—a(o)=8(r—p), 
my (r—p) 


6 
— f a(e)W(o)de=W(), etc, 
da(r) 
we recover each Wy from the generator by the recipe: 


Wy(t%)= (2.4) 


Gw(a) 





ba(r:)  8a(tw) 


a=0 


A many-particle function which vanishes when its 
arguments separate into isolated clusters will be termed 
a cluster function. The expansion of Wy in terms of 
cluster functions will now be derived. Let us define, as 
in (2.3), a generator Gy(a) for a set of functions Uy(r”) 
and consider the relation 


Gw(a)=e9, (2.5) 


which serves as a defin:tion of the U functions in terms 

of the W functions. The fundamental property of Eq. 

(2.5) is that each Uy so defined is a cluster function if 

and only if each Wy is separable. A proof of this theorem 

is given in the Appendix. Applying (2.4) to (2.5), we 

infer that 

Wy (t®)=Un(t*)+20n Un 1+: :: 
+U,i(t1)Ui(t2)- + -Ui (ty). 

The genera! term of (2.6) is 

Dn UnUn2--+Una, + Ni=N, 
where the symbol }-w indicates summation over all 


ways of allotting N arguments to the functions which 
follow. For example, 


D3 U2U,= U2(r1,82) U,(r3)+U 2(r1,r3) U(r) 
+U2(r2,r3)U i (11). 
Solving (2.6) for the U functions, one obtains 
Uo=0, Ui(r1)=Wi(ri), 
U2(r1,82) = Wo(t1,82) —Wi (r1) Wi(t2), 
U3(81,82,83) = W3(r1,82,%3) — d3 WW, 
+2W(11)Wi(t2)Wi(ts), etc. 


We suppose hereafter that the cluster functions of 
interest depend on coordinate differences only. When n 
is sufficiently small, a connected n-particle cluster will 
occupy a negligible fraction of the volume V which 


(2.6) 


(2.7) 
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encloses the gas particles. In this case, the cluster 
integral fUy(r)dr® is proportional to V. For if the 
integrations over r\— are carried out with ry fixed, the 
effective limits of integration are set by the range of 
molecular forces rather than the size of the enclosure. 
Then the result must be independent of both V and 
ry, and the final integration over ry supplies a factor 
of V. 

We now consider separable functions Wy, v(r™,s¥) 
which are symmetric functions of the groups r¥ and 
»" separately. A second parametric function 6(¢) is 
required for the definition of the generator: 


: 3 
Gw(a3b)=Z —— f o™6W a a(o%o" donde’ 
m!n! 
where Wo,o=1. It follows that 


W wu, w(r™,8*) = Gw(a,b) 








ba(r;)  8(8y) 


a=b=( 


With a similar definition for the generator Gu(a,b) of 
the cluster functions, we have 


Gw (a,b) =e%U»), (2.8) 


The derivation of Uy,n(r™,s¥) in terms of the W 
functions closely resembles the method of the previous 
case. 

The relations between the integrals of the functions 
at hand are also of interest. If we define 


ae 
wu.w=— — [We y(r™,s*)dr™ds*, 
M!N! 


‘ (2.9) 
tu, n=— — | Uy,n(r™,s*)dr™ds*, 
M!N! 


and replace a(@) and 6(e) by the constants a and 8, 
respectively, then (2.8) becomes 


DY a"b"Wm,n=exp(D, a”"b"tem, n). (2.10) 


The extension to situations of still lower symmetry is 
obvious. 

As an application of the foregoing work, we determine 
the density expansion for the thermal average (Q(r))r 
of an operator function Q(r). The operator may depend, 
in general, on all molecular coordinates of the N particle 
assembly; the notation indicates, however, a lack of 
symmetry between r and the remaining coordinates. 

We define Wo, as the Slater sum over a complete 
set of molecular states y,’: 

Divir(s") 


2x 
Wo, n(s*)= (—) 
MT 
Xexpl—H(s¥)/T]y.(s*), (2.11) 


7 We omit consideration of quantum statistics in this paper. 
The Slater sums require an additional factor of NV! if the wave 
functions represent Bose or Fermi systems. 
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and W,, y-1 as the generalized Slater sum: 


or 3N/2 
Wsn-ales*)=(—) Cevt(es*00) 


Xexp[—A(r,8*—)/TWi(r,s%"). (2.12) 


Functions Wy, 7 with M22 remain undefined, but no 
definitions are needed. The relations implicit in (2.8) 
and (2.10) are still of value; one simply ignores all 
terms containing a power of a higher than the first. 
Utilizing the definitions above, we find that 


(Q(r))r= (1/N) (w1, v-1/Wo, w). 
Equating coefficients of a in (2.10), we obtain 


D bw, n= dD bs, n exp(D b*tso, x) 
=> b%M1,n Dd b*wo,x, 


(2.13) 


whence 
N-1 


W1, N-1>= p U1, nW0, N—1—n- 
n=0 


(2.14) 


We introduce the quantities D,, 
Dy= (1/V) 41, 2, 


which, for small , are essentially volume independent. 
The partition sums wo, , are connected with the fugacity 
z of the gas by® 


(2.15) 


(2.16) 


The substitution of (2.14) into (2.13) yields, in virtue 
of (2.15) and (2.16), 


N-1 
(QW))r= (Y/N) E Das 


Wo, N-n=2"Wo, N- 


(2.17) 


Finally, we take advantage of the equation 
=(/V)exp|-Ea.cv/vy"], (2.8) 
n=l 


which expresses the fugacity in terms of the molecular 
density and the irreducible cluster integrals B,. The 
latter are derivable from the molecular potential. With 
the help of (2.18), we conclude that 


(Q(t))r= Dot (N/V) (Di—BDo) + (N/V)*LD2— 28D; 
— (B2—381")Do]+---, (2.19) 
which is the desired density series. 
In terms of the molecular potential V(r;—r,), the 


classical expressions for the first two irreducible cluster 
integrals are 


A= f f(r)dr, (2.20) 


a3 sf sfe- s) {(s)drds, (2.21) 


where f(r) =e" /T—1, 
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For later use, we compute the thermal average 
(Q(t,r’))r where no symmetry is assumed between r 
and r’ or between these coordinates and the others. 
We define Wo, o, by the expression (2.11), and W,,1, v-2 
by 

lr 3N/2 
Wi, 1,N-2> (—) Li vi* (10,8) O(r,r') 
MT 


Xexp[— A(r,r’,s"*)/T Wi(r,7',8*~). 


Additional functions Wo, ;, y-; and W,,o, y-: are inferred 
from the assumed separability of W,1,—1. The cluster 
expansion of W,,1,n-2 is obtained using generators 
which depend on three parametric functions, and 
integrals w;,1,n-2, etc. are defined in analogy to (2.9). 


The equation corresponding to (2.10) is 
D a"b*c*wm, n,k=eXP(D, a"b"C*tam, n,%), (2.22) 


so that 


N-—2 n 
W1,1,N-2>= a [us Lat p U1, 0, mo, 1, n—m |Wo, 0, N—2—n> 
n= m=0 


With the definitions 


I= (1/V) a, 1, ny 
T,%=(1/V) 1,02, In =(1/V)u0,1, 9, 


we get 
(Q(t,’))r 
=[N(N—1) } wi, 1, n—-2/wo,0," 
N-2 n 
=VIN(N-1) PE LatV E In p_m) 2", 
n=0 m=0 
therefore, 


(Q(r,0’))r= (1/V)Io+ (N/V?) (Li— 280) +: +: 
HIT (O+ (N/ V) (101, 


+1, 9 —28 Iolo ]+-++. (2.23) 


To arrive at (2.23) from the preceding line, we have 
equated N/(N—1) to unity. 

The generator equations and the process of functional 
differentiation were of value in proving the cluster 
property of the U functions. We observe, however, 
that for the calculation of terms in the density series, 
the simpler relations among integrals, as expressed by 
(2.10) and (2.22), are sufficient. 

At high temperatures, the thermal averages and 
Slater sums approximate their classical analogs. In 
concluding this section, we show how the Baker- 
Hausdorff theorem may be used to effect the passage 
to the classical limit in an elementary way. The quoted 
theorem is an operator identity which states that if 


(2.24) 


e4eB =e, 
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then C is given by a series, 


C=A+B+}[A,B]+y7,(A—B,[A,B]] 


whose higher terms are successive commutators of A 
and B. The terms given here may be verified by 
substitution into (2.24). 

To illustrate the principle, we examine a two-particle 
system with the Hamiltonian 


H=(p2+p:2)/2M+V (n—1). 


(2.25) 


(2.26) 


The corresponding classical Hamiltonian H, is formed 
by replacing the operator momenta in (2.26) by 
c numbers q; and q». Let Z(r;,r2) denote the generalized 
Slater sum’ over a complete set of states, 


Z(t,%2) = (=) Di ¥i(t1,82) 


XQ(r1,82,P1,p2)e 2! 7Yi(ti,82), (2.27) 


whose integral, properly normalized, represents the 
thermal average of the operator Q. If a suitable classical 
analog Q.(r1,¥2,q1,2) of Q can be defined, we expect 
(2.27) to reduce, at high temperatures, to Z,(11,T2) 
where 


Z.(01,¥2)= QeMT)* { Q.(eutoayade% "dada 


Since the complete set of states y; is arbitrary, we choose 
plane waves, 


War, e2(11,%2) = V— exp(iqi-ri+iqe-t2), 


and replace the summation in (2.27) by V?(2r)-* f'dqidqz 
in the usual way. In virtue of the translation property, 

eit) petit = p.+q;, i=1, 2. 
Equation (2.27) assumes the form 


Z(t1,¥2) = (2eMT) 


x f ote To, Pitqi, P2ot+qze)e2dqidqe, (2.28) 
where 
B=—- (pitqi)?/2MT— (pot+gqs?)/2MT—V/T. 


The operator momenta appearing as arguments of Q 
in (2.28) are now to be commuted to the extreme left 
where they disappear, leaving a function Q.(r1,12,q1,q2). 
The occurrences of p; and ps in the exponential are to 
be commuted to the extreme right with the aid of 
(2.24). Thus if we set A=H,/T, then® 


8 The expansion (2.30) has been obtained by other methods by 
J. G. Kirkwood, Phys. Rev. 44, 31 (1933); see also J. E. Mayer 
and W. Band, J. Chem. Phys. 15, 141 (1947). 
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-VV (VV)? = i(qi— qe) VV 
eB = e-AclT exp| ons 
2MT? 3MT? 2MT? 
(qi—qz)-V PV 
, Lo-w VI +] (2.29) 
6M?T? 
| VV (vV)? 
=,p-A-lT 1— 
2MT? 3MT? 
i(qi—q2)° VV 4 C(qi— qe) - V PV 
2MT? 6M?T? 
(qi—qz)- VV FP 
_ Lara: +} (2.30) 
8M?°T4 


The gradients are with respect to ri. 

In the calculation of the bracketed series in (2.29) 
via (2.25), each additional commutation supplies 
another gradient applied to V. Thus, e? is equal to 
exp(—H./T) multiplied by a series of powers of the 
gradient. Each gradient carries with it a factor of %, 
although this is not explicit in our notation. Then the 
series proceeds in powers of %. The use of (2.30) in 
(2.28) yields the classical limit with quantum correc- 
tions. Since, however, Q, may itself contain a depend- 
ence on #, the so-called quantum corrections are not 
always smaller than all contributions from the leading 
term, even in the limit cf large T. (Compare the 
treatment of interference scattering in Sec. 4 where 
these corrections cancel against other terms.) The 
effects of quantum statistics may also be computed by 
this formalism without difficulty. 


3. ELASTIC SCATTERING 


In the absence of extensive experimental information 
on neutron scattering by imperfect gases, we shall be 
content to mark out the general features of the problem 
rather than essay an exhaustive treatment of different 
examples. For this purpose, we neglect the role of 
internal degrees of freedom which formed the principal 
concern of ZG. A temperature sufficiently high to 
permit an approximately classical evaluation of thermal 
averages (including lowest order quantum corrections) 
will be assumed. 

The initial term arising from the time expansion 
procedure is treated in the present section. This forms 
the static approximation which is valid when the 
scattering is predominantly elastic. The direct scatter- 
ing is then found to be independent of molecular 
coordinates. Accordingly, imperfect gas corrections to 
elastic scattering must be sought in the interference 
terms. 

Let o1,2(6) represent one of the two terms of the 
elastic cross section due to interference between mole- 


cules (1) and (2): 


o1,2(0) =A%x1,2)r= AXexpLix:(ti—r2) ])r, (3.1) 


R. M. MAZO AND A. C. 
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where « is evaluated with k=ko. Then the elastic 
interference cross section per molecule is given by 


int (6) = E ona) (3.2) 


We suppose that molecular interaction is due to a 
spherically symmetric two-particle potential V(r;—rj). 
We shall frequently write r;; for r;—r; and V;; for 
V(r,—r,). Averaging classically, we have 


fe»(- a) 








(x1, r= 


Quantum corrections to (3.3) are considered together 
with inelastic corrections in the next section. Equation 
(3.3) leads to the Zernike-Prins formula® and the final 
result below can be obtained from the known density 
expansion of the pair distribution function. The treat- 
ment here illustrates the methods of Sec. 2 and serves 
as an introduction to the work of the next section. 
The first two terms in the density series for (3.3) 
will be determined. We define the separable functions: 


W,,0,0(t1) =exp(ix-ry), Wo,1,0(t2)=exp(—ix-re), 


W1,1,0(¥ 1,82) =e~"?!? exp(ix-ti2), 
and 
W3, 0,1(81,%3) =e~ "9/7 exp(ix-r,), 
p 


Wo, 1,1(t2,83) =e~ "9/7 exp(—ix-re), 
p 
W 4, 1,10 1,8 2,83) =e (V2 V23t V0! exp (ix-ry2). 


The u integrals are now deduced from (2.22). Thus, 


U1, 1,0= W1, 1, 0— Wo, 1, 0W1, 0, 0 


= f (e721) explie-taddrdes (3.4) 


U1, 1,1 W1, 1,1— W1, 1, OW, 0, 1 — W1, 0, 1W0, 1, 0 


— Wo, 1, 11, 0, ot 2w, 0, 09, 1, OW, 0, 1 


= { fevstreetraoir— -Vi2/T _ g—V23/T 


—e~Y/T4-2) exp(ix-rie)dridte, etc. (3.5) 


The terms 7, and J, are seen to be proportional 
to the integrals 


y- f exp(ix-r;)dm, V- f exp(—ix-re)dte, (3.6) 


respectively, and may be dropped. For when the 
volume of integration is macroscopically large, one 
*J. deBoer, in Reports on Progress in Physics (The Physical 


Society, London, 1949), Vol. 12, p. 305; N. S. Gingrich, Revs. 
Modern Phys. 15, 90 (1943). 
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readily confirms that for scattering angles differing 
even minutely from the precise forward direction, the 
integrals (3.6) are vanishingly small. 

We get, by (3.4), 


t= [40 exp(ix-r)dr. 
Further, by (3.5) and (2.20) we have 
h= ferIr jes) f(s) exp(ix-r)drds+ 281]. 


It follows from (2.23) and (3.2) that 


cin (0)= A (=) fr exp(ix-r)dr 


+(5) ferorye—s f(s) exp(ix-r)drds+ --- ; 

V j 

Using the notation 
(F(r%)),= J F(e®) exp(ix-1)de" / f F(e®)de", 


and the definitions (2.20), (2.21), we obtain for the 
interference cross section in the present approximation : 


gine (0) = A*{ (N/V) Bi(f(0))e+ (N/V)?(282+8,’) 
X(e¥!7 f(r—s) f(8))e+ ++}. (3.7) 


The expressions in angular brackets above are 
essentially weighted averages of exp(ix-r). They are 
equal to unity for x=0 (forward scattering) and 
oscillate with decreasing amplitude as « increases. For 
molecular potentials of the Lennard-Jones type, these 
functions can be computed, for example, by the method 
Kihara employed for the virial coefficients.!° 

Quantitative statements are more easily made if the 
molecules are assumed to be hard spheres. In terms of 
the hard sphere diameter d, we have 8;= — (41/3)d’, 
B2=—(5n*/12)d*. The coefficients of the angular 
brackets are conveniently expressed in terms of the 
ratio 2/V where Q=(42r/3)Nd* is the total “inter- 
action volume.” If a hard sphere is introduced into a 
rare gas of N hard spheres, Vo is essentially the volume 
from which the first sphere is excluded in virtue of the 
particle interactions. The coefficients of the first and 
second angular brackets are then —(Q/V) and 
(17/32)(Q/V)?, respectively. The first term of (3.7) 
is simply the Debye formula for the outer effect. The 
second bracket is reducible to the form 


(e-V/T f(r—s) f(8)), 
=f d)~ sin(xdz) (2‘— 122*+ 162)d 
= xd)! sin (x 4 3? v4 
J, in (dz) (z z, 


0 T. Kihara, J. Phys. Soc. Japan 3, 265 (1948) ; 6, 184 (1951). 
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which, if desired, can be integrated in terms of ele- 
mentary functions. 

The terms which appear in the density expansion for 
the cross section are quite similar to the cluster integrals 
and the virial coefficients. Their evaluation presents 
difficulties of a comparable order of magnitude and the 
domain of convergence is probably equivalent to that 
of the virial expansion. 


4. INELASTIC CORRECTIONS 


We have observed that apart from the first term the 
terms of the density series for the expectation values 
(x»»)r yield only inelastic corrections to the direct 
scattering. To investigate the relative importance of 
the succeeding part we examine the portion which is 
linear in (V/V) and compute the leading terms obtained 
by the time expansion method. 

The development of (x,,)r in powers of ¢ gives rise to 
terms of two types. From the classical evaluation of 
the thermal averages, we obtain spatial integrals of 
VV, (VV)*, and higher derivatives, multiplied by 
certain powers of ¢. The latter cause the appearance of 
inverse powers of &, the energy of the incident neutron, 
in the cross section. In addition, we have the quantum 
corrections to the classical averaging process which 
contain similar integrals over derivatives of the po- 
tential, divided by powers of T. Since the two kinds of 
terms may be of comparable magnitude, it is necessary 
to consider them together in a consistent calculation. 
It is then natural to order the various quantities 
according to the number of derivatives appiied to the 
potential that they contain and to study, in a first 
approximation, the initial terms of the resulting series. 
This ordering is, in fact, an arrangement in powers of 
% and so constitutes a semiclassical expansion. 

This procedure is quite analogous to the familiar 
method for approximating the partition function which 
was discussed earlier, and may be expected to have the 
same validity; that is, the series in powers of V°V/&o, 
V°V/T, etc., is presumably asymptotic, and its leading 
terms yield an adequate approximation when &» and 
T are not much lower than ordinary thermal energies. 

We consider now the direct scattering by a gas 
particle specified by the coordinate r;. We seek to 
determine the linear term in the density expansion of 
the thermal average of the operator 


(4.1) 


The operator H,1)’, as defined in ZG, is obtained from 
H by replacing the momentum p; with p;—x. If the 
particle at r; is free, we have, simply, H=,°/2M and 
(4.1) reduces to a quantity we denote by xo(¢): 


xo(t) =exp[il(2pi-x—x?)/2M ]. (4.2) 


But if the first particle interacts with a second through 
a potential, then 


H= p?/2M+ p?/2M+V (11-12), 


eT exp(ix-r,)e~™! exp(—ix-1) =e te Ht, 


(4.3) 
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whence 
Hay'= (pi—«)*/2M+-p2/2M+-V (11-1). 


In the latter case, (4.1) is a function of greater com- 
plexity which we shall call x: (¢). Hereafter, the symbol 
H will be reserved for the two-particle Hamiltonian 
(4.3) and we shall write Ho for (p:°+p.")/2M. 
Following the prescription of Sec. 3, we have 


D= (-) (—) f {32 V(n)xo(t) 


xexp(- wate) |r, 
2MT 


>= (Nga) SE 


X [xa (de#!? — xo(de-2 7? Wi(11,82) }dr dre. 


Then the latter equation can be rewritten 


D,=8,Dot+ (-) (~) fe Vi" (11,02) [xi(De-#!7 
v/\ MT “ 


—(1 +B1)x0e7” oT WW. (11,r2) }dridre, (4.4) 


where (; is the quantum version of the first irreducible 
cluster integral : 


2 (NC) fers 


X [e-#/? — e-#0!T WW ,(1,12) }drydro. 


The identity (2.25) allows us to express xi(/) as the 
exponential of a series in ascending powers of ¢. A factor 
of xo(¢) can then be separated from x,(¢) by a second 
application of (2.25) so that 
x(t) = etihte—iH(1)’t 

=xo(t)[1+c2(—it)*+¢3(—it)* 
+c4(—it)*+---], (4.5) 
where 
co=}i(x- WV)/M, 
¢3=[—2(n-V)?V +(x: ¥)(pi— 
Co= —§ (x VV)?/M?. 


The gradients occurring above are with respect to mr. 
In computing the coefficients ci, we have discarded 
terms containing more than two derivatives. We now 
insert (4.5) into (4.4), use momentum eigenfunctions 
for the ¥;(r,,r2) and reduce e~”/7 to the form (2.30). 
Upon integration over momentum and space coor- 
dinates, we find 


P) ° VV 1/6M?, 


CPT 
2M 


—itk? 


+ 
—BiDo= & ¢n'(—il)" exr| 
n=2 2M 








| (4.6) 
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where 
Co! = (x2/18M?2T)V1— (x2/24M?T*) V2, 
3 = — (x2/9M?) 01+ (x?/12M?T) V2, 
ca! = («°T /18M?)V1— (x2/24M?) V2, 
and 


v= ferorrvevar, viz ferorr(e yar. 


As was shown in ZG, the exponential in (4.6) produces 
corrections to the cross section of relative order (m/M) 
and a’, where 


=mT/M &>. 


Although their calculation involves no special difficulty, 
they are best omitted in a first estimate of inter- 
molecular effects. Accordingly, we replace the expo- 
nential by unity. 

Let us write cai, (8) for the part of the direct cross 
section under calculation. Then, by (2.19) and (ZG I, 
4.7), 


vain (0)= BN /V) ff (k/2ebde-(D1—BDo)dtde 


B(N/V) m d 
-——x.(7—) (kes)| 5 (40 
ko k dk |k=ko 


where B?, apart from a factor of 4, is the incoherent 
cross section for a gas particle. Consequently, we obtain 


7 T? V1 Ve 
-- —)( _ ), (4.8) 
8 & 18MT? 24MT? 


In order to estimate the magnitude of (4.8), we choose 
for V the Lennard-Jones potential 


rol -()] 


and suppose the scattering to be performed at room 
temperature. The values ro= (3.5) X10-* cm, Vo=0.05 
ev are typical of the magnitudes assumed by the 
Lennard-Jones parameters. One may show, very ap- 
proximately, that U:~=100Vor0, Uz=40V o'r. For & 
=T, (4.8) becomes 


air (0)= B2(N/V) (m/M)?(10-%3 cm’), 


Od ir™ (6) 


N 
= Bae_( 1 
V 





(4.9) 


(4.10) 


Equation (4.10) is to be compared with the leading 
term in the direct cross section which is of the order of 
B*. Thus, the calculated correction is too small to be 
of importance at standard conditions of temperature 
and pressure where, for a gas, V/V =3X10" cm-, but 
it may be of significance under other circumstances. 
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Our methods are not powerful enough to analyze in 
detail the convergence properties of either the density 
expansion or the time expansion. But it is probably 
safe to assert that for gas densities which are not too 
great and neutron energies which are not too small, 
the development presented here is valid. Equation 
(4.8) contains the largest imperfect gas corrections to 
the direct cross section in this development. 

We turn now to a consideration of inelastic effects in 
the (V/V) part of the interference cross section. Again, 
only terms having fewer than three derivatives applied 
to the potential are to be retained, and quantum 
modifications of the classically computed thermal aver- 
ages are included to this order. As in the previous 
section, we may drop all interference terms involving 
I,” and J,®. The latter are identical to their time 
independent analogs and do not contribute noticeably 
to the cross section. 

We observe that 


e'4' exp(ix-r,)e~'#! exp(—ix: re) 
= e'Hte~iH()'t exp (ix: Fie) 
= xi(¢) exp(ix- ri). 


Proceeding as before, we obtain for the cross section 
int(9), including presently calculated corrections, 


cine) =A2(N/¥) ff (b/2rbade-*“Tedide 


where 


(NE) fogoren 


XLxa(t) exp(ix-ry:)e-#!7 


—exp(ix: ry2)e~# 0/7 WW (41,82) }dridre. (4.11) 
The reduction of (4.11) will yield a single spatial 
integral whose integrand contains the factor e~Y/? 
Xexp(ix-r). Since 


V[e-¥!? exp(ix-r) ]=[—(VV)/T+ix]e-"!7 exp(ix-r), 


it follows that by an integration by parts, factors of « 
can be replaced by derivatives of V inside the integral. 
Accordingly, such factors of x are to be counted equiva- 
lent to derivatives for the purpose of determining 
which terms in the expansion are to be retained or 
rejected. Hence, from (4.11), we derive 


Io= f (e-"@/?—1) exp(ix-r)dr 


+ fervor exp(ix-r)[dot+dit+dof ]dr, (4.12) 
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with 
do= (VV)?/12MT*— (VV) /6MT?, 
d,= (x: VV)/2MT—ix?/2M, 
d.= —i(x:- VV)/2M—T?/2M. 
But when the suggested integrations by parts are 
performed in (4.12) the ¢ and # terms disappear. All 


that remains is the term representing the quantum 
correction to the classically evaluated int (6) : 


N 
7 int (8) - Tint @+a(—) fer 


(vV)? VV 
_ r. 
12MT* 6MT? 





xexplin)| 


Nothing remains of the inelastic corrections, to the 
order considered. Thus, in neutron diffraction by 
imperfect gases as in diffraction by free molecules, 
inelastic effects are much less prominent in the inter- 
ference terms than in the direct scattering. 
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APPENDIX 


For a given integer N, consider the proposition P(N) 
that for all n<N, each U, defined by Eq. (2.5) is a 
cluster function if and only if each W, is separable. 
The truth of P(N) for the smallest values of N is 
inferred directly from (2.7). Assuming P(N), we shall 
prove P(N+1) and so establish, by mathematical 
induction, the fundamental relation between U and W 
functions for clusters of arbitrary size. 

Let r¥ be composed of two clusters r¥’ and r%”, 
N’+N”=N, with the coordinates of r¥’’ labeled 
Tn'41, °**, ¥v. Then 


6 
6a(r:) da(tw) 





eFu(a) = cov War le) 


a 





wv") f a(9¥”)Un(t"’,9%")dg®” 


+other terms |= (A.1) 


We note that the right side of (A.1) reduces to Wy: (r’) 
when a=0. 

Let (A.1) be differentiated with respect to each of 
the functional variables a(r;) with N’+1<i< N, and 
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the parametric function then set equal to zero. We find 
that 
Wy (r¥) =Wwy: (r™’)Wye (r¥"’)+ Un (r¥) 


+other terms, (A.2) 


where the “other terms” in (A.2) consist of certain 
products containing functions U, with n<JN. At least 


ee tere 
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one U, in each product has arguments drawn from 
both the groups r%’ and r%”’. If r¥’ and r%”’ are now 
isolated from each other and the inductive hypothesis 
P(N) is invoked, the “other terms” vanish. The 
validity of P(N+1) follows immediately. 

The extension of this proof to cases of lower symmetry 
requires only notational changes. 
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Microwave Spectra of the Tl, In, and Ga Monohalides* 
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A high-temperature spectrometer has been used to study the rotational spectra of the gallium, indium, 
and thallium monohalides. The molecular constants are 


B, (Mc/sec) 
TPF 6689.97 +0.06 
TIC )35 2740.05 +0.02 
TI™Br” 1293.89 +0.01 
TsT27 814.479+0.015 
In™5C}35 3269.47 +0.14 
In™5Br” 1670.14 +0.02 
Insy27 1104.95 +0.45 
Ga®CI*s 4493.73 +0.19 
Ga®Br” 2481.99 +0.04 
Ga®T!27 1706.86 +0.04 


a, (Mc/sec) r. (A) 

44.97 +0.08 2.0844+0.0001 
11.90 +0.01 2.4848+-0.0001 
3.927+0.005 2.6181+0.0001 
1.985+0.005 2.81350.0001 
15.35 +0.15 2.4011+0.0001 
5.706+0.01 2.5432+0.0001 
3.117+0.015 2.7539+0.0009 
23.27 +0.12 2.2017+0.0001 
9.74 +0.03 2.3525+0.0001 
5.67 +0.15 2.5747+0.0001 


The quadrupole coupling constants determined in the present experiment are related to the molecular 
bond and the role of s-p hybridization in the molecular bond is discussed. 


INTRODUCTION 


ICROWAVE spectroscopy of molecules in the 

gaseous state has provided a large amount of 
accurate information about molecular structure.'? Of 
all the molecules studied, the diatomic one is the 
easiest to interpret in terms of a theoretical model. The 
number of diatomic molecules which can be studied by 
conventional microwave spectroscopy is severely limited 
by the small fraction of such molecules in the gaseous 
state at room temperature. The development of the 
high-temperature spectrometer** made it possible to 
observe the pure rotation spectra of most of the alkali 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Research and Development 
Command. 

+ Present address, University of Michigan Observatory, Ann 
Arbor, Michigan. 

t Present address, Physics Department, Stanford University, 
Palo Alto, California. 

1C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 

2 W. Gordy, Microwave Spectroscopy (John Wiley and Sons, Inc., 
New York, 1953). 

3 Stitch, Honig, and Townes, Rev. Sci. Instr. 25, 759 (1954). 

4P. A. Tate and M. W. P. Strandberg, Rev. Sci. Instr. 25, 956 
(1954). 








halides® and its use has been extended to the molecules 
reported here. 

Diatomic molecules in the gaseous state have been 
investigated by the techniques of electron diffraction,*:’ 
molecular-beam magnetic and electric resonance,*! 
and microwave spectroscopy. Electron diffraction ex- 
periments yielded internuclear distances but with an 
accuracy far below present standards. Early magnetic- 
resonance experiments gave information concerning the 
nuclear magnetic moments and the interaction of the 
electric quadrupole moment with the rotating molecule. 
Electric-resonance experiments have been of two kinds. 
In the first of these, Am,= 1 transitions are observed ; 
these yield, in addition to the molecular hyperfine 
structure, information concerning the electric dipole 
moment and moment of inertia of the molecule. How- 
ever, the last two quantities are not determined with 


5 Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629 (1954) 
6 W. Grether, Ann. Physik 26 (1936). 
7H. Brode, Ann. Physik 37, 344 (1940). 
a oe M. Kellogg and S. Millman, Revs. Modern Phys. 18, 323 
®D. R. Hamilton, Am. J. Phys. 9, 319 (1941). 
” H. K. Hughes, Phys. Rev. 70, 570 (1946). 



































































high accuracy. The second and more recent technique—* 
employs microwave frequencies to study pure rotational 
transitions and is similar in scope to the work described 
in this paper, although the techniques are greatly 
different. 

With the exception of GaF and InF which involved 
certain experimental difficulties, experimental results 
on all the Tl, Ga, and In halides are given here. Values 
of moments of inertia, internuclear distances, vibration- 
rotation interaction constants, quadrupole coupling 
constants, and mass ratios for the Cl and Br isotopes 
were determined. The electric dipole moment of TIF 
was measured. 


APPARATUS AND METHOD 


The apparatus for the experiments discussed here 
has been thoroughly described in a previous article.* 
It consists essentially of a gold-plated nickel absorption 
cell enclosed in a vacuum chamber. The cell is a wave 
guide which can be heated to a temperature of 1000°C. 
A thin gold-plated nickel strip, known as a Stark plate, 
runs the length of the cell parallel to the broad face of 
the wave guide. The compound to be studied is placed 
inside the absorption cell which is then heated until 
the vapor pressure of the compound is sufficiently high 
to produce detectable absorptions of microwave power 
at the resonant frequencies. An oscillating electric 
field, applied between the Stark plate and the wave 
guide, frequencyrmodulates the microwave resonance, 
which greatly increases the sensitivity of the spectrom- 
eter. The technique of observing and measuring the 
spectra is the same as that employed in conventional 
microwave spectroscopy at room temperatures and has 
been described elsewhere.” 


PREPARATION OF SAMPLE 


The Tl halides are stable in both the monohalide 
and trihalide forms and commercial samples were 
available. However, the In and Ga monohalides are 
difficult to prepare as the trihalide salts are the most 
stable and common.!® Previous work on the ultraviolet 
absorption spectra of the monohalides'*!’ indicated 
that sufficient concentration of these salts in the vapor 
phase could be obtained by heating the trihalide salt in 
the presence of an excess of the metal under vacuum. 
The same method worked successfully to produce InCl. 
The heating under vacuum was done directly in the 
sample chamber of the spectrometer. The spectra of 


"Lee, Fabricand, Carlson, and Rabi, Phys. Rev. 91, 1395 
(1953). 

, 12 mene Carlson, Lee, and Rabi, Phys. Rev. 91, 1403 
1953). 

13 Carlson, Lee, and Fabricand, Phys. Rev. 85, 784 (1952). 

4S. Geschwind, Ann. N. Y. Acad. Sci. 55, 751 (1952). 

15N. V. Sidgwick, Chemical Elements and Their Compounds 
(Oxford University Press, London, 1950). 

16 F,. K. Levin and J. G. Winans, Phys. Rev. 84, 431 (1951). 
17H. M. Froslie and J. G. Winans, Phys. Rev. 72, 481 (1947). 
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InBr and InI were observed by using commerically 
prepared samples of the monohalide. 

Attempts were made to produce GaCl by heating 
GaC]; and Ga in the spectrometer but no spectrum was 
observed. The high vapor pressure of GaCl; necessitated 
working at about 100°C,'* and the spectrometer was not 
designed for uniform temperature control at such low 
temperatures. In addition, GaCl is a light molecule and 
a range of over 5000 Mc/sec had to be searched in 
order to cover all possible frequencies. Thus, GaCl 
might have been produced but not at a combination of 
frequency and temperature which we investigated. 

Ga and In have similar electronic configurations and 
chemical properties. Since GaCl has a greater binding 
energy than InCl,* it appeared possible to produce GaCl 
by heating InCl; in the presence of Ga. Such a procedure 
was tried, once again directly in the apparatus, and the 
spectrum of GaCl was observed at a temperature of 
about 350°C. GaBr and Gal were made in the same way 
by heating Ga with InBr; and InI, respectively. It is 
not a very efficient method as the spectra of the In 
halides which could be seen at the same time were more 
intense than the spectra of the Ga halides. InF and 
GaF can be made in a similar manner by heating the 
metal in the presence of AIF.”° The reaction requires a 
temperature in excess of 1000°C to obtain a sufficient 
yield for observation of the spectra and was not possible 
to achieve in the Columbia University spectrometer. 


THEORY 
A. Rotational Energy Levels 


The theory of the molecular energy levels of a 
diatomic molecule is based upon the model of a rotating 
vibrator. If one assumes a Morse potential of the form” 


V(r—r.) = DE —e 8-19) P, 


where D is the dissociation energy, r, is the equilibrium 
distance between nuclei, and 8 is a constant which 
relates the molecular vibration frequency w, and the 
dissociation energy D, then the solution of Schrédinger’s 
equation gives the following energy level expansion: 


(Wy, 2)/h=we(0+}) —were(0+3)?+BJ (J+1) 
—a.(v+})J J+1)-DIPI+1)*+---. (1) 


The above terms are related to the constants in the 
Morse potential and can be identified with the solutions 
of more specialized problems so that each can be given 
a physical significance. Since the Morse potential has 
three independent parameters, only three of the coef- 


18D). R. Stull, Ind. Eng. Chem. 39, 517 (1947). 

7A. G. Gaydon, Dissociation Energies (Chapman and Hall, 
Ltd., London, 1953). 

2D. Welti and R. F. Barrow, Proc. Phys. Soc. (London) A65, 
629 (1952); R. F. Barrow and H. C. Rowlinson, Proc. Roy. Soc. 
(London) A224, 134 (1954). 

%1G. H. Herzberg, Molecular Spectra and Molecular Structure. 
I. Spectra of Diatomic Molecules (D. van Nostrand Company, Inc., 
New York, 1952), p. 101. 
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ficients of the quantum numbers in the energy expansion 
are independent. The agreement of the interrelations 
between the molecular constants with the experimental 
value of the constants is a measure of the validity of the 
Morse potential. 

For a microwave rotational transition, J+1< J, 
the frequency of transition is given by 


v=2B,.(J+1)—2a.(v+-4) (J+1) 

—4D.(J+1)*+---. (2) 
The rotational constant B, was not directly determined 
from the measured spectra. The experimentally deter- 


mined quantities were the vibration-rotation interaction 
constant a, and B,’ where 


B= B.—2D.(J+1)?. 


The centrifugal stretching constant D, is of order of 
1 kc/sec and can be calculated from the relation 


D.=4(B3/w2). (3) 


The vibration frequency w, is generally known from 
ultraviolet absorption spectroscopy. Since the D, term 
represents a very small correction, B,’ can be used in 


Eq. (3) above. 


B. Mass Ratios of Isotopes 


Under the assumption that the potential function is 
the same for different isotopic substitutions in a given 
molecule, accurate mass ratios can be computed from 
the experimental data. If one denotes the two isotopic 
species of molecules by M,M and M2M, the ratio of the 
reduced masses is given by 


M” B® — 
M® B® M,\M+M, 
M, = (M/M:)B.®/B. 


M, 1+(M/M;)—B,®/B,” 








or 





(4) 


where M, and M, are the masses of the two isotopes; 
M is the mass of the other atom in the molecule. The 
mass ratio M/M, need be known only moderately 
accurately since it enters into both the denominator 
and numerator. A fractional error ¢ in this ratio will 
give a fractional error 6 in the determination of M,/M2 
which is 
6=[(M2—M;)/(M+M)2) Je. 


C. Dipole Moment 


The energy levels for a diatomic molecule in an 
electric field have been discussed by Brouwer.?? We 
have measured the electric dipole moment of TIF, a 
molecule without hyperfine structure. Here, J is a good 
quantum number, and the electric field splits the 
energy level into J+1 levels corresponding to Ms 


2 F. Brouwer, dissertation, Amsterdam, 1930 (unpublished). 


H. BARRETT AND M. MANDEL 


values of 0, +1, ---+J. The expression for the energy 
levels so perturbed is the familiar quadratic Stark 
effect for molecules: 


w@ ELI (J+1)—3M?] 
W=Wot y 
2BJ (J+1)(2J—1)(2J+3) 





For a AM=0 transition the frequency is 





_ SMA(16P+32I +10) — (= “). 
h’vo 


~ tT 74-2) (QI —1)(2+1)(2I+3) (245) . 
6 


D. Hyperfine Structure 


Most of the nuclei in the molecules studied here have 
I>1 and, therefore, nonzero electric quadrupole 
moments. The interaction between the nuclear quad- 
rupole moment and the gradient of the electric field at 
the nucleus is sufficient to account, within the experi- 
mental error, for all molecular hyperfine structure 
observed in the present experiments. 


(1) Quadrupole Coupling for a Single Nucleus 


In the case of TICI, TIBr, and TII only the halogen 
has a nonzero electric quadrupole moment and the 
Hamiltonian for the interaction is 


=e (30-D*+H-I-PP) 
~-Qr(2I—1) (27-1) (2 +3) 





(7) 


where Q, the quadrupole moment for the particular 
nucleus concerned is given by 


1 
o=- fof (32,?—9°)dxdydz, 
e 


and g is defined as (d?V /dz?),, at the same nucleus. The 
z direction lies along the internuclear axis and V is the 
electrostatic potential due to all charges outside a 
small sphere surrounding the nucleus. 

First-order perturbation theory yields expressions for 
the energy levels given by 


W=Wot(—egQ)f(1,J,F), 
8C(C+1)—1(1+1)J(J+1) 

21 (21 —1)(2J—1)(2J+3) ° 
C=F(F+1)—I([+1)—J(J+)), 





f(,J,F)= 


where W» represents the unperturbed molecular energy 
level and f(J,J,F) is Casimir’s function,” which has 
been tabulated in several places.’ 


2H. B. G. Casimir, On the Interaction between Atomic Nuclei 
and Electrons (Tayler’s Tweede Genootschap, L. F. Bohn, 
Haarlem, 1936). 
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Fic. 1. Energy level diagram where (egQ):>>(eqgQ)2. Energy 
levels arising from 7;=9/2 and 13/2 levels are obtained by diago- 
nalization of an energy submatrix involving these levels. The 
F,=5/2 and 15/2 levels are treated by ordinary perturbation 
theory since the matrix elements between these states are zero. 


(2) Quadrupole Coupling for Two Nuclei 


For two nuclei with angular moments J; and J2 con- 
tributing to the interaction as in the Ga and In halides 
(except the fluorides), the Hamiltonian is a combination 
of functions such as expression (7), 


H=H,(11,J)+H2(12,J). 


We shall continue to represent the total angular 
momentum of the molecule by F and introduce F, as 
the vector sum of J and the spin I, and F; as the vector 
sum of J and the spin I.. 

In the J;/F\/2F representation the matrix elements 
of that part of the Hamiltonian arising from nucleus 
1 are diagonal and off-diagonal elements arise from H2. 
The matrix elements were calculated by the method of 
Bardeen and Townes.” 

If the interaction energy of one of these, Hy, is large 


% J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). See 
also, reference 1, Chap. 6. 
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Fic. 2. Energy level diagram where (egQ): and (egQ)2 are both 
appreciable, necessitating the diagonalization of the entire energy 
matrix. 


compared to that of the other, H2, F; can be considered 
a good quantum number and H; is then treated as a 
perturbation of the energy levels of nucleus 1 coupled 
to the molecule. 

An energy level diagram for such a case is shown in 
Fig. 1 where the splitting of the J/=3 energy level of 
InCl is pictured. However, in the event of degeneracies 
among the F; levels or if the separation between F, 
levels is small compared to the splitting due to H; it is 
then necessary to diagonalize the energy submatrix 
involving those levels. As can be seen in Fig. 1 the 
separation between the F;=9/2 and 13/2 levels is of 
the same magnitude as the splitting due to the Cl 
nucleus and hence these energy levels were determined 
by solving the secular equation. The F;=5/2 and 15/2 
levels, although degenerate, can be treated by ordinary 
perturbation theory because the Cl quadrupole inter- 
action has no matrix elements connecting the two levels. 

If both interactions are appreciable as is the case for 
InBr, InI, GaC!, GaBr, and Gal, it then becomes neces- 
sary to diagonalize the complete Hamiltonian. An 
energy level diagram for such a case is shown in Fig. 2. 
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TaBLeE I. Molecular constants. 
B a De Te re (el. diff.) eqO 
Mc/sec Mc/sec kc/sec angstroms angstroms Mc/sec 
TFs 6689.97 +0.06 44.975+0.08 5.91 2.0844+-0.0001 
TIF 6695.54 +0.08 
TPC} 2740.05 +0.02 11.90 +0.01 1.1 2.4848+0.0001 2.55» 
TIC} 2743.99 +0.03 11.96 +0.01 (—15.8+0.5) 1° 
TIC)" 2613.59 +0.07 11.08 +0.05 
TR&C}* 2617.56 +0.10 11.11 +0.05 
TP™Br”? 1293.894+0.01 3.927+0.005 2.6181+0.0001 2.68> (130+10)5, 
TIBr”? 1297.437+0.01 3.942+0.003 
T*Br® 1270.819+0.02 3.807+0.015 0.25 
TPBr*® 1274.382+-0.02 3.853+0.015 
TI 814.479+0.015 1.985+0.005 0.114 2.8135+0.0001 2.78> (—537+25): 
TI 817.570+0.015 2.003+0.001 
In™5C}* 3269.47 +0.14 15.35 +0.15 1.55 2.4011+0.0001 2.42¢ (—655+6) 1a, (—18+2)c1 
In™ Br” 1670.14 +0.02 5.706+0.010 0.43 2.5432+0.0001 2.57¢ (—6424+12)1., (138411), 
In™5]27 1104.95 +0.45 3.117+0.015 0.19 2.7539+-0.0009 2.86° 
Ga®C]}* 4493.73 +0.19 23.27 +0.12 2.59 2.2017+0.0001 (—84.7+1.0)aa, (—2042)c1 
Ga®Br” 2481.99 +0.04 9.74 +0.03 2.3525+0.0001 (134+-3)p,, (—74+5)aa 
Ga®Br®! 2453.48 +0.03 9.61340.02 0.74 
Ga™Br” 2444.65 +0.04 
Ga™Br® 2416.10 +0.04 
Ga®I 1706.86 +0.04 5.667+0.15 0.47 2.5747+0.0001 (—549+31)1, (—66+8) aa 
Ga™I 1675.73 +0.5 5.535+0.4 








® The dipole moment of TIF was found to be 7.6+0.8 Debye units. 
b See reference 6. 


© Lee, Carlson, Fabricand, and Rabi, Phys. Rev. 78, 340 (1950) obtained 15.79 +0.04 Mc/sec. 
4 A direct measurement of the centrifugal stretching constant in the present experiment yielded a value of 0.23 +0.1 kc/sec. 


© See reference 7. 


The use of second-order quadrupole interaction” in 
which the quadrupole interaction is large enough to 
produce a mixing of rotational states was not warranted 
by the experimental accuracy of the work. 


(3) Intensities of Hyperfine Components 


For the theoretical interpretation of the observed 
spectra it is necessary to know the intensities as well as 
the frequencies of the hyperfine components. Let us 
call the intensity of a molecular line with no quadrupole 
effects present J. If the quadrupole interaction of one 
nucleus splits this line, the intensity of each component 
is given by 

IoS(hJ Fi\TJ'Fy) 


= , (8) 
Dor Dr’ SJ F,\I,J'Fy’) 





where 
S(L,JFi\IhJ'Fy’) 


is equivalent to the 
S(SLJ|SL'J') 


tabulated in Condon and Shortley.”* If the second 
nucleus produces a quadrupole interaction, but its 
coupling is small compared with the coupling of the 
first nucleus, the tables may be again applied to find 
intensities of all components of the still more finely 
split hyperfine structure. The intensity is then given by 


ToS IF | TJ'Fy)S (oF F | [oF y'F’) 


1>F » S(,JF\I,J'F 1’) 
7, Dev Dr Dr S(hJFi| i 


25 J. Bardeen and C. H. Thomas, Phys. Rev. 73, 627 (1948). 
26. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1935). 


(9) 





If coupling of the two nuclei is not widely different, a 
fair approximation to the intensities may be obtained 
by interpolating between the two extreme cases; H; 
much greater than H» and Hz much greater than Hj. 
This method was used for GaBr. Since Ga and Br have 
the same spin the intensities were given directly by 
expression (9). 

Exact intensities may be obtained in cases of inter- 
mediate coupling or degeneracies by making use of the 
secular equations to obtain the correct wave function 
for each energy level 


¥(F)= Dor: a(Fi)¥i (FF). 


The relative intensity for a transition from state 7 to 
state 7 may then be written as 


[Dori Dev ai(Fy)a;(Fy’) 


KX SLIP, | LJ’ Fy) S4(1oF iF | I2Fi'F’)\?. (10) 
Careful attention must be paid to the phases (see 
reference 26, p. 277). This procedure was necessary for 
the transitions of GaI and InBr which involved near- 
degenerate energy levels. 


RESULTS 


Tables listing the measured lines of the molecules 
whose spectra have been observed are given in Appendix 
I. In this section a discussion of the observed transitions 
and the information derived from them is given. The 
molecular constants determined from the data appear 
in Table I. 
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Fic. 3. Hyperfine structure of the J=3 <2 transition of In™®C]* (ground vibrational state) and comparison with 
theoretical pattern. Spins for Cl** and In" are 3/2 and 9/2, respectively. 


TIF 


The J=2<1 transition was observed at a tem- 
perature of about 400°C. Values of B, and a, were 
determined for T?“F. A B, value was obtained for 
TPF. The electric dipole moment of TI?F was 
measured in the »=0 state. 


TICl 


Lines from the J=5 <— 4 and 4 «— 3 transitions for all 
the isotopic species of TIC] have been observed at a 
temperature of about 380°C and values of B, and a, 
were determined. The electric quadrupole coupling 
constant for Cl** was calculated for the »=0 state of 
TPC, The TIC] results revealed a discrepancy with 
the previous work on TIC] where the isotope identified 
as T1?%C]* is in reality Tl1?“Cl*’. The mass ratio of the 
Cl isotopes was calculated. 


TlBr 


The J=9<«~—8 transition was measured at a tem- 
perature of about 400°C. From this data B, and a, 
were determined for all isotopic species. The »=0, 
J=6« 5 transition was used to determine (egQ)z. The 
mass ratio of the Br isotopes was calculated. 


Ti 


The J=17 < 16 transition was observed at a tem- 
perature of 400°C. Values of B, and a, were determined 


for both Tl**I and TII. In addition the »=0 lines for 
TI of the J=10 <— 9, 13< 12 and 15 — 14 transi- 
tions were measured and (egQ); and D, determined from 
this data. This value of (egQ); differs from a previously 
reported one which was based on a measurement of 
the J/=10<— 9 transition only.”” 


InCl 


The J=3 <2 transition of InCl was observed at a 
temperature of 300°C. Values of B, and a, were deter- 
mined for In"®C}**, Eleven lines were measured in the 
v= 0 state and both the In’ and Cl* electric quadrupole 
coupling constants were obtained. 

A diagram of the theoretical and experimental 
spectra of the »=0, J=3<+— 2 transition is shown in 
Fig. 3. The Fy=7/2<—5/2 and F,=13/2<— 13/2 
transitions were not observed because the strong lines 
of the »=1 hyperfine pattern obliterated them. The 
theoretical and experimental frequencies are given in 
Table II. Because of the degeneracy between the J= 2, 
F,=9/2 and 11/2 levels, the intensities of the transi- 
tions originating from these levels were not computed 
and the theoretical frequencies for these levels are 
missing in Table II. 

The value of the Cl** coupling given here differs from 
that reported previously.”* The corrected value, reported 


27M. Mandel and A. H. Barrett, Phys. Rev. 98, 1159 (1955). 
°8 A. H. Barrett and M. Mandel, Phys. Rev. 99, 666 (1955). 
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TABLE II. Theoretica] and experimental frequencies of the »>=0, J =3 < 2 transition of In™5C]**. 


Experimental error is 0.20 Mc/sec. 























Theoretical Experimental Theoretical 
Transition frequency frequency relative 
Fi’ — Fi F’ —F Mc/sec c/sec intensity 
” 6+ 5,5<4 19 526.25 19 526.26 21 
9/2 7/2 lk te 19 527.66 19 527.77 12 
5/2 — 5/2 4—4,3<3,2<+2,1<1 19 539.69 19 539.67 15 
11/2 — 9/2 7-—6,6<—5,5<+4,4< 3} {19 563.97 
11/2 — 11/2 7—7,6—6,5+5,4+-4/ \19 565.84 
7/2—7/2 §+—5,4<-4,3<-—3,2<2 19 570.43 19 570.25 45 
= + 9-8, 8<+7,7< 6, “lhe 19 578.41 19 578.36 100 
9/2 —9/ 6-6, 5<5,4<4, 3< 3) 
3/2—5/2 3-4, 2+-3,1--2 0-1} {19 55008 
13/2 — 11/2 8<—7,7<—6,6<—5, 5<4) , 
5/2—7/2 4—5,3<+4,2«+3,1+2 19 621.21 19 621.36 17 
7/2-9/2 5+-6,4-5,3+4,2+3 19 628.75 
here, is the result of diagonalization of that portion of InBr 


the Hamiltonian which enters into the J/=3, F,;=9/2 
levels. The original Cl** coupling was based on calcu- 
lations made to first order in the Cl perturbation for the 
J=3 levels, but because of the closeness of the F;= 13/2 
level the first-order theory is not sufficient. Although the 
change in energy produced by diagonalization is not 
large, the theoretical splitting of the F;=9/2<— 7/2 
transition is appreciably changed and it is this splitting 
on which the Cl coupling constant is based. 


The J=7 <6 transition was observed at a temper- 
ature of 315°C. Values of B, and a, were determined 
for In™*Br®. Sixteen lines of the v=0 state were 
measured and the In"® and Br” quadrupole coupling 
constants calculated. The theoretical and experimental 
spectra for the »=0 state is shown in Fig. 4. The experi- 
mental and theoretical frequencies and intensities are 
given in Table III. 
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Fic. 4. Hyperfine structure of the J=7 <6 transition of In"*Br” (ground vibrational state) and comparison with 
theoretical pattern. Spins for Br” and In" are 3/2 and 9/2, respectively. 
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TABLE III. Theoretical and experimental frequencies of the »=0, J =7 « 6 transition of In™*Br”. 


Experimental error is 0.20 Mc/sec. 




















Theoretical Experimental Theoretical 
Transition frequency frequency relative 
Fi — Fi F’ —F Mc/sec Mc/sec intensity 

19/2 — 19/2 11— 11, 10-10 23 308.17 23 308.30 9.2 
13/2 — 11/2 5-4 ) 

11/2<— 9/2 7-—6,4<3 {33 329.22 23 328.97 18 
9/2<— 7/2 6<—5,3<-2 23 331.38 23 331.51 24 
7/2— 5/2 5-—4,2<—1 

15/2 — 13/2 6-5 

13/2 — 11/2 8—7,7—6,6<5 

11/2— 9/2 6+5,5<-4 (33 334.60 23 334.50 41 
9/2<— 7/2 §5-—4,4<-3 23 335.63 23 335.55 34 
7/2— 5/2 4<-—3,3+2 

5/2 3/2 4-3 

15/2 —17/2 8-7 

15/2 — 13/2 7-6 

5/2— 3/2 3-2,2+-1,1<-0 {33 339.35 23 339.12 52 
19/2 — 13/2 9—8, 8-7 23 341.15 23 341.01 65 
17/2 — 15/2 10 —9, 9-8 

15/2 — 17/2 7-8 
23/2 — 21/2 13 — 12, 1211, 11+ 10, 10+9 
21/2 — 19/2 12 — 11, 11<— 10, 10-9, 9«8 33 343.55 23 343.33 100 
19/2 — 17/2 11+«— 10, 10<+-9 23 345.06 23 345.07 66 
17/2 — 15/2 8—7,9+9 (23 346.57 23 346.51 57 
15/2 — 17/2 9-8 ; 

15/2 — 15/2 8 — 8, 6+ 6) ” " 

13/2 13/2 8-877} 23 353.29 23 353.40 6.0 
13/2 — 13/2 6 <— 6, 5«— 5) 

5/2<— 5/2 4<4 23 358.91 23 358.74 9.2 
19/2 — 17/2 9+-8 | 

9/2— 9/2 6<— 6, 3 3) 

7/2<— 7/2 5<—5 33 361.17 23 361.35 12 
11/2 — 11/2 7<-7,4<-4 23 362.65 23 362.70 9.8 
13/2 — 17/2 7<—7 

11/2 — 11/2 6— 6, 5<— >A 23 365.37 23 365.60 6.0 
9/2— 9/2 §—5,4<+4\ 

7/2 7/2 4—4 3-3 23 367.70 23 367.97 6.0 

InI The calculation of the rotational constant from the 


The J/=9 <— 8, 10<— 9, and 11 < 10 transitions were 
observed at a temperature of 370°C. Accurate frequency 
measurements were made only on the »=0, 1, and 2 
states of the J= 11 <— 10 group. Since the nuclear spins 
of In" and I!” are 9/2 and 5/2, respectively, abundant 
hyperfine splittings of the rotational transitions were 
observed; in fact, twenty lines were measured in the 
v=0 state alone. 

From the known quadrupole coupling constants of 
the other Im, Ga, and Tl monohalides, it is possible to 
estimate the coupling constants of InI. The In quad- 
rupole coupling constant is expected to be of the order 
of 650 Mc/sec and the I coupling constant about 500 
Mc/sec. Thus it is clearly not possible to regard either 
quadrupole interaction as a small perturbation on the 
other and the theoretical interpretation of the spectrum 
would involve the complete diagonalization of the 
entire Hamiltonian and the calculation of all the inten- 
sities of all possible transitions, in this case up to a 
AF, of +6. The structure of InI is expected to be very 
similar to that of InBr and since the quadrupole 
coupling constants of InBr and the Ga and Tl mono- 
halides are known, it did not seem worthwhile to carry 
out the extensive calculations for InI. 


observed spectrum requires a knowledge of the transi- 
tion frequency in the absence of hyperfine structure. 
Since this could not be obtained without extensive 
calculations, as discussed above, the frequency was 
assumed to be 24 279+5 Mc/sec. This frequency range 
includes all the strong lines of the J= 11 10 transi- 
tion and the correct center frequency is certain to lie 
within this range because the most intense lines of a 
hyperfine pattern are grouped about the undisplaced 
frequency. The vibration-rotation interaction constant 
a, was determined by taking frequency differences 
between corresponding lines in the different vibrational 
states. 


GaCl 


The J=2 — 1 transition was observed and measured 
for all the isotopic species of GaCl at a temperature of 
380°C. Sufficient intensity to make an interpretation of 
the spectra possible was present for only the Ga®C}** 
isotope. Figure 5 shows the comparison between cal- 
culated and observed spectra and Table IV lists the 
measured lines, theoretical frequencies and intensities 
for the v»=0 state of Ga®Cl*. Values of B., a, and the 
quadrupole coupling constants for Ga® and Cl** were 
determined. 
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Fic. 5. Hyperfine structure of the J=2 <1 transition of Ga®C]** (ground vibrational state) and comparison with theoretical 
pattern. Spins for Ga® and Cl* are 3/2. 


Tasie IV. Theoretical and experimental frequencies for the »=0, J=2 + 1 transition of Ga®C]*. 


Experimental errors are 0.20 Mc/sec unless otherwise noted. 




















Theoretical Experimental Theoretical 
Transition frequency frequency relative 
F’ —Fi F Mc/sec Mc/sec intensity 
3/2 — 1/2 3<—2,2+2,2<1,1+<1 
4—4,4<-3,3+4,3<3,3+2 17 906.81 17 906.92 38 
5/2 «- 5/2 ee oak Sunk Lond 
1/2 1/2 2<—2,2<1,1+2,1<1) 
7/2<—5/2 4<4 > 17 928.37 17 928.55 50 
5/2 — 3/2 3<2,2<2 } 
atieiSee 5+-4,4+-3,3+-3 ) 
1/2<—3/ 3--2,2+2,2¢1 17 930.55 17 930.57 100 
5/2 3/2 4—3,3<—3,2<1,1<—1,1+ 0) 
3/2 3/2 3<-2,2+2,1<+-2 17 943.28 17 942.92+0.40 15 
(3 —3,2<3,2<—1) 
3/2-3/2 TOV ooets 17 946.52 17 946.830.30 33 
GaBr while Table V gives the frequency and intensity of the 


The J=5<4 transition was observed at a tem- 
perature of 360°C. Values of B, and a, were determined 
for Ga®Br”? and Ga®Br*®. A B, value was also deter- 
mined for Ga”™Br” and Ga”Br®. Four lines were 
measured in the »=0 state of Ga®Br” and both the 
Ga® and Br” electric quadrupole coupling constants 
were obtained from these measurements. The observed 
and theoretical hyperfine patterns are shown in Fig. 6 


hyperfine transitions. 
Gal 


Lines from the J =7 <— 6 transition were measured at 
a temperature of about 360°. B, and a, were determined 
for both Ga®™I and Ga”I. The Ga® and I electric 
quadrupole coupling constants were determined for the 
v=0 state. Figure 7 shows the theoretical and observed 
hyperfine spectra. The observed frequencies and the 
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Fic. 6. Hyperfine structure of the J=5 < 4 transition of Ga®Br” (ground vibrational state) and comparison with theoretical pattern. 
Spins for Ga® and Br” are 3/2. 


TaBLeE V. Theoretical and experimental frequencies for the »=0, J/=5 < 4 transitions of Ga®Br”. 














Theoretical Experimental Theoretical 
Transition frequency frequency relative 

Fi — Fi F’«F Mc/sec c/sec intensity 
7/2 — 5/2 2—1,3+2,4<3 
9/2 —7/2 3+2,4-3,5-—4,6<—5| 
11/2 9/2 pak g betes ep «| 24 771.02 24 771.2240.20 100 
13/2 — 11/2 5+4,6<-—5,7<-—6,8<—7]) 
7/2~5/2 Sed 24 767.78 24 768.0240.20 12 
7/2<7/2 5-5 24 796.46 24 796.70+0.30 1 
7/2<7/2 2<+2,3<+3 24 801.84 24 802.17+0.30 1.5 








theoretical frequencies and intensities of the »=0 state 
are given in Table VI. 


DISCUSSION OF RESULTS 


A. Internuclear Distances, Rotation-Vibration In- 
teraction Constants, Centrifugal Stretching 
Constants, and Mass Ratios 


Internuclear distances determined by microwave 
spectroscopy for the alkali halides® are consistently 
lower than those obtained by electron diffraction ex- 
periments. The disagreement is of the order of 2-4%, 
decreasing with increasing molecular weight. The same 
discrepancy has been found in the Tl halides and in 
InI. A possible reason for this discrepancy is a small 
percentage of dimerization of the vapor or the formation 


of Tl trihalides. This would not affect any of the spec- 
troscopic results but would make the electron diffraction 
values larger. 

Internuclear distances in alkali halide crystals have 
been accounted for by the assignment of ionic radii to 
the constituent atoms. The so-called ‘additivity rule” 
has been investigated for the alkali halide vapors® and 
deviations have been noted. Table VII gives the inter- 
nuclear distances of the Tl, In, and Ga monohalides 
and the differences between these values for each 
series. Variations in the differences r.(XH,) minus 
r.(XHz) for the metals (X’s), or r.(X,;H) minus 
r.(X2H) for the various halogens, indicate deviation 
from the additivity rule. 


2% L. Pauling, The Nature of The Chemical Bond (Cornell Univer- 
sity Press, Ithaca, 1944). 
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Fic. 7. Hyperfine structure of the J=7 < 6 transition of Ga®I'2’ (ground vibrational state) and comparison with theoretical 
pattern. Spins for Ga® and I?’ are 3/2 and 5/2, respectively. 


TABLE VI. Theoretical and experimental frequencies for the »=0, J= 


7 — 6 transition of Ga®T. 























Theoretical Experimental Theoretical 
Transition frequency frequency relative 
Fi’ — Fi PF c/sec Mc/sec intensity 
17/2 — 11/2 7—6 ] 
15/2 — 13/2 Qe 8 
13/2 — 15/2 8<—7 > 23 857.26 23 857.29+0.20 100 
17/2 — 15/2 9-8 
19/2 — 17/2 8—7,9<—8, 10<9, 11 10) 
15/2 — 13/2 6<—+5,7<6,8<—7 23 855 23 855.66+0.20 37 
9/2— 7/2 3<-2,5+-4,6+5) 
13/2 — 11/2 5«<4 23 852 23 853.25+0.40 40 
17/2 — 11/2 8-7 } 
9/2<— 7/2 4<3 ; ) 
11/2<— 9/2 4 3, 6 
13/2 — 11/2 Sen 8 23 851.39 23 851.47+0.20 44 
13/2 — 15/2 7<—6 
Since these molecules are known to have afairamount Morse potential, is* 
of covalent bonding, one does not expect to find constant xu.Be\* 6B2 
differences. Schomaker and Stevenson® have modified om 6( nas ) rae (11) 
the additivity criterion by allowing the bond distance to we We 


be sensitive to the relative amounts of ionic and covalent 
character present. This modification depends linearly 
upon the electronegativity difference, and hence does 
not affect the departure from additivity shown in 
Table VII. 

The theoretical value of a,., the rotation-vibration 
interaction constant, based on the assumption of a 


*® VY. Schomaker and D. P. Stevenson, J. Am. Chem. Soc. 63, 
37 (1941). 


Values of w, and x, have been determined by ultra- 
violet spectroscopy®? and B, values have been deter- 
mined in the present experiment. However, the de- 
pendence of a, on w, and x, limits the accuracy of this 
calculation. A comparison of theoretical and experi- 
mental values of a, is given in Table VIII. The agree- 


5! See reference 1, p. 9. 
® See reference 21, Appendix. 
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TABLE VII. Internuclear distances and additivity of ionic radii. All distances are in angstrom units. 











F cl Br I 
inter- inter- inter- inter- 

nuclear XCI1-XF nuclear XBr-XCl nuclear XI-XBr nuclear 

distance difference distance difference distance difference distance 
Ga 2.2017 0.1508 2.3525 0.2220 2.5746 
InH—GaH difference 0.1994 0.1907 0.1793 
In 2.4011 0.1421 2.5432 0.2107 2.7539 
- TIH—InH difference 0.0837 0.0749 0.0598 
Tl 2.0844 0.4004 2.4848 0.1333 2.6181 0.1956 2.8137 














ment is quite good for the heavier molecules but becomes 
worse for the lighter molecules. 

Table I gives the values of D,, the centrifugal 
stretching constant, calculated from Eq. (3). The D, 
value for TII was determined experimentally and 
although much higher than the value given by Eq. (3), 
it was within the experimental error. The D, values 
observed in the alkali halides were also consistently 
higher than the calculated value based on the vibration 
frequency w, obtained from ultraviolet spectroscopy. 

In general, the accuracy with which D, is determined 
is quite poor, and in many cases it gives rise to the 
principal error in B,. In calculating the mass ratio of 
two isotopic species, 1 and 2, the ratio B,!/B/ enters 
and this ratio is quite insensitive to the error in D,. 
Hence, the error attributed to the mass ratio is con- 
siderably smaller than the error in the B, values. The 
mass ratios are given in Table IX. 


B. Chemical Bond 


to the polarization of the core electrons. Because this 
last term is exceedingly difficult to evaluate, this equa- 
tion cannot be used quantitatively to compare calcu- 
lated and measured dipole moments. 

In Fig. 8, u/eR for a large number of dipole moments 
is plotted against electronegativity difference. Dailey 
and Townes* have pointed out that molecules with 
electronegativity differences >2 are completely ionic 
and have u/eR<1 because of polarization effects. We 
have plotted two points for TIF as there are two widely 
different values of the electronegativity of Tl given in 
the literature.**5 From these values it appears that 
TIF is completely ionic or very nearly so. 

A more reliable source of information concerning 
molecular electronic structure is the nuclear quadrupole 
coupling constant egQ. Q is a property of the nucleus 
but gq is directly related to the electronic charge dis- 


TABLE VIII. Comparison of calculated and experimental values 
of the vibration-rotation interaction constant ag. 











Description of a chemical bond usually involves yioiecule Fam ove A ee 
specifying the amount of ionic character, the orbital ~ 
eli ee TRF 36 44.98 
hybridization, and the degree of bond multiplicity. In = Pym: 14 11.90 
the diatomic halides we avoid the complications due to TesBrs 3.4 3.807 
multiplicity and are thus able to obtain information Ean 13.8 Aon 
about the ionic character of the bond and about  jpusp; 61 5706 
hybridization. In™] 3.2 3.119 
. . 69(~]35 
The wave function of a bonding electron the LCAO pnt ot 8 ry 
(linear combination of atomic orbitals) approximation Ga®I 5.3 5.667 


may be written 

















V=aV¥4+b¥ 3, TABLE IX. Mass ratios of isotopes from microwave spectra. 
where V4 and Wz are atomic orbitals for the halogen ‘iii Molecule 
and metal atoms, respectively. If W is normalized, yr es 
a’°+b’+abS=1, where S is the overlap integral Ci*/CI Orin ha aneaies CsCl* 
SVs pdr. The ionic character for such a heteropolar 0.9459803 +0.0000015 K*C]be 
bond may be defined as a?—6?, i.e., it is the difference 

re ig 79 /Ry8l : 00000. TIB 
between the probabilities for the electron to be found = B*”"/Br ah a cdgg yma ned CsBre 
on atom A or B. 0.9752999-+0.0000065 Rb®Br* 

0.9753088=+0.0000020 K*®Bre4 


The dipole moment for a heteropolar molecule is 
given by 


(12) 


The first term is called the primary moment, the second 
term is due to overlap of orbital wave functions from 
atoms of different size, the third term is due to hybrid- 
ization of valence orbitals, and the fourth term is due 


= eR (b? ma a’) + overlap t+Mhybridizat ion} polarization: 








® See reference 5. 

b See reference 11, 

¢ Molecular beam measurements. 
4 See reference 12. 


%B. P. Dailey and C. H. Townes, J. Chem. Phys. 23, 118 
(1955). 

4M. Haissinsky, J. Chem. Phys. 46, 298 (1949). 

85 W. Gordy, J. Chem. Phys. 14, 305 (1946). 
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ELECTRONEGATIVITY DIFFERENCE 


Fic. 8. Apparent ionic character u/eR from molecular dipole 
moments (after Dailey and Townes*). 


tribution in the molecule. For the ith electron at a 
distance r; from the nucleus, we have 


a /e (3 cos8;—1) 
One 


0/7 Vi ve 


where 6; is the angle between the radius vector and the 
molecular axis (z axis for diatomic molecules). The 
total g is the sum of the individual q,’s averaged over 
all positions of the electron in the molecule 


e(3 cosé;— 1) 
=X fe ——¥a, 
i r; 


where 7 is summed over all the electrons and ¥; is the 
wave function for the 7th electron. 

For a precise correlation of quadrupole coupling 
constants to the electronic structure of a molecule, it 
would be necessary to have accurate wave functions 
for each of the molecular electrons and to carry out a 
precise evaluation of the integrals. This has been done 
for the hydrogen molecule** but becomes too difficult 
for more complicated molecules. 

Townes and Dailey*’ have discussed a simple semi- 
empirical relation between egQ and approximate wave 
functions for the bonding electrons in a molecule. They 
point out that the magnitude of q is largely determined 
by the manner in which the valence electrons fill the 
available orbitals of the lowest energy. An s orbital 
or an undisturbed closed shell of electrons make no 


36 A. Nordsieck, Phys. Rev. 58, 310 (1940). 
37C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 
(1949). 
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contribution to the energy of nuclear orientation 
because of their spherical symmetry. Contributions due 
to charges associated with neighboring atoms in the 
molecule or with polarization of the nonbonding closed 
shells of electrons can be neglected in comparison to the 
larger effect. For example, a negative halogen ion would 
have an approximately spherical distribution of charge 
and hence a very small value of g. The small halogen 
coupling constants measured in the alkali halides which 
are largely ionic seem to corroborate this. However a 
covalently bonded halogen atom, lacking one p electron 
in its valence shell would have a relatively large value 
of g and hence of the experimentally measured coupling 
constant egQ. 

The quadrupole coupling constants of Cl, Br, and I 
(F has zero egQ) in atomic states*® are known and 
therefore the contribution of an electron in a p orbit 
to eg? is known independently of molecular data. 
However, the covalently bonded electron will not be 
in the same type orbit in the molecule as in the atoms. 
Dailey and Townes®* write the wave function of a 
bonding electron in the neighborhood of the halogen 
atom as 


W4= (1-—s—d) W,+ (s)W4(DNa, 


where s is the amount of s character in the bonding 
orbital and d the amount of d character. Admixture of 
d and s character to the hybrid bonding orbital removes 
part of an electron from a orbit and increases the 
defect of p electrons. However, the two nonbonding s 
electrons must take on an equivalent amount of p 
character; thus the defect of p electrons is decreased. 
Therefore the quadrupole coupling constant for a 
halogen forming a hybrid bond with a negative ionic 
character ¢ is 


eqgQ= (—1+2s—s—d)(1—i)eqgQnio. 


For an isolated atom s, d, and 7 are zero and egQ(atom) 
=—egQnio. Thus we can write 


(egQ) (molecule) /(egQ) (atom) = (1—s+d)(1—1). (13) 


In Eq. (13) the effects of overlap on quadrupole 
coupling have been neglected. A more complete expres- 
sion for egQ would be (—1—S?+s—d)(1—“)eqQnio, 
where S? is the square of the overlap integral. Allowing 
for the modification of the LCAO wave function asso- 
ciated with one atom at the nucleus of the other, Itoh” 
has shown that the contribution of overlap effects to 
the quadrupole coupling constant in diatomic molecules 
is negligible. 

In order to determine the ionic character of the bond, 
certain assumptions concerning the role of bond 
hydridization have to be made. Dailey and Townes,® 
in their discussion of quadrupole coupling data for 


38 V. Jaccarino and J. G. King, Phys. Rev. 83, 471 (1951); J. G. 
King and V. Jaccarino, Phys. Rev. 91, 209 (1953); Jaccarino, 


King, Satten, and Stroke, Phys. Rev. 93, 1798 (1954). 
%® T. Itoh, Tokyo University (private communication). 
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diatomic halides, assume that Cl, Br, and I bonds have 
15% s character when the halogen is bonded to an atom 
which is more electropositive than the halogen by as 
much as 0.25 unit. This assumption is in good agreement 
with the value of 10% s character for the As-bonding 
orbitals in AsCl* and the 15% s character for the 
S bonding orbitals in H2S “ found by a method which 
is independent of overlap effects. The setting of an 
upper limit to the s character would seem to limit the d 
character to small values since the factor s—d is the one 
which actually enters into the equation for the quad- 
rupole coupling constant. With s=15%, d=0 and the 
atomic quadrupole coupling constants of the halogen, 
the ionic character of the Tl, In, and Ga halides has 
been calculated and is shown in Table X. 

One can treat the electropositive atom of a diatomic 
halide in a similar manner. Ga and In have an ns? np 
electron configuration in the bound state. Since the 
atomic egQ’s of Ga and In have been measured‘? * (T] 
has zero quadrupole moment), the contribution of a p 
electron to the egQ is known independently of molecular 
data. 

Under the preliminary assumption that only the 
covalent state contributes to the quadrupole coupling 
constant, we get 


egQ= (1+s—d) (1-1) egQ nro, 


where egQn10 equals the atomic egQ. Since 1, egQ, and 
egQnio are known, s—d can be determined. This calcu- 
lation yields the absurd result of 100 to 200% s character 
for the p bonding orbital. Apparently there is an addi- 
tional contribution to the quadrupole coupling constant 
from the ionic state. When Ga or In is in a positively 
ionic state, the p subshell is vacant unless the s orbital 


TABLE X. Ionic character and s-p hybridization of TIC], T1Br, 
TH, IcCl, InBr, GaCl, GaBr, and Gal, obtained from nuclear 
quadrupole coupling data. 








Atomic Molecular 
eg eg Electro- 

Molecule Atom Mc/sec Mc/sec i s negativity 
TE@Cl* CH —110 —15.8 0.83 0.15 3.15 

Tl 1.9,>1.4¢ 
TIBr?® Br 770 130 0.80 0.158 2.95 
TH] I — 2292 —537 0.72 = 0.15* 2.6 
In™5C}* © ad —110 —18 0.81 0.154 eB 

In¥ —899 —655 0.24 = 1.6,>1.4¢ 
In™Br” Br” 770 138 0.79 = =0.15* 2.95 

In™5 —899 —642 0.23 1.6, 1.4 
Ga®C}* Cr —110 —20 0.79 0.15" 3.15 

Ga® —125 — 84.7 0.21 =1.6,> 1.4¢ 
Ga®Br”?® Br? 770 134 0.80 0.15" 2.95 

Ga® —125 —74 0.18 1.6, 1.4 
Ga®] I —2292 —549 0.72 0.158 6 

Ga® —125 — 66 0.13 1.6, 1.4 








* Assumed value. See reference 33. 
b Haissensky’s value. See reference 34, 
© Gordy's value. See reference 35, 


P. Kusliuk, J. Chem. Phys. 22, 86 (1954). 

41 G. R. Bird and C. H. Townes, Phys. Rev. 94, 1203 (1954). 
#R. T. Daly and J. H. Holloway, Phys. Rev. 96, 539 (1954). 
4 P. Kusch and T. G. Eck, Phys. Rev. 94, 1799 (1954). 
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Fic. 9. Tonic character vs electronegativity difference taking 
hybridization into account (after Dailey and Townes*). Dashed 
line neglects hybridization (reference 45). 


remains hybridized. If the two nonbonding s electrons 
retain their p character, the ionic state contributes 
2siegQnio to the total egQ. However, this contribution 
must be modified because the interaction between a 
valence p electron and the nucleus when the atom is 
positively ionic is somewhat larger than for the case 
of the neutral atom. The ratio for the two cases may be 
taken as (1+) where e¢ is 0.20 for Ga and 0.25 for In*. 
The constant ¢ is estimated from the observed fine 
structure of the atom and ion. Thus, for a group IIIB 
element bonded to a halogen, the quadrupole coupling 
constant is 


egqQ=[(1+s—d)(1—1)+2(1+€)st legQaro. 
Since egQnio= egQ (atom), we have 
egQ (molecule) /egQ (atom) = (1+s—d) (1—1) 
+2(1+e)si. (14) 


The s-p hybridization has been assumed to be the 
same in both states, a condition which maximizes the 
resonance energy between these states. Using the values 
of ionic character calculated from Eq. (13), we have 
used Eq. (14) to determine that the s-p hybridization 
of the Ga valence electrons in GaCl, GaBr, and Gal is 
21, 18, and 13%, respectively, and of the In valence 
electrons in InCl and InBr is 24 and 23%, respectively. 
These results are included in Table X. 

Dailey and Townes* have derived an S-shaped curve 
for the relation between ionicity and electronegativity 
differences of diatomic molecules. In Fig. 9 we have 
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redrawn their curve to include the Tl, In, and Ga 
halides. The electronegativities used are those of 
Huggins,“ except for Tl, In, and Ga which he does not 
give. Two different values of the electronegativity for 
Tl, In, and Ga have been given by Haissensky* and 
Gordy.** Points representing both values are included in 
Fig. 9. 

The above interpretation of quadrupole coupling 
constants is not unique. Gordy* has proposed a simple 
relation between ionicity and the quadrupole coupling 
constants in which s character is neglected completely. 
Using it he obtains as the relation between ionic charac- 
ter and electronegativity difference for a bond A—B: 


i=3|X4—Xz)|. 


This is shown as a dashed line in Fig. 9. Recently 
Gordy“* has modified his straight-line relationship in 
the region | AX | >2 to conform with the known data for 
the alkali halides. 





CONCLUSIONS 


The present experiment has yielded accurate infor- 
mation concerning the internuclear distances, rotational 
constants, vibration-rotation interaction constants, and 
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the quadrupole coupling constants of the Tl, In, and Ga 
monohalides. 

The ionic character for diatomic halides involving 
Group IIIB elements is less than that for the alkali 
halides, in keeping with their greater electronegativity. 
The values of s character found for the Ga and In 


bonding orbitals, which are fairly independent of the 


assumed s character of the halogen bonding orbitals, 
argue strongly for the presence of s-p hybridization in 
the ionic state. 

The quadrupole coupling data presented here show 
that the electronegativities of Tl, In, and Ga are the 
same and approximately equal to 1.4 which is in agree- 
ment with Gordy’s values. 
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APPENDIX I. MEASURED FREQUENCIES IN Mc/sec FOR MICROWAVE TRANSITIONS 
OF THE TI, In, AND Ga HALLIDES 
































TIF: J=2<—1 
»=0 v=1 
TE@F 26 291.86+-0.10 
TPF 26 669.7640.10 26 489.86+0.20 
TIC 
Rotational 
transition Hyperfine transition »=0 v=1 v=2 
TPC} 
J=5<4 F=13/2 — 11/2, 11/2 — 9/2, 9/2 —7/2, 27 379.4940.10 27 260.18+0.10 27 140.35+0.10 
7/2— 5/2 
F=11/2 — 11/2 27 376.62+0.10 
J=4<+3 21 903.16+0.20 
TP8C}s? 
J=5<4 26 119.36+0.10 
J=4<-3 20 895.3340.10 20 806.64+0.30 
TIC }5 
J=5<-4 27 340.5140.10 27 221.30+0.10 27 102.42+0.10 
J=4+<+3 21 872.16+0.10 
TIC }37 
J=5<4 26 079.8740.10 25 969.04+0.20 
J=4<+3 20 864.11+0.20 20 776.20+0.20 








“M. J. Huggins, J. Am. Chem. Soc. 75, 4123 (1953). 
45 See reference 2, p. 284. 
46 W. Gordy, Discussions Faraday Soc. 19, 14 (1955). 
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TIBr 
Rotational ae Semi 
transition Hyperfine transition v=0 v=1 y=2 
Tl™Br79 
J=6<-5 F=15/2 — 13/2, 13/2 — 11/2 15 502.55+0.10* 
11/2 —9/2, 9/2 +-7/2 15 503.79+0.20* 
J=9-—8 23 254.064+0.05 23 183.49+0.10 23 112.80+40.10 23042.54+0.10 
T)”5Br® 
J=9<—8 22 839.7540.10 22 771.22+0.20 
J=10+9 25 377.5340.05 
TPBr® 
J=9—8 23 317.6540.10 23 246.8340.20 23 175.68+0.20 
T)PBr® 
J=9<—8 22 903.48+0.10 22 834.13+0.20 
Til 
Rotational wea 
transition Hyperfine transition v=0 v=1 vy=2 
THI 
J=17 — 16 27 655.37+0.10 27 588.22+0.20 27 520.39+0.20 
J=16<—15 26 029.54+0.30 
J=15—14 F=35/2 — 33/2, 33/2 — 31/2, 31/2 — 29/2 24 403.14+0.10* 
29/2 — 27/2, 27/2 — 25/2, 25/2 — 23/2 24 402.36+0.10* 
J=13-12 F=31/2— 29/2, 29/2 — 27/2, 27/2 25/2 21: 149.8140.10" 
25/2 — 23/2, 23/2 — 21/2, 21/2 19/2 21 148.78-40.05* 
J=10<—9 F=25/2 — 23/2, 23/2 — 21/2, 21/2 — 19/2 16 270.38+0.10* 16 230.50+0.10* 
19/2 — 17/2, 17/2 — 15/2, 15/2 — 13/2 16 268.2640.10" 16 228.26-£0.10* 
TP 
J=17 — 16 27 760.25+0.30 27 692.0140.40 27 624.02+0.20 
InCl: J=3 — 2 
Hyperfine transition v=0 o=1 
In™5¢]35 
Fi=9/2—7/2; F=3-2,4-3 19 527.77+0.208 
F,=9/2 —7/2; F=5—4,6<5 19 526.26+0.20* 
F\=5/2 — §/2; F=1-—1,2+2,3+3,4<4 19 539.67+0.20* 
F,=11/2 «9/2; a aly bel ope a ae 4 19 563.97+0.20* 
F,=11/2<—11/2; F=4-—4,5<—5,6¢6,7<—7 19 565.84+0.20* 
Fi=7/2 —7/2; F=2<+—2,3<+3,4<-4,5<5 19 570.25+0.20* 
F,=15/2 — 13/2; F=6<—5,7<—6,8<—7,9<8 19 578.36+0.20* 19 486.10+-0.20* 
Fi=9/2<-9/2; F=3-4,4¢4,5-5,6<6) 
Fi=3/2<—5/2; F=0<-1,1-2,2+3,3<-4 19 584.5640.20" 19 491.88+0.20" 
F,=13/2 — 11/2; F=7<-—6 
F,=13/2<—11/2; F=5—4,6<—5,8<-7 19 589.08+0.20" 19 496.29+0.20* 
Fi=5/2<-7/2;  F=ie2,2—3,3-4,4e5 19 621.36-£0.20" 
Fi=7/2—9/2; F=2—3,3-4,45,5¢6 19 628.75-0.20" 
In™5¢]37 


F,=15/2 — 13/2; 


F=6<—5,7-6,8¢7,9¢8 


18 768.93+0.20* 











In™Br? J=7 — 6 














Hyperfine transition 


vy=1 





7=0 
Fi=19/2 — 19/2; F=10< 10, 11<—11 23 308.30+0.20* 23 228.68+-0.20* 
Fi=13/2— 11/2; F=5<-—4 " 
Fi=11/2—9/2; F=4<3, Scal 23 328.97+0.20 
F,=9/2 —7/2; F=6+5,3<-2 ? 
Fi=7/2<—5/2; F=2<-1, $= 2\ 23 331.5140.20 
F,=15/2 — 13/2; F=6<—5 ; 
Fi=13/2<—11/2; F=8<—7,7<—6,6<—5 " 
F,=9/2 —7/2; F=5+-4,4<— & 
Fi=7/2— 5/2; F=4+ 3,342 23 335.55+0.20 
F,=5/2 — 3/2; F=4<3 
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2-1 


17 118.24+0.50 


Hyperfine transition 2=0 v=1 o=2 
F,=15/2 — 17/2; 0 pang 
F,=15/2<— 13/2; F=7<—6 
Fim5/2 3/2; F=3—2,2<-1,1-0 3 339.12+0.20* 
F,=19/2 — 13/2; F=9<-8,8<—7 . 
Fi=17/2—15/2; F=10<9,9«-8 23 341.010.20 
F,=15/2—17/2; F=7<—8 
F,=23/2<— 21/2; F=13—12, 12<— 11, 11-10, 10+-9 
F,=21/2— 19/2; F=12—11, 11— 10, 10<-9,9+8 23 343.3340.20* 23 263.76+0.20* 
Fi=19/2—17/2; F=11<— 10, 10<—9 23 345.07+0.20* 
F,=17/2— 15/2; F=8—7,9<9 23 346.51+0.20* 
F,=15/2—17/2; F=9<-—8 
F,=15/2— 15/2; F=8<8,6<6 m 
Fim 13/2—- 13/2; F=8— 8,77) 23 353.40+0.20 
F,=13/2 — 13/2; F=6<6,5<5 
F,=5/2< 5/2; F=4<—4 23 358.74+0.20* 23 279.09+0.20* 
F,=19/2<—17/2; F=9<8 
F,=13/2 —13/2; F=4<-—4,3<3 a 
Fi=7/2— 7/2; F=5<-5 23 361.35+0.20 feist atin 
F\=13/2~17/2; F=7<-7 stamee 
Fi=11/2<— 11/2; F=6<—6,5<5 23 365.60+0.20* 23 285.37+0.20* 
peice Peana sas 23 367.97-0.20* 23 287.37-40.20° 
In™5]27 #; J=11 — 10 
2=0 v=1 y=2 
24 275.3940.20 24 206.89+0.20 
24 278.0140.20 24 209.3640.20 24 140.91+0.20 
24 279.2340.20 24 210.68+0.20 
24 280.42+0.20 24211.7840.20 24 143.30+0.20 
24 282.48+0.20 24 213.78+0.20 
‘efipeadion structure was not worked out. 
GaCl: J=2 <1 
Hyperfine transition 9=0 v=1 v=2 v=3 
Ga®C]5 
F,=3/2<—1/2; F=3<—2,2«+2,2<+1,1<-1,4<4, ‘ 
4—3,3+4,3<3 17 906.92+0.20 
F,=5/2— 5/2; F=3+2,2+3,2+2,2<1,1<2 
7,=1/2<1/2; F=2<2,2<1,1+2,1<1 
F,=7/2— 5/2; F=4<—4 17 928.55+0.20 
F,=5/2<— 3/2; F=3<—2,2<2 
F,=7/2— 5/2; F=5+~—4,4<-3,3+3,3+2,2+«2, 
2<-1 17 930.57+0.20 17 837.0040.50 17 743.96+0.50 17 650.97+0.50 
F,=5/2 — 3/2; F=4<-3,3<3,2+1,1+¢1,1<0 
Fi =3/2 — 3/2; F=3<—2,2+2,1<2 17 942.92+0.40 
F,=3/2— 3/2; —— ee 17 946.83-40.30 
Ga™C} 
F,=7/2 — 5/2; F=5<-— 4,4 3,3+3,3<—2,2<2, 
- 17 759.09+0.50 17 666.88+0.50 17 573.70 +0.50 
F,=5/2— 3/2; F=4<—3,3<3,2+1,1<1,1«<0 
Ga®C}? 
F,=7/2 — 5/2; F=5<-,44<3,3+3,3«+2,2<2, 
2-1 17 289.15+0.50 
F,=5/2 — 3/2; F=4<—3,3+3,2+<1,1+1,1<0 
Ga™C}? 
F,=7/2 — §/2; F=§+-4,4¢3,3+3,3<-2,2— } 


Fi=5/2 3/2; 


2 
F=4<3,3<3,2+1,1<1,1+0 
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GaBr: J=5<—4 








Hyperfine transition v=0 v=! v=2 


Ga™Br 




























































pt aa F=2+1,3+2,4<-3 : 
F,=9/2—7/2; F=3—2,4-—3,5—4,6<5 
Fi=11/2<-9/2; Fe4e-3,5¢-4,6--5,7¢-6 24 771.2240.20 24673.55+0.20 24 576.08+0.20 
. Fi:=13/2—11/2; F=5—4,6<-5,7--6,8—7 
F,=7/2— 5/2; F=5<-4 24 768.02+0.20* 
F,=7/2—7/2; F=5<5 24 796.70+0.30 
F,=7/2<—7/2; F=2+2,3+3 24 802.17+0.30 
% Ga®Br® 
F,=7/2<— 5/2; F=2—1,3-2,4+3 
Fi=9/2—7/2, Fu3—2.4-3,5—4,6-5 
F.= 11/2 Oy Fate § 8-665 76 24 486.56+0.20 24 390.37+0.20 24 294.26+0.20 
F,=13/2<—11/2; F=5+—4,6<-5,7+6,8<-7 
F,=7/2 — 5/2; F=5<—4 24 483.58+0.20 
Ga™Br” 
Fi=7/2—5/2; F=a2—1,3-2,4¢3 
F,=9/2 —7/2; F=3<-—2,4<-3,5«+4,6<5 
Fiwil/2—-9/2; Fad4e3,5<-4,6--5,7--6 24 399.00:+0.20 
F,=13/2—11/2; F=5—4,6<-—5,7+6,8+7 
Ga™Br® 
Fin7/2—5/2; Fa2e—-1,3-2,4¢3 
F,\=9/2 —7/2; F=3+-2,4-3,5+4,6+¢5 
Fiwil/2-9/2; Fede-3,5-4,6+-5,7-6 24 114.08-£0.20 
F,=13/2—11/2; F=5<—4,6¢-5,7+6,8¢7 
Gal: J=7<—6 
an i Rueutine transition v=0 v=1 v=2 
Ga®I 
F,=17/2—11/2; F=7<-6 
F,=15/2 — 13/2; F=9<8 
F,=13/2 15/2; F=8<—7 23 857.29+0.20* 23 778.29+0.20" 23 698.78+0.30* 
F,=17/2<—15/2; F=9<—8 
F,\=19/2—17/2; F=8<—7,9<8, 10+-9,11 — 10} 
F,\=15/2 — 13/2; F=6<—5,7+ 6,87 23 855.66+0.20* 
F,=9/2<—7/2; F=3—2,5+-4,6<5 
F,=13/2+11/2; F=5<4 23 853.25+0.40* 
F,=17/2<11/2; F=8<—7 
Fi =9/2 —7/2; F=4<3 , 
Fi=11/2<+9/2; F=4<+-3,7<—6 
Fim 13/2 11/2; F=6<-5 23 851.47+0.20* 
F,=13/2<—15/2; F=7<-6 
Ga™I 
F,=17/2+11/2; F=7<-6 
F,=15/2 — 13/2; F=9<+8 
Fi=13/2<— 15/2; F=8<—7 23 421.95+0.20" 23 344.45+0.30* 
Fi=17/2<— 15/2; F=9<-—8 
F,=19/2<—17/2; F=8<—7,9+8, 10<9, 11-10 








* Owing to overlap of neighboring lines, the foregoing figures do not necessarily represent true line positions, but rather maxima corresponding to the 
designated transition. 


APPENDIX II. DATA FOR DETERMINATION 
OF TIF DIPOLE MOMENT 


Data on J=2 — 1, »=0 line. 








Frequency (Mc/sec), 
Voltage (volts) M =1 component 


0 26 669.76+0.10 
18.5 26 670.830.10 
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K X-Ray Spectrum of Hg 


Otor BECKMAN 
Institute of Physics, Uppsala, Sweden 
(Received November 12, 1957) 


Wavelength values are given for 9 lines in the K x-ray spectrum of mercury as measured with a bent- 
crystal spectrometer. The high luminosity has made it possible to use only 15 watts loading of the x-ray 
tube, thus preventing too rapid evaporation of mercury from the silver-amalgam anticathode. 





NLY a few measurements of the K x-ray spectrum 

of Hg have been made because of the great 

difficulties in obtaining a good anticathode. Photo- 

graphic registration requires a large intensity with 

accompanying high loading of the x-ray tube and rapid 
evaporation of the mercury. 

Barrére,! using a Hg-contaminated Au-anticathode, 
gives the wavelength values of a few K lines. Unfor- 
tunately, however, most of the Hg lines coincide with 
Au K lines, therefore being impossible to detect. 
Smither and co-workers’ report the energy value 70.70 
kev for Hg Ka: measured during the investigation of 
the capture gamma-ray spectrum of gold, using the 
7.7-meter bent-crystal spectrometer of the Argonne 
National Laboratory. 

During an investigation of the K lines of heavier 
elements in our laboratory it proved possible to detect 
the total K x-ray spectrum of Hg emitted from a silver 
amalgam anticathode when the x-ray tube was operated 
at low power. The spectrometer used was a 2.5-meter 
focusing bent-crystal spectrometer of the transmitting 
type utilizing the 2243 plane of quartz. The rays from 
the anticathode were focused on a slit, 0.1 mm wide, in 
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Fic. 1. General view of the 8 lines of Hg K x-ray spectrum. 


1G. Barrére, Compt. rend. 233, 376 (1951). 
2 Smither, Hamermesh, and Rose, Bull. Am. Phys. Soc. Ser. II, 
2, 55 (1957). 
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front of a NaI scintillation counter. The slit and counter 
could be moved by a precision screw, thus exploring 
the spectrum point by point. A detailed description of 
the spectrometer is given in an earlier paper.’ 

The 800-kv van de Graaff generator of the Institute 
served as voltage source for the x-ray tube. By using a 
high voltage (600 kv) it was possible to get a large 
peak-to-background ratio of the lines (see Fig. 1). 
Higher orders of the continuous spectrum were dis- 
criminated against by the use of a single-channel pulse- 
height analyzer in connection with the scintillation 
counter. Further, the great sensitivity of the counter 
and the high luminosity of the spectrometer ensured 
enough counting rate for electron beams of only 20-30 
ua. The heating effect in the focal spot was only about 
1 watt/mm’, which explains the successful use of a silver 
amalgam anticathode. As to the preparation of the 
anticathode, powdered silver was amalgamated with 
mercury in excess. After pressing out the excess mercury 
the amalgam was packed in a depression in a copper 
plate, forming a 0.5-mm thick amalgam plate. The 
high vacuum in the accelerating tube was 10-° mm Hg 
with beam off, rising to about 10~* mm Hg with beam 
on. The decrease in intensity of the spectrum due to 
evaporation of the mercury during the measurements, 
which lasted for 12 hours, amounted to only 20%. 

The wavelength values were determined relative to 


the strongest lines in the K x-ray spectrum of Au, 


measured by Ingelstam.‘ The values together with 
Barrére’s values are quoted in Table I. For transforming 
wavelength to energy the value E\,=12372.44 kev 
x units of DuMond and Cohen’ was used. The wave- 
length values have an estimated error of 0.05 x units. 


TABLE I. Wavelength values and relative intensities 
of the K x-ray lines of Hg. 











Beckman Barrére 

Line x units kev Int. x units 
a2 179.56 68.903 51.0 (179.8) 
a 174.69 70.825 100.0 174.7+0.15 
B; 154.92 79.862 13.1 
Bi 154.08 80.298 26.6 
B . 153.13 pte 0.72 153.1+0.2 
Bl 150.00 82.482 
Bil 149.79 82. 7 10.0 149.9+0.2 
By 149.4 82.83 
On, 11 148.90 83.091 1.8 








30. Beckman, Arkiv Fysik 9, 495 (1955). 

‘E. Ingelstam, “Die K-Spektren der Schweren Elemente,” 
No. 5. Nova Acta Reg. Soc. ea, Uppsala (1937). 

5 E. R. Cohen and J. W. M. DuMond, Encyclopedia of Physics, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, p. 1. 
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Scattering of 12-Mev Protons, 24-Mev Deuterons, and 48-Mev 
Alpha Particles by Beryllium* 
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A beryllium target has been bombarded with 12-Mev protons, 24-Mev deuterons, and 48-Mev alpha 
particles. With the three projectiles, the differential cross sections for inelastic scattering leading to the 
formation of the 2.43-Mev state have been measured. Application of inelastic-scattering theory leads to the 


assignment for this level, spin § and odd parity. 


A very weak inelastic proton group has been found which could une to a level in Be® at ~1.8 Mev. 
The observation of inelastic alpha-particle groups corresponding to levels at 6.8 and 11.3 Mev makes definite 
the assignment of isotopic spin } to these states. The data obtained are not inconsistent with the existence of 


levels at 3.1 and 4.8 Mev. 


The pickup reaction Be®(p,d) Be® (ground state) was observed. Although the distribution is peaked forward 
as predicted by Butler, the shape is the same as that found at other energies. Such behavior is not consistent 


with the quantitative aspects of the theory. 


The reactions Be®(p,np’)Be® and Be*(a,na’)Be® have been studied. Analysis of the angular distributions 
suggests that those processes in which the charged particle retains most of the energy occur predominantly 


by direct interaction. 


Finally, the elastic scattering of protons, deuterons, and alpha particles has been observed. Analysis of 
these distributions assuming a black nucleus gives reasonable agreement with the positions of the diffraction 
effects. The radii of interaction that are necessary are large but consistent within themselves and with those 


that fit the inelastic data. 





INTRODUCTION 


LTHOUGH the beryllium nucleus was early the 
subject of considerable experimental investi- 
gation,’ its energy-level structure is poorly and in- 
completely determined. This is in part due to its very 
low neutron-binding energy. As a consequence, nuclear 
reactions involving Be® are generally accompanied by 
a considerable amount of multibody breakup, for the 
escape of a neutron leads to alpha-unstable Be’. 
Furthermore because the excited states of Be® decay 
predominantly by particle emission, the level structure 
cannot be investigated by gamma-ray analysis. 

Shown in Fig. 1 is the energy-level diagram for Be’®.! 
Levels above the proton threshold have been excluded 
for simplicity. Data published since 1954 have also been 
included. 

Theoretical study of Be® has been limited. Haefner* 
has treated the loosely bound neutron as a perturbation 
to an alpha-particle model of Be®. In the j-j coupling 
limit of the shell model,’ the properties of the lowest 
levels should be due to the single p; neutron. Recent 
extensions‘ of the shell model to intermediate coupling 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. A preliminary report was presented at the 
Los Angeles Meeting of the American Physical Society in De- 
cember 1955, and in Phys. Rev. 100, 1795 (A) (1955) and Bull. 
Am. Phys. Soc. Ser. II, 1, 153 (1956). 

{ National Research Council of Canada Special Scholar, 
1954-56, now at Department of Physics, McMaster University, 
Hamilton, Ontario, Canada. 
1F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 

1955). 

2 R. R. Haefner, Revs. Modern Phys. 23, 228 (1951). 

3M. G. Mayer, Phys. Rev. 75, 1969 (1949) ; Haxel, Jensen, and 
Suess, Phys. Rev. 75, 1766 (1949). 

4French, Halbert, and Pandya, Phys. Rev. 99, 1387 (1955); 
D. Kurath, Phys. Rev. 101, 216 (1956); and D. R. Inglis, Revs. 
Modern Phys. 25, 390 (1953) ; 27, 76 (1955). 


are laborious but appear to be more realistic. Un- 
fortunately, with so little experimental data available, 
the predictions of these models can hardly be put to a 
rigid test. 

The present inelastic-scattering experiments were 
carried out with four goals in mind: 


(1) to verify the existence of the 1.8-Mev level and 
to determine the cross section for its formation ; 

(2) to study the cross sections for formation of the 
2.43-Mev state and hence resolve the disagreement in 
parity between the results of Ribe and Seagrave® and 
of Finke®; 

(3) to see if the analysis of proton, deuteron, and 
alpha-particle data would permit an unambiguous spin 
assignment for that state; and 

(4) to examine as many of the more highly excited 
states as reaction kinetics and energy resolution would 


-allow. 


During the course of these measurements it was 
convenient to determine the cross sections for elastic 
scattering. These are of interest because they permit 
determinations of the radius of the beryllium nucleus 
and assist in the analysis of the inelastic data. A com- 
parable radius of interaction may be derived from 
measurements on the Be®(p,d)Be® pickup reaction. In 
order to obtain the desired inelastic data it was neces- 
sary to examine critically the charged-particle spectra 
due to multibody breakup. This examination has 


5 F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 
®R. G. Finke, thesis, University of California Radiation 
Laboratory Report UCRL-2789, November, 1954 ee a 
"1956 — Finke, and Martinelli, Phys. Rev. 101, 
19 
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Fic. 1. The energy-level diagram for Be® (taken from Ajzenberg 
and Lauritsen, reference 1, with more recent data added). States 
above the proton threshold have been omitted for simplicity. 


revealed that direct interaction also plays an important 
role in these reactions. 


EXPERIMENTAL 


The external beam of protons, deuterons, or alpha 
particles from the 60-inch cyclotron at Crocker Labora- 
tory was used. Descriptions of this and of the 36-inch 
scattering chamber in which the measurements were 
carried out are already published.’:* Further details, 
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Fic. 2. Charged particles from the proton bombardment of 
beryllium. The short leaders along the abscissa indicate the 
expected positions of the peaks corresponding to the final states 
by which they are labeled. The numbers in parentheses refer to 
excitation energies. 


7G. E. Fischer, Phys. Rev. 96, 704 (1954). 
®R. E. Ellis and L. Schecter, Phys. Rev. 101, 636 (1956). 
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with particular application to the present experiments, 
may be found in a Radiation Laboratory report.’ 

The detector consisted of a three-chamber propor- 
tional counter which permitted identification of the 
scattered particles by their pulse height in the first 
chamber and determination of their energy by range 
measurement. The counter could be positioned by 
remote control at laboratory angles between 5° and 
167° from the beam direction. These were measured 
and could be reproduced to within 0.1°. The finite 
acceptance angle of the counter was about 1°. 

After passing through the target, a 1-mil beryllium 
foil, the beam was collected in a Faraday cup. A 
conventional 100% negative-feedback electrometer and 
standard condenser permitted absolute measurement 
of the beam current. The energy of the incident beam 
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Fic. 3. The differential cross section for elastic proton scattering 
by beryllium. The laboratory energy was 12 Mev. Experimental 
errors are less than the size of the points. 


was measured by range determination with the Faraday 
cup as detector. Average values (with total energy 
spread in brackets) for these experiments were as 
follows: protons 12.0 (0.2) Mev, deuterons 24.0 (0.4) 
Mev, alpha particles 48.0 (0.8) Mev. Beam alignment 
was checked and the angular spread of the incident 
beam measured by scanning the collimated beam with 
a narrow slit in front of the Faraday cup. These meas- 
urements were facilitated by the use of an auxilliary 
beam monitor in the form of a NaI crystal and photo- 
multiplier which viewed the target at a permanently 
set laboratory angle of 20°. Combination of the angular 
spread in the incident beam and of the finite acceptance 
angle of the detector leads to an angular resolution 
somewhat better than 2°. The differential cross sections 
presented have not been corrected for this finite 
resolution. 


®R. G. Summers-Gill, University of California Radiation 


Laboratory Report UCRL-3388, April, 1956 (unpublished). 
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SCATTERING OF 


RESULTS 
A. Proton Bombardments 


The complete charged-particle spectrum was meas- 
ured at 25° and 65° in the laboratory frame. The 65° 
results are shown in Fig. 2. The observed peaks are 
identified as follows: 


I. Elastic scattering from oxygen (present as a 
contaminant) ; 

II. Elastic scattering from beryllium; 

III. Proton group which may be interpreted as 
corresponding to a level in Be’ at ~1.8 Mev but which 
may have another origin (see discussion) ; 

IV. Inelastic-proton group corresponding to the 
level in Be’ at 2.43 Mev; 

V. Deuteron group from the reaction Be*(p,d)Be® 
(ground state) with, possibly, a small contribution of 
inelastic protons (3.1-Mev level) ; 

VI. Mixture of deuterons from the reaction 
Be*(p,d)Be®* (2.9-Mev level) and inelastic protons 
(4.8-Mev level). 


The 6.8-Mev level clearly manifested itself at 25° 
where the inelastic-proton energy was great enough to 


TABLE I. Characteristics of the 1.8-Mev “level” in Be’. 











Oiad 6c.m. Excitation energy (do/dQ) for Be*(p,p’) Be® 
(deg) (deg) (Mev) (mb/sterad) 

40 44.5 1.65+0.10 ~0.5 

50 55.4 1.76+0.03 0.17+0.08 

65 71.5 1.82+0.03 0.15+0.06 

90 97.0 1.91+0.03 0.16+0.08 








permit scanning above and below the peak. In the light 
of this, the bump in Fig. 2 at 15 mg/cm? is presumably 
significant and due to inelastic scattering to that same 
level. The maximum range of protons from the three- 
body reaction Be*(p,p’)Be® is shown by the arrow to 
the right of peak IV. All ranges less than this are 
kinematically possible. 

The 25° data are essentially the same. As mentioned, 
a peak corresponding to the 6.8-Mev level was visible. 
Because of a considerable increase in the general 
continuum, peak VI was not so prominent. The small 
peak III was completely obscured by an elastic peak 
fifty times larger than that at 65°. 

The elastic group was measured at suitable intervals 
from 7° to 167°. Where visible the oxygen elastic peak 
was generally about 1% of the beryllium peak.-The 
cross sections for elastic scattering obtained from these 
data are shown by the solid points of Fig. 3. 

Peak III was examined in detail at several forward 
angles. Poorer resolution, due to the necessity of a 
reflection target at scattering angles beyond 90°, 
precluded the possibility of detecting it in backward 
directions. In Fig. 4, which shows data for three angles, 
the abscissa were converted from range to excitation 
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Fic. 4. Spectra of protons scattered by beryllium. The 
bombarding energy was 12 Mev. 


energy assuming the reaction Be (p,p’)Be®. Table I 
summarizes the observed excitation energies and for- 
mation cross sections and includes the results of less 
reliable measurements at 40°. The peak shapes are 
consistent with a level width of ~0.2 Mev. 

Peaks IV and V and the continuum in their vicinity 
were scanned at suitably chosen forward and backward 
angles. The differential cross sections for the inelastic 
scattering and for the pickup reaction are shown in 
Figs. 5 and 6. The significance of the curves will be 
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Fic. 5. The differential cross section for the formation of the 
2.43-Mev state of Be® by inelastic proton scattering. The labora- 
tory energy was 12 Mev. The solid curves are discussed in the text. 
The dashed curves (arbitrary normalization) have been derived 
from the direct interaction theory of Austern, Butler, and 
McManus as follows: (3) J=0, a=5.5X10-" cm; (4) /=0, 
a=4.5X10-% cm; (5) /=2, a=5.5X10-" cm; and (6) /=2, 
a=4.5X10-" cm. 
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Fic. 6. The differential cross section for the reaction Be®(p,d) Be® at 
12 Mev. The value of a is given in units of 10- cm. 


discussed in a later section. The total integrated cross 
section for the reaction Be®(p,d)Be® is 40 mb. For the 
inelastic scattering Be*(p,p’)Be®* (2.43 Mev), the same 
quantity is 110 mb. 

Considerable 3-body breakup was observed in the 
proton bombardments. While such a reaction does not 
manifest itself by the presence of a discrete-energy 
particle group, it can nevertheless be studied by the 
method outlined in the Appendix. The results of such 
an analysis for the reaction Be®(p,np’)Be® are shown in 
Fig. 7. The ordinate gives the differential cross section 
for the formation of the Be® ground state and the scat- 
tering of the proton through an angle 6 where the 
available kinetic energy has been shared in such a way 
that in the center-of-mass we have 0.90 E,™*<E,, 
<z,™. 
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Fic. 7. The differential section for the reaction Be®(p,np’) Be? in 
which the scattered protons retain at least 90% of the available 
center-of-mass kinetic energy. The incident energy was 12 Mev. 
Notice that the abscissa is the angle of scattering of the proton. 
The solid curve is derived from direct-reaction theory, with 
a=4.5X10-" cm, including terms /<2. 
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Fic. 8. Alpha-particle spectrum from beryllium bombarded 
with 48-Mev alpha particles. The short leaders along the abscissa 
indicate the expected positions of particle groups. 


B. Alpha-Particle Bombardments 


Complete alpha-particle spectra were taken at 
laboratory angles of 14.5°, 29.8° and 62.5°. Figure 8 
shows the results for the largest angle. Data at the other 
angles were essentially the same. Peak I contains 
particles elastically scattered from beryllium. The 
second peak corresponds to the 2.43-Mev level while 
peaks III and IV correspond to the higher states at 
6.8 and 11.3 Mev, respectively. Elastic scattering from 
oxygen was again evident but is not shown. Identifi- 
cation of weak-particle groups corresponding to levels 
at 1.8 and 3.1 Mev was impossible because of insufficient 
resolution. There seems to be no clear indication of the 
4.8- and 7.9-Mev levels, although conditions for their 
observation were more favorable. If these levels are 
broad or only weakly excited, their presence may have 
been masked by the prevailing continuum. No attempt 
was made to observe protons in these measurements. 

The elastic and 2.43-Mev inelastic peaks were studied 
at some 35 angles from 5° to 90° in the laboratory frame. 
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Fic. 9. The differential cross section for elastic alpha-particle 
scattering ‘by beryllium. The laboratory energy was 48 Mev. 
Experimental errors are smaller than the size of the points. 











SCATTERING OF 


Figure 9 shows the differential elastic-scattering cross 
section. The differential cross section for inelastic 
scattering and the formation of the 2.43-Mev state is 
shown in Fig. 10. The total cross section for this 
reaction, up to 0.m.=120°, is 50 mb; if a flat angular 
dependence is assumed at greater angles, the total 
integrated cross section is 56 mb. 

As in the case of the proton bombardments, a con- 
siderable continuum was observed. Since its beginning 
occurred close to the calculated onset of the three-body 
reaction Be*(a,na’)Be*, it was interpreted in that way. 
Because of the compression of the energy scale (dE/dX 
is greater for alpha particles than for protons), the 


analysis of the type discussed in the Appendix may have 


included additional contributions due to an unresolved 
4.8-Mev level and 3-body reactions in which the ground 
state of Be® is not involved. Figure 11 shows the data 
with these other reactions assumed to be negligible. 
The ordinate is the differential cross section for the 
reaction Be (a,na’)Be* in which the scattered alpha 
particle retains most of the energy so that we have 
0.90 Ea:™*< Eq: < Eq™*. The slight structure visible 
is probably not real, since it corresponds closely to that 
observed in the cross section for the formation of the 
2.43-Mev state and presumably has its origin in slightly 
incorrect treatment of the experimental data. 


C. Deuteron Bombardments 


The same beryllium target was bombarded with 
24-Mev deuterons, and the charged-particle spectra 
studied as before. A large neutron flux compounded the 
difficulties of making the observations so that the data 
here are neither so complete nor so well established. At 
all angles, substantial charged-particle backgrounds 
were observed, with the target both in and out. 

Figure 12 shows the partial charged-particle spectrum 
taken at a laboratory angle of 25.6°. Even under the 
elastic group, peak I, the background is appreciable. 
The strongly excited 2.43-Mev level accounts for peak 
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Fic. 10. The differential cross section for the formation of the 
2.43-Mev state of Be® by inelastic alpha-particle scattering. The 
laboratory energy was 48 Mev. The value of a is given in_units of 
10-8 cm. 
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Fic. 11. The differential cross section for the reaction 


Be®(a,na’) Be’ in which the scattered alpha particles retain at least 
90% of the available center-of-mass kinetic energy. The incident 
energy was 48 Mev. Notice that the abscissa is the angle of emis- 
sion of the scattered alpha particle. The solid curve is obtained 
from direct-reaction theory, with a=5.40X10-" cm, including 
terms /<2. 


II while peak V corresponds to the 6.8-Mev state. The 
slight bump, labeled IV, is presumed to be due to the 
4.8-Mev level. The origin of peak III is not so clearly 
understood. Its position corresponds closely to that 
projected for an inelastic deuteron group from the 
3.1-Mev level in Be®. However, tritons from the possible 
reaction Be®(d,t)Be** (2.9-Mev state) should have a 
similar range. It was not possible to identify these 
particles by discrimination in the detector owing to the 
weakness of the group and to the background consisting 
mainly of proton recoils. While it is probable that (d,t) 
reactions do occur, as found at other bombarding 
energies,’ it is possible that peak III (visible also in 
the 30° and 15° data) is partially due to a contribution 
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Fic. 12. Charged particles from the deuteron bombardment of 
beryllium. The short leaders along the abscissa indicate the 
expected positions of the peaks corresponding to the final nuclear 
states by which they are labeled. 


0 Fulbright, Bruner, Bromley, and Goldman, Phys. Rev. 88, 
700 (1952), and,F. A. El-Bedewi, Proc. Phys. Soc. (London) 
A64, 947 (1951).4 
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Fic. 13. The differential cross section for the elastic scattering 
of deuterons by beryllium. The laboratory energy was 24 Mev. 
Except where shown, experimental errors are smaller than the 
size of the points. 


from the inelastic-deuteron group. A weak group cor- 
responding to the 1.8-Mev level would have been 
masked by the background. For the same reason, the 
onset of the (d,nd’) reaction was not visible. 

Experimental points for the elastic differential cross 
section are shown by the solid circles of Fig. 13. The 
inelastic cross section for scattering to the 2.43-Mev 
state is shown in Fig. 14. Measurements at more 
forward angles were impossible because of the large 
elastic cross section. This swamping may be taken as 
evidence that the probability of inelastic scattering 
continues to decrease for 0<15°. For this reaction, the 
total cross section, which is rather insensitive to the 
behavior at small angles, is 44 mb. Analysis of the 
continuum was not possible in this case; in addition 
to the neutron-initiated background, other multibody 
processes, Be®(d,pn)Be® and Be*(d,p2n)Be®, can com- 
pete with the Be®(d,nd’)Be® reaction. 


DISCUSSION 
A. Elastic Scattering 


The solid curves of Figs. 3, 9, and 13 represent the 
Rutherford cross sections for scattering from a point 
charge. When the observed data are divided by these 
cross sections, the dashed curves result. Interference 
effects are prominent. Except at small angles corre- 
sponding to large distances of closest approach, these 
ratios are greater than unity. The accuracy of the 
absolute normalizations are strikingly demonstrated in 
two instances, however, by the fact that the measured 
absolute differential cross sections are very close to the 
Rutherford cross sections at the smallest angles. 

One of the simplest ways to interpret elastic-scat- 
tering data is to assume that the nucleus is opaque to 
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particles that in a classical picture would “hit” the 
nucleus." Particles that ‘‘miss” are assumed to proceed 
without interaction. Such a picture is, of course, the 
more valid, the greater the observed ratio to Rutherford 
scattering. Under these assumptions, the problem 
reduces to a simple one in optics, and roughly speaking 
we have 


2kR{sin (6;,1/2)—sin(6,/2)} =T, 


where & is the wave number of the scattered particle, 
R is the interaction radius, and 6; is the angle at which 
the ith maximum is observed. A similar relation holds 
for the angles at which minima occur. Table II lists 
the angles of maxima and minima and the values of R 
calculated from the above formula for each of the three 
elastic-scattering processes observed. It is apparent 
that such a rough explanation of the origin of the 
interference effects is not completely adequate. How- 
ever, it is logical to expect consistency not only among 
the values obtained from proton, deuteron, and alpha- 
particle elastic data but also with the radius parameters 
derived from the inelastic data to be discussed in the 
next subsection. 

The elastic parameters are consistent with a radius 
for the beryllium nucleus, 


Tpe= (3.40.2) = (1,650.10) AX 10-8 cm 


if it is assumed that r,=1.2, re=1.5, and ra=1.6K 10-" 
cm. This proton radius is reasonable. While the radius 
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Fic. 14. The differential cross section for the formation of the 
2.43-Mev state of Be® by inelastic deuteron scattering. The 


laboratory energy was 24 Mev. The value of a is given in units of 
10-3 cm. 


1 Eisberg, Igo, and Wegner, Phys. Rev. 99, 1606 (1955). 
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of the alpha particle” is, no doubt, nearer 2.3 10-" 
cm, a smaller effective value is in line with that generally 
found when the alpha particle is in the Coulomb field 
of a nucleus. Blatt and Weisskopf, for example, choose 
the effective radius under such conditions to be 1.2 
X10-* cm." Elastic scattering experiments by Igo, 
Wegner, and Eisberg at 40 Mev yielded the value 
(1.60+0.23)10-" cm.“ The fact that the deuteron 
radius above is considerably smaller than the so-called 
“radius of the deuteron”!® is not surprising. If a col- 
lision took place at a time when the neutron and proton 
were widely separated and outside the range of their 
mutual forces, scattering of the deuteron as a whole 
would not be expected. Therefore, 1.6X10~" cm is a 
satisfactory effective deuteron radius. The large size 
of the beryllium nucleus presumably reflects the 
smallness of its binding energy. 

The above analysis is based on a rather rough 
postulate, namely, total absorption of particles incident 
on the nucleus itself. Furthermore, the model does not 
allow for a region of smooth variation from no nuclear 
matter to the maximum nucleon density. Unfortunately, 
in the very light nuclei, more realistic optical-model 
analyses'* do not yield unique values for the parameters 
involved. Nevertheless, the proton data have been 
incorporated with the results of a wide survey of elastic 
scattering carried out at this laboratory,'’ and such an 
analysis is in progress. It is hoped that a similar survey 
and analysis of elastic alpha-particle scattering will 
soon be undertaken. At 48 Mev, data are already 
available for the elements C and Mg,'* and Ag, Au, 
and Pb,’ in addition to Be reported here. 


B. 2.43-Mev State 


The differential cross sections for the inelastic 
processes, (p,p’), (a,a’), and (d,d’), leading to the 
2.43-Mev excited state of Be’ have been determined. 
All three show maxima in or near the forward direction 
and were analyzed using direct-interaction theories.” 


(i) Inelastic Deuteron Scattering 


Figure 14 shows the arbitrarily normalized theoretical 
(l=2) distribution”? for the reaction Be*(d,d’)Be* 
(2.43-Mev state). The radius of interaction for best 


12 Bashkin, Petree, Mooring, and Peterson, Phys. Rev. 77,748 
1950 


13 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 357. 

14 Tgo, Wegner, and Eisberg, Phys. Rev. 101, 1508 (1956). 

15 Experimental Nuclear Physics, edited by E. Segré (John 
Wiley and Sons, Inc., New York, 1953), Vol. 1, Part IV and p. 477 
in particular. 

16 Melkanoff, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 

17 Shaw, Conzett, Slobodrian, and Summers-Gill, Bull. Am. 
Phys. Soc., Ser. II, 1, 253 (1956). 

18 F, J. Vaughn, University of California Radiation Laboratory 
Report UCRL-3174, October, 1955 (unpublished). 

1” Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 

2” R. Huby and H. C. Newns, Phil. Mag. 42, 1442 (1951). 
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TaBLE II. Interaction radii obtained by diffraction analysis 
of elastic scattering. 








Position of feature 





Incident Maxima Minima Mean R 
particle (deg) (deg) 10-8 cm 10-8 cm 
p 8 +1 
44+0.1 
72 +1 
45 +2 4.6+0.1 
4.8+0.2 
117 +2 
a 12.2+1.0 
5.2+0.4 
29.0+1.0 
44+0.3 
49.5+1.0 
5.340.4 
68 +1 
5.0+0.4 
90 +2 
4.9+0.2 
20.0+0.5 
5.2+0.2 
37.0+0.5 
4.5+0.3 
57.541 
4.6+0.4 
80 +2 
d 20.5+1.0 ’ 
5.0+0.2 
51 +1 
5.340.3 
84 +2 
5.2+0.3 
131 +3 
5.0+0.1 
32.5+1.0 
4.8+0.2 
65.5+1.0 
4.6+0.2 
109 +2 
4.9+0.2 
152 +1 








agreement with the experimental data is 5.60X10-" 
cm. The first peak fits well; the second, while agreeing 
in position with the second experimental maximum, is 
several times too small. This same discrepancy can be 
noted in other inelastic deuteron distributions.” With 
a=3.40X10-" cm, the theoretical curve for /=1 can 
reproduce the first maximum, but the second then falls 
at 0=95°. The poorer agreement and particularly the 
small interaction radius a=roA!+r4 make such an 
interpretation highly unlikely. 

For /=2, application of the selection rules” leads to 
the assignment 3, } or 3, all odd parity, for the 2.43- 
Mev state. The absence of a dominant /=0 fit, elimi- 
nates the possibility of spin 3. 


(ii) Inelastic Alpha-Particle Scattering 


The prediction of direct-reaction theory” for the 
inelastic (2.43-Mev state) alpha-particle scattering 


*1 For example, J. R. Holt and C. T. Young, Nature 164, 1000 


(1949). 
2 R. G. Summers-Gill, Can. J. Phys. (to be published). 
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from beryllium is shown in Fig. 10. The curve, drawn 
for J=2 and a=5.40X10-" cm, has been arbitrarily 
normalized. In this case the value of the interaction 
radius was chosen to give optimum fit of the positions 
of the minima at 29° and 47°. Except for the measure- 
ments for 8<15°, which are subject to large errors, the 
agreement between theory and experiment is re- 
markable. The best fit for /=1 requires an interaction 
radius a= 4.63X10-" cm, but this curve fits the width 
of the first maximum very poorly and places the higher- 
order maxima and minima at too large angles. If /=2 
is accepted, the selection rules for a spinless particle 


lead again to J;=}, 3, or $, all odd parity. 


(iit) Inelastic Proton Scattering 


Figure 5 shows the observed results for the formation 
of the same level by inelastic-proton scattering. Its 
interpretation by simple direct-interaction theory is 
not immediately obvious because the forward maximum 
is so broad. Other inelastic proton data at the same 
bombarding energy show a similar behavior.” The 
greatly reduced ratio of the maximum-to-minimum 
cross section indicates that one or more of the following 
complications is involved: 


(1) An appreciable amount of the excitation takes 
place via compound nucleus formation. 

(2) Direct interaction proceeds with considerable 
penetration of the protons into the nucleus.™ 

(3) More than a single / value is involved in the direct 
process. 

(4) Coulomb and nuclear-distortion effects are par- 
ticularly strong.*> It is impossible to show conclusively 
which of these is involved here, since the calculation of 
the effect of each on the cross section is, to a large 
degree, subject to the whim of the calculator. No doubt 
all are involved to some extent. The following quali- 
tative arguments can be made, however, to show which 
could account for the observations in a reasonable way. 


Because the Coulomb barrier is only 1.8 Mev, and 
the beryllium nucleus is small, one would not expect 
Coulomb and nuclear-distortion effects to play a major 
role in this case. The (p,d) cross section, measured at the 
same bombarding energy, confirms this expectation. 
While it is true that the (,d)-reaction cross section 
appears to be anomalous in so far as the interaction 
radius is concerned (see below), its shape is definitely 
of the undistorted Butler type. 

The (,d) cross section cannot provide arguments 
about the magnitude, in inelastic proton scattering, 
of the other possible complications, because the fact 
that a deuteron is involved in the first-named reaction 
assures that compound nuclear effects will be small and 


23H. E. Conzett, Phys. Rev. 105, 1324 (1957). 

%S. T. Bulter, Phys. Rev. 106, 272 (1957). 

25 For example: W. Tobocman and M. H. Kalos, Phys. Rev. 
97, 132 (1955). 
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inhibits contributions to the direct reaction from the 
interior of the nucleus. As discussed in another paper, 
successful competition between two / values is possible 
only for the (p,p’) reaction and arises because spin flip 
can occur.” 

It is difficult to be dogmatic about compound-nucleus 
contributions because of the uncertainty in the shape 
of the differential cross section arising from such a 
mechanism. If only one level of the compound state is 
involved or if a statistically large number are involved, 
the angular distribution of the evaporated particles 
must be symmetric with respect to 90°. On the other 
hand, if two or only a few levels of opposite parity are 
involved, this restriction is lifted. In any case, one can 
be guided by the fact that the cross section, expanded 
in the form >>, A, cos"@, can contain values of m no 
larger than 2, where L is the smaller of the highest 
partial wave absorbed from the incident beam and the 
spin of the compound level with the highest angular 
momentum. Rough estimates of the level spacing and 
level widths of the compound nucleus that would be 
involved here (B'* with excitation energy 17.4 Mev) 
indicate that the statistical assumption would not be 
justified. From the nature of such a calculation it is 
impossible to say whether one level or several would 
contribute. Computation of the classical impact 
parameters and barrier-transmission factors shows that 
s and p waves should have appreciable reaction 
amplitudes and that d waves might contribute. It is 
therefore just possible that at least two high-spin 
levels of opposite parity participate, say 2+ and 3-, 
and all terms up to cos‘@ arise. The observed cross 
section can be adequately fitted by such an expression. 

Three lines of reasoning, however, favor interpreting 
at least part of the cross section in terms of direct 
interaction : 


(1) A rough estimate of the cross section for com- 
pound nucleus formation, using the familiar asymptotic 
expression,”* yields the value 600 mb. Because the 
compound nucleus is excited 9 Mev above the threshold 
for neutron emission, one would expect de-excitation to 
occur by this means in the majority of cases. It is 
difficult, therefore, to entertain the idea that the 110-mb 
cross section for the reaction Be*(p,p’)Be* (2.43-Mev 
state) arises mainly by decay of the compound nucleus. 

(2) Examination of the (p,p’) cross section, in- 
volving changes of proton energy of about 2.5 Mev, 
Fig. 7, shows that direct reaction is an important 
mechanism at 12-Mev bombarding energy. 

(3) While inelastic proton scattering* from carbon 
does not show the normal shape for direct interaction 
processes, angular correlation measurements” indicate 


26 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 350. 

27 R. Sherr and W. F. Hornyak, Bull. Am. Mors Soc., Ser. II, 
1, 197 (1956), and R. Sherr et al., Proceedings of the Conference 
on Nuclear Structure, University of Pittsburgh, June, 1957 
(unpublished). 
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that an appreciable amount of this reaction must, 
nevertheless, take place directly. 


Accordingly, attempts have been made to explain 
the observed cross section in terms of the combination 
of compound-nucleus formation and direct interaction. 

Curve 2 of Fig. 5 illustrates the best fit for a single 
/ value together with an isotropic contribution from the 
compound nucleus. The parameters involved are /=0, 
a=1.8X10-" cm and (do/d2)epa,=2.5 mb/sterad. 
While the agreement is satisfactory, such an inter- 
pretation seems unlikely in view of the smallness of the 
radius of interaction. 

More plausible radii,?* though a poorer fit, are 
obtained using combined /=0 and /=2 distributions 
and a contribution from compound-nucleus formation. 
The dashed curves of Fig. 5 have been calculated 
(arbitrary normalization) for /=0 and /=2 using radii 
of interaction of 4.5 and 5.5 10~* cm. A typical result 
of the addition of such direct interaction terms and a 
compound-nucleus cross section (do/dQ2)epa.=5—3 cos’? 
is shown by Curve 1. While it is not quite possible to 
find a combination that avoids a double-humped sum, 
it is reasonable to expect that minor departures from 
simple, direct reaction patterns could smooth this to 
agree with observation. The implications of the con- 
tribution of two / values in inelastic proton scattering 
are discussed at length elsewhere.” Applied to this 
case, it is thought that the /=2 contribution corre- 
sponds to proton scattering without spin flip, while the 
!=0 contribution (diminished so that it does not domi- 
nate over the contribution from higher / values) is 
allowed only when spin flip does occur. The selection 
rules therefore lead to the conclusion that the final 
state has angular momentum 3 or } and odd parity. 


(iv) Level Properties 


The work of Ribe and Seagrave, a study of the 
reaction B'°(n,d)Be*, has shown that the spin of the 
2.43-Mev level is §, $, | or 9/2 and the parity odd.® 
That result and those obtained here lead to the un- 
ambiguous assignment }— for this level.” At first sight 


28 The results already discussed yield five radii of interaction, 
three from the elastic data (Table II) and two obtained from best 
fit of inelastic scattering curves. Alpha-particle scattering led to 
elastic and inelastic radii of 4.9 and 5.4 10~ cm, respectively, 
while values obtained from the deuteron data were 5.0 and 
5.6X10- cm. A similar trend toward larger radii for inelastic 
scattering can be seen in the carbon and magnesium data of 
Vaughn (reference 18). Its origin is due to the nature of the models 
involved. Inelastic events result from collisions between the 
incident particle and the “mere tail’’ of the nuclear wave function. 
The diffraction pattern of elastic scattering, on the other hand, is 
a consequence of the loss from the incident beam of those particles 
absorbed by the nucleus. If the nucleus had an infinitely sharp 
edge, the effective radii would be identical; because, in fact, the 
edge is quite diffuse, the values obtained for inelastic events will 
be larger by an amount somewhat less than the width of the diffuse 
region. Since the interaction radius for elastic proton scattering 
was 4.6X 10-8 cm, an inelastic value near 5.0 should be antici- 
pated. If nuclear penetration is important, the average radius of 
interaction might be decreased to perhaps 4.0 10-" cm. 

*® The assignment $— would still be valid in the unlikely event 
that the interpretation of Curve 2, Fig. 5, were correct. 
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the 31.3-Mev inelastic-proton-scattering data do not 
seem to be consistent with this.* As the authors point 
out, however, a poorer fit to their data is possible for 
1=2 and radius of interaction 4.15 10~* cm. Not only 
does this interpretation permit a final-state assignment 
of §—, but it also yields a radius of interaction of more 
appropriate magnitude. 

Spin $3 and odd parity is in accord with the inter- 
mediate-coupling shell-model prediction for the 2.43- 
Mev state.* The alpha-particle model gives the same 
result.? This assignment is also consistent with the 
observed level width®® and with the observation that 
de-excitation proceeds almost entirely by neutron 
emission.*' In the transition to the Be*® ground state, 
the neutron will carry off three units of orbital angular 
momentum. A rough calculation for the probability of 
this process gives a partial width of about 1 kev. The 
partial width for magnetic-dipole radiation to the Be® 
ground state would be of the order of 1 ev. 


C. Three-Body Reactions Be’(p,np’)Be*® 
and Be®(e,na’)Be® 


Cross sections for the reactions Be*(p,np’)Be® and 
Be®(a,na’) Be®, in which more than 90% of the available 
energy is retained by the charged particle, are shown in 
Figs. 7 and 11, respectively. Their strong asymmetry 
makes it obvious that direct interaction is the dominant 
reaction mechanism. If compound nucleus formation 
were involved, one would expect considerably smaller 
and more isotropic differential cross sections. 

The process involved may be inelastic scattering in 
which the final state is not bound. The scattered 
particles will suffer arbitrary linear- and angular- 
momentum changes because the neutron can have any 
(quantized) angular momentum in addition to a wide 
range of energies. The spherical Bessel functions of the 
Austern, Butler, and McManus theory” must, therefore, 
be averaged over appropriate k’ and summed over /. 
Approximate calculations of the differential cross 
sections have been carried out and the results are shown 
as solid curves in Figs. 7 and 11. The radii of interaction 
used were those that best fit the corresponding inelastic- 
scattering data. Because each computation involves 
only one assignable parameter, viz., the scale factor, 
the close agreement between theory and experiment is 
as remarkable as that obtained in any direct interaction. 
The spectral shape resulting from such a mechanism 
would, at the high-energy end, be mainly determined 
by the phase space available to the neutron. Because 
this increases as the energy of the scattered particle 
decreases, one would expect the number of events to 
increase with decreasing charged-particle energy. At 
lower scattered-particle energies, the issue is compli- 
cated by Coulomb effects and by the decreasing 


% Browne, Williamson, Craig, and Donahue, Phys. Rev. 83, 179 
(1951). 

31 G. A. Dissanaike and J. O. Newton, Proc. Phys. Soc. (London) 
A65, 675 (1952). 
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Fic. 15. Part of the charged-particle spectrum from the proton 
bombardment of beryllium, showing the separation of overlapping 
peaks from the 3-body continuum. The arrows Ry and Ry, 
designate the ranges of scattered protons of energies E,p= (Ey) max 
and E,=0.90(Epy)max, respectively (see Appendix). The angle of 
observation was 21° and the bombarding energy 12 Mev. 


probability of direct interaction for events in which 
the momentum change of the incident particle is com- 
parable to the incident momentum. Examination of 
Figs. 2, 8, and 15 shows that the high-energy end of 
the spectrum agrees qualitatively with expectation; 
the lower-energy part cannot be investigated experi- 
mentally. 

A second type of direct interaction is also possible. 
This is a reaction similar to heavy-particle stripping”; 
a reaction in which the incident charged particle causes 
the loosely bound neutron to be stripped from its Be® 
core and then itself succeeds in escaping capture by 
that core. The cross section for such a reaction is not 
expected to be large. Without going into the details 
here, it can be stated that the neutron will travel in 
essentially the backward direction with low energy. 
From the kinematical equations it then follows that 
the scattered charged particle will have an energy 
distribution peaked sharply around a value close to the 
maximum possible. It is clear, therefore, that this 
mechanism is not involved in the data of Figs. 7 and 11. 
It is highly probable, however, that the small proton 
group (peak III) in Fig. 2 is the result of this effect. 


D. Possible 1.8-Mev State 


Data have been obtained which appear, on the 
surface, to be consistent with a level in Be® at ~1.8 
Mev. In the preceding paragraph, however, a process 
has been described which is capable of explaining these 
same data in terms of a 3-body reaction.® Preliminary 
calculations of this effect have already been presented* ; 


#®L. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 

% Other authors (references 38, 39) have sought to interpret 
this “level” in terms of special properties of the unbound Be®+n 
system. These mechanisms do not, however, appear capable of 
explaining data showing pronounced peaks like those reported 
here or in reference 36. 

*R. G. Summers-Gill, Bull. Am. Phys. Soc. Ser. II, 1, 253 
(1956). 
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more detailed considerations are in progress and will be 
published in the near future. It is the intent of this 
discussion to assume that the level actually exists, and 
then to see what characteristics it would have to have 
in order to be consistent with the data. 

Observed values of the excitation energy are listed 
in Table I. Although errors have been estimated 
liberally, consistency among the values measured at 
different angles is poor.*® The mean excitation energy, 
1.8340.03 Mev, does not entirely agree with other 
determinations.**** The shape of the observed proton 
peak suggests that the level width is probably about 
0.2 Mev. Only a 3— state could have such a width. If 
this is true, de-excitation by gamma-ray emission should 
occur only once in a million decays. Kurath has shown 
that, in intermediate coupling, there is a }— state near 
the $— state at 2.43 Mev,‘ but the theory is not able 
to decide which is the lower-lying. 

In the angular interval 50°<@< 100°, the differential 
cross section for the inelastic scattering of 12-Mev 
protons is only 0.16 mb/sterad. This is a factor of 60 
less than that for the formation of the 2.43-Mev state. 
Since a peak corresponding to its excitation was not 
observed in the alpha-particle and deuteron data, it is 
possible only to set an upper limit, 0.5 mb/sterad, for 
the cross section for formation by inelastic alpha- 
particle or deuteron scattering. Other workers have 
observed the excitation of this level in various re- 
actions,**-* but, unfortunately, few absolute cross 
sections are available. It is strange that, in the reaction 
Li’ (He’,») Be*, the peaks corresponding to the 2.43- 
Mev and 1.8-Mev levels are of comparable magnitude ; 
in all other instances, the 1.8-Mev level has been much 
less-strongly excited. 

It is obvious that any theory of the 1.8-Mev state 
must account for this anomalous behavior. Small cross 
sections could result from a fortuitous cancellation of 
matrix elements, but it is tempting to conjecture that 
this level must be quite different in structure from the 
ground state and 2.43-Mev level. In the shell model 
this might mean that the 1.8-Mev state does not arise 
from the p* configuration. In the alpha-particle model, 
core excitation may be involved. If collective modes 
are present in Be’, the 1.8-Mev state could have K=} 
and the other low-lying states K =}. 


E. Other States 


In this work it has not been possible to make any 
clear observations with respect to the 3.1-Mev level. 
However, it is thought that the inelastic deuteron 
measurements do confirm its existence. It is clear that 


35 Tt is this fact that particularly suggests that the proton peak 
is not due to a level at all. See reference 34. 

36 Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 

37 L. L. Lee, Jr. and D. R. Inglis, Phys. Rev. 99, 96 (1955). 

38 Rasmussen, Miller, Sampson, and Gupta, Phys. Rev. 100, 851 
(1955). 

% Gossett, Phillips, Schiffer, and Windham, Phys. Rev. 100, 230 
(1955). 
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this state is not as prominent in inelastic scattering as 
the 2.43-Mev state. This implies that the cross section 
for formation is considerably smaller than that for the 
other state and/or that the 3.1-Mev state has an 
appreciable width. Rasmussen ef al. indicate that the 
level width is perhaps 0.3 Mev.** If this is true, then the 
spin and parity is very probably }—. On the other hand, 
Allen reports  <0.1 Mev.” 

The reaction Li’(He*,p)Be** seems to provide 
evidence for a level with excitation energy ~4.8 Mev 
and width about 1 Mev.** In that experiment the proton 
group corresponding to the 4.8-Mev state is as promi- 
nent as the group due to the 2.43-Mev state. In the 
31-Mev proton inelastic-scattering data, there is some 
indication of the existence of a weakly excited level at 
about 5 Mev.® Fry has observed an event in nuclear 
emulsion which is best interpreted as the decay of Li’ 
to an excited state of Be® at 4.4+0.8 Mev." In the 
proton-scattering data reported herein, conditions were 
not favorable for the observation of such a level because 
of an overlapping deuteron group from a competing 
reaction. No evidence of the level was found in the 
alpha-particle bombardments and only the weakest 
indication in the deuteron-scattering data. If the 
heavy-particle stripping mechanism is successful in 
discounting the evidence for a level at 1.8 Mev, then 
this same mechanism could predict an “‘apparent level”’ 
at ~4.8 Mev even if one does not really exist. This is 
because 4.8 Mev bears the same relation to the Be**+-n 
threshold (4.6 Mev) as 1.8 Mev does to the Be*+-n 
threshold (1.666 Mev). Because the excited state of 
Be® has a width of 1 Mev,® the 4.8-Mev “level” would 
appear at least as broad. It is not clear, however, 
whether the cross section for such a process is suffi- 
ciently large to account completely for the observations. 
The emulsion event could be assigned to another level. 

The existence of more highly excited states at 6.8 
and 11.3 Mev is confirmed. Both states, which appear 
to be quite broad, were prominent. Because of un- 
certainties in the magnitude of the continuum under- 
lying the peaks corresponding to these levels, quanti- 
tative cross-section measurements were not possible. 
Formation of these states in alpha-particle scattering 
implies that they are isotopic-spin doublets. No evidence 
for a level at 7.9 Mev was found but the search was only 
cursory. Levels above 11.3 Mev could not be detected. 


F. Reaction Be’ (p,d)Be* 


The application of Butler stripping theory® to (d,p) 
and (p,d) reactions is well established. Figure 6 shows 
the experimental data together with the theoretical 
cross section (normalized for best fit in the region 10° 

4K. W. Allen (private communication to F. Ajzenberg and T. 
Lauritsen). 

4tW. F. Fry, Phys. Rev. 89, 325 (1953). 

2 Bonner, Evans, Malich, and Risser, Phys. Rev. 73, 885 (1948), 
and F. C. Gilbert, Phys. Rev. 93, 499 (1954). 

S$. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
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Fic. 16. The shape of the differential cross section for the re- 
action Be*(p,d)Be® at various bombarding-proton energies. The 
data were obtained from the references cited in the text. 


to 30°) for the reaction Be®(p,d)Be®. The parameters 
used are /=1 and radius of interaction 4.50 10—* cm. 
The fit is excellent, the orbital angular momentum is in 
agreement with the known initial and final spins and 
parities, and the interaction radius compares favorably 
with that found in elastic proton scattering at the same 
energy. 

With the reporting of the present results at 12 Mev, 
data for this reaction are now available at bombarding 
energies of 5 to 8,“ 12, 16.5,*° 22,46 and 31.3 Mev.® This 
case, therefore, presents the opportunity to test strip- 
ping theory for one reaction at a variety of energies. 
In Fig. 16 the available differential cross sections are 
shown arbitrarily normalized. Apart from a slight 
tendency for the measured values to separate at angles 
greater than 70°, there is no evidence that the shape 
varies with energy. This is not at all what is to be 
expected from simple Butler theory unless the radius 
of interaction is itself a strong function of energy. It is 
hard to see how the revisions to the theory that include 
Coulomb interaction could lead to any improvement 
because, for Z=4, such effects should be small. Bhatia 
et al. have pointed out that Butler’s formula behaves 
in a “special” or “singular” manner when the neutron 
binding energy is zero.’ Because this condition is 

“J. A. Harvey, in Massachusetts Institute of Technology 
Progress Report NP-3434, October, 1950 (unpublished), p. 58. 

oe B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 
6 Cohen, Newman, Handley, and Timnick, Phys. Rev. 90, 323 


(1953). 
47 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 
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nearly satisfied in the case of beryllium, it is possible 
that the theory is not valid in this instance. 

It would be interesting if another stripping reaction 
were measured over a wide range of energies and a 
similar comparison made. If the interaction radius were 
again found to be a function of energy, it would be 
clear that something more subtle than the binding 
energy of the neutron is involved. 


G. Further Conclusions 


Continued experimental investigation will be neces- 
sary before the true level structure of Be® can be 
clarified. Because of the prevalence of 3-body reactions, 
the prospect of obtaining unambiguous data from 
inelastic scattering is not bright. Clear evidence for 
levels would follow detection of de-excitation gamma 
rays. Unfortunately, the large particle widths of the 
Be* states offer little hope for the success of such 
searches. However, a possibility does seem to exist, 
namely, the examination of the beta spectrum (and 
accompanying neutrons) from the decay of Li’. The 
fact that Li® is a delayed-neutron emitter** indicates 
that this decay proceeds through one or more excited 
states of Be’. 
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APPENDIX 


It is common procedure to determine from a charged- 
particle spectrum the cross sections for reactions that 
yield discrete energy groups. It is shown here that it is 
also possible to obtain cross sections for multibody 
reactions which yield continuum spectra provided, of 
course, that their origin is unique. In particular, it has 
been possible to measure differential cross sections for 
the reactions Be®(p,np’)Be® and Be®(a,na’)Be® in which 
the charged particle is emitted with 90% or more of 
the maximum energy permitted. The results of these 
measurements have been presented above. 


48 Gardner, Knable, and Moyer, Phys. Rev. 83, 1054 (1951). 
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For the sake of clarity, the particular case of the 
(p,np’) reaction is discussed. Generalization is largely 
a matter of notation. First consider the 3-body breakup 
in the center-of-mass frame. Because the system has no 
net momentum, the momentum vectors P,, P,, and 
Py(Px.*) are necessarily coplanar. If one chooses a 
coordinate system in this plane so that P, is directed 
along the x axis, the kinematical equations are 


Pp+P, cosdnt+Pwn cosoy=0, 
P,, singd,+ Py sindv=0, 

PP Be Pol 
ea A =§ 





2m, 2m, 2my 


where the angles are measured in the usual sense, the 
m’s refer to the masses of the particles involved, and & 
is the energy of the system. The maximum value of P, 
(and hence of the proton energy E,) is obtained when 
¢n= Gn = 180° and P,,/m,=Py/my. It is easy to show 
that 

(Py) max® 


(E om = - 
; 2m» 





( m,+mn )s 
Mp+m,+mn ; 


When the proton does not take maximum energy, 
the neutron and the Be® nucleus are allowed to have 
various energies and angles. They do not have complete 
freedom, however, until x=EF,/(E»)max is sufficiently 
small. In particular, the angles are confined to the solid 


cones given by 








m,+mn ( my (myp+m»+mn) 7? 
COSHn< — | tg hme — 
MpMn Mr+Mn J 
and 
Mn+mn m,(Mp+m,+my) } 
coséy < — | my +m 
M,»mMn m,+mn J 








As a consequence, when the proton takes near maximum 
energy, the other two particles are closely confined in a 
small-angle cone. It may also be shown that they recoil 
with nearly equal velocities.” 

Preparatory to transforming to the laboratory frame, 
consider now that the proton momentum is actually at 
angle 6 with respect to some space-preferred x axis (i.e., 
the direction of incidence of the initial proton). Equa- 
tions for the angles and energies of the neutron and 
recoil nucleus are now extremely cumbersome (azi- 
muthal symmetry has been lost); however, these do 
not concern us. If one puts in the features of the initial 
collision and transforms to the laboratory, it is easy 
to show that 

é= ap _ 


Mp 
+o. 


My+mn+mn 


“Tt is this fact that has led to the consideration of potential 
scattering or other interaction between neutron and Be§ to explain 
the 1.8-Mev “level.” 
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and 
A (E,/E;)'= COSF tab + {cos*Oia» +B} 4, 
where 
A=(m,+m,+my)/my, 


= —} —-1 


(“= iz, 
E; 


’ 
Mp 


E,;= laboratory energy of the incident proton, E;= labo- 
ratory energy of the final proton, 0=energy release in 
the reaction= — 1.666 Mev, and 6),,= laboratory angle 
of observation of the final proton, corresponding to 6 
in the center-of-mass system. With the equations above 
it is possible to determine, for any laboratory angle 
Oia», the laboratory energies corresponding to any 
desired center-of-mass proton energies. 

In order to obtain a meaningful result for the relative 
differential cross section of such a reaction, it is im- 
perative to take measurements at various angles of the 
number of scattered protons within some constant 
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center-of-mass energy interval. The interval chosen in 
this investigation was 0.90 (E»)max< Ep (Ep)max- 
After calculation of the equivalent laboratory energies, 
and their equivalent ranges, it was possible to identify 
the corresponding interval of the observed proton 
spectra. As an example, these limits are shown by the 
arrows Ry and R, in Fig. 15 which illustrates the 
observed data for @i»=21°. Because the 2.43-Mev 
inelastic peak and the pickup deuterons are super- 
imposed on the continuum in this region, it was neces- 
sary to interpolate between the end point and a region 
where nothing interfered with the observation of the 
continuum alone. These interpolations were done 
linearly for simplicitly. Once the areas of the triangles 
of continuum so defined have been determined, calcu- 
lations of the cross sections follow in the same way as 
those for a conventional reaction follow the deter- 
mination of peak areas. The transformation from 
laboratory to center-of-mass was carried out using the 
dQi.»/d2 and the 6,-to-6 correspondence appropriate 
to the median proton energy 0.95 (Ey) max- 
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Parity Conservation in Strong Interactions: Introduction and the Reaction 
He‘(d, y)Li‘t 
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A discussion is made of the ways in which parity conservation in ordinary strongly interacting nuclear 
systems might be investigated. Three classes of experiment are proposed: in class I we look for violations 
of absolute selection rules based on strict parity conservation and are sensitive to 5, the intensity of the 
irregular or parity-nonconserving part of the wave functions; in class II we look for longitudinal polarization 
of product heavy particles or circular polarization of gamma rays from initially unpolarized systems and 
are here sensitive directly to ; in class III we look for odd powers of cos@ in the angular distributions or 
correlations of radiations emitted from well-isolated nuclear states and are again sensitive to F?. 

An experiment of class I is presented, namely a search for the radiative capture He‘(d,y)Li® through the 
0+ state at 3.56 Mev. It is concluded that the heavy-particle width of this state is zero within a standard 
deviation of 0.2 ev and that this corresponds to F?< 110-7. 


INTRODUCTION 


HE recent discovery that parity is not conserved 

in 6 decay’ or in the a-y-e decay® raises the 
question of its conservation in the strong interactions 
(nuclear and electromagnetic forces). Since the selection 
rules based on parity conservation have always seemed 
to hold good for both atomic and nuclear spectra, it is 


t Work performed under the auspices of U. S. Atomic Energy 
Commission. 

*This work was performed while the author was Visiting 
pg at Brookhaven National Laboratory during the summer 
of 1957. 

1 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 

2Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 
(1957). 


evident that any relaxation of parity conservation is 
here much less than in the weak couplings where it 
seems to be complete. However, just because the 
conservation has never been seriously doubted and 
seemed to be based on such general and reasonable 
considerations, no serious attempt was made deliber- 
ately to test it prior to the recent discoveries among 
the weak interactions. The evidence in the literature 
suggests that the admixture of parities in the eigenstates 
of atoms or in their electromagnetic transitions is less 
than about 10-* in intensity. This means that the 
strength of the parity-nonconserving part of the electro- 
magnetic coupling is less than about 10~ of the parity- 
conserving part. The corresponding evidence for nuclear 
states and nuclear forces is much less good, owing chiefly 
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to the smaller characteristic values of kR in nuclear 
systems, where & is a typical wave number and R a 
typical size of the system, and to the fact that the ratio 
of the Compton wavelength of the relevant particle to 
the size of the system (a measure of v/c) is much bigger 
in nuclei than in atoms. It would be difficult to find 
reliable evidence of a parity-purity of better than 10~? 
or 10~ in intensity for nuclear states in the usual 
literature. 

In the notation of Lee and Yang? we shall call the 
relative strength of the parity-nonconserving coupling 
$. We then expect the amplitude of the component of 
a nuclear wave function which has the irregular parity 
to be of order ¥. The probability that a reaction will 
proceed only via this irregular component is in general 
determined by the intensity of the irregular parity in 
the state, namely $*, unless the system has been 
prepared in some special manner. 

We take as our task the investigation of the magni- 
tude of § in nuclear interactions. We shall assume that 
all such interactions introduce the same amplitude of 
the irregular parity and all wave functions are written 


y = Wreqgulart SWirceguler- 


Some of our investigations are also sensitive to parity 
admixture in electromagnetic interactions. Although 
the evidence from atomic spectra is relatively good and 
although we should not expect any difference from this 
for the electromagnetic transitions between nuclear 
states, we must bear this sensitivity in mind in the 
relevant experiments. We shall not, however, consider 
it explicitly any further. 


METHODS OF INVESTIGATION 


There are several ways of approaching this conser- 
vation problem: 

Class I experiments are those in which we make use 
of an absolute selection rule imposed by parity conser- 
vation. Such selection rules are not found among 
electromagnetic transitions between nuclear states 
because the only relevant absolute rule is that forbid- 
ding single photon emission between two states of spin 
zero and that rule is valid irrespective of whether a 
parity change is involved or not.‘ This absence of 
selection rules is due to the fact that the photon has 
an intrinsic spin of unity and may or may not change 


3 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

* When the energy difference between the states is greater than 
2mc*, then electron-positron pair emission is allowed for Dirac-type 
couplings to first order only if both zero-spin states are of the 
same parity. It might therefore seem that a test of parity-conser- 
vation might come from a search for pair emission between 0— 
and 0+ states. Unfortunately no such pair of states is known 
without the intervention of a state of nonzero spin which permits 
overwhelming competition by single-photon emission. In any 
case there is always the possibility of a parity-conserving ad hoc 
coupling which would allow this transition, so we are not con- 
fronted with an absolute rule. Similar remarks apply to the rules 
for internal conversion or conversion plus one photon, which take 
over below an energy difference of 2mc?. 
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the parity for any spin change. With heavy particles 
we find particles of zero intrinsic spin and so absolute 
rules develop within the framework of complete parity 
conservation. For example, states of J(—)/+' are 
absolutely forbidden by parity conservation® to emit 
an alpha particle leaving the residual nucleus in a state 
of 0+. Such transitions could, however, take place 
through the irregular parts of the wave functions and 
so would have a probability of order * relative to a 
corresponding allowed transition. A search for such 
transitions, which are forbidden absolutely by parity 
conservation and which take place only through the 
irregular component, is therefore a way of approaching 
¥. 

A limitation on the sensitivity of experiments of this 
class comes from the possibility of the additional 
involvement of a soft unobserved photon which changes 
the parity. For example, a state of 1+ could emit first 
of all a low-energy photon to the tail of remote 0+, 
1—, --- levels which could then emit an alpha particle 
toa 0+ residual state. If the photon were of low energy 
such that the experimental resolution did not detect 
the lowered energy of the alpha particle, this would 
look like a nonconservation of parity. These effects are 
not serious in experiments performed using current 
techniques. 

Class II experiments are those in which we examine 
a transition which is allowed to both regular and 
irregular components of the wave functions but where 
we can observe some phenomenon which indicates 
interference between these components and where the 
magnitude of the observed effect is a direct measure of 
§ rather than of §°. 

Such experiments are those in which, for example, 
we look for the longitudinal polarization of a heavy 
particle emerging from some reaction or the correspond- 
ing circular polarization of a photon (assuming always, 
of course, that the initial target nucleus and projectile 
have no longitudinal polarization). In this case the 
longitudinal or circular polarizations are a direct 
measure of ¥ because they represent directly inter- 
ference terms between the parity-conserving and parity- 
nonconserving parts of the interactions. 

Consider the particular case of a reaction such as 
X (h,hey) Y in which /; and hy are heavy particles (with 
or without intrinsic spin) and in which the final gamma 
ray comes from a well-isolated level Y*. Such reactions 
are the most prolific in photons and so are the easiest 
to study; he is not observed. If all the forces were 
strictly parity-conserving, then the gamma-emitting 
state Y* would have no polarization relative to the 
incident particle beam /. (It could, of course, have an 
alignment in which the different magnetic substates 
m,, M2, --- were unequally populated, but the positive 
and negative substates +m, and —m,, etc., would be 
equally populated and so there would be no polar- 


’We do not here question the conservation of angular mo- 
mentum. 
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ization.) Also, if parity is strictly conserved, the gamma 
ray represents a unique parity change and so no 
circular polarization can arise from interference terms 
between electric and magnetic radiations (say M1 and 
E2). The fact that Y* has itself no polarization therefore 
means that no circular polarization arises due to any 
cause. (This conclusion is independent of the possible 
strong overlapping of levels of opposite parity in the 
compound system X+/,.) If, on the other hand, we have 
a parity-nonconserving interaction of relative strength 
§, two things happen. Firstly the state Y* will now 
have a longitudinal polarization of order due to 
interference between the parity-conserving and parity- 
nonconserving couplings. This of itself gives rise to a 
circular polarization of the subsequent gamma ray 
with an intensity of order § because the photons emitted 
in the direction of the spin of the nucleus have one 
handedness and those emitted against the spin have 
the other handedness. However, in the de-excitation 
we now have a mixed transition of two different parity 
changes but of the same multipolarity (say M1 and £1) 
and this results in a circular polarization of intensity 
of order RF whether Y* is polarized or not. ® is a 
matrix element factor that measures the intrinsic 
transition amplitude of the radiation from or to the 
irregular components relative to that from or to the 
regular components of the wave functions concerned. 
There is a difference between these two contributions 
to the circular polarization : the handedness of the first 
is different at directions of observation @ and 2 
relative to the 4; beam whereas the handedness of 
the second is the same at @ and r-@. This class of 
experiment is therefore intrinsically more sensitive 
than Class I because we are sensitive to F rather than 
to ¥*. It is, however, much more difficult technically 
to carry out. 

Class III experiments are those where again the 
transition is allowed to both components of the wave 
functions and where we observe an interference phe- 
nomenon but where the experiment measures 5? rather 
than §. Such are experiments in which we make use 
of the fact that odd powers of cos? can develop in an 
angular distribution or correlation only if the state 
emitting the particle or gamma ray is one of mixed 
parity. This state of affairs is familiar in nuclear 
reaction studies where the compound-nucleus state is 
in the continuum and frequently consists of several 
overlapping levels of both parities. If, however, we 
have strict parity conservation and if the observed 
radiation comes from a well-isolated level then only 
even powers of cos@ are to be found. 

Suppose, as in the illustration of the class III experi- 
ments, we examine an X (h,,hyy)Y reaction where again 
hz is not observed. Then, owing to the parity-noncon- 
serving forces the emitting state Y* will be formed 
with a longitudinal polarization of order &. In the 
class II experiments this was already enough to ensure 
an observable effect of order F because the phenomenon 
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examined, the circular polarization, depended on the 
direction of emission of the radiation forwards or 
backwards relative to the spin direction of the nucleus. 
In the present case, however, the polarization of the 
emitting state is a necessary but not sufficient condition 
for the observing of odd powers of cos@. This is because 
the phenomenon examined, the intensity of emission of 
the radiation, is now symmetrical backwards and for- 
wards relative to the spin direction of the emitting 
nucleus and so polarization does not by itself give an 
asymmetry. In order to display odd powers of cos# we 
must further use the fact that the transitions from the 
regular and irregular components of the wave functions 
can interfere with each other and, since they carry 
orbital angular momenta differing by one unit, will 
give an asymmetry to the radiation pattern. This 
interference effect is again proportional to RF but, 
since it is only manifest through the initial polarization 
of order § of the emitting state, the coefficients of the 
odd powers of cos@ are of order R5*. The two effects 
which worked in parallel to give the circular polarization 
now operate in series and so we are sensitive only to 
§* rather than to §. 

These remarks assume of course that the incident 
particles are not purely s waves and that spin-zero 
states are not exclusively involved in the compound 
system X+/, or as state Y*. (Incident s waves, how- 
ever, do not preclude the ®§ circular polarization.) 
We must also ignore possible chance cancellations in 
matrix elements and so on. 

The other obvious place to look for nonconservation 
of parity is in anomalously high widths for gamma 
radiation or particle transitions which are “parity- 
forbidden” in the usual sense, viz., which, because of 
the parities of the states, have to be magnetic instead 
of electric in character or which must carry one more 
unit of orbital angular momentum than the spin 
differences alone demand. However, as we implied 
earlier, such tests are very insensitive in nuclear systems 
and we shall not consider them as a class of profitable 
experimentation. 

There seems to be some interest in carrying out 
experiments in the three classes enumerated to improve 
our knowledge of §? and this is being done. 

Some general remarks are in order. The first is that 
in all these classes of experiment we have nothing 
to tell us what the detailed behavior would have been 
if parity had been completely unconserved. The ques- 
tion has no meaning. Accordingly we can do no more 
than measure the strength of the observed effect or 
our limit on the absence of an effect against some 
typical number which represents such neighboring and 
similar transitions as are allowed by parity conserva- 
tion. This means that we should work as far as possible 
in regions where allowed transitions show the smallest 
spread in their reduced widths. This is among the very 
light elements or for states of low excitation. For states 
of high excitation in the heavier elements where levels 
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are very close together we have strong configuration 
interaction and reduced widths are both diminished in 
magnitude and increased in their relative dispersion. 
These considerations are familiar from the somewhat 
similar problem of estimating isotopic-spin impurities 
from the strengths of forbidden transitions. The iso- 
topic-spin situation must be considered in the present 
case also. There is no @ priori reason why the parity- 
nonconserving interaction should conserve isotopic 
spin. Indeed the simplest such interaction with which 
we are actually familiar, namely a uniform electric 
field, must change the isotopic spin in a self-conjugate 
nucleus. We should not therefore rely on experiments 
in which the possible isotopic spin of the irregular part 
of the wave functions can be of any importance. 

Both these remarks apply to some degree to an experi- 
ment of class I already reported by Tanner*® in which 
he looked for alpha particles emitted from the 1+ 
13.19-Mev state of Ne” to the ground state of O'*. In 
this region of excitation, levels are only about 100 kev 
apart and indeed show an enormous range of alpha- 
particle widths. The accompanying uncertainties have 
been amply stressed by the author® himself. Unfortu- 
nately not much is known about reduced widths for 
transitions to the ground state of O'* whose uniquely 
high symmetry properties make it a rather special case. 
Under reasonable assumptions Tanner concludes the 
¥*S54%X 10-8, implicitly assuming that the parity-non- 
conserving forces do not change the isotopic spin. So 
far as the present author is aware, this was the first 
experiment deliberately carried out to test parity 
conservation in strong interactions. 

Finally, in this cautionary vein, we must say that, 
because in all experiments of this type the absence of 
an effect may be due to chance cancellations or unpro- 
pitious couplings or the like, we should not rely on an 
isolated observation but rather try to build up a 
number of examples of comparable sensitivity prefer- 
ably drawn from all the possible classes of experi- 
mentation and be impressed only by this statistical 
evidence indicating parity conservation. 


ESTIMATE OF & 


Experiments of class II and class III involve inter- 
ference between electric and magnetic gamma-ray 
transitions and we have introduced the matrix element 
factor ® to measure the relative amplitudes in such 
transitions. This must now be estimated. 

In the light nuclei with which we work, both M1 
and F1 transitions are quite strong.’ In particular they 
tend to be of approximately single-particle strength 
between states of low excitation. It therefore seems a 
reasonable procedure, when such low-lying states are 
involved, to take for ® the estimate of the single- 


®N. Tanner, Phys. Rev. 107, 1203 (1957). 
7D. H. Wilkinson, Phil. Mag. 1, 127 (1956). 
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particle model® and so we have 
Rerpymi~McR/3h, 


where M is the nucleon mass and R is the nuclear 
radius. This we shall use unless there is some special 
reason for taking a different value—for example, if the 
F1 transition should be forbidden by the isotopic-spin 
rule. In such a case we shall take a measured or esti- 
mated value for the forbidden £1 strength and the 
single-particle estimate for the M1 transition. 

Since ® figures in the sensitivity of the experiment, 
we shall obviously do well to choose examples where 
the irregular components of the wave functions give £1 
transitions and the regular components M1. It would 
be a poor choice, for example, to study 2+ to 0+ 
transitions where the regular components give £2 
transitions, which are frequently enhanced in the light 
nuclei, and the irregular components give M2 transi- 
tions. 

Having discussed the chief experimental methods of 
approach to the conservation problem, we present the 
first experiment which is in class I. 


REACTION He‘(d,y)Li‘® 


The second excited state of Li® at about 3.56 Mev is 
the first T=1 state of that nucleus and is 0+. The 
evidence for this is that it corresponds fairly well in 
position with the ground state of He® suitably corrected 
for the Coulomb energy and the n-p mass difference.® 
There is no other siate in Li® known within 1.0 Mev. 
That it is of T=1 is demonstrated by the fact that 
although it is easily excited by Li®(p,p’)Li® it is not 
detectably excited at all!® by Li®(d,d’)Li®*. This conclu- 
sion is reinforced by the fact that the state of B” at 
8.89 Mev emits alpha particles almost entirely to the 
3.56-Mev level of Li® even though considerably more 
energy is available for transitions to the ground state 
and the intermediate 3+ state at 2.19 Mev, both of 
which are of T=0." This suggests strongly that the 
isotopic spin of the 3.56-Mev state is different from 
that of the two lower states. When the Li® state is 
excited by Be*(p,a)Li® through this 8.89-Mev state of 
B”, both the angular distribution of the gamma rays 
with respect to the proton beam and the angular 
correlation between the alpha particles and the gamma 
rays are isotropic as expected for a state of spin zero.” 
Finally, although it is unstable by 2.1 Mev against 
breakup into an alpha particle and a deuteron, gamma- 
ray emission to the 1+ ground state is a successful 
competitor to heavy-particle emission. 

This last remark is the starting point of this investi- 
gation. The 0+ 3.56-Mev state is rigorously forbidden 

8 V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

® See, e.g., D. H. Wilkinson, Phil. Mag. 1, 1031 (1956). 

aah P. Browne and C. K. Bockelman, Phys. Rev. 105, 1301 
é 1 R. Malm and D. R. Inglis, Phys. Rev. 95, 993 (1954). 


2 Stoltzfus, Friichtenicht, and Nelson, Bull. Am. Phys. Soc. 
Ser. II, 1, 329 (1956). 














to break up into a+d if parity is strictly conserved. 
Such breakup could take place, however, through the 
irregular component of the wave functions introduced 
by the parity-nonconserving interaction and we should 
then find a heavy-particle width ['ga for the 0+ state 
of order * of what we should have expected for the 
corresponding breakup allowed by parity conservation. 

We now ask how best to investigate ga. There are 
two ways of doing this. We could prepare Li® in the 
0+ state and then look for the heavy-particle breakup, 
measuring its probability in terms of the de-excitation 
by gamma-ray emission. We should then have to 
measure or calculate I',, the radiative width, in order 
to get an absolute value or limit for aa. This investi- 
gation would be rather difficult because the lifetime of 
the 0+ state is less than the slowing-down time” of 
the recoiling Li® for any convenient way of preparing 
the state such as Be*(p,a)Li®*. Because of this the 
disintegration products have a distribution of momenta 
of any angle of observation and do not form a sharp 
spectrum. We adopt here the alternative approach 
which is to search for the reaction He*(d,y)Li® passing 
resonantly through the 0+ state. In such a case the 
total yield of the reaction, when a thick target is used 
so that we integrate over the resonance, is determined 
solely by the smaller of the two widths involved, I'y 
and I'ga, whichever that may be, provided that they 
are not close together. Accordingly the interpretation 
of the experiment is not directly dependent on an 
estimate of I’, as was the first approach. All that is 
necessary is that we should be confident that I’, must 
be bigger than the value of or limit for Iga that we 
deduce from the total yield. The actual value of I’, is 
here immaterial to our deducing an absolute value 
for Téa. 

EXPERIMENT 


We must know the energy of the Li® level relative to 
the a+d system. There are two accurate estimates of 
the level position in Li®. The first” comes from a meas- 
urement of the gamma-ray energy of the ground state 
transition and is 3.546+0.012 Mev. (We have applied 
the appropriate Doppler-shift correction in quoting 
this figure.) The second’ comes from the reactions 
Li’(p,p’)Li* and Be®(p,a) Li® and is 3.560+0.006 Mev. 
We combine these and have used 3.557+0.006 Mev. 
This places the level 2.080+0.027 Mev above the 
system a+d and so we expect the resonance in the 
bombardment of helium by deuterons at Ey=3.126 
+0.040 Mev. 

When deuterons are used as bombarding particles, 
there is inevitably a large background of gamma rays 
produced either from excited states of residual nuclei 


18 R. Mackin, Phys. Rev. 94, 648 (1954). 

4 J. Rose and E. Warburton (private communication). These 
authors observe a full Doppler shift in the ground-state transition 
and conclude that the mean life r<4X 10~" sec. 
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or from the large flux of fast neutrons that is generated.’® 
It is therefore a rather difficult matter to set a low 
upper limit on a cross section for the radiative capture 
of deuterons. As we have explained, however, it is 
important for the present investigation that our limit 
should be low enough to exclude the possibility that it 
is (, which controls the reaction. Otherwise we learn 
nothing at all about I'aa. 

The experimental setup was designed to minimize 
the background effects. The target consisted of a tube 
approximately 3 meters long which was filled with 
helium. The deuterons passed into this tube through a 
nickel foil of nominal thickness 50 micro-inches taken 
from samples whose measured stopping power for 
protons of 1.9 Mev was 80+3 kev. Before impinging 
on this window the deuteron beam had been collimated 
so that it did not strike the support but passed cleanly 
through the nickel. The initial length of this tube 
containing the helium was of diameter 1 inch but the 
greater part was of diameter 2} inches. This very long 
target tube was used so that the deuterons should 
spend their energy in helium which is relatively in- 
nocuous from the point of view of gamma-ray and 
neutron production rather than be intercepted by any 
solid material from which they would have produced a 
large neutron yield by the d-d reaction if by no other 
means. 

The gamma-ray detector was a NalI(TI) crystal, 
a 3-inch right cylinder. It was positioned approximately 
10 inches along the helium target from the nickel 
window and its face was drawn back 5 cm from the 
axis of the target tube. It was very heavily shielded on 
all sides by lead which extended forward to the target 
tube itself at the sides of the crystal so that the detector 
effectively examined a rather narrow length of helium. 
The crystal was calibrated by using various gamma rays 
up to the 4.43-Mev gamma ray from the first excited 
state of C!* (Pu-Be source). The calibrations were 
frequently repeated during the experiment to check the 
stability. 

Owing to the very heavy background observed, even 
though the crystal was shielded by 15 cm of lead in the 
direction of the nickel window, a direct search for the 
resonant gamma rays was impracticable. The method 
of search adopted was to examine the spectrum observed 
in the detector at a variety of energies of the bombard- 
ing deuterons. In this way the resonance could be made 
to pass along the helium tube where for the most part 
it was heavily shielded from the detector, pass in front 
of the crystal, and then pass to the heavily shielded 
region on the other side. The background is nonresonant 
and so changes slowly and steadily with changing 
deuteron energy. Accordingly, if we subtract the spec- 
trum measured at those deuteron energies where the 


18Tt would obviously have been preferabie to investigate the 
reaction H?(a,7)Li® which would have been much cleaner. How- 
ever, alpha particles of the required energy (6.2 Mev) were not 
available. 
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is found by subtracting 
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? energy necessary for the 


He‘(d,y)Li® resonance 
occurred at a position 
close to the Nal crystal 
detector for the lower 
2 deuteron bombarding 
T energy and occurred at 
? a point approximately 
24 cm away and shielded 
by lead from the detec- 
tor for the higher deu- 
teron bombarding ener- 
gy. The ordinate scale 
reads negative numbers. 
The region labelled 
? “Peak I” is that where 

we expect to find the 
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tum escape peak” of a 
gamma ray of 3.56 Mev 
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the full energy peak of 
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resonance is far away and hidden behind lead from 
that measured at an energy where it is opposite the 
counter and unshielded, we approximate to the contri- 
bution from the resonance itself. The background 
effects of course do depend on the deuteron energy and 
we do not look for a complete cancellation. The helium 
tube was operated at various pressures in the region of 
a quarter of an atmosphere where a change in deuteron 
energy by only 100 kev moves the resonance by more 
than 20 cm—that is, to a remote and heavily-shielded 
region. Over a range of deuteron energy of 100 kev the 
background effects were found to change only by about 
2-3%. 

A large number of spectra were taken at deuteron 
energies between 2.9 and 3.6 Mev. The deuteron current 
was approximately 0.1 wa. As expected, these spectra, 
showed only smooth changes as the deuteron energy 
was changed. They were not themselves smooth and 
featureless but showed a few unidentified peaks that 
were presumably due to gamma rays following heavy- 
particle reactions in traces of impurity in the helium. 

As an example of the subtraction spectra, we show 
in Fig. 1 the spectrum observed under conditions which 
for the stated mass balance would position the resonance 
at the crystal minus that observed at a deuteron energy 
100 kev higher where the resonance would be approxi- 
mately 24 cm away “downstream” and having only a 
negligible effect on the detector. 

Because of the considerable error in our knowledge 
of the Li‘— (He*+H?) mass difference we cannot be 
sure of the resonance position to better than about 
+10 cm in terms of the helium target. Accordingly 


70 80 90 
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the same gamma ray is 
expected (centered on 
channel 663). 


several such pairs of spectra were compared to be sure 
of having one in which the resonance was near the 
center of the crystal at one of the deuteron energies. 
The spectrum at each deuteron energy consisted of 21 
independent runs interleaved with those at the other 
deuteron energy. Each spectrum totalled 885 micro- 
coulombs of deuteron current. There was no normal- 
ization between the spectra other than that of charge. 
The full-energy peak (peak IT) of a 3.56-Mev gamma- 
ray is expected at channel 66} of the figure and that 
corresponding to pair creation with the subsequent 
escape of one annihilation quantum (the ‘‘one-escape” 
peak—peak I) is expected at channel 54}. In fact the 
spectrum is rather flat in this region. The fall above 
channel 70 and that below channel 50 are due to two 
of the unidentified peaks due to impurities. These 
peaks were present at all deuteron energies from 2.9 
to 3.6 Mev and increased in intensity slowly with 
increasing deuteron energy. Accordingly they appear 
in the subtracted spectrum as negative peaks because 
in that spectrum the runs at the higher deuteron energy 
are subtracted from those at the lower. In order to 
estimate the importance of a possible 3.56-Mev line, 
a procedure was adopted which is not sensitive to a 
general tilt of the subtracted spectrum. In the 3 in. 
X3 in. crystal the full energy and “‘one-escape” peaks 
are the most important features of the spectrum in 
this region of gamma-ray energy. We accordingly 
consider those two peaks and the trough between them 
grouping the channels as shown in the figure so that 
there are equal numbers of channels for each peak and 
an equal number of channels in trough. Consider now 
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the sum of the counts in the two peaks minus twice 
the number in the trough. If there is a true gamma ray 
present this will be a positive quantity but otherwise 
it will be zero, irrespective of any tilt to the whole 
spectrum. These two peaks and the trough are shown 
in the figure. By interpolation between spectra taken 
at 2.76 Mev (Na*), 4.43 Mev (Pu-Be) and 6.14 Mev 
(F"+ at low proton energy) it was found that, for 
the crystal used, the function of the spectrum that we 
have just described amounts to 159 of the total number 
of gamma-rays interacting with the crystal. For the 
results displayed in the figure this function amounted 
to —4024+4000 counts. We therefore say that the 
3.56-Mev gamma-ray yield is zero within a standard 
deviation of 4000 counts.'® 

When this result is used together with the calculated!” 
efficiency of the NaI(TI) crystal, we find a limiting 
width for the reaction of zero within a standard devi- 
ation of 0.2 ev. The spectra evaluated for other pairs 
of deuteron energies give similar results, and so we 
may use this result with confidence despite our lack of 
precise knowledge of the nuclear masses. 


DISCUSSION 


Before we can interpret this result as a limit on I'ga 
we must, as mentioned above, be sure that it is less 
than I',. Now I, is completely unknown. The lower 
limit from the Doppler-shift'* observation is not im- 


mediately helpful. However, in so light a nucleus as' 


Lif it is known that LS coupling gives a good account 
of the level structure,!* and we can therefore have 
reasonable confidence (say a factor of 3) in its predic- 
tions about (M1 or £1) gamma-ray transition proba- 
bilities between low-lying levels provided that very 
small probabilities are not predicted. According to this 
scheme, the 3.56-Mev 0+ T=1 state is *4S9 and the 
1+ T=0 ground state is “S,. The calculated radiative 
width for the M1 transition between these states is 
I',=7 ev.” It therefore seems quite safe to interpret 

16 We should expect some radiative capture from the tails of 
remote levels. Such capture is expected to be rather weak and not 
to be strongly energy dependent. It may be calculated to make a 
quite negligible contribution to the subtracted spectrum. 

17 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 

18D. Kurath, Phys. Rev. 106, 975 (1957). 

17 am grateful for a communication from Dr. D. Kurath in 


which he informs me that this estimate is in fact almost inde- 
pendent of the degree of intermediate coupling. 
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our limit of 0.2 ev as referring to the heavy-particle 
breakup. 

We must now enquire what width we should have 
expected for the heavy-particle decay of this state 
(l=1) had it been allowed by the parities. This is 
equivalent to asking for the most likely values for 
reduced widths in this region. Since the nucleus is so 
light we might expect allowed reduced widths for the 
a+d breakup to be large. This is confirmed by the 
available evidence”® which is, for the levels in Li®, at 
2.19, 4.52 and about 5.4 Mev. These have reduced 
widths which are, respectively, 0.5, 0.6 and 0.2 to 0.6 
of the Wigner single-particle limit of 3h?/2mR, where 
m is the reduced mass of the system and R the reaction 
radius. It is therefore reasonable to take one-half of 
the Wigner limit as the assumed reduced width in our 
case. When the Coulomb penetrability for /=1 is 
evaluated on a reaction radius of 3.0X10-" cm, we 
find an allowed width of 1.8 Mev. 

When this is compared with the limit of 0.2 ev for 
I'aa we conclude, following the argument of the Intro- 
duction, that 
551K 10-7. 


We must note that this result assumes that the 
parity-nonconserving interaction does not conserve 
isotopic spin since the Li® state we consider is chiefly 
of T=1 while the product particles are chiefly of T=0. 
In this sense the present result complements that of 
Tanner® where the assumption was that the isotopic 
spin is conserved. It is obviously desirable to carry out 
these experiments of class I on systems where the 
possible conservation or otherwise of the isotopic spin 
is of no consequence. Such experiments are now under 
way. 
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If parity is strictly conserved, the gamma rays emitted following the bombardment of unpolarized target 
nuclei by unpolarized projectiles can show no circular polarization. We look for such polarization, using an 
analyzer of magnetized iron, in the 2.14-Mev gamma ray from the first excited state of B" formed by 


B"(p,p’)B™* and in the 7.12-Mev gamma ray from 


We expect this polarization to be of order RF, where F is the amplitude of the parity-nonconserving part 
of the relevant wave functions and ® is a matrix element factor. We find that the intensity of circular 


_polarization in the first case is less than 2.0X10-* 
5? <$1X10~7 and 5?$3X10-, respectively. 
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the fourth excited state of O' formed in F(p,a)O'™. 


and in the second case 2.0X10-*. These figures yield 





INTRODUCTION 


E continue the investigations' of parity con- 
servation in strong interactions with two 
experiments of the second class enumerated in I, 
namely those experiments in which interference effects 
due to parity-conserving and parity-nonconserving 
parts (regular and irregular) of the nuclear wave 
functions give rise to observable effects of order F, the 
amplitude of the parity-nonconserving component. 

The experiments are both of the sort discussed in I, 
namely X (/,hzy)Y reactions where /; and hz are heavy 
particles and the gamma ray is emitted from a well- 
defined state of Y*. There can now be no circular 
polarization of the gamma ray if parity is strictly 
conserved and both X and A; are initially unpolarized. 
Generally there will be a circular polarization of 
intensity of order $ coming from the polarization 
induced in Y* by the parity-nonconserving interaction 
and another of order RF due to the interference between 
the magnetic and electric transitions of the same 
multipolarity that are associated with the regular and 
irregular parts of the wave functions of Y* and Y. & is 
the matrix element factor discussed in I which measures 
the a priori relative intrinsic transition amplitudes of 
the gamma-ray transitions involving the irregular and 
regular components. 


REACTIONS USED 


It is obviously advantageous to choose reactions in 
which ® is as large as possible. In general this can be 
done by choosing cases in which the regular transition 
is M1 and the irregular transition is £1. Another 
consideration is of course that the analyzer for circular 
polarization should be efficient at the gamma-ray 
energy chosen. The method used in these investigations 
was transmission through magnetized iron and this 

+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

*This work was performed while the author was Visiting 


Physicist at Brookhaven National Laboratory during the sum- 


mer of 1957. 
1D. H. Wilkinson, Phys. Rev. 109, 1603 (1958), preceding 
paper. This is referred to as I. 
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restricted our choice to rather high photon energies. 
A final consideration is that the reaction should be a 
very prolific one. This is particularly important when 
the transmission method is used. 

The reactions chosen were B"(p,p’)B"*214 and 
F9(p,a)O'*; 19. The 2.14 Mev first excited state of B" 
is }— and decays to the $— ground state chiefly by 
M1 radiation.? The parity-nonconserving interaction 
introduces an accompanying £1 transition for which, 
following I, we say: 


R~McR/3h, 


which is about 5.5 for B". 

The 7.12-Mev fourth excited state of O'* is 1— and 
decays to the ground state by an F1 transition. It may 
therefore seem that this is not a good case to study 
because the irregular transition is now M1 and so the 
competition seems to be the wrong way round. How- 
ever, this is not so because the regular £1 transition 
is in violation of the isotopic-spin selection rule, both 
states being of T=0. It is in fact discouraged quite 
strongly by this rule and its measured’ mean lifetime 
is (1.0+0.3)X10- sec or only about 2.4X10~ of a 
single-particle unit. However, the irregular M1 that, 
owing to the parity nonconservation, is competing with 
it is uninfluenced by the isotopic spin of the states and 
so we ascribe to it the single-particle strengths as 
suggested in I and find: 


R~11. 


In the bombardment of natural boron by protons 
the desired gamma ray is very strongly excited at 
proton energies of 2.6 Mev and over.‘ A thick target 
was used at a proton energy of 3.0 Mev in this investi- 
gation. Also very strongly excited is the first excited 
state of B at 0.72 Mev but these gamma rays are 
easily discriminated against. Gamma rays of 2.15, 1.42, 
and 1.02 Mev are due to transitions from the third 


2D. H. Wilkinson, Phys. Rev. 105, 666 (1957). 
*C, P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957). 
( ‘F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
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excited state of B' to the ground state, from that state 
to the first excited state, and between the second 
excited state and the 0.72-Mev level, respectively. The 
first is negligibly weak when natural boron is used 
under our conditions, and the others are easily dis- 
criminated against. Other gamma rays are those of 
radiative capture, of which we need consider only those 
from B"(p,y)C® since the corresponding reaction in 
B® is relatively weak. These capture gamma rays, 
chiefly of about 18 and 14 Mev, are very much weaker 
than those following inelastic scattering. Even though 
the production cross sections are known, it is not 
feasible to calculate the importance of these capture 
gamma rays because of the great importance of degra- 
dation as they filter through the iron of the analyzer. 
It was rather observed that if the high-energy tail of 
the filtered spectrum were continued into the region of 
the narrow counting channel of the NalI(TI) crystal 
detector which was set for the 2.14 Mev gamma rays, 
it would represent less than 1% of the counts due to the 
gamma rays following inelastic scattering. This high- 
energy tail includes all sources of background as well 
as the capture gamma rays. Since these latter cannot 
themselves be circularly polarized without the action 
of parity-nonconserving interactions, despite the strong 
mixing of parities in the intermediate C’* state due to 
overlapping levels, these capture gamma rays are no 
cause for concern. 

The situation in F'(p,a)O"* is not so straightforward. 
States at 6.14 Mev (3—) and at 6.91 Mev (2+) are 
strongly excited as well as the desired 1— state at 
7.12 Mev. The transitions from these other states are 
not useful to us since they would have R<1 (indeed 
the electric transitions from both these levels are 
enhanced over the single-particle speeds). We must 
therefore attempt to minimize the importance of these 
other transitions. It is easy to find conditions under 
which the 6.14-Mev gamma ray is relatively weak. 
Some years ago Alburger, Toppel, and the present 
author® carried out a careful survey of the gamma-ray 
intensities observed at 0° to the proton beam, using 
thin targets of fluorine. Proton energies up to 4.1 Mev 
were used. A three-crystal pair spectrometer was used 
in this work. The relative abundances of the various 
lines fluctuated considerably. To what degree this is 
due to changing transition probabilities to the various 
states of O'* and to what degree to the interplay of the 
angular distributions is neither known nor of importance 
here since the present measurements were also at 0°. 
For proton energies between 1.9 and 2.7 Mev there was 
a strong preponderance of gamma rays of 6.9 and 7.1 
Mev over those of 6.1 Mev. Although the lines of 6.9 
and 7.1 Mev were not resolved the one from the other, 
it was evident from the width of the composite line 
that they were present in comparable abundance. 
When a thick target is used with protons of 2.5 Mev, 


5 Alburger, Toppel, and Wilkinson (unpublished). 
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the bulk of the gamma rays comes from proton energies 
above 1.9 Mev. So, under these conditions, which were 
the ones used in the present work, we have effectively 
a mixture of 6.9- and 7.1-Mev gamma rays. In any case 
those of 6.1 Mev are strongly discriminated against by 
the detector. The discrimination between the 6.9- and 
7.1-Mev lines is discussed later. The background at 
higher energies due to gamma rays from F(p,7)Ne” 
and other influences was even less important here than 
for the B"(,p’)B™ source and for the same reasons can 
be ignored. 
ANALYZER 


The method of analysis for circular polarization was 
that of transmission through magnetized iron.* The 
analyzer was cylindrical and of length 8} inches. The 
core was of diameter about 23 inches and the over-all 
diameter was 6 inches. This magnet was saturated at 
a current of 3 amperes and was run during the present 
work at a current of 3.5 amperes. Its effective saturated 
length was about 7 inches. If the transmissions for the 
two directions of magnetization are T, and 7_, then 
we can define an efficiency for the detection of com- 
pletely circularly polarized radiation as 


e=2|T,—T_|/(T,+T_). 


For the two radiations of interest here we find: 
€2.14= 0.13, €7.42= 0.12. 


EXPERIMENTS 


The analyzer was placed at 0° to the target, which 
was of natural boron in the first experiment and of 
BaF, in the second. The front face of the analyzer was 
about 10 cm from the target. The detector was situated 
10 cm from the other face of the analyzer and was 
coaxial with it. 

Since the effect to be found was to be very small if 
present at all, it was most important that no aspect of 
the experimental situation, other than the state of 
polarization of the iron, should depend on the direction 
of magnetization. In particular, care had to be taken 
for an influence on the photomultiplier examining the 
Nal(Tl) detector. The analyzer had a complete 
magnetic circuit of iron and the field outside it was very 
weak. Nevertheless considerable precautions were 
taken and stringent tests applied. The crystals were 
mounted on long light pipes. The 3-inch right cylinder 
which was used for the B"(p,p’)B"* work was mounted 
on a light pipe of length 4 feet. The 2-inch right cylinder 
used for the F°(p,a)O'™* experiment was mounted on a 
2-foot-long light pipe. In both cases the photomulti- 
pliers were surrounded first by a mu-metal shield then 
by two coaxial iron pipes. In both cases lengthy pro- 
cedures were adopted to check a possible residual 
sensitivity to the direction of magnetization of the 
analyzer. These consisted first of a careful examination 
of the peaks of various gamma-ray spectra seen under 


*S. B. Gunst and L. A. Page, Phys. Rev. 92, 970 (1953). 
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Fic. 1. Spectrum observed in the 2-inch NaI crystal at 0° toa 
thick target of BaF: bombarded by protons of 2.5 Mev. The 
spectrum due to gamma rays directly from the target is shown 
(pure spectrum) and also that observed through the analyzer of 
magnetized iron (filtered spectrum). The arrow shows the lower 
limit of the narrow counting channel used in the experiment 
proper. There is no normalization between the spectra. 


high dispersion on a 100-channel pulse-height analyzer. 
The limit of sensitivity here was about 0.1% in pulse 
height and no such shift was observed. A more sensitive 
test was to set a narrow counting channel on the steeply 
sloping upper side of the spectrum from Cs"? and to 
count repeatedly for alternate directions of magneti- 
zation. No effect was found to a degree corresponding 
to a shift in gain by 0.008%. 

For the B"(,p’)B"* work a proton current of about 
6 wa was used at a proton energy of 3.0 Mev. The 
spectrum observed without the analyzer was the 
familiar one consisting almost wholly of the 2.14-Mev 
line once the 0.72-Mev peak is passed. Viewed through 
the analyzer, this spectrum consists almost completely 
of a sharply-falling distribution due to degraded 
radiation. This fills up the trough below the full-energy 
peak rather completely, leaving, however, a longish 
plateau terminated by a clear peak due to the un- 
modified 2.14-Mev line and the usual rapid fall beyond. 
Because of the large amount of degraded radiation, it 
was not felt to be safe to bias the detector below the 
peak. The lower limit to the counting channel was 
accordingly set well on the high-energy side of the peak. 
A very narrow channel then sufficed to include almost 
all the residual counts. This procedure is very dis- 
advantageous for two reasons: firstly we are obviously 
very sensitive to changes in gain of the system whether 
due to the analyzer or the normal electronics drifts; 
secondly we are counting the radiation very inefficiently. 
It was, however, considered that these disadvantages 
were outweighed by the advantage of staying well away 
from the degraded radiation. It was estimated that at 
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most 20% of the counts in the channel could be due to 
degraded radiation and this possible correction was 
ignored. 

The experiment consisted of a long series of pairs of 
runs with the magnetizing current in the two directions. 
The counting rate was maintained rather constant so 
that effects due to the very small possible rate de- 
pendence of the gain of the photomultiplier (less than 
0.02% for a factor of two in counting rate) were 
negligible. Background counts were also made with no 
beam on the target. A total of 572 such runs was made 
with the beam on the target. The normalization was in 
terms of proton charge. 

Slightly different considerations obtained for the 
F°(p,a)O'™* experiment although they led to a very 
similar procedure. As we have explained, it was here 
necessary to make every effort to separate the 7.1-Mev 
line from that at 6.9 Mev. In an attempt to do this, a 
2-inch instead of a 3-inch crystal was used and the light 
pipe was shortened to 2 feet. Both these changes 
encourage better resolution. The change to the smaller 
crystal also helps the discrimination between the 
gamma rays. Figure 1 shows the spectra observed at 
a proton energy of 2.5 Mev. The unfiltered spectrum 
shows the preponderance of the higher energy lines 
indicated much more clearly by the three-crystal 
spectrometer results referred to above. The first peak, 
at channel 52, is due to the 6.1-Mev line pair creation 
followed by escape from the crystal of both annihilation 
quanta. The final small bump around channel 78 is due 
to the full energy loss by the 7.1-Mev gamma ray. The 
detector was biased as shown by the arrow in the figure. 
As before, the counting channel was very narrow. It is 
estimated that a discrimination of at least 3:1 in favor 
of the 7.1-Mev line was achieved while the contribution 
from the degraded radiation is negligible. We shall 
analyze the results, neglecting all radiation but the 
7.1-Mev line. Again we are in a disadvantageous 
experimental position which is made worthwhile by 
the clarification it brings to the interpretation of the 
results. 

The experimental procedure was exactly as for the 
previous experiment. The total number of runs with the 
proton beam of about 10 wa was now 520. 


TaBLeE I. B"(p,p’)B"*2.14. Study of gamma rays following 
inelastic proton scattering in B". N, and N_ are the total numbers 
of counts observed in each group of 52 runs for the two senses of 
magnetization of the analyzer. 











Group Ne N- N./N- 
1 2715 121 2716712  0.999412-0.00086 
2 2 697 064 2697 859 ~—- 0.99971 0.00086 
3 2 683 962 2 682 657 1.00049+-0.00086 
4 2 657 958 2662010  0.99848+-0.00087 
5 2 790 2 787 412 1.00115+0.00085 
6 2 697 307 2 696 161 1.00043 +.0.00086 
7 2743818 2741047 1.00101+0.00085 
8 2729976 2727961 1,00074+0.00086 
9 2 694 201 2 693 905 1.0001 1=+-0.00086 
10 2 684 685 2 684.983  0.99989+-0.00086 
11 2633105 2629603 1.00133+0.00087 
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In both experiments the losses in the counting 
channel were quite small (about 0.05% for the first and 
0.1% for the second). The fact that the counting rates 
for the two directions of the field were the same removed 
the need for applying even this small correction. 


RESULTS 


The experiments were analyzed in several different 
ways, all of which gave essentially the same result. We 
shall therefore present only the simplest, which was to 
split up the runs into a number of groups each con- 
taining a large number (26) of runs with either direction 
of the magnetizing current in the analyzer. The numbers 
of counts for each direction of magnetization for all the 
runs in each group were then simply totalled. Call them 
Ny and N_. The background corrections were suffi- 
ciently smal] and constant to be ignored. The ratio 
N,/N_ for each group was then computed. Since we 
are dealing with very large numbers of counts, we need 
some assurance that our ultimate accuracy is limited by 
the statistics and not by drifts and other systematic 
effects. Indeed drifts were present, and over a period 
of hours the counts per unit of charge collected on the 
target changed by as much as 8 or 9 times the standard 
deviation of the individual runs. This was probably 
due to a combination of normal electronic drifts and 
changing characteristics of the targets. It was hoped 
that the averaging introduced by the rapid alternation 
of counting periods for the two magnetization directions 
and the subsequent grouping of runs into large units 
would be adequate to allow for the slow drifting and 
leave a result whose reliability was dependent only on 
the counting statistics. In order to check this the N4/N_ 
values for the several groups, 11 for the boron work and 
10 for the fluorine, are tested for consistency with the 
value unity, within the standard deviation due solely 
to the number of counts involved, using the x? test. In 
both cases complete consistency is found and the value 
of P deriving from x’ is entirely satisfactory. This is a 
little surprising and it might have been expected that 
the x? test would have been failed on a standard 
deviation due solely to numbers of counts but this is 
not so. It appears therefore that the extensive averaging 
was good enough to take care of the drifts and also, be 
it said, of the fluctuations in the current integrator (for 
which no extravagant claims are made) and to reduce 
them in importance below that of the statistical 
fluctuations. 

The detailed results are presented in Tables I and II. 
Small changes were frequently made between the groups 
of runs and only their V+/N_ values may be inter- 
compared. 

For the boron runs the average value of 


N.,/N_=1,00025+0,00026. 
The quantity x*, evaluated on a basis of the standard 
deviations due to the numbers of counts for consistency 


with the value unity for V,/N_ is x?=10.6. This, on 
11 degrees of freedom, corresponds to P=0.48. 
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TABLE II. F(p,a)O!*; 12. Study of gamma rays following the 
(p,a) reaction in fluorine. V, and N_ are the total numbers of 
counts observed in each group of 52 runs for the two senses of 
magnetization of the analyzer. 














Group Ns N- N,/N- 
1 3 438 992 3 437 099 1.00055=+-0.00076 
y 3 576 382 3 579 876 0.99902+0.00075 
7 3 577 207 3 557 879 0.99981+0.00075 
4 3 406 346 3 403 329 1.00089+0.00077 
5 3 096 855 3 092 692 1.00135+0.00080 
6 3 224 067 3 226 617 0.99921+0.00079 
7 3 344 698 3 347 426 0.99919+0.00077 
8 3 275 810 3 276035 0.99993+0.00078 
9 3 172 993 3 169 974 1.00095+0.00079 
0 3 390 110 3 391 657 0.99954+0.00077 








| 
| 
| 
| _ 
| 
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We may accordingly say that the difference in 
counting rates is zero within a standard deviation of 
2.6X10~. This, together with ¢:.44=0.13, represents 
less than 2.0X10-* part of circular polarization in the 
gamma radiation. 

For the fluorine runs the average value of 


N,/N_=1.00003+0.00024. 


The quantity x*, evaluated on abasis of the standard 
deviations due to the numbers of counts for consistency 
with the value unity for N,/N_, is x?=10.3. This, on 
10 degrees of freedom, corresponds to P=0.42. 

In this case the effect is zero within a standard 
deviation of 2.4X10~. Now e7.1:2=0.12 and so we have 
less than 2.0 10~ parts of circular polarization. 


DISCUSSION 


These limits on the amount of circular polarization 
we interpret as limits, within the standard deviations, 
on ®F. They may now be taken together with the values 
of the matrix-element parameter ®& derived above. They 
give, from the boron reaction, 


¥S51XK10-"; 
and from the fluorine reaction, 
¥F<3XK10-8. 


These limits are of the same order as that derived in 
I from an experiment in which §? itself was examined 
rather than &. It is by chance that the extra technical 
difficulties of the intrinsically more sensitive type of 
experiment just compensate for that sensitivity and 
give the same final accuracy as is achieved in the more 
obvious mode of experimentation. 
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Unless parity conservation breaks down in strong interactions the radiations emitted from an isolated 
ievel cannot display odd powers of cos@ in their angular distribution or correlation. A search for such powers 
is then an approach to the conservation problem. The $- first excited state of Li’ at 477 kev has been excited 
by inelastic proton scattering. The expected angular distribution of the gamma rays of de-excitation relative 
to the bombarding proton beam is 1+a cos@ where a is of order RS, F being the amplitude of the parity 
nonconserving part of the relevant wave functions and ® is a matrix element factor. By comparison with 
the radiation following K capture in Be’ it is shown that @ is zero within a standard deviation of 6 parts in 


10‘. This corresponds to F?$1X10~. 





INTRODUCTION 


E continue the investigations! of the conservation 

of parity in strong interactions with an experi- 

ment of the third class enumerated in I, namely those 

experiments in which we make use of interference effects 

due to parity-conserving and parity-nonconserving 

parts of the nuclear wave functions, but are sensitive 
only to §*, the intensity of the parity violation. 

In II we sought for circularly-polarized gamma rays 
due to parity interference emitted from well-isolated 
bound nuclear states and were there sensitive to F. In 
the present paper we exploit a feature of an isolated 
level of well-defined parity discussed in I, namely that 
the radiations emitted in its breakup show only even 
powers of cos@ in their angular distributions relative to 
any preceding radiations which lead to that level. If, 
on the other hand, the parity of the state in question 
is mixed then odd powers of cos# can appear in the 
angular distribution. In particular if the emitting state 
is of J=} then the angular distribution will be of the 
order 1+@5* cos# where ® is a factor dependent on 
detailed matrix elements, the properties of the states 
preceding that in question and so on. The case of J=} 
is particularly advantageous because, but for the parity 
interference, the emission would be rigorously isotropic 
in the center-of-mass system and it is very much easier 
to detect a small cos# term added to an isotropic dis- 
tribution than a similar term added to a distribution 
containing even small amounts of cos*@ or higher terms. 
For the case J=} the angles of observation can be very 
poorly defined; for higher J values which entrain the 
higher even powers of cos@ the definition of the angles 
must be made with great precision. This is because we 
must compare emission at @ and r—8@ to detect the odd 
powers of cos@, and the pair of angles 0° and 180° is not 
available. 

We therefore seek a well-isolated level of J=} and 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* This work was performed while the author was visiting physi- 
a Brookhaven Nationa] Laboratory during the summer of 

1D. H. Wilkinson, Phys. Rev. 109, 1603, 1610 (1958), preced- 
ing papers. We refer to these as I and II, respectively. 


since the isolation can be achieved to an adequate 
degree only if the level is bound it is clear that the 
radiation to be examined must be a gamma ray. This 
in turn means that we are experimentally involved in at 
least a three-stage process. In this we may either ex- 
amine the correlation between the gamma ray and the 
radiation (gamma ray or heavy particle) which leads 
to the J=} state or we may examine the distribution 
of the gamma ray relative to the incident particle (of a 
three-stage process). This second method of experi- 
mentation is much to be preferred since the counting- 
rates that can be achieved are much higher. 

As in II we are helped by choosing if possible a 
transition where the radiation from the parity-non- 
conserving component is intrinsically stronger than that 
from the chief component. This means that we again 
look for a transition where the ordinary component is 
magnetic in character. (We obviously cannot use the 
trick of one of the experiments in II where we chose the 
ordinary transition to be an isotopic spin forbidden 
electric dipole since we must here use a state of J=}.) 

Also in the interests of intensity we must choose a 
case where the second (unobserved) radiation which 
links the initial compound nucleus with the J/=} state 
is a heavy particle. 

Our conditions are then clearly a reaction such as 
was considered in I, namely X(/1,h4zy)Y where 4 and 
h2 are heavy particles. The gamma ray is to be a 
magnetic transition from a bound level of J=}. We 
then measure the angular distribution of the gamma ray 
relative to 4;, he being unobserved. Many such cases 
are known. There are, however, other conditions of 
experimental importance. One of these is that the 
gamma ray should be uncontaminated, or should be 
accompanied only by gamma rays of a low enough 
energy for a complete separation to be effected, or that 
the other gamma rays follow it in a cascade, or that they 
be so weak as to be effectively negligible to the accuracy 
with which we perform the experiment or, if they are 
not negligible, then they must be both very weak and 
of a well-known angular distribution. These conditions 
severely limit our choice and, for example, eliminate 
most of the X (d,hyy)Y reactions which would otherwise 
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be very useful. We are in effect almost completely 
limited to X(h,h'’y)X reactions in which we can excite 
a low-lying state with great ease and suffer the com- 
petition only of the much weaker radiative capture. 


ACCURACY OF THE EXPERIMENT 


We have touched upon the accuracy of the experiment 
and a brief consideration of what is needed to be worth- 
while is very discouraging. There is little point in the 
present type of investigation unless it is sensitive to a 
departure from isotropy of the order of 0.1% or better. 
Such accuracy is surely extremely difficult to achieve 
in a straightforward way and the author knows of no 
reliable measurement in which it has been even remotely 
approached. Even the problem of positioning the de- 
tector relative to the target spot to within the required 
0.025% or so is very formidable. The achieving of the 
same absorption in the target material and housing to 
within this accuracy in both directions of observation 
is virtually impossible. Also, since the experiment is 
by its very nature asymmetrical, because of the use of 
hy, to define 6=0°, there will inevitably tend to be 
differences of scattering between the two directions 
and this is difficult to allow for completely. 

To achieve the desired precision we must therefore 
resort to some indirect method. The problem would be 
solved if we had available another source of gamma rays 
of exactly the same energy as those which we study 
which we could put in exact geometrical coincidence 
with the target spot of the X(,h’y)X reaction and in 
whose isotropy we had complete trust. This comparator 
source would then suffer exactly the same absorption 
and scattering of its gamma rays as those from the 
nucleus X. The problem of the positioning of the 
detector would vanish because we would simply have 
two quite independent and not necessarily similar 
detectors at the two angles to be compared and at 
distances from the target that need not even be known. 
The experiment would simply consist in comparing the 
ratios of counting rates in the two detectors for the 
X (h,h'y)X or reaction source and for the comparator 
source. Any difference between these ratios would 
indicate a departure from isotropy. 

Generally speaking however, such suitable com- 
parator sources are not available for the transitions 
which are satisfactory in the other respects that we 
have discussed. Even if they were, their exact posi- 
tioning with respect to the target spot would be a 
severe problem. However, there exists one example 
where the energies of the reaction and the comparator 
sources are exactly the same and where the positioning 
can also be made exact. This is when we choose as our 
reaction source Li’(p,p’y)Li’ with the gamma ray in 
question being that from the first excited state of Li’ 
at 477 kev. Our comparator source is now Be’ which 
K captures to the same state of Li’ that we study in 
our reaction and so the comparator and reaction-source 
gamma rays are one and the same. The identity in 
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position and spatial distribution between reaction and 
comparator sources is achieved by actually making the 
Be’ from the same Li’ target in the same target as- 
sembly as is used for the inelastic scattering. The 
lithium target is bombarded with protons of an energy 
above the Li’(p,m)Be’ threshold until enough Be’ has 
been built up to act as the comparator. The proton 
energy is then simply lowered below the neutron 
threshold without touching anything and the gamma 
rays following inelastic scattering are excited. When 
the target current is zero we are observing the Li’ 
gamma rays following the Be’ decay. With current on 
the target we observe these gamma rays and also those 
from the same level following inelastic proton scattering 
so that a subtraction gives us the target yield by itself. 


LIFETIME PROBLEM 


We have, unfortunately, oversimplified the physical 
situation in describing the basis of the experiment. We 
have omitted the fact that the lifetime of the Li’ state 
in question is shorter than the slowing-down time of the 
recoil nucleus in the target material. This brings two 
related difficulties. The first is that the isotropy of 
emission in the center-of-mass system in which we are 
interested is removed in the laboratory system in which 
we make our measurements because of the usual 
aberration of the gamma rays. In order to correct for 
this we must know the velocity-angular distribution of 
the emitting nuclei. Similarly the accompanying 
Doppler shift means that the energy of the observed 
gamma rays is a function of the angle of observation. 
This in turn means that our detectors will not have 
quite the same efficiency for the reaction source and 
comparator gamma rays. Also the absorption and 
scattering effects will be slightly different for the two 
sources. We may easily estimate that these effects are 
of the percentage order and so if we aim at an accuracy 
of ten times better than this we must understand them 
very well. 

It is in fact possible to devise an experimental setup 
in which we could ignore them. Consider for illustration 
the two major effects implied by the moving source— 
the aberration or tendency of the moving Li’ to throw 
the gamma rays forward in the laboratory system and 
the change in detector efficiency because of the Doppler 
effect. Within the accuracy of the immediate discussion, 
we may write the aberration effect nonrelativistically 
as 1+(2v/c) cos#, where » is the velocity of the recoil 
nucleus when the gamma ray is emitted. This means 
that the density of gamma rays emitted at the angle @ 
in the laboratory system is greater by this factor than 
it would be had the nucleus been stationary. The angle 
¢ is now that between the direction of motion of the 
recoil nucleus and the direction of emission of the 
gamma ray; it approaches @ as we drop towards the 
threshold for inelastic scattering. But now to the same 
accuracy the Doppler shift is AE= Eo(v/c) cos@, where 
Ep is the energy of the unshifted gamma ray. So we 
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may write the aberration as 1+2(AE/£»). Consider 
now the efficiency of the detectors. This, over the small 
range of energy (about 1%) involved may be written 
as 1+(¢/AE). If, therefore, we choose detectors such 
that e«=—2/Eo, the Doppler and aberration effects 
cancel and so we need not concern ourselves with either 
the angular distribution of the recoiling nuclei, the 
lifetime, or any of the other complicating aspects of 
the moving source. In fact the other aspects of the 
situation such as the energy dependence of the absorp- 
tion and scattering can also be written in this form and 
so can also be incorporated in the same correction. 

In the present investigation we did not try to achieve 
this complete “tuning out” of the moving-source cor- 
rections but rather used available detectors of excellent 
characteristics and well-understood properties. In fact 
something like one-half to two-thirds of the effect was 
tuned out and the rest had to be allowed for. As will be 
seen, we know enough about the situation to do this 
with good accuracy. 


DETECTORS AND THE CORRECTIONS 


As detectors NaI(T]) crystals were used. One of them 
was placed at 6=0° at about 15 cm from the target. It 
was a cylinder of approximately 2 inches in length and 
13 inches in diameter. The other was placed at @= 145°. 
It was a right cylinder of approximately 1} inches. It 
was positioned so that its counting rate was the same 
as that in the other crystal to within a few percent. 
This approximate equality of counting rate is of no 
fundamental importance for the method but was 
adopted to minimize certain small corrections to be 
reported later. 

All the corrections that we shall discuss are well 
understood with the exception of that arising from the 
energy dependence of the scattering. However this 
effect is a very small one and is made negligible by 
counting only those pulses than lie in the peak of the 
crystal spectrum. This high-energy region of the 
spectrum was indistinguishable for the source in the 
experimental assembly and for a completely free thin 
source and, since we are concerned only with the change 
in the scattering for a 1% shift in energy it is clear that 
we may ignore this effect. This would perhaps not have 
been so had we counted all pulses from the crystal, as 
the effect of scattering in the experimental assembly 
was clearly manifest for small pulse heights and its 
energy dependence would have been difficult to discuss. 

We now enumerate and discuss the various effects 
which lead to the ratio F/B being different for the 
reaction source (called Li) and comparator source 
(called Be). F and B are the respective counts registered 
in the forward (@=0°) and backward (@= 145°) crystals. 

There is first of all the aberration effect which we 
write neglecting quadratic terms as 1+ (A+a)AE. The 
error @ is small and is due only to the lack of precise 
knowledge of the level position. 

Secondly there are the effects coming from the energy 


D. H. WILKINSON 


dependence of the crystal sensitivity. These depend 
partly on the nature of the detector and partly on the 
way of using it. The actual probability of interaction 
of a gamma ray with the crystal depends on the gamma- 
ray energy and is written 1+ (B+b)AE. The quantities 
B were computed from the extensive tables? available. 
The error b comes chiefly from our uncertainty in 
knowledge of the exact crystal dimensions. Now comes 
the way in which the crystals were used. This was to 
measure the counting rate by using a single-channel 
kicksorter whose lower limit was adjusted with great 
care to coincide with the trough of the pulse spectrum 
(for the Be’ source). The upper limit was comfortably 
above the upper tail of the spectrum but no higher than 
was needed to give confidence that only a negligible 
number of 477-kev pulses were being lost. We now 
define the “‘peak-to-total ratio” of our detectors to be 
the ratio of counts in this channel to the number of all 
interacting gamma rays for a scatter-free source. This 
peak-to-total ratio is a function of gamma-ray energy 
and so introduces the correction 1+ (C-+c)AE. C was 
measured for the crystals used and for the source 
position used by careful measurements on the ‘“‘peak- 
to-total ratio” for gamma rays of energy 411, 477, and 
511 kev deriving from Au’, Be’ and annihilation radi- 
ation, respectively. For this purpose a 100-channel 
kicksorter was used. This correction is by far the most 
troublesome to determine and involves by far the 
greatest error, but it was considered that the advantages 
of a narrow channel and avoidance of worries about 
scattering more than made up for the difficulty and 
error. A further correction is due to the fact that our 
measurements were not of the peak itself except for 
the Be’ source but were rather taken in a fixed channel 
with a constant lower bias corresponding to the trough 
of the Be’ spectrum. So in the forward direction we 
count a little more than the peak and in the backward 
direction a little less. This correction, 1+ (D+d)AE is 
easily determined by examination of the detailed 100- 
channel spectra for the three calibrating gamma rays. 
Note that we must use several gamma rays to determine 
this correction also because we are concerned not with 
the shift of the peak of the spectrum with gamma-ray 
energy but rather with the shift of the ‘rough; this is a 
little more rapid, relatively speaking, because the 
relative width of the peak increases as the gamma-ray 
energy decreases. These three corrections complete the 
discussion of the energy dependence of our detector 
sensitivity. 

A final correction is due to the energy dependence of 
the absorption of the gamma rays in escaping from the 
target assembly. The main absorption itself is accurately 
allowed for by our comparator procedure of course and 
need not even be evaluated but its energy dependence 
concerns us and introduces the correction 1+ (E+e)AE. 


2 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished). 
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This correction was calculated. In the forward direction 
we have absorption by the end of the target tube: 1.0 
mm of brass. The target material proper is negligible 
in its effect. In the backward direction there is cosec 
35°X #5 inch of brass. 

In Table I we summarize these corrections, measured 
or calculated. The units used are (100 kev)~!. The 
subscripts F and B are used for the forward and back- 
ward detectors, respectively, where the corrections are 
not the same for the two. 

Although these are all the corrections which are due 
to the Doppler shift and allied effects and so which are 
proportional to that shift, there is one more correction 
that we must consider before writing down the expected 
F/B ratio for the reaction source with isotropic dis- 
tribution in the center-of-mass system in terms of that 
for the comparator source. This final correction is one 
that could have been avoided but to do so would have 
made the experiment more tedious. The reaction source 
was confined to the immediate surface layers of the 
LiOH target, since the proton bombarding energy was 
1.3 Mev and the process has an effective threshold of 
about 1 Mev. However, in order to build up sufficient 
Be’ activity in a reasonable time, a proton energy of 
3.0 Mev was used for the Li’(p~,m)Be’ reaction. This 
means that although the lateral distributions of the 
reaction and comparator sources were identical, they 
had a slightly different depth distribution. These depth 
distributions were computed knowing the energy de- 
pendence of the cross sections for the neutron-producing 
reaction’ and for the inelastic scattering.‘ The correction 
has two components of the same sign. The first is 
because the comparator source is closer to the forward 
counter and further from the backward one than the 
reaction source; the second is because the gamma rays 
from the comparator source suffer relatively less ab- 
sorption in the source material in reaching the forward 
counter and more in reaching the backward counter 
than those from the reaction source. These two com- 
ponents are of roughly equal importance, 0.073% for 
the geometrical correction and 0.079% for the absorp- 


TaBLE I. Table of correction terms and errors for the two 
crystal positions—see text for explanation of the symbols. The 
units are (100 kev)“. 











Correction Error 
A +0.419 a 0.001 
Br —0.080 br 0.002 
Bg —0.099 ba 0.002 
Cr —0,.221 Cr 0.015 
Cs —0.261 cB 0.015 
Dr +0.082 dr 0.004 
De +0.082 dp 0.004 
Er +0.008 er 0.001 
Eg +0.011 eB 0.001 








3 R. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 (1948) ; 
also Bair, Willard, Snyder, Hahn, Kington, and Green, Phys. 
Rev. 85, 946 (1952). 
4A. A. Kraus, Phys. Rev. 93, 1308 (1954). 
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tion correction. They combine to give a correction 
factor of 1.00152+0.00010 where the stated error amply 
covers all uncertainties due to cross-section variation 
with proton energy, range-energy relations, and allow- 
ance for the small fraction of gamma rays that suffer 
Compton scattering and yet are counted in the peak 
of the Nal(T1) spectrum. 

A combination of all these corrections and errors 
leads to a predicted (F/B); ratio for the reaction 
source with isotropic distribution relative to the 
(F/B) pe ratio for the comparator source of: 


(F/B)ui 
eee pies 

1+ (0.208+0.016)AEr + (0.15240.016) AE» 
fog 1.00152-++0.00010 


2 
x computed >= 





+quadratic terms, 


where AE» and AEs, are the Doppler shifts seen by the 
forward and backward counters, respectively, in units 
of 100 kev. (The terms quadratic in the corrections are 
small but are taken into account later.) 

We must now determine the Doppler shifts AZ. 


DOPPLER SHIFTS 


The above correction factor is not correct because 
we do not have a unique recoil velocity and so no 
unique Doppler shift. However we may easily convince 
ourselves that the second-order correction due to the 
difference in behavior of the actual gamma-ray spectrum 
at a given angle and the substitute monochromatic line 
whose effective shift is just the appropriately-weighted 
mean of the shift over the actual spectrum is quite 
negligible. We therefore use the above formula where 
the AE are these mean weighted shifts at each angle of 
observation. 

In order to compute the initial velocity-angle dis- 
tribution of the recoiling excited Li’ nuclei, we must 
know not only the excitation function for the inelastic 
scattering but also the angular distribution of the 
inelastically-scattered protons. It was because this 
latter distribution is known up to a proton bombarding 
energy of 1.3 Mev® that this energy was chosen for this 
experiment. These two pieces of information*® then 
permit the computation of the initial distributions. To 
compute the Doppler shifts, we must now consider the 
finite mean lifetime of the state® of r= (7.70.8) K 10-“ 
sec in relation to the rate of energy loss of the Li’ ions 
in moving through the target material. This latter is a 
complicated matter but fortunately there have been 
recent measurements’ on the rate of energy loss of 
lithium ions in the energy range of interest here for 


5 Mozer, Fowler, and Lauritsen, Phys. Rev. 93, 829 (1954). 

* Bunbury, Devons, Manning, and Towle, Proc. Phys. Soc. 
(London) A69, 165 (1956). 

7S. K. Allison and C. S. Littlejohn, Phys. Rev. 104, 959 (1956). 

















1618 BD. 8. 


several gases. Data exist for stopping in hydrogen, air, 
and argon and we are able to make accurate inter- 
polations for stopping in oxygen and lithium for our 
LiOH target. 

If now we have a situation such as the present one 
where most of the nuclei decay before having lost much 
speed, we may easily show that the full Doppler shift 
is simply multiplied by the factor 1—r, where 


£= (1/mv) (dE/dx). 


Here » is the initial speed of the recoiling nucleus, m is 
the mass of that nucleus, and dE/dx is the rate of energy 
loss in the moderating material. From the stopping 
data we find, for the mean lithium recoil energy of 153 
kev, £=(7.841.6) X10" sec. In making this compu- 
tation we have decreased the stopping power by 20% 
below the quoted figures for gases’ because solids at this 
energy region seem to be so much less efficient, mass for 
mass, than the corresponding gases. The error that we 
place on £ covers this and other uncertainties such as 
the use of a mean effective recoil energy. 

Thus we finally find £r=0.060+0.013 and so the 
Doppler shift is 0.940+-0.013 of that computed without 
regard for the slowing down. 

This correction, applied to the initial shifts computed 
from the cross-section data,** gives AEr=0.0310 and 
AEg=0.0255 in units of 100 kev. These shifts have been 
calculated with allowance for the finite size of the 
crystal detectors. The relativistic shift is here only a 
few parts in 10° different from the classical. These 
effective mean Doppler shifts are subject to errors of 
+1.4% from the slowing down correction just discussed 
and +1.6% from the errors in the angular distribution 
of the inelastically-scattered protons.’ These combine 
to give an error in the Doppler shift of 2.1%. 


COMPUTED FORWARD-BACKWARD RATIO 


When we insert these shifts into the above formula 
for the computed value of (F/B)1i/(F/B)ne for an 
isotropic distribution in the center-of-mass system of 
the reaction source and take account of the error in the 
Doppler shift and of the small quadratic terms including 
those in the full aberration formula, we find 


X computed = 1.00876+0.00069. 


EXPERIMENT AND RESULTS 


The experimental set up has already been sketched 
from the point of view of the detecting apparatus. The 
target was a thin layer of LiOH, thick to 3-Mev protons, 
which was fused into a small depression in a thin brass 
plate. The thickness of brass behind the LiOH was 1.0 
mm and this and the fact that the target tube was of 
brass of wall thickness 35 inch have already been used 
in discussing the differential absorption corrections. 
Approximately 10} inches “upstream” from the target 
the incident proton beam was defined by a tantalum 
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stop which was carefully surface-ground and cleaned. 
The defining aperture was of diameter 7g inch. In both 
irradiations, that at 3.0 Mev to build up the Be’ 
activity and that at 1.3 Mev for the inelastic scattering, 
it was arranged that the proton beam was rather poorly 
focused (following the initial careful centering with 
a well-focused spot) so that the greater part was col- 
lected by the stop and only a small fraction passed to 
the LiOH target. In this way effectively uniform dis- 
tribution of current over the target spot was assured. 
This was confirmed by the very uniform appearance of 
the light carbon deposit where the beam had struck the 
target which was seen after the final dismantling at the 
end of the experiment. 

This uniformity precluded as much as a 10% differ- 
ence in current between the two halves of the target 
spot. Such a difference would have introduced a spurious 
anisotropy of less than 1+10~ cos@. It was therefore 
felt that no possible nonuniformity of the beam dis- 
tribution across the target spot could make any sig- 
nificant contribution to the errors in this experiment. 

The 3.0-Mev irradiation was carried out using 
currents of a few microamperes on the target. The 
region of the tantalum stop was cooled by air-blast and 
a removable water jacket was clamped to the back of 
the thin brass plate which bore the target. For the 
1.3-Mev irradiation, currents of a few hundredths of a 
microampere were used and no cooling was necessary. 
The water jacket was removed. 

Approximately 6 cm of lead shielding was placed 
between the backward (145°) crystal and the tantalum 
stop. This was completely effective in removing any 
radiations which the 1.3-Mev protons, intercepted on 
this stop in large quantity, might have produced. 
Careful tests were made by placing a further 7 cmof 
lead between the target spot and each counter and 
comparing the counting rates in the counting channels 
with the beam on and off the target (and so the stop 
also). This lead diminishes the intensity of the 477-kev 
radiation by more than a factor of 10°. In this way it 
was established that the counting rate in the backward 
counter due to radiation from the stop was less than 
1 part in 2X10‘ of that due to the target. Even with 
no shielding present between the stop and the counter 
the contribution from the stop was less than 1 part in 
10° of that from the target so the possible effect on the 
forward (0°) counter, which of course could not be 
shielded, was quite negligible because it was approxi- 
mately 3 times farther away. 

A further type of background which must be dis- 
cussed is that due to the capture radiation: Li’ (p,7) Be®. 
This, as we have remarked, is asymmetric in its dis- 
tribution relative to the proton beam and so, being 
detected in our counting channel, could possibly give 
a spurious cos@ term. The capture radiation is, however, 
very much weaker than that following inelastic scat- 
tering. Its possible importance was estimated in .the 
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following way. The known yield? of the capture reaction, 
which is due chiefly to the well-known resonance at a 
proton energy of 440 kev, was used together with the 
computed efficiency of the crystals? for detecting the 
radiation and the measured probability that a pulse 
due to the 15-18 Mev complex would fall in the rela- 
tively very narrow counting channel around 477 kev, 
to calculate the counting rate under our conditions. 
This was 0.002% of the observed counting rate due to 
inelastic scattering. The strengths of other capture 
Yadiation for example in the Li’, deuterium or oxygen 
of the target or in the carbon deposit is very much less 
than that in the lithium. 

No other intense gamma rays are to be expected 
from the target materials. The possible reactions are: 
Li?(p,a)a, Li6(p,He)a, O'8(p,a)N™, O'7(p,p’)O""*o sro. 
Of these only the last is accompanied by a gamma ray 
and it is wholly negligible because of the very low 
(0.04%) relative abundance of O!” and because we are 
barely above threshold and faced by a formidable 
Coulomb barrier. 

The experimental sequence was a long series of 
interleaved runs alternately with and without a beam 
of 1.3-Mev protons incident on the target. The current 
was adjusted so that the counting rate with the beam 
(the combined sources) was about four times that 
without the beam (the comparator source alone). The 
electronic stability was good but the effects of possible 
small drifts are eliminated by the interleaving pro- 
cedure. Occasional background measurements were 
made by interposing lead blocks between the counters 
and the target in the manner described above. A total 
of some 120 runs was made and analyzed. 

Two problems are raised by the change in counting 
rate between the comparator and combined-source runs. 
The first is the question of the loss of counts due to 
deadtime of the detecting equipment. At the maximum 
counting rates this amounted to 0.2%. The deadtimes 
of the forward and backward systems were the same 
to within better than 15% and the counting rates were 
the same to within 3%. The corrections were therefore 
not only very small but also very nearly the same for 
the two detectors, and so the error introduced into the 
ratio of the counting rates, which is all that matters, 
is negligible. The second problem is that of the rate- 
dependent gain’ of the photomultipliers which were of 


8 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
* Bell, Davis, and Bernstein, Rev. Sci. Instr. 26, 726 (1955). 
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the type DuMont 6292. Both tubes were selected for 
their small dependence of gain on rate. One of them had 
an increase of gain of 0.03% for a factor of two in 
counting rate and the other had an increase of 0.02%. 
The correction on this score would have been less than 
1 part in 10‘ and was ignored. 

On the basis of approximately 11 300 000 counts, the 
value for the comparator source was found to be 


(F/B) pe= 0.96688+ 0.00056. 


On this basis of approximately 27 900 000 counts, the 
reaction source gave 


(F/B) ,;=0.97484+0.00065. ~ 
These now combine to give the ratio 
(F/B)xi 


= 1,00823+0.00089. 


X experimental = | 
experimental 


This value is to be compared with Xcomputea, the 
value theoretically expected for this ratio for isotropic 
emission in the center-of-mass space of the Li’ and which 
we quoted above. If we write the angular distribution as 
1+ a cos@ we have, since the backward angle is 145°, 


1+1.82a= X experimentat/X computed = 0.99947+0,.00112, 


or 


a= —0,00029+0,00062. 


DISCUSSION 


The experiment establishes isotropy within a standard 
deviation of 6 parts in 10*. As has been remarked in I, 
we may interpret this number as being of the order 
GF, where ® is the a priori ratio between the matrix 
element of electric and magnetic transitions. We have 
also argued in I that 


R~McR/3h, 


which in this case is about 5. 
We therefore conclude that 


F<S1X10-. 


As we noticed in I, this general method is likely to be 
less sensitive than experiments in the first two classes 
and has been performed to complete the possible 
methods of examining the problem. Its result is of 
course consistent with the much sharper figures ob- 
tained in I and II. 
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Neutron Resonances in the kev Region: Differential 
Scattering Cross Sections* 
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The ratio of the differential elastic neutron scattering cross sections for scattering by 180° and 90°, 
R=¢nn(180°)/onn(90°), has been measured as a function of neutron energy between approximately 30 
and 110 kev for F, Na, Mg, Al, K, V, Cr, Cu, Zn, As, Se, Sr, Zr, Nb, Mo, Ag, and Cd. When plotted against 
atomic weight, the average ratios R (averaged over the energy range of each element) exhibit peaks at 
A #90 and A ~25, in qualitative agreement with the predictions of the complex square well potential model 
of the nucleus. However, the experimental ratios are in general larger than those predicted by the theory. 
Scattering from the lighter elements was also analyzed by single-level resonance theory and resulted in the 
following assignments: resonance in Al at 88 kev, J=3+; Mg (85 kev), $-; Na (53 kev), 3-; F (99 kev), 1°; 
F (49 kev), 1-; F (27 kev), 1- or 2~. These assignments are in good agreement with those obtained from 


the latest transmission measurements. 





INTRODUCTION 


HE scattering of neutrons at energies below 100 
kev is usually assumed to be due almost entirely 
to orbital angular momentum zero. Little experimental 
information is available on the relative importance of 
higher angular momenta. The measurement of differen- 
tial cross sections of neutrons is helpful in investigating 
this question. This paper describes the measurements of 
differential scattering cross sections near 90° and 180° 
as a function of energy between 30 and 110 kev for 
selected elements. The elements were of mass numbers 
between 20 and 90 where appreciable p-wave scattering 
was to be expected (according to the Feshbach, Porter, 
and Weisskopf! model) and also where the interpreta- 
tion of previously measured total cross sections? might 
be confirmed or improved. For the heavier elements only 
the average cross sections were interpretable. For some 
of the lighter elements individual resonances could be 
compared with single-level resonance theory. 


EXPERIMENTAL METHOD 


Neutrons between 30 and 110 kev were produced by 
bombarding a thin lithium target with protons from 
the Duke University Van de Graaff accelerator. Scatter- 
ing samples were placed to intercept neutrons emitted 
in a forward cone of half angle 8° (see Fig. 1). Lattices 
of BF; proportional counters and paraffin were used 
to detect the neutrons which were scattered into angles 
near 90° and 180°. 

Since at low proton bombarding energies no neutrons 
are emitted at laboratory angles larger than 90°, it was 
possible to use detectors at back angles without shield- 
ing them from the lithium target. The 180° detector 
consisted of six BF; proportional counters evenly 


* Supported by the U. S. Atomic Energy Commission. 

t Nowat Oak Ridge National Laboratory, Oak Ridge, Tennessee. 

t Now at the University of Wisconsin, Madison, Wisconsin. 

1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954), 
hereafter referred to as F.P.W. 

2 Marshak, Patterson, Taylor, and Karriker, Duke University 
(to be published). : 


spaced on the inside of a paraffin cylinder; the detector 
accepted neutrons scattered between 172° and 178°. 
The 90° detector was about 20 inches high; it accepted 
neutrons between 87° and 93°. Some shielding was used 
between the 90° counter and the target to reduce back- 
ground presumably originating from neutrons scattered 
by the Li target backing.’ In order to keep this source 
of background neutrons low, a platinum foil 0.002 inch 
thick was used as a target backing. This foil in turn 
was soldered to a 0.005-inch thick silver foil (see Fig. 1), 
so that scattered neutrons entering the 180° detector 
had only to pass through a thin vacuum window with 
negligible attenuation. A liquid-air-cooled charcoal trap 
just before the lithium target (not shown in Fig. 1) 
maintained a pressure of about 10-* mm Hg in the 
vicinity of the target. The vacuum tubing in Fig. 1 
was insulated from ground and served as a Faraday 
cage for integrating the proton beam current. 

The scattering samples were generally in the form of 
cylinders 1} inches in diameter and from § to 4 inch 
thick. This corresponds to a thickness normal to the 
beam of one-half of a neutron mean free path or less. 
All finished samples were weighed, but subsequent 
chipping introduced uncertainties of about 5% in the 
weights of some samples. (These weight uncertainties, 
however, did not affect the results since only scattering 
ratios were used in interpretations.) The samples, 
attached by wires of 0.003-inch diameter to a four- 
position sample holder, were centered on the beam axis 
33 inches in front of the lithium target. 

The energies of neutrons incident on the scatterer 
were calculated from the proton energy by assuming a 
proton threshold energy for the Li(p,m) reaction of 
1.881 Mev.‘ The proton energy was determined from 
the 0° neutron yield curve by using the method of 
Gibbons.* At the low proton bombarding energies used 
in this experiment, two distinct neutron energy groups 
are emitted at laboratory angles near 0°. At threshold 

3 J. H. Gibbons, Phys. Rev. 102, 1574 (1956). 


4 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 
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SCALE IN INCHES 


both 0° neutron groups are at an energy of 30 kev; 
as the proton energy is raised toward back threshold 
one group approaches 120 kev while the other ap- 
proaches 0 kev. Fortunately the intensities of these 
two neutron groups are approximately proportional 
to their energies so that the lower energy component 
diminishes from 28% to 3% of the total neutron flux 
as the higher energy component increases from 50 kev 
to 100 kev. An energy spread in the neutrons incident 
upon the scatterer was produced by the 8° polar ac- 
ceptance angle of the scatterers, the lithium target 
thickness, and the energy spread of the proton beam. 
Using a proton energy spread of 1 part in 1500 and a 
2-kev thick lithium target, the neutron energy spread 
was of the order of 10 kev for neutron energies between 
50 and 100 kev. 

If a beam of monoenergetic neutrons is incident upon 
a thin scatterer, the number of neutrons scattered by 
an angle @ into a solid angle 2 may be written as 
T,=IoNonn(0)Q2, where J is the incident neutron flux, 
N the number of nuclei present in the scatterer, and 
Onn(9) the differential scattering’ cross section. Observ- 
ing the counting rate of a neutron detector of known 
efficiency placed at an angle @ would directly determine 
the scattering cross section. However, if the same de- 
tector is used to measure in succession the incident and 
the scattered flux, J) and J,, no absolute measurement 
of either neutron flux or counter efficiency is needed. 
This method® seemed impractical in this experiment. 
Instead, the scattering cross sections were measured 
relative to a nucleus of known scattering properties. 
Carbon appeared to be suitable for this purpose, since 
the lack of any observable resonances in the total 
neutron cross section below 2 Mev’ suggests that carbon 

5 In labeling the neutron differential elastic cross section onn(@) 
we are following the suggested notation of the Nuclear Cross 
Section Advisory Gone, Atomic Energy Commission Report 
NDA 2-33, 1957, (unpublished). 

6M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 


7 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 





90 deg DETECTOR 


would undergo isotropic s-wave scattering (in the center 
of mass) at neutron energies below a few hundred kev. 
Also, differential scattering cross section measurements 
at 0.050,* 0.5, and 1.0 Mev’ are in reasonable agreement 
with this assumption.” However, a search was under- 
taken for possible weak resonances previously unob- 
served in the total neutron cross section of carbon 
between 20- and 120-kev neutron energy. The same 
apparatus was used as that described by Gibbons,’ but 
no resonance structure was observed with a neutron 
spread of a few kev. Hence, the detectors at 90° and 
180° could be intercalibrated by comparing their 
counting rates with a carbon scatterer in the neutron 
beam. The carbon scatterer was a cylinder 1.125 inches 
in diameter and about 0.5 inch thick placed at an angle 
of 45° to the beam so that neutrons scattered to either 
detector would traverse the same amount of scatterer. 
The intercalibration factor was nearly constant between 
50 and 100 kev, but the factor changed decidedly at 
lower energies. The intercalibration factor obtained by 
using a BeO scatterer instead of carbon behaved similarly 
so that the effect is evidently due to the energy response 
of the detectors rather than anisotropies in carbon. 
Actually, no quantitative use was made of the points 
below 50 kev. 

Hence, an absolute differential cross section may be 
determined from the known cross section of carbon. 
Since the scattering samples in this experiment were in 
general not thin, the results had to be corrected for 
attenuation of the incident neutron beam and multiple 
scattering (see Appendix) in the sample. The data and 
corrections are listed in Table I and the corrected data 
are plotted in Fig. 2. 


8 Langsdorf, Lane, and Monahan, Phys. Rev. 107, 1077 (1957). 
it — a Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952). 

#0 Actually reference 8 does indicate slight anisotropy in carbon 
at low energies, but at 75 kev the difference between the 180° and 
90° cross sections is only ~5% (just slightly greater than their 
quoted errors). The results quoted in this paper are substantially 
unaffected by this possible 5% difference. 








4 wong (8)( barns) 


The data were obtained by measuring at each inci- 
dent neutron energy the neutrons scattered successively 
from carbon and from each of two samples. The back- 
ground counting rate, measured with an empty sample 
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Fic. 2. The 90° and 180° neutron-scattering cross sections of nuclei near mass number 90. 





support, varied from 10% to 75% of the counting rate 
as the neutron energy was raised from 50 to 100 kev. 
This background counting rate was measured before 
and after the scattering counts; if the two background 
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TABLE I. Average scattering cross sections. 








Average (¢nn(180°)/onn(90°)) 





Average differential total Uncor- Corrected 
cross sections cross rectedfor for 
Ele- Atomic 42¢nn(90°) 42ronn(180°) section multiple multiple 
ment weight (barns) (barns) (barns) scattering scattering 
Bi 209.0 0.94 
Cd 112.4 5.7 5.1 7.0 0.90 0.86 
Ag 107.9 7.9 7.3 7.2 0.92 0.92 
Mo 95.9 7.4 8.3 8.4 1.12 1.15 
Nb 92.9 8.8 8.4 9.0 0.94 0.93 
Zr 91.2 8.0 9.6 8.5 1.20 1.25 
Sr 87.6 6.7 6.6 7.6 0.99 0.98 
79.0 8.1 8.6 8.5 1,06 1,08 
As 75.0 71 6.9 9.4 0.97 0.96 
Zn 65.4 6.9 6.9 6.0 1.00 1,00 
Cu 63,5 6.0 6.0 6.6 1.00 1,00 
Cr 52.0 0.95 
Vv 51.0 1.00 
K 39.1 0.69 
Al 27.0 1,07 
Mg 24.3 1.17 
Na 23.0 0.95 
F 19.0 1.25 





| 
| 
| 
| 
| 
| 
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counts differed by more than a standard deviation, the 
complete scattering measurement was repeated at that 
energy. As a check on the data, occasionally individual 
energy points were repeated and in certain cases an 
element was remeasured. The counting statistics varied 
between 3% and 12% for each measurement. 


AVERAGE CROSS SECTIONS 


In general we cannot interpret the differential cross 
section curves in the light of single-level .resonance 
theory, although in the case of some of the ligher ele- 
ments such interpretations will be made in the next 
section. In this section we attempt to interpret the 180° 
to 90° ratio of the differential scattering cross sections 
in terms of the model of F.P.W.! 

Table I summarizes the data presented in Fig. 2 and 
also the data for the lighter elements (fluorine through 
chromium) treated in the latter part of this paper. These 
onn(180°)/onn(90°) ratios are averaged over the energy 
range from ~50 to ~100 kev and are corrected for 
multiple scattering (see Appendix). In the fifth column 
are listed the total cross sections averaged over the same 
energy interval as the differential cross sections. Theo- 
retical scattering ratios were calculated from the F.P.W. 
theory for shape- and compound-elastic scattering of 75 
kev neutrons by the complex potential V = (42 Mev) X 
(1+0.057) and for target nuclei with spins equal to 
zero and with very large spins; these ratios are plotted 
in Fig. 3. Since the F.P.W. model predicts very different 
scattering ratios dependent upon the target nucleus 
spin, the experimental ratios have been categorized 
into three groups; elements which consist of 75% or 
more even-even isotopes, elements which consist only of 
isotopes of spin 3, and elements which consist pre- 
dominately of isotopes of spin>}. These ratios have 
been plotted in Fig. 3 and the first and last categories 
have each been connected with smooth curves. 

It is noted that both the theoretical and experimental 
ratios vary from ~0.7 to 1.3, but that in general the 
experimental ratios are larger than those predicted by 
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Fic. 3. Theoretical and experimental ratios of the average 180° 
to 90° neutron scattering cross sections of nuclei near mass number 
90. The theoretical ratios are computed from the square well 
complex potential V = Vo(1+7¢) with Vo=42 Mev and ¢=0.05. 
The incident neutron energy is taken as 75 kev. The plots in the 
upper half of this figure are for the theoretical (solid line) and 
experimental (dot-dashed line) ratios of spin zero target nuclei. 
The spin $ ratios are also plotted. The plots in the lower half of 
this figure are for target nuclei with spins }. The long-dashed curve 
is the theoretical ratio for spins >4 and the short-dashed curve is 
for the experimentally observed ratios. 


theory. Hence, although the range of experimental ratios 
does not exceed the theoretical range, the quantitative 
agreement is poor. However, the trend of the experi- 
mental points does agree qualitatively with the theo- 
retical predictions. It is to be noted that the curve for 
“spin-zero elements” (J’=0) does not pass through the 
strontium point at atomic weight 88. However, we feel 
that the strontium ratio of 0.98 is not representative 
of a true average because the energy interval over 
which the measurements were taken coincides with 
a region of very weak, if any, resonances in Sr** (the 
principal isotope). It is apparent from Table I that the 
total cross section of strontium averaged from ~50 to 
100 kev is 7.6 barns, much smaller than its neighbors 
Nb and Se, whereas an average from 10 to 100 kev 
yields 8.5 barns. Also, total cross section measurements 
at Wisconsin® indicate a considerably higher cross 
section for strontium above 100 kev so that our diffi- 
culty may be due to a poor sampling of the strontium 
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TABLE IT. Calculated a and } coefficients. 
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resonances. These arguments might also be applied to 
the F, Mg, and Na ratios, but fortuitously in each of 
these cases at least one p resonance was included in the 
average and the energy interval for averaging was at 
least comparable to the level spacing in these nuclei. 
Hence, ignoring the low point at strontium, the “‘spin- 
zero element” (J’=0) experimental curve is rather simi- 
lar in over-all appearance to the expectations of the 
F.P.W. model with a maximum near mass number 90 
and indications of a maximum in the vicinity of A= 20 
and a minimum near A= 50. The experimental mini- 
mum lies in the mass region where s and d effects should 
be large and # effects small, whereas the maxima occur 
where p-wave giant resonances are predicted. The 
nuclei with spin } seem to behave qualitatively like spin 
zero nuclei. The curve connecting ratios for elements 
with J’>} is, with the exceptions of Al and V, in general 
below the spin-zero curve, as predicted by theory, and 
it also shows a maximum near mass number 30 and a 
minimum near A=40. Thus this experiment tends to 
agree at best only qualitatively with the predictions of 
the square-well complex potential model. 


SINGLE RESONANCES 


In a surprising number of cases among the lighter 
elements, one finds neutron resonances at rather low 
energies which appear to be due to # neutrons in spite 
of the fact that the /=1 centrifugal barrier penetration 
factors are very low. This is particularly true near mass 
number 20. These / assignments had been based on 
interpretation of total cross section measurements. 
When assignments are based on low-energy total cross 
section measurements, it is usually considered sufficient 





evidence that a resonance is due to an s neutron if 
interference is observed between the resonance and the 
potential scattering. However, while the lack of such 
interference leads to a presumption that the resonance 
is due to waves of higher angular momenta, a number 
of complications, some of them due to the effects of 
neighboring resonances, may conceal the effects of 
interference in a total cross section measurement. 
Therefore, it seemed important to seek some positive 
evidence for assigning so many resonances to p neutrons. 

We shall use some of the previously discussed differen- 
tial cross section measurements in an attempt to con- 
firm five of these prior assignments. The region near 
mass number 20 is particularly interesting since the 
model of Feshbach, Porter, and Weisskopf! predicts 
unusually large low-energy p-wave resonances in this 
region. 

For the wide resonances studied here (with the ex- 
ception of potassium) the reduced widths would exceed 
the sum-rule" limits if any of them were due to pure d 
neutrons or neutrons of higher angular momentum. 

The wide levels chosen for this experiment appear to 
be well enough isolated from their neighbors to apply 
single-level resonance theory to total and differential 
cross section measurements. The experimental pro- 
cedure is identical to that already described. 

As pointed out earlier, the energy distribution of the 
neutrons incident on the scatterer is complicated and 
very sensitive to both target thickness and proton 
energy. Rather than attempting to compute the average 
neutron energy of the distribution, the differential cross 
section is plotted linearly against the energy of the 


4 T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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neutrons of the higher energy component*® of the 
Li(p,m) reaction at 0°. The energy of the lower energy 
component is indicated toward the bottom of each 
figure on a nonlinear scale. The true average energy at 
each peak is known rather accurately from total cross 
section measurements. Since we attempt no quantita- 
tive interpretation, except at the peaks, this representa- 
tion is adequate. The energy shift from the nominal 
(plotted) energy is not important for the averaged 
cross sections discussed earlier. 

In the discussion it will be convenient to refer to a 
resonance in terms of the target element or nuclide and 
the energy. For instance, Mg(85) refers to the 85-kev 
resonance in the natural magnesium cross section curve 
and Mg*5(100) refers to a 100-kev resonance in the 
cross section of Mg”. 

Parity assignments from these studies are, strictly 
speaking, only the parity of the neutron wave with the 
assumption that /=0 or 1. Fortunately for the clarity 
of the notation, the ground states of all the target 
nuclei discussed here are considered even (+) so that 
the parity of the neutron wave and compound nucleus 
are the same. In case any of these ground states should 
later be shown to be odd (—), this distinction must be 
kept in mind. 

The differential cross section for elastic scattering of 
neutrons in the neighborhood of a resonance may be 
expressed in terms of resonance parameters and quan- 
tum numbers describing the system before and after the 
collision. The formulation given by Blatt and Bieden- 
harn® is most convenient. The assumptions made in 
applying their general formula to this problem are the 
following: 


(1) The potential scattering is due to /=0 neutrons 
only. 

(2) The compound nucleus is formed by neutrons of 
only one orbital angular momentum /. 

(3) The orbital angular momentum /’ of the scattered 
neutron is equal to the incident orbital angular mo- 
mentum /, 
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Fic. 4. The 90° and 180° neutron differential scattering 
cross section of chromium. 


12 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
(1952). 
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Fic. 5. The 90° and 180° neutron differential scattering 
cross section of vanadium. 


(4) The value of / is the lowest possible compatible 
with a given value of the total angular momentum and 
parity of the compound state. 


After these assumptions are applied to Blatt and 
Biedenharn’s Eq. (6.6), the following simplified formulas 
for /=0 and /=1 scattering result: 

Onn (8) =Xg cos?(B+ Eo) +A7(1—g) sin*go, (1) 


Onn(O) =Ag(a+b cos’#) cos*B+X% sin*ko 
— 2g sino cos8 sin(8—£o) cos#, (2) 


f=(Q: 
l=1: 


where a and 6 are functions of the total neutron width 
I, the partial neutron width Is for formation (or 
decay) of the compound nucleus with channel spin S, 
the total angular momentum J, and vector addition Z 
coefficients ; 8 and £ are respectively the resonance and 
s-wave potential phase shifts; and g is the statistical 
weight factor (2/+1)/2(27+1) with J the ground-state 
spin of the target nucleus. The coefficients a and 6 for 
target nuclei of spins 0, 3, 3, and $ have been computed 
and are tabulated in Table II. 

Figures 4-10 show differential scattering cross section 
curves corrected for center-of-mass motion. As pointed 
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Fic. 7. The 90° and 180° neutron differential scattering cross 
section of magnesium for two different sample thicknesses. 





out earlier in this paper, the data may be more ac- 
curately interpreted by comparing the ratio of the 
scattering at 180° to that at 90° with theory than by 
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section of sodium for two different sample thicknesses. 
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comparing the absolute magnitudes of the differential 
cross sections. It turned out to be convenient to subtract 
the potential scattering contributions (determined from 
total cross section measurements) from the scattering 
at 180° and 90° at the resonant energy Eo, and then to 
take the 180° to 90° resonance scattering ratio. This 
ratio, listed in Table III, line 2, was corrected for mul- 
tiple scattering (line 3) and then compared to ratios 
computed from Eqs. (1) and (2) for different values of 
J, l, and I's to obtain the best set (or sets) of level 
parameters. The multiple-scattering corrections are 
discussed in the Appendix. 


Cr, V, and Bi 


Since the principal purpose of these experiments was 
to check the parities, i.e., the neutron angular momenta, 
we shall first discuss the experimental data from this 
point of view. Figure 4 shows the differential scattering 
cross sections of chromium as a function of energy. 
Since strong resonances with characteristic s-wave 
interference dips have already been observed in the 
total cross section of chromium at 50 and 96 kev, we 
would expect this spectrum to be entirely isotropic. 
The 90° and 180° scattering curves of chromium in this 
experiment coincide in the vicinity of the lower peak 
and there is an s-wave interference dip in the differen- 
tial cross section of both angles near 45 kev. This level 
certainly appears to be 3+ in agreement with the inter- 
pretations of the total cross section.? However, near 
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Fic. 10. Measurements of the 90° and 180° neutron differential scattering cross sections of fluorine with two sample thicknesses. 


the upper peak the 90° and 180° differential cross sec- 
tions diverge and the curve is only isotropic within 
~10% after correcting for multiple scattering. It is not 
clear whether the anisotropy at the higher energies is 
instrumental or whether there are actually weak p reso- 
nances in some of the chromium isotopes which to date 
have not been observed in the total cross section 


measurements. It should be noted that the energies of 
the maxima on the two cross section curves coincide, 
as would be expected for s resonances, rather than being 
slightly displaced as would be expected for p resonances. 

Figure 5 shows differential scattering cross section 
curves for vanadium. In this energy region partially 
resolved resonances have been found at 40, 54, 64, 69, 


TABLE ITI. Level assignments. 











1 Element (Eo) F(27) F(49) F(99) Na(53) Mg(85) Al(88) 

2 Robserved >1 1.3 1.1 1.9 2.5 1.1 

3 = Reorrected tee 1.5(1-,2-) 1.0 1.8(2-,3-) >3 1.0 

4 = Realculated (J*) 1,(0-) 3.2(2-) 3.0(2-) 1.8(3-) 3.8(3-) 1.8(4-) 

5  R¢cale)(J*) tee 1.8, ~ (17) 2.0, «© (17) 2.3, Sa) 0.9(3-) 3.3, tae) 
6  Rmin(calc)(J*) oss 0.8(1-) 0.8(1-) 0.9(2-) aus 0.8(3-) 

7 J* ruled out by o(6) O#, 1+ 0+, it, 2% O*, it, 2+ O*, 1+, 2* #, #*, 3-, 4 

8 Possible J” is. a i ger - 4%: 2%, 3° 
9 Possible J* from o7 measurements 2 1+ 1+ K # 3* 
10 _—_—‘ Final assignment: J* a 3 1- Eo = $* 
11 Fraction of channel spin (7+ 4) ee 0.95, 0.39 0.85, 0.47 (0.92, 0.14) tee (0.75, 0.12) 
12 T(kev)—(J*) 0.3(2-) 1.4(1-) 11(1-) 0.8(3-) 8.0(3-) 13 (3*) 
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and 87 kev.? The one at 69 kev is particularly strong 
and is probably largely responsible for the sharp peak 
at about 75 kev on our nominal energy scale. The two 
cross section curves for 90° and 180° agree within 
20% at nearly all energies so that we may conclude that 
in general the strong resonances are due to s neutrons 
but some p-wave resonance scattering may be occurring 
also. The ratio of 180° to 90° scattering averaged from 
50 to 100 kev is 1.00. 

The differential cross section curves were also meas- 
ured for bismuth over the same energy region. The two 
curves are not coincident but agree again with each 
other within 20%. The average ratio is 0.94 with a 
sample thickness of 3.4X 10? atmos/cm?. These curves 
are not illustrated since no interesting features appear. 

All of the clearly resolved peaks in V, Bi, and the 
even-even isotopes of Cr appear to be s resonances from 
total cross section measurements. The slight aniso- 
tropies we have observed are probably due either to 
weak p resonances, which have been undetected by 
total cross section measurements, or to s-d mixing at a 
single resonance. 


Aluminum 


Totai cross section results’® on aluminum have indi- 
cated a level at 90 kev with an apparent peak cross 
section corresponding to J=3 but the resonance shape 
is more symmetric about the resonance energy than is 
to be expected from an s level. Evidently, neighboring 
resonances make the assignment of the neutron angular 
momentum very difficult. Figure 6 shows the differen- 
tial cross section of aluminum near the 90-kev reso- 
nance: the 180° peak is slightiy (10%) above the 90° 
peak, but correction for multiple scattering eliminates 
this difference. (See Table III.) If this resonance were 
due to a p-wave neutron one would expect a decided 
energy shift between the 90° and the 180° scattering 
curves. Since aluminum appears to scatter more iso- 
tropically than Cr, V, and Bi where the predominant 
resonance scattering is known to be due to s waves, 
the Al resonance is very probably due to s neutrons. 


Magnesium 


Fields and Walt" first observed a resonance in the 
magnesium total cross section near 85 kev, and recent 
measurements in this laboratory? have indicated an 8 
kev wide peak at 86 kev in Mg™ (78.8% natural 
abundance), and peaks at about 19, 80, and 100 kev in 
Mg” (10.1% natural abundance). There is no sign of 
interference between potential and resonance scattering 
in the total cross section curve of Mg”. Furthermore, 
the measured peak cross section is about twice as high 
as the theoretical cross section for a 3+ (J=0) level. 
Since the Wigner limit rules out a d neutron as the cause 


of this level, the assignment is quite definitely 3-. 


18 A. L. Toller and H. W. Newson, Phys. Rev. 99, 1625 (1955). 
4R. E. Fields and M. Walt, Phys. Rev. 83, 479 (1951). 
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Differential cross sections measured with two different 
sample thicknesses are shown in Fig. 7. The curves are 
definitely anisotropic: they exhibit a large peak at 180° 
and a lesser peak at 90° near 90 kev (nominal energy). 
Hence, this level cannot be formed by an s neutron. 
It may also be noted that there is some displacement 
(1-2 kev) toward lower energies of the 180° peak rela- 
tive to the 90° peak as would be expected from s-p 
interference in the differential cross sections. (A dis- 
placement in the opposite direction would be expected 
if the level were either 3+ or $+ due to a d neutron. 
Also, a $+ level is incompatible with the peak total 
cross section measurements so that we have some 
evidence against a d-wave assignment in addition to 
the sum rule argument.) A }~ level should show an 
s-p interference dip about 3 barns deep at 100 kev 
(105 kev on the nominal scale). This dip may be hidden 
by the 100-kev resonance in Mg”. 

In the lower curve of Fig. 7 the 90° differential cross 
section is about 2 barns higher than the 180° differential 
cross section at lower energies. We have not been suc- 
cessful in explaining this displacement. 


Sodium 


The total cross section measurements on sodium 
have found a resonance at 53 kev with a width of about 
1 kev." The apparent peak cross section is 24 barns 
so that 1+ or O- are impossible assignments. According 
to Breit-Wigner single-level theory, an interference dip 
would have been observed if this level were formed by 
s waves. Since no interference between potential and 
resonance scattering was observed, this level should be 
2- or 3~ to be in accord with the transmission measure- 
ments. The differential cross sections in Fig. 8 are very 
poorly resolved because of the narrowness of the reso- 
nance and, hence, s-p interference effects are missed 
for the same reason. The apparent peak cross sections 
rise only about 1.5 and 3 barns (with poor statistical 
accuracy) above the potential scattering. However, the 
ratio between the two differential cross sections is 
sufficiently different from unity to strengthen the 
parity assignment of the transmission measurements. 
Also, additional total cross section measurements favor 
a 3~ assignment.!® 

Potassium 


Total cross section measurements of natural potas- 
sium by Toller and Newson" have resolved peaks at 43, 
58, and 68 kev with neutron widths of the order of 0.4 
kev each. Because these total widths are so narrow, the 
reduced widths for various orbital angular momenta 
forbid any of these peaks to be formed by f-wave or 
higher angular momenta single-particle excitation, but 
a d-wave single-particle excitation is not completely 
ruled out, although a d-wave single-particle level is a 
remote possibility. 

18 Crutchfield, Haeberli, and Newson, Bull. Am. Phys. Soc. 
Ser. II, 2, 33 (1957). 
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The observed potassium differential cross section 
spectrum in Fig. 9 is quite different from the spectra 
of the other measured nuclei in that all three potassium 
resonances exhibit larger differential cross sections at 
90° than at 180°. (This is most apparent in the lower 
plot of Fig. 9 where better statistics were taken.) The 
measured 180° to 90° resonance scattering ratios are 
0.4, 0.5, and 0.6 respectively for the peaks at 43, 58, 
and 68 kev. These small ratios cannot, of course, be 
due to pure s-wave scattering, and it can be shown that 
these ratios cannot be caused by any level formed by a 
unique orbital angular momentum. 

An attempt was made to assign this 180° to 90° 
scattering ratio of less than one to the possible presence 
of hydrogen in the sample. However, even under the 
assumption of pure KOH these ratios could not be 
accounted for, and a subsequent destructive test of the 
scattering sample indicated that it was completely 
metallic except for a thin surface scale. Hence, these 
results are believed to be valid. 


Fluorine 


Resonances in the total cross section of fluorine have 
been observed at 28, 49, and 99 kev with apparent 
maxima of 23.7, 22.7, and 22.7 barns and total widths 
of approximately 0.4, 1.4, and 11 kev respectively.’ 
Lack of interference between resonance and potential 
scattering, as predicted from Breit-Wigner single-level 
theory for an s-wave resonance, and calculations based 
on the Wigner sum-rule limit have led to an assignment 
1=1 for all three of these resonances. Figure 10 shows 
the results of several runs on the two higher energy 
resonances. We were unable to obtain reproducible 
results with different Li targets in the neighborhood of 
the 27-kev resonance; this is probably due to the sensi- 
tivity of the neutron energy distribution to target 
thickness (which is not reproducible) near the threshold 
of the Li(p,) reaction. However, the curves appear to 
show an appreciable anisotropy near 30 kev. At 50 kev 
there is a predominance of the 180° scattering over the 
90° scattering and also a relative shift of the maxima, 
apparently due to s-p interference. At the 100-kev peak 
there is little difference in the peak cross sections but 
there is a decided displacement of the 180° curve toward 
lower energies. Hence, while the anisotropies at these 
two peaks are quite small, the indications of s-p inter- 
ference are about what one would expect from the 
parity assignments obtained from total cross sections 
for all three resonances. The energy displacements of 
the peaks near 50 and 100 kev are in the same direction 
as the displacement near Mg(85) and again indicate 
that the anisotropy is due to p rather than d waves, 
as predicted by the sum-rule argument. 


ANGULAR MOMENTUM ASSIGNMENTS 


For some of these resonances the total cross section 
assignment of total angular momenta were improved by 
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calculating the ratio of 180° to 90° resonance scattering 
for various tentative assignments (as outlined in the 
beginning of the previous section) and then comparing 
with the experimental results. The results are sum- 
marized in Table III. The observed values (line 2) for 
the ratio Robs=onn(180°)/onn(90°) were calculated by 
subtracting the measured potential scattering (ob- 
tained from total cross section measurements) from 
each differential scattering curve and taking the ratio 
of the remainders at the resonance energy, i.e., at the 
90° peak energy. On line 3 are the observed ratios 
corrected for multiple scattering. As shown in the 
Appendix, the multiple-scattering corrections leading 
to the ratios in line 3 are reasonably accurate except 
for Mg(85); while in this case R¢correctead) is low. Note 
that the correction is sometimes sensitive to the tenta- 
tive assignments J* which are shown in parentheses. 

The theoretical ratio, R¢eatculatea) is predicted unam- 
biguously (line 4) when J=J+3+|/|, J=J—3—|I1|, 
[=0, or J=0; the latter case (J =0) always leads to an 
isotropic angular distribution independent of the / of the 
neutron. For other values of the angular momentum, 
channel spins +43, J—}, or any mixture of the two 
may be expected. The two theoretically predicted ratios 
R¢eaic) are Shown in line 5 for each channel spin, the first 
ratio for 100% channel spin 7+} and the second ratio 
for J~4. The minimum ratio obtainable, Rmin¢calc), 
for a mixture of channel spins is shown in line 6. The 
ratios in lines 4-6 are calculated for particular assign- 
ments which are always indicated in the table. By 
comparing lines 4-6 with line 3, many tentative assign- 
ments (line 7) may be definitely eliminated. Line 7 also 
includes even parity (+) assignments which are ruled 
out by the observation of anisotropy either at the peak 
or wings of a resonance and includes some d-wave 
assignments, as discussed in the previous section. It is 
evident that a 2~ assignment is ruled out for both F(49) 
and F(99) and that 0* [which would predict R¢corr) = 1] 
is ruled out for F(27), F(49), and Na(53). A 3> assign- 
ment gives a good fit for the sodium resonance but the 
calculated range of ratios for 2~ also includes the experi- 
mental value and, hence, 2~ cannot be excluded. A 
4+ assignment is ruled out for the Mg(&5) resonance as 
clearly as it is by total cross-section measurements. In 
the unlikely event that Al(88) is due to a p neutron, 
a 4~ assignment is ruled out, while a 3~ assignment 
would fit the experimental ratio; but 3~ is effectively 
ruled out by the identity after multiple scattering cor- 
rections of the on,(90°) and o,,(180°) curves (as was 
discussed in the previous section for this assignment). 
Calculations not shown in the table eliminate 1~ for 
Na(53); Rvcorr) = 2.2 while the highest Ricatc)=1.8 for 
100% channel spin 1. 

Assignments not ruled out by angular-distribution or 
sum-rule arguments are listed in line 8. Line 8 is to be 
compared to line 9 which summarizes the determination 
of oo= 2rK?(2J+1)/(27+1) from the total cross section 
measurements after correcting for the neutron energy 
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distribution; the agreement is very satisfactory and 
confirms our confidence in the analysis. Since total 
cross section measurements do not always eliminate 
d-wave assignments without the help of sum-rule argu- 
ments, this ambiguity is indicated in line 9. 

Line 10 shows the unambiguous assignments for /J* 
which may be obtained by combining lines 8 and 9. 
The assignments for F(27) and Na(53) are the most 
difficult by either method, and, hence, they are the 
most likely to require revision. Line 12 shows the values 
of the total neutron widths in kev which are consistent 
with the final assignments. 

In Table III it is seen that two definite assignments 
and two doubtful assignments correspond to angular 
momenta where two channel spins are possible. Dis- 
regarding the doubtful assignments and comparing 
lines 4, 5, and 6 it is seen that for F(49) and F(99), the 
experimental ratios are quite different from the calcu- 
lated values for any unmixed channel spin and also are 
different from the minimum ratio obtainable with a 
mixture of channel spins. If the two partial widths are 
equal or if their ratio is the statistical mixture I',/T' 
= (2K 1+1)/(2K0+1)=3, the calculated ratio is about 
equal to Rin and is in disagreement with the measured 
value. Hence, there seems to be no simple rule relating 
the relative partial neutron widths connected with two 
competing channel spins. Line 11 in Table III shows 
the two ratios of the partial width for the larger channel 
spin to the total neutron width which correspond to the 
measured differential cross section ratios; there are two 
solutions which make it impossible even to tell which 
of the two widths is the greater. (This results from a 
quadratic equation for the widths which has two roots.) 
The fact that the data in Table III throw little light on 
the relative widths of competing channel spins may be 
due to experimental uncertainties in calculating R(corr) 
or to complications in the levels of the compound nu- 
cleus. For instance, an overlap of levels affects the cross- 
section ratio; note that the ratio for chromium near 
100 kev is ~1.2 although the predominant effect is 
clearly due to s neutrons. 


CONCLUSIONS 


From the average ratio of 180° to 90° scattering over 
the range 50 to 100 kev, we find evidence for a very 
considerable contribution from -neutron resonance 
scattering. This is particularly clear for even-even target 
nuclei. For lighter elements, assignments both of 
neutron parity and of angular momenta resulting from 
the differential cross-section measurements are very 
nearly the same as those previously obtained from total 
cross sections. This confirmation leaves little doubt that 
in the region near A= 20 there are a large number of 
very strong levels due to neutrons. The existence of 
strong p levels near mass numbers 20 and 90 would be 
expected from the model of Feshbach, Porter, and 
Weisskopf. 


BLOCK, HAEBERLI, 








AND NEWSON 


ACKNOWLEDGMENTS 









































The authors wish to express their gratitude to the 
entire Van de Graaff group at Duke University and 
especially to Mr. Robert Whitten (Duke) and Miss 
Jacqueline Murphy (ORNL) for their excellent assist- 
ance in the calculations. The authors also wish to 
thank the Graphic Arts and Reproduction personnel at 
Oak Ridge National Laboratory for their excellent 
assistance in preparation of this paper. 


APPENDIX. MULTIPLE-SCATTERING CORRECTIONS 


In attempting to calculate the effect of multiple 
scattering, we note that although some of the samples 
used in these measurements are nearly black to neutrons 
at resonant energies, the loss of energy after a first 
resonant scattering is generally sufficient to reduce the 
cross section for a second scattering to the neighborhood 
of the average cross section of the element. Thus for 
all the samples, which are thin relative to the average 
cross section, multiple scattering will be a small frac- 
tion of the total. For the samples where these condi- 
tions hold, a correction was calculated with the aid of 
the following picture: it was assumed that all the neu- 
trons which have undergone one collision with the 
target nuclei are effectively scattered at the geometric 
center of the cylindrical sample, and that the prob- 
ability of a second collision in the actual sample is the 
same as the probability of collision (averaged over all 
angles) of a neutron escaping from the assumed point 
source at the center. This model assumes an isotropic 
scattering, but since the maximum anisotropy observed 
for onn(@) averaged over 50 kev was less than 20%, 
this simplification introduced negligible error. 

To apply this correction to the averaged differential 
cross sections in Table I, we must show that the assump- 
tion of essentially nonresonant second scattering is 
reasonably accurate. This is certainly so for Ag, Cd, 
Nb, and As where the average level spacings are much 
less than the average neutron energy ‘loss per collision 
(~1.5 kev). While there are a few resonances in Zr, Sr, 
Mo, and Se with widths in the neighborhood of 1 kev 
for which a second scattering would have a somewhat 
higher cross section than the average, the great majority 
of the resonances are quite narrow and the departure 
from our assumption should be slight. The preponder- 
ant resonance scattering from Cr and most lighter 
elements is due to very wide resonances which definitely 
violate the above assumptions and the correction is 
invalid; however, there are so few resonances in our 
energy range that average cross sections are of only 
qualitative interest, and we have ignored the multiple- 
scattering correction for these points in Table I. We 
note that multiple scattering, as we have considered it so 
far, adds a component to the scattered neutrons which 
is more isotropic than the neutrons which escape from 
the sample after a single scattering. Hence, if the 
measured scattering is nearly isotropic, the correction 
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as outlined so far will make a negligible difference. For 
this reason, no multiple-scattering correction has been 
applied to the averaged ratios for V, Cu, and Zn in 
Table I. 

In considering the resonances which are discussed on 
the basis of single-level theory, we notice that Na(53) 
and F(49) (which have neutron widths 0.8 and 1.4 kev 
respectively) are narrow compared to the average 
energy loss per collision (~2 kev), and the multiple- 
scattering correction has been applied (Table IIT) on 
the assumption that second scattering is due only to 
potential scattering. The two wide resonances Al(88) 
and F(99) are nearly isotropic at the peaks and the 
multiple-scattering correction may be ignored as far as 
it has been considered so far. However, these wide 
peaks are subject to an additional correction. The 
neutrons which are originally scattered toward the 90° 
counter lose less energy than those scattered at 180° 
(because of center-of-mass motion). Since the energy 
loss after a single scattering is less than the half-width 
of either resonance, the neutrons originally scattered at 
90° are more likely to be scattered again than those 
originally scattered at 180°. Hence, the count in the 90° 
counter should be raised (about 10%) relative to that 
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of the 180° counter; this correction has been applied in 
Table III. The Mg(85) resonance is both wide compared 
to the average energy loss per collision and highly 
anisotropic at the peak. Hence, for the first time we 
must consider double resonance scattering which will 
yield a doubly scattered component which is not ap- 
proximately isotropic. The correction is also very large 
(about 35%) so that none of the approximations used 
so far are valid. However, we can show qualitatively 
that the difference between the theoretical ratio, 2.5, 
and the calculated ratio, 3.8 (see Table III, lines 2 
and 4), is about what would be expected from multiple 
scattering; this difference corresponds to a multiple- 
scattering correction of 35% which is equivalent to 
an average total cross section of 11 barns for second 
scattering. An average energy loss of ~9 kev from the 
resonance energy after the first collision would corre- 
spond to a cross section of ~11 barns, and from the 
kinematics of the reaction a 7-kev average energy loss 
per collision would be expected. These two energy 
losses are in reasonably good agreement, considering 
the crudeness of the calculation, and there is a little 
reason to doubt that an accurate multiple-scattering 
correction would yield the theoretical ratio. 
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The method of superposition of configurations, which provides 
a general solution of the quantum-mechanical many-particle 
problem (for fermions), is reformulated so that equations may be 
compared with those used in the Brueckner theory. Important 
differences occur in application to finite or nonuniform systems for 
which the Hartree-Fock or Brueckner self-consistent orbitals are 
not plane waves. In such cases nonvanishing single-particle 
matrix elements occur which cannot be described by the Brueckner 
formalism based on a two-particle operator. Equations for an 
effective two-particle operator, equivalent to the variational 
equations of the method of superposition of configurations, are 
derived for a basis of Hartree-Fock orbitals. At the expense of 
making the orbital basis dependent upon the effective two- 
particle operator, the orbital basis can be determined by a condi- 
tion which is essentially that of the Brueckner method. This con- 
dition removes a class of matrix elements which do not necessarily 


vanish in the Hartree-Fock basis although they would be neglected 
to second order in a perturbation calculation starting from the 
Hartree-Fock wave function. The equations for the effective two- 
particle operator are formally the same in both cases but lead to 
different operators because of the different choice of basis. In 
neither case can the equations be written in terms of products of 
such operators, a formalism assumed in the Brueckner theory. It is 
shown that the Brueckner condition is not equivalent to the con- 
dition which would determine the best possible orbital basis for 
the form of wave function implied by the use of an effective 
operator dependent on two particles only. The argument of the 
present paper is limited to systems with a finite number of par- 
ticles, since the variational principle used here is not applicable 
without modification to systems with an infinite number of 
particles. 





I. INTRODUCTION 


HERE is a considerable literature concerned with 
the solution of many-particle problems in 
quantum mechanics by the method of superposition of 
configurations.! This can be thought of as an extension 
of the Hartree-Fock self-consistent field method? but, 
as emphasized by Boys,* whether or not one starts with 
a Hartree-Fock calculation, methods can be developed 
within the context of superposition of configurations 
which necessarily converge to an exact eigenfunction 
and energy eigenvalue of Schrédinger’s equation. 
Recently calculations on the hypothetical infinite 
uniform nucleus have been carried out by Brueckner 
and collaborators,‘ based on a method which is formally 
quite different from superposition of configurations, yet 
also has its roots in the Hartree-Fock method. The 
Brueckner method has been further developed’ and its 
theoretical basis has been discussed by several writers.® 


1L. Brillouin, Les Champs self-consistent de Hartree et de Fock 
(Hermann et Cie, Paris, 1934), No. 159 in series: Actualités 
Scientifiques et Industrielles; C. Mgller and M. S. Plesset, Phys. 
Rev. 46, 618 (1934) ; S. F. Boys, Proc. Roy. Soc. (London) A200, 
542 (1950); P. P. Manning, Proc. Roy. Soc. (London) A230, 415, 
424 (1955) ; P. O. Léwdin, Phys. Rev. 97, 1474, 1490, 1509 (1955). 

? L. Brillouin, reference 1; C. Mgller and M. S. Plesset, reference 
1; R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955); 
R. McWeeny, Proc. Roy. Soc. (London) A232, 114 (1955). 

3S. F. Boys, reference 1. 

*Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954); K. A. Brueckner, Phys. Rev. 96, 508 (1954); 97, 1353 
tose). K. A. Brueckner and W. Wada, Phys. Rev. 103, 1008 

956). 

5K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955); K. A. Brueckner, Phys. Rev. 100, 36 (1955); K. M. 
Watson, Phys. Rev. 103, 489 (1956); W. B. Riesenfeld and K. M. 
Watson, Phys. Rev. 104, 492 (1956). 

®R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955); 
H. A. Bethe, Phys. Rev. 103, 1353 (1956) ; R. J. Eden, Phys. Rev. 
99, 1418 (1955); Proc. Roy. Soc. (London) A235, 408 (1956); 
J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); L. S. 
Rodberg, Ann. Phys. 2, 199 (1957). 
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It has been suggested that the Brueckner method be 
applied to finite nuclei, and to calculations on the 
electronic wave functions of atoms and solids.? 

The purpose of the present paper is to develop a 
version of the method of superposition of configurations 
in which the formal solution to the many-particle 
Schrédinger equation is expressed, insofar as possible, 
in terms of an effective two-particle reaction operator. 
In this development this effective operator is not and 
does not have to be completely defined. It exists as a 
collection of numbers which can be interpreted as 
matrix elements of a two-particle operator under 
certain severe restrictions—in particular that the 
operator depends upon a choice of basis for its matrix 
representation. This choice can be determined by an 
arbitrary auxiliary condition which may be chosen so 
as to simplify the equations of the method. Two such 
choices will be considered in this paper, the first, a con- 
dition equivalent to the Hartree-Fock equations, and 
the second, a condition which corresponds as closely as 
possible to the method of Brueckner. 

The Brueckner method is primarily concerned with 
such an effective two-particle operator. The present 
paper will examine the possibility of defining such an 
operator, starting from a formal solution to the many- 
particle problem, and will discuss certain discrepancies 
that arise in an attempt to apply the Brueckner for- 
malism to finite systems. The principal difficulty in 
finite (or nonuniform) cases is that plane-wave expan- 
sions no longer simplify the problem. Matrix elements 
which are identically zero because of translational 

7In the present paper “the Brueckner method”’ will be used to 
denote the self-consistent procedure for finite systems summarized 
by Brueckner and Wada, reference 4. Secs. II and VI, and by 
Bethe, reference 6, Sec. III. A discussion of higher order correc- 
tions and the infinite case (where it is necessary to distinguish 


between the Brillouin-Wigner and Schrédinger perturbation 
theories) will be given in a later paper. 
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symmetry in the uniform infinite case no longer vanish 
and must be explicitly included in the theory. Matrix 
elements arising from one-particle transitions are of this 
nature. Although the auxiliary condition on the basis 
for representation of operators can be chosen explicitly 
to make a large class of one-particle matrix elements 
vanish, it does not seem to be possible to remove them 
completely from the formalism. The matrix elements of 
this kind which remain after application of the auxiliary 
condition cannot be represented as matrix elements of a 
two-particle operator and hence cannot be treated 
within the Brueckner formalism. 

There are further difficulties which arise in finite 
systems when the determinantal function of stationary 
energy is degenerate or nearly degenerate. This situ- 
ation is usually characterized by a configuration of 
unfilled shells in the independent-particle approxi- 
mation. In such cases the auxiliary condition on one- 
particle basis functions indicated by the Hartree-Fock 
or Brueckner method (applied to a single determinantal 
function) is not in general compatible with the special- 
ized form of such functions which is assumed in applying 
group theoretical techniques to simplify the problem. 
For example the atomic orbitals appropriate to the 
determinantal function of lowest energy for an unfilled 
atomic electron shell cannot in general be expressed as 
products of radial functions and single spherical har- 
monics, and cannot be transformed into such products 
without destroying the stationary property of the 
energy of the determinantal function. This situation 
has been analyzed in detail elsewhere.* The general case 
can be treated by trivial modifications of the method 
of superposition of configurations without losing the 
considerable advantage of available group theoretical 
methods. It is not possible to describe the technique 
applicable to such cases in terms of an effective two- 
particle operator. Hence the Brueckner method could 
not be used in connection with the usual group- 
theoretical methods. 

One of the results of the present analysis is to obtain 
a formalism as nearly as possible equivalent to the 
Brueckner method,’ wherever both are applicable, 
which is derived from the variational principle and 
resolves many of the apparently ad hoc features of the 
Brueckner method. Although the present paper does 
not make use of perturbation theory, it should be 
pointed out that the principal equations derived here, 
if used to define a calculation by successive iterations, 
would lead to summations over expressions which 
exclude only the particular “‘unlinked cluster” terms of 
perturbation theory®® that correspond to matrix ele- 
ments connecting the trial state p with itself. Other 
“unlinked clusters” would not be cancelled out in the 
truncated basis of determinantal functions considered 
here. These terms arise from a perturbation expansion 
of the total energy shift AF and should not be im- 


8 R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 
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portant for systems with a finite number of particles 
unless AE is comparable in magnitude to the excitation 
energy of the two-particle excited states closest to ®o. 

The variational approach of superposition of con- 
figurations cannot be used unless all integrals are finite 
over operators occurring in the many-particle Hamil- 
tonian and trial one-particle wave functions. A nuclear 
potential with an extended “hard core” (i.e., infinite 
over a finite region in two-particle space) must be 
treated by the Brueckner method, which was designed 
to deal with this problem. However, in solid-state, 
molecular, and atomic problems the Coulomb inter- 
action operator leads to finite integrals. Presumably 
both approaches are possible with suitable modi- 
fications to the Brueckner method for finite problems. 
Insofar as the nuclear two-particle interaction can be 
represented by an operator which leads to finite inte- 
grals, both approaches are again possible and should be 
used to complement each other. 

The present paper is concerned only with finite 
systems for which the difference AE between the true 
energy and the Hartree-Fock energy is small. When AE 
can be neglected in comparison with the energy of 
doubly excited states the equations derived here are 
equivalent to those of the Brueckner method’ except 
for differences discussed in the text. 


II. REFORMULATION OF THE METHOD OF 
SUPERPOSITION OF CONFIGURATIONS 


The general solution to the many-particle Schré- 
dinger equation, 


HV= EW, 
with 
H= > T(i)+Z v(4,j), (1) 
i i<j 
for a system of N fermions, can be expressed as 
v= Ee CP, (2) 


where {®,} is the set of all normalized Slater deter- 
minants 


, = det¢,,° bint ON, (3) 


constructed from a complete orthonormal set of orbitals 
(one-particle wave functions ¢,). To avoid special con- 
sideration of a continuum it will be assumed that V 
is finite and that the set of orbitals is denumerable 
(there is no difficulty in extending the results to the 
case N— and to a basis of orbitals specified by a con- 
tinuous parameter). The discussion will be limited to 
operators (1) which have finite matrix elements 
between normalized determinants. 

The coefficients c, in (2) are components of the 
eigenvector of the matrix (u|H|v) corresponding to the 
eigenvalue E: 


D> (u| H|v)c, = Ec,. (4) 


It can be shown’ that Eq. (4) is equivalent to the 


® See Appendix I. This is the steady-state form of the scattering 
matrix considered by B. Lippmann and J. Schwinger, Phys. Rev. 
76, 469 (1950); M. L. Goldberger, Phys. Rev. 84, 929 (1951); 
K. M. Watson, Phys. Rev. 89, 575 (1953). 
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homogeneous equations for an auxiliary vector Gyo, 
where 





N wGvo 
Gyo = y ° 
» E-—D, 


Then the coefficients c, are proportional to Gyo/(E—D,). 
Here NV ..= (u|H|v)(1—6,,), a matrix with no diagonal 
elements; D,= (u|H|v)5,», a purely diagonal matrix. 

If the coefficient co is set equal to unity (i.e., V is not 
normalized), Eqs. (5) are equivalent to the inhomo- 
geneous equations 





N wGvo 
Gyo=N wot), ) (6) 
vo E—D, 
together with the auxiliary condition 
c= Dot+Goo. (6’) 


Suppose that a determinant #» has been constructed 
from the first N of an orthonormal set of orbitals. 
Indices i,j,k, --- <N will be used for this set, and 
indices a,b,c, -- - >N will be used for other orbitals from 
a complete orthonormal set. Then the complete ortho- 
normal set of determinants ®, can be classified as 

bo, Of, Of", Die, ---, (7) 
where the lower indices i<j<k<---<¢N denote 
orbitals occupied in ®9 which are replaced by orbitals 
N <a<b<c--- in determinant 6,=9, ;«...2°""*. 

Consistently with this notation, >> ;;x... will be used 
to denote a summation over all m-tuples of indices with 
i<j<k<--++<¢N. Correspondingly Soa... denotes 
summation over VN <a<b<c<::-. 

For a Hamiltonian of the form (1), there are no 
matrix elements between ®) and any determinant in 
which more than two orbitals have been changed. 

Hence, if po is in some sense an approximation to the 
true wave function ¥, it will be a better approximation 
to diagonalize H over the set o, ®,*, ®,;%°,. which 
includes all determinants having matrix elements with 
). Equations (6) for this problem are: 


(0 | *)(.*\|G/0) 
(0|G\O)=LV Ld 
ia E-D¢# 


(0|H| i) (|G 
E-D,} 
("| H| #)(#|G|0) 
E-D¢ 








0) 


’ 





ij ab 





(#°"|G\0)= (0° |H|0)+0 


(9? | | 5%) («?|G|0) 
a ’ 
ij ab E-D,;* 
Cv" |G|0) = ("| H|0) 
(7% | | #)(#|G|0) 
pe 2 
ia E-D¢ 
(9° | H | ij”) ( i |G | 0) 


E-D,;* 











5 a 


ij ab 


(8””) 
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The diagonal matrix elements of H are to be omitted in 
all summations. 
The auxiliary condition (6’) becomes 


E=(0|H|0)+(0|G\0). (9) 


If determinants ®,;,°°° were added to the basis set, 
there would be an additional set of. equations (8””) for 
matrix elements 


(ir jrur?’®’’ |G|0), 


and additional terms involving such matrix elements 
in Eqs. (8’) and (8”). Since all matrix elements of the 
form 


(0 | H | sje”) 


vanish for a Hamiltonian of the form (1), there would 
be no additional terms in Eq. (8). The new determinants 
affect the energy only indirectly through the matrix 
elements (,7|G|0) and (,,;%*|G|0). These equations 
become equivalent to the original Schrédinger equation 
when the orbitals form a complete set and all deter- 
minants ®;;,...°°°'"* are included. 
It is possible to interpret the sets of numbers 


*|G|0), (:;#°|G|0), (sx%*|G|0), etc., 


as matrix elements of effective operators G1, G2, G;, etc., 
which are symmetric sums of operators acting on the 
coordinates of one, two, three, etc., particles, respec- 
tively. If equations for an effective three-particle 
operator with matrix elements (;;.°°°|G|0) are not 
included explicitly, then it is not compatible with the 
variational principle to include matrix elements in- 
volving the corresponding determinants ®,;;,°°° in 
determining the effective one- and two-particle oper- 
ators. 

In finite problems there is generally no simple 
expression for the integrals involved here which can be 
summed in closed form over a complete set of orbitals. 
In such cases a practicable procedure is to select a set 
of determinants indicated by perturbation theory [most 
conveniently treated in the form of Eqs. (8), (8’), etc. ] 
to have the greatest effect on the true wave function 
and to solve the appropriate equations which diagon- 
alize the many-particle Hamiltonian over this truncated 
basis. This produces a new trial wave function ex- 
pressed as a linear combination of this truncated set. 
Further determinants’ can be added by iterating 
this procedure of estimating the contributions of 
individual determinants or linear combinations of them 
by perturbation methods and then diagonalizing exactly 
a matrix whose basis has been selected from functions 
which most affect the perturbation calculation.* 

In such a procedure one would not ordinarily include 
all determinants of the form #;,*° before including any 
which involve three-particle transitions or more. For 
finite systems, whenever the total energy shift AE is 
small compared with the energy of doubly excited 
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states, the Brueckner method would be equivalent to 
doing just this. This is advantageous only if there is 
some convenient way to estimate the summations over 
complete sets of functions required in Eqs. (8), (8’), 
and (8”). The remainder of this paper will be restricted 
to consideration of the truncated set of determinants 
Ho, Bi, 5 /. 
III. CHOICE OF ORBITALS: HARTREE- 
FOCK CONDITION 

The equations derived up to this point have been 
valid independently of any particular choice of the 
basic orbitals. However, if ®) were simply an arbitrary 
determinant there would be no reason to expect the 
truncated set &o, &,*, &;;*° to be an adequate basis for 
expansion of the true wave function. In the Hartree- 
Fock approximation one chooses ®o to be the best single 
determinant. If this is expressed mathematically by 
choosing the set of occupied orbitals ¢; which makes 
(0|H|0) stationary, then it turns out that for this 
basis of orbitals all matrix elements (,*|H!0) are iden- 
tically zero.*° 

In the Hartree-Fock basis the one-particle contri- 
butions to Eq. (8), and hence to the energy, vanish no 
matter how many higher order effects are taken into 
account. Hence the correction to the Hartree-Fock 
energy (of a single determinant as always in this dis- 
cussion) can be expressed entirely by a two-particle 
operator with matrix elements equal to (,;*°|G|0). 
Since all (,*|H|0) vanish a first approximation to 
(*|G|0) is zero. If this is substituted in Eqs. (8”’) 
we have left just the equations arising from the 
truncated set of determinants ®o, 6, ;°°. These equations 
lead to an effective two-particle operator similar in 
nature to the Brueckner operator but derived in a 
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mation, including determinants ®o and ,;*° in the 
Hartree-Fock basis, was taken into account in a 
previous analysis of the binding energy of light nuclei." 

If G is thought of as an effective Hermitian two- 


particle operator, 
G=)> i; u(i,j), (10) 


then the matrix elements in Eqs. (8), etc., can be 
expressed in terms of integrals over u and the operators 
T and » of the original Hamiltonian as follows: 
(0|H| «;°*) = (¢j| | ab), 
where 
(wx |v| yz) = (wa|v| yz)— (wx|v| zy), 


(«;9|G|0) = (ab| u|i7) v= (ij| u| ab) y*, 
(4;4| | «%°) = (cd| | ab), 
(ei? | | i;**) = (ij|0| kl) w, 
(5x°°| H| :;9°) = (ic|v|ak)w if c>b, R>j or c<b, j<k 
= —(ic|v|ak)y if either c<b or k<j, 


(jx| H! 5%) = (@|T|R)+D (ill 0| kD 
147 
+ (ib|v|kb)w+ (ia! v| ka)y if k>j 
= negative if k<j. v 
(.°¢| | ij) = (c| T\a)+ > (cl\v|al)n 
lAi,7 
+(cb|v|ab)n if c<b 


(11) 


The Hartree-Fock condition on the basis of orbitals is 


= negative if c>b. 


N 
(,*|H\0)=(a|T\i)+>d (al| 0| i) y= 


l=1 


for allig N,a>N. (12) 
The equations derived from Eqs. (8), (8”) for the 























basis of Hartree- Fock orbitals. This degree of approxi- truncated set &o, ,;* are: 
1! ab) v(ab|ulij)n 
E=L ii Tli)+2 (651 v| ipwt¥ Ellas ab lsisa)e (13) 
ij ab E- Dj?" 
| EY tay (ab|v| cd) w(cd|u|ij)~ (kl|v\ ij) (ab| u| kl) 
(ab|u\ij)v=(ablojij)w+ YL 
ed#a,b E-D,;* ki4i,j E—D,i* 
(ka|v| jc) (be|ulik)y (kb\v| jc) (ac|u\ ik) 
+E - 
k#i,j eva,b E-D,,”¢ E—Diu* 
_ (kale ic) i(be|u| jk)x (kb! v| ic)n pte a 
E- Dix be E- Dye 
(ac|u|ij)w 
[(o|T\c)+ & (dl\0| cl)y+(ba!v| ca) }— 
+2 b l#i,7 E —D;* 
(bc |u| ij)w 
—[(@|T\¢+ L (al|n| cl)» (abo cb\w}-—— —*} 
lAi,7 — ij°° 
; gy 9(ab| | 5h) 
+ 2 {Cel 710+ X (kl|v| il) + (Ra| 0] ta) y+ (kb | v| ib) y] H——— 
Pre 4i,5 E-D;2" ab| | ik 
u\i 


—L(R| Tl A)+ + Mets ID wt (ha|v| ja)w+ (hb| v| 7b)n — 


~ 1D, Brillouin, reference 1. 
1 R. K. Nesbet, Phys. Rev. 100, 228 (1955). 


ont (14) 
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It should be noted that the operator formalism is applicable only to the first term of Eqs. (14) since the others 
are not in the form of matrix products. To simplify these equations it is convenient to introduce the Hartree-Fock 
single-particle Hamiltonian 3Co, defined by its matrix elements 


(m| Son) = (m| Tn) +E (lo (15) 


With this definition, formulas such as 


(b|T\c)+ LX (bl|v| cl)w=(b| Ho|c)— (bi|0| ci)w— (bj|0| ¢j)w 


14#i,7 


can be used to reduce Eqs. (14) to 
(ab|v| cd) v(cd| u\i7) Ny 





(ab| u|ij7)~=(ab| v\i7)w +>’ 
ed 


_ (RL\ 2] ij) v(ab| w| Rl) w 





E-—D,;# kl 


E-Dyit 








(boll ic)ar(bel| 5e)a | wt 


E-— Djx°° E—Dj,2° 





(ka|v| jc)w(bc|u|ik)y (kb|v| jc) w(ac| u| ik)x 
+>’ | — 
ad . E-D.,** E-—Diye 
(b| Ho|c)(ac|ulij)w (a| Ho|c)(bc| ulij)n 
+ | _ 
c¥a,b E-D,;** E-—D,;* 


s 5o|i)(ab|u| jk)w (k| Hol 7)(ab| | ik) w 
a wines 
k#i,g 


The primed summations include all values of indices 
k<I<¢N and of N<c<d with the exception of terms 
for which the denominator would be E—D,;**. 

The Hartree-Fock condition (,*!H|0)=0 is equiva- 
lent to (a| %o|i)=0. Since %p is independent of any 
unitary transformation which does not mix occupied 
and unoccupied orbitals of ) we can choose a basis in 
which 5X is diagonalized for all orbitals, consistent with 
the Hartree-Fock condition. In this basis (the canonical 
Hartree-Fock basis), all terms in Eqs. (16) which 
involve 5p are zero. 

Equations (16) are exact as they stand for the 
truncated basis ®o, ;;* independently of the Hartree- 
Fock condition. The principal effect of this condition is 
to remove the terms arising from determinants ®,* from 
Eq. (8) for the energy and to justify neglecting such 
one-particle terms in Egs. (8’’). 


IV. CHOICE OF ORBITALS: BRUECKNER CONDITION 


One very great practical advantage of the Hartree- 
Fock condition is that it can be applied at a stage in the 
calculation when only a single determinant is under 
consideration, prior to solution of Eqs. (8), (8’), etc. 
It has the disadvantage that it does not completely 
remove the one-particle terms from Eqs. (8”). These 
terms can be removed at the expense of imposing a 
condition dependent on the solution of Eqs. (8) and 
(8’”) by requiring that 


(#|G]0)=0 for all i<.N, a>N. (17) 





. (16) 
E-Dj,2* E-D,* 
This will be referred to as the “Brueckner condition” 
since it has essentially the same effect as the auxiliary 
condition which determines the basis of orbitals in 
various statements of the Brueckner method." 

Under the Brueckner condition the equations for the 


many-particle basis $y, ®,*, ;,*” reduce to 
E=(0|H|0)+(0|G|0) 
(0| H| i”) (:;*°|G|0) 
MHS T ——___—.,, @® 
ij ab E-—D,;* 
(."|G|0)=(c#"| 0) 
(’ | H| ij”) ( ij? | C | 0) 
eee ——=0, (19) 
ij ab E-D,;*° 
(i528 |G 0) = (4-2 | 10) 
(«-”” | | «;**) (43°|G|0) 


is sete ae 
ij ab E-D,;*° 














The diagonal matrix elements of H are to be omitted 
from Eqs. (20). 

If G is thought of as an effective Hermitian two- 
particle operator 


G=) i; t(i,j), (21) 


2K. A. Brueckner and W. Wada, reference 4; H. A. Bethe, 
reference 6, Sec. III. 
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which differs from the operator u defined in Eq. (10) 
because of the different conditions on the orbital basis, 
Eqs. (18)—(20) can be expressed in terms of integrals 
over the operators /, T, and v by use of the expressions 
in Eqs. (11). Equation (18) for the energy reduces to 
Eq. (13) with « replaced by the Brueckner operator ¢ 
and Eqs. (20) reduce to Eqs. (14) or (16) with the 
same replacement. The principal change is that the 
Hartree-Fock condition, Eq. (12), equivalent to 
(a| Ho|t)=0, is replaced by the Brueckner condition 
(19) which reduces to 


(aj || bc) (be|t|ij)w 





O= (a| Hol)+L YL 








7 be E-—D,;* 
(jk|0| ib) w(ba|t| jk)w 
ik b E-D;," 
(j| 5o|b)(ab| t\i7)w 
ae de 
ixi bra E-D. 


The summations include all values of 7<k<N and 
N<b<c. Again it should be noted that the operator 
formalism is not applicable to the third set of terms of 
Eqs. (22) since they are not in the form of matrix 
products. 

Equations (22) can formally be set equal to matrix 
elements of an effective one-particle operator (a| Go| 7). 
The usual statement of the Brueckner condition is that 
the basis orbitals should be eigenfunctions of the 
effective operator Go." This implies Eqs. (22) but is an 
unnecessarily strong condition for simplifying Eqs. (8), 
etc. 

In the calculations to date on infinite uniform matter 
both conditions (22) and (12) are identically satisfied 
for plane-wave orbitals by conservation of momentum. 
Hence the Brueckner condition has not yet actually been 
applied. In such cases there is no difference between 
the effective operators u and /. 

In calculations on finite systems conditions (12) and 
(22) will not in general be compatible. Hence the one- 
particle matrix elements in Eqs. (22) and (14) or (16) 
will not vanish under the Brueckner condition even 
though they can be made to vanish by a transformation 
of orbitals compatible with the Hartree-Fock condition. 
It would be necessary to take such matrix elements into 
account in applying the Brueckner method to finite 
systems. 


V. DISCUSSION 


Since no effective three-particle operator is considered 
in the Brueckner method, for small AZ the trial wave 
function is a linear combination of determinants ®o, 
},*, &;;°°. The effect of the condition (12) or (22) is to 
exclude the determinants ®,*. In the Hartree-Fock 
case, applied to a ground state, the determinant yr®o 





18 See reference 4 and H. A. Bethe, reference 6, Sec. XI. 


is that of minimum energy. Application of Eqs. (13) 
and (16) can only improve this energy, since they are 
equivalent to increasing the trial basis from $9 to ®p, 
°°. Hence a calculation in the Hartree-Fock orbital 
basis, using the effective operator u [Eq. (10) ] would 
necessarily obtain a better energy and wave function 
than the Hartree-Fock result. A further improvement 
could be assured by choosing the orbital basis which 
obtains the best energy from diagonalizing the Hamil- 
tonian over the set so, s?;;*° in that orbital basis. 
Here the subscript M is used to refer to this basis. 

The wave function implied for small AE by use of 
the Brueckner effective two-particle operator / is also a 
linear combination of some p®o and ,®;;* in the 
Brueckner basis. It can be shown that the Bruckner 
condition (22) is not identical with the condition re- 
quired to minimize the energy of a function of this 
form. Hence, unless there is an accidental degeneracy, 
the single determinant gp) has necessarily a higher 
energy than y#r®o, since the energy of the latter is 
minimized, and the best linear combination of p&p») and 
B®, ;** has a higher energy than the best function of this 
form (a linear combination of 4» and y;,;*"). The en- 
ergy of the best linear combination of yr) and 
ur®;;*° must lie somewhere between that of 7r®o and 
the best linear combination of y&» and y®;,;*°. Unfor- 
tunately, since the set g®o, ®;;* is far from complete, 
it is not possible to prove that the best linear com- 
bination of g®o and ,2%;,;*° has an energy below that of 
the single Hartree-Fock determinant 4 ®>o, nor a fortiori 
below that of the best combination of gro and 
ur®;;*°. Unless some further proof can be given, the 
relative validity of calculations equivalent to super- 
position of configurations &) and ®;;*° based on the 
Brueckner condition (22) and on the Hartree-Fock 
condition (12) can only be decided empirically. 

Since the Brueckner condition always can be satisfied 
by a basis of plane waves, corresponding to uncoupled 
particles for a finite system, it would be of great im- 
portance to establish the existence of other nontrivial 
solutions, as has been done empirically for the Hartree- 
Fock condition, before applying this condition to 
problems in which for practical reasons one must work 
with an arbitrary finite set of orbitals and thus be 
forced to truncate the summations in Eqs. (13), (16), 
and (22). Otherwise there would be danger of con- 
verging to the trivial solution, if it should be unique. 
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APPENDIX I. REACTION MATRIX 
Consider a matrix eigenvalue equation, 
p ae A we,= Ec,. (A-1) 


4 See Appendix IT. 
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If H,, is divided into a purely diagonal matrix D, 
=H,,6,, and matrix with no diagonal elements NV ,, 
= H,,(1—5,,), this can be written 


Do» Nuwty= (E—D,)cy. (A-2) 
Now define 


G,o= (E—D,)c,. (A-3) 


Then the eigenvalue equation becomes 
(A-4) 


If the eigenvector is normalized so that co=1, this is 
equivalent to the inhomogeneous equations 


‘. N wGvo 
G,yo= N wt>, s 
0 E—D, 


(A-5) 


under an auxiliary condition which determines the 
eigenvalue £, 

NoGw 

E—Do=Go=> Te 

0 E—D, 


(A-5’) 


The numbers G,o can be thought of as the first 
column of a matrix called the ‘“‘reaction matrix.” 


APPENDIX II. CONDITION FOR 
STATIONARY ENERGY 


For an arbitrary function ¥, the mean value of the 
energy will be stationary for variations 5 if 
(ov|H|W)=0. (A-6) 
If W is a linear combination y+) C;;°@;,”, then if 
the energy is stationary for all variations of the set of 
orthonormal orbitals which retain the orthonormality 
property, (A-6) must hold for the particular variation 
6p =da-da'; da’ = —da-9,, (A-7) 


where only two orbitals are changed. 
For this variation, 


1 
=F" 4 DL Cy phby ie’ 


da ij¥i! abxa’ 
-y > Cy f'*b;’. (A-8) 


i#i’ b¥a’ 
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The self-consistency condition Eqs. (19), (22) is 
(00 |H|W)=0. 


This is not equivalent to (A-6) since it neglects matrix 
elements between VW and determinants %,/,;° and 
,* which occur in (A-8). This has no effect in the case 
of the infinite nucleus of uniform density, since all 
these matrix elements are identically zero for plane- 
wave orbitals. 

The actual self-consistency condition of Brueckner 
differs from (20) by one detail which cancels out some 
of the matrix elements arising from (A-8). The 
Brueckner formula represents matrix elements 


(|| of) =(5|T|B)+ D (éj|v|id)w 
ixi’ 
+(a’j\v\a'b)y (A-9) 


simply by 


(a’j|v| a’b) y. (A-10) 


Now in the expansion of (1/da)(6V|/H|W) these 
matrix elements occur as 


D 2 Cefe"'|B| ef. 


j#i’ ba’ 


(A-11) 


But there is another term in the expansion, due to 
determinants ®,°, 


—2 2b Ces'(?|AZ|0), 


iA’ b¥a’ 


(A-12) 
where 
(;°|H|0)=(7|T|b)+ ¥ (ij|0] ib) 


ixi’ 
+(i'j|v|7’b)y. (A-13) 
Hence each term in the combination of (A-9) and 
(A-13) reduces to 


(a’j| v| a’b) w— (i'j| 9] 1b) y, (A-14) 


which may be compared with (A-10). 

All other matrix elements between (A-8) and WV 
involve the coefficients C;,;*° quadratically. If they are 
small, it can be argued that the Brueckner self- 
consistency condition is an approximation to the con- 
dition of stationary energy. 
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Angular Distributions of the B"(d,n)C* First Excited State Neutrons{ 


Oakes AmMEst AND GEORGE E. OWEN 
The Johns Hopkins University, Baltimore, Maryland 
(Received October 28, 1957) 


The angular distributions of the first excited state neutrons from the reaction B"(d,n)C” have been 
measured at deuteron bombarding energies of 0.6 and 1.0 Mev, using a single stilbene crystal counter. The 
distributions are asymmetric about the 90° direction, showing an excess in the forward direction. The data 
are consistent with an analysis based on nuclear stripping theory. Total cross sections were obtained at 0.6, 


0.8, and 1.0 Mev. 


INTRODUCTION 


REVIOUS data obtained by the authors! in the 
region of 1 Mev, as well as higher energy data,” 
indicated that the angular distributions of the ground- 
state neutrons from the B!!(d,n)C™ reaction were con- 
sistent with an analysis based on nuclear stripping 
theory. The angular distributions of the neutrons 
corresponding to the transition to the first excited 
state of C!? have been completed for bombarding 
energies of 0.6 and 1.0 Mev. 
The nuclear stripping theory is again consistent with 
the results obtained and with work at higher energies.’ 


EXPERIMENTAL ARRANGEMENT 


The experimental arrangement was identical in most 
respects to that reported in a previous paper.! Since the 
pulses in stilbene produced by the 4.43-Mev gamma 
rays from the first excited state of C'* are comparable 
in size to those produced by an 8-Mev recoil proton, it 
was necessary to use extremely thin stilbene crystals. 
It was found that a crystal 2.72 mm in thickness and 
1 cm in diameter was sufficiently thin to discriminate 
against the electrons produced by gamma-ray inter- 
actions and was still thick enough to provide a usable 
recoil proton spectrum. The sensitivity of the crystal 
to gamma radiation was determined by observing 
the 6- and 7-Mev gamma rays from the reaction 
F(p,a)O'™* (y)O'. A thick CaF target was used, and 
bombarded for the same time and with the same beam 
current as was used to study the B'(d,z)C™ reaction. 
The gamma-ray spectrum obtained is shown in Fig. 1, 
plotted under a typical recoil proton pulse-height spec- 
trum. The F"(p,vy)O'® thick target cross section is 
approximately 200 mb at 0.8 Mev,‘ while the B'!(d,n)C” 
cross section is about 30 mb at this energy. This evi- 
dence shows, therefore, that the sensitivity of the 
crystal to the 4.43 Mev radiation in the region of 
interest is negligible. 


t Supported by the U. S. Atomic Energy Commission. 

t Now at Princeton University, Princeton, New Jersey. 

1 Ames, Owen, and Swartz, Phys. Rev. 106, 775 (1957). 

2 Class, Price, and Risser (private communication) to be pub- 
lished. Zeidman and Fowler (private communication). 

3G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 

4F. Ajzenberg and T. Lauritsen, Rev. Modern Phys. 27, 77 
(1955). 


In order to minimize the gamma radiation arising 
from the B(d,p)B'! reaction, enriched BO; targets 
were used. The relative amount of B"™ in the total 
quantity of boron was 96.4%. 

The recoil proton pulse-height spectrum, Fig. 1, 
clearly shows the plateaus corresponding to the ground 
and first excited state neutron groups. The distortion 
is due to the nonlinear response of stilbene, and to end 
effects caused by the use of the thin stilbene crystal. 


ANALYSIS OF THE DATA 


The analysis of the data was initiated by first ob- 
taining the proton energy versus pulse-height relation.® 
Once the energy response of the crystal had been estab- 
lished, the differential energy spectra were integrated 
and the end effect corrections were applied point by 
point.® The extrapolated straight line of the resultant 
corrected integral spectra gave an accurate check on 
the pulse height to energy calibration. Agreement was 
better than 7% in all cases. In most cases the checks 
were good to +3%. 

From the resultant integral recoil proton energy 
spectra, and the known detector efficiency, absolute 
neutron intensities were obtained. Figure 2 shows the 
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Fic. 1. Pulse-height spectrum of recoil protons from the 
neutrons of the B"(d»)C” reaction. The lower curve shows the 
crystal response to the 6- and 7-Mev gamma rays from the 
F9(p,ay)O"* reaction. 

5 A discussion of the analysis of neutron data from stilbene 
crystals has been completed by Swartz, Owen, and Ames (to 
be published). 
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wow The total cross sections for both the ground and first 
| ! excited state neutron groups are shown in Table I. 
7 Careful checks on the ground state cross sections indi- 
cated that some of the previously published results! 
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Fic. 2. Integrated recoil proton energy spectra for the ground 
and first excited state neutrons. The curves show the result of 
making the end-effect correction. 


integral spectra before and after the end-effect correc- 
tions were performed. 

In order to obtain the intensities for the low-energy 
neutren group, the intensities of the ground state group 
had first to be subtracted out. The ground state angular 
distributions after corrections for the end effect were in 
excellent agreement with the results obtained using 
larger crystals. The total cross section for the ground 
state transition after correction agreed with the results 
of the large crystal measurements to within 8%. Since 
the first excited state is about three times as intense 
as the ground state, the maximum error which an error 
in the ground state measurement can impose on the 
total cross section for the first excited state is about 3%. 
This procedure afforded a check on the various correc- 
tions that were used. 


RESULTS 


Angular distributions of the first excited state neu- 
trons at deuteron bombarding energies of 0.6 and 1.0 
Mev are shown in Fig. 3. The 0.6-Mev data is in good 
agreement with that obtained by Ward and Grant® for 
center-of-mass angles <90°. The steep rise for back- 
ward angles found by these‘authors is not in agreement 
with our results. 

The targets used for this work were approximately 
175 kev thick to 800-kev deuterons; thus all of the data 
presented here are for the average energy of interaction 
in the target. 


6 A. Ward and P. Grant, Proc. Phys. Soc. (London) A68, 637 
(1955). 


were somewhat low. 

The ratio of the first excited state cross section to the 
ground state cross section at a deuteron bombarding 
energy of 0.6 Mev is in agreement, within the experi- 
mental error, with the result obtained by Ward and 
Grant.® 

DISCUSSION 


The data were analyzed by using a nuclear stripping 
theory similar to that of Bhatia et al.’ in which the 
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Fic. 3. Angular distributions of the first excited-state neutrons 
from the B"(d,n)C® reaction at deuteron bombarding energies 


of 0.6 and 1.0 Mev. Solid curves are fits based on nuclear 
stripping theory. 


7A. B. Bhatia e¢ al., Phil. Mag. 43, 483 (1952). 

















se 





ANGULAR DISTRIBUTION : 


TABLE I. Total cross sections for ground and first excited state 
neutrons as a function of the average deuteron interaction energy 
in the target. 











or> (ground state) or (1st excited state) 
(mb) (mb) 











Ea (kev)*® 

1090 31 tee 

940 18 aa 

920 tee 30 

° 735 7.2 bee 

725 ee 16 

537 1.5 ey 
525 see 4.6 

437 0.49 tee 

® +15 kev. 


>’ To within +10%. 


possibility of stripping from the target nucleus is 
included. The differential cross section is 
do ? 
—=C(E) | (t)"Gp(K1) jp (Ar Ri) 
dQ 

As , . , 
——(—i)\™ (1)"9Ga (Ke) juc)(keR2) |, 

1 
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TABLE II. Parameters used in obtaining the fits shown in Fig. 3, 
as a function of deuteron bombarding energy. 

















Ea 0.6 Mev 1.0 Mev 

Ri 7.2X 1073 cm 6.8X 10-8 cm 

R2 4.0X 10-8 cm 4.0X 107 cm 
Ao/Ai 0.69 0.66 








where the notation is that of reference 3. The theoretical 
curves are shown in Fig. 3. The assignment of 2* to the 
first excited state of C! requires that /(p)=1, where 
1(C) must be 0 or 2. Attempts to fit the data with 
1(C) =2 were unsuccessful, as might be expected at low 
bombarding energies. The values of R:, Re, and used to 
obtain the theoretical fits are shown in Table II. 

We have attempted theoretical fits to the angular 
distributions obtained in the vicinity of 4 Mev? and 
good agreement has been found. The values ot R, 
needed to fit the data at these energies are of the order 
of 5X10-* cm. 





PHYSICAL REVIEW VOLUME 


109, NUMBER 5 


MARCH 1, 1958 


Neutron Scattering Cross Section of U***+ 


H. L. Foore, Jr.* 
Brookhaven National Laboratory, Upton, New York 


(Received May 8, 1957) 


The neutron elastic scattering cross section for U* has been measured by the ‘‘thick-thin” method over 
the range of neutron energies from 0.27 to 7.7 ev. The cross section rises at lower energies, the rise being 
qualitatively that expected if an unusually strong level were present just below the binding energy. Analysis 
of the data in terms of a Breit-Wigner single-level formula gives a resonant and a constant component. 
The solution yields a value of 10+1 barns for the constant component, which may be identified as the 
“potential scattering” cross section. This result is relatively insensitive to the location of the bound level and 
to the exact analytical form of the resonant component. The magnitude of the resonant component is not in 
perfect quantitative agreement with the parameters commonly quoted for the “negative energy” resonance 
at Eo=—1.4 ev. This disagreement is probably not significant because of the uncertainties in the analysis 


' of both the total and the scattering cross section. 


I. RESONANCES IN U** 


OTAL and fission cross-section measurements’ * 
have yielded a detailed knowledge about the 
Breit-Wigner parameters for the resonances in U** 


t Work performed under contract with the U. S. Atomic Energy 
Commission. 

*Now at Bell Telephone Laboratories, Incorporated, New 
York, New York. 

1 Available results have been reviewed in the following papers: 
V. L. Sailor, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 199; J. A. Harvey and J. E. Sanders, 
Progress in Nuclear Energy, Ser. I, Physics and Mathematics 
(Pergamon Press, London, 1956), Vol. 1, p. 46. 

2 Simpson, Fluharty, and Simpson, Phys. Rev. 103, 971 (1956). 
3 Pilcher, Harvey, and Hughes, Phys. Rev. 103, 1342 (1956); 
J. A. Harvey and J. E. Sanders, Progress in Nuclear Energy, Ser. I, 





lying in the energy range from 0 to ~50 ev. These 
parameters may be used to estimate the scattering 
cross section contributed by each resonance, by sub- 
stituting in the single-level formula, 


o.(E) =o0r(E)+o4:(E)+o>. (1) 
The individual terms in Eq. (1) are as follows: the 
resonant scattering cross section, 
stn’ 
4(E—Ey)?+r? 
Physics and Mathematics (Pergamon Press, London, 1956), Vol. 1, 
p. 1; P. A. Egelstaff and D. J. Hughes, Progress in Nuclear Energy, 


Ser. I, Physics and Mathematics (Pergamon Press, London, 1956), 
Vol. 1, p. 55. 


Osr( E) = 47h" (1a) 











1642 Mh. 


The potential scattering cross section, 
op=4a[ gR,?+ (1—g) Ri,” J=4arRere’, (1b) 


and o,;(£), an interference term resulting from co- 
herence between the resonant and potential scattering, 
is given by 

(E— Eo) 


pelicchaenesiicansi, (1c) 
4(E—E,)?+1T? 


o+i(E) = 16mXogl, Ry 


The subscripts used here* have the following meaning: 
s—scattering; sr—the resonant component of the 
scattering ; si—the interference component of the scat- 
tering; O—a value at exact resonance; and p—the 
potential scattering. In most of the U** resonances o,, 
(and hence o,;) is unobservably small; e.g., for the 
resonance at Eo=0.29 ev, os~12X10* barn; at 
Eo= 1.142 ev, o.,~12X10~ barn; and at Ep=2.035 ev, 
Osr* 20X 10 barn. 

An important exception which might yield measurable 
resonant scattering is the so-called “negative-energy” 
resonance® having Ey>=—1.4 ev. Such a resonance has 
been postulated! to account for the thermal cross 
section of U** which is about ten times larger than can 
be explained by the known resonances. The value of 
E, and f,° for this resonance can be obtained from the 
total cross-section data by fitting the region with a 
Breit-Wigner single-level formula from 0 to 5 ev after 
first correcting for the known resonances. Such an 
analysis, of course, is not sufficiently sensitive to deter- 
mine whether it is a single resonance or several reso- 
nances at negative energy which are responsible for 
the large thermal cross section, although it is clear that 
the cross section between 0 and 5 ev behaves as though 
a strong resonance exists at —1.4 ev. It is disturbing, 
however, that the value of I,,° obtained for this level is 
unusually large. In fact, it is much larger than that 
obtained for any resonance observed in the positive- 
energy region and is approximately thirty times as 
large as the average I’,,°. There is, of course, no reason 
to prevent a level just below the binding energy from 
being by chance an unusually strong level; however, 
one must view the “‘negative-energy” resonance inter- 
pretation for U™* with suspicion. 

The scattering cross section in the region 0 to 10 ev 
provides direct evidence about the existence or non- 
existence of a strong ‘“‘negative-energy” resonance. If 
such a level is present, it should produce a scattering 
cross section of several barns through this region. 

The potential scattering cross section of the heavy 
elements is given approximately by Eq. (1b), where 


‘For definition of symbols, see Wood, Landon, and Sailor, 
Phys. Rev. 98, 639 (1955). 

* The term “negative-energy” resonance refers to a level in the 
compound nucleus lying just below the neutron binding energy. 
Such a level cannot be observed directly with slow neutrons since 
neutrons cannot have negative kinetic energy. However, the level 
does affect the cross section in the positive kinetic energy region 
and the effect may be calculated by proper application of the 
single-level formula. 
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Retr 1.47X10-"A? cm. Using this equation, one esti- 
mates that for U*®, ¢,=10.3 barns. 

In order to test the interpretations of the —1.4-ev 
resonance, a scattering measurement was undertaken 
in the region 0 to 10 ev. If it should be present, the 
resonant contribution, largely that of the interference 
phenomenon, Eq. (1c), should be readily observable. 
That is, we would expect to see a decreasing cross- 
section curve with increase of energy which would be 
composed of the potential scattering cross section plus 
a resonance contribution. In addition, it was desired to 
measure the potential scattering cross section, if pos- 
sible, no measurement having been reported previously. 
These data would be of use in reactor design calculations 
and would aid greatly the interpretation of the reso- 
nance structure in the neutron cross section. 


II. THE EXPERIMENT 


The scattering measurement was made on a BNL 
crystal spectrometer using the “‘thick-thin” technique 
previously reported.* The general arrangement of the 
experiment is shown in Fig. 1, the source of neutrons in 
the BNL reactor being approximately sixty feet to the 
right of the monochromator and off the diagram. The 
1231 planes of a beryllium single crystal were used for 
the neutron monochromator. Use of these planes, to- 
gether with the collimation afforded by the slit system, 
gave an over-all resolution of about 7 minutes of arc 
(~0.024 ev for 1-ev neutrons). Details of the scattering 
chamber are shown in Fig. 2. The thick-thin technique 
requires that the sample present as thick a section as 
possible to the incident monochromatic neutron beam 
while presenting as thin a section as practicable to the 
detector for the scattered neutrons. This arrangement 
provides an optimum counting rate with a minimum of 
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._ Fic. 1. General arrangement of the scattering experiment— 
plan view. The source of neutrons in the Brookhaven reactor is 
approximately sixty feet to the right of the crystal table. The 
horizontal Soller slit serves to reduce the background from the 
crystal without appreciably reducing the monochromatic beam. 
Both the scattered intensity and the transmission of the sample 
are measured simultaneously with the two BF; detectors. 


°H. L. Foote, Jr. and J. Moore, Phys. Rev. 98, 1161 (1955). 
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difficulty in interpretation of results. For this experi- 
ment a practical compromise of the various criteria 
resulted in a sample approximately 4 in.X5 in. in area 
and approximately 0.030 in. thick, placed at an angle 
of 6 degrees and 7 minutes to the monochromatic beam 
axis (angle @ of Fig. 2). 

In order to measure the scattered neutron intensity, 
it is necessary to measure both the background counting 
rate for the environment and the crystal monochro- 
mator as well as the fast-neutron intensity that results 
from fissions caused by the incident monochromatic 
beam. The B” filter, shown in Fig. 2, was utilized to 
obtain the fast-neutron counting rate, by observing 
counting rates with and without the filter in place. 
The detector for the scattered neutrons was also sensi- 
tive to the @ particles given off by the radioactivity in 
the sample. An aluminum filter reduced this radiation 
to a negligible level. 

The sample was a very pure specimen of uranium 
enriched to approximately 93% in U**, A difficulty 
experienced with the sample was in making it flat 
enough so that the light aluminum sample mount 
could hold it in proper geometrical relationship to the 
neutron beam. The sample was very hard, springy, and 
stiff and rolling did not flatten it sufficiently. This 
problem was resolved by working the metal with a 
light ballpein hammer on an anvil. This procedure, 
with frequent checking against a straight edge and a 
surface plate, produced a sample flat within several 
thousandths of an inch. 

The principle of the experiment is to observe the 
scattered neutron counting rate of the uranium sample 
at a given energy and then to compare it with the 
counting rate obtained from a lead sample’ for which 
o,/o, is known. The comparison sample is prepared so 
as to have approximately the same scattering: power 
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Fic. 2. Top view of the scattering chamber. The B” filter is 
nearest the sample. When making “‘filter-out”’ measurements, the 
B” filter is replaced by a dummy, identical except for the B™. 
The short collimator before the scattered neutron detector limits 
the acceptance angle to +45 degrees. The paraffin reflector, about 
} inch thick, increases the counting rate of the scattering detector 
about 24 times. The beam at the slit is } inch wide by 2 inches 
high. Additional shielding of boron carbide and paraffin not 
shown in the figure encloses the sample on the side away from 
the counter. 


7 The high-purity lead used as a standard was obtained from 
the American Smelting and Refining Corporation. 
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Fic. 3. The scattering cross section for U5. The observed data 
are the plotted points. Standard deviations are representative and 
are for counting statistics only. The scattering cross section ob- 
tained from Sailor’s total cross-section analysis is plotted as the 
solid curve. The dashed line is the calculated value of the potential- 
scattering cross section obtained from the relation: R=1.47 
10-8 Ai cm. The analysis of the data points yields a value of 
10+1 barns for the constant cross section, i.e., ¢, plus a resonant 
component. 


(No,). The counting rate is measured in the same 
geometry as for the other sample. The singly scattered 
counting rate observed for thin samples in the geometry 
of the experiment is proportional to o,/o; and may be 
expressed as follows®: 


os 
Scattered intensity=/,=@eG—(1—T*?). (2) 
4 


Here, ®, is the incident neutron flux; G, a term involving 
geometrical aspects of the experiment; ¢« the counter 
efficiency ; o,/o, the ratio of the scattering cross section 
to the total cross section; and (1—7*) a correction 
term, whose value depends upon the transmission of the 
sample, T, and a, a constant determined from the 
scattering geometry. Thus, o,/o, for the scattering 
sample is determined from the scattered counting rates 
of the two samples and calculated corrections. Terms of 
formula (2), such as ®, G, and ¢ cancel out in making 
the comparison with the lead sample. The scattering 
cross section is obtained by multiplying each value of 
a./o, by the corresponding value of o:. 


III. RESULTS AND CONCLUSIONS 


The data obtained are shown in Fig. 3 and are listed 
in Table I. The observed scattering cross section de- 
creased with increased energy. It is assumed that the 
scattering cross section consists of a component which 
is a function of energy and a component which is 
constant; i.e., that its energy dependence is given by 
Eq. (1). The data were fitted by the method of least 
squares to Eqs. (la) to (1c), assuming that the reso- 
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TABLE I. Observed and computed values for the scattering 
cross section of U**, 








Computed oe, (barns) 





Harvey and 
E (ev) Observed oe, (barns)* Sailor> Sanders¢ 
0.271 14.7 16.3 14.7 
0.756 14.1+0.4 14.8 13.6 
1.044 13.4 14.2 13.1 
1.81 12.4 13.2 12.4 
2.51 12.9 12.6 12.0 
4.31 11.5 11.8 11.4 
7.74 11.0+0.7 11.2 11.0 








*Standard deviations indicated are representative values and are for 
counting statistics only. 

These computed values are based on parameters listed in the review 
paper: V. L. Sailor, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, New York, 
1956), Vol. 4, p. 199. The parameters used were osI?=12.7 barn ev?, 
§ =32.5 barn ev, ¢p =10.3 barns, and Eo = —1.39 ev. 

© These computed values are based on parameters listed in the summary 
article: J. A. Harvey and J. E. Sanders, Progress in Nuclear Energy, Ser. I, 
Physics and Mathematics (Pergamon Press, London, 1956), Vol. 1, p. 46. 
Contribution from the —0.02-ev resonance is negligible and has been 
neglected. The parameters used were o,oI"? =7.36 barn ev?, 9 =24.7 barn ev, 
¢» =10.3 barns, and Eo = —1.39 ev. 


nance contribution comes entirely from a single bound 
level (negative-energy resonance) located in the region 
between 0 and —10 ev. Solutions were obtained for 
various trial values of Eo. As was already pointed out, 
the scattering contribution from positive-energy reso- 
nances is negligible. 

Each solution yielded a constant and a resonant 
component which correspond respectively to the param- 
eters of Eqs. (1b) and (ic). In all trials, a value of 
10 barns (with an estimated over-all error of +1 barn) 
was obtained for the constant component, this result 
being relatively insensitive to the method of fitting and 
to Eo. These resonance parameters varied more widely 
for the various trials. This behavior would be expected 
because of the scatter of the data. The most reasonable 
fit gives 9=30 barn ev (o,o1'*=0) and o,=9.8 barns. 
(It is recognized that this solution is not internally 
consistent, but is the most realistic interpretation in 
view of the limitations of the data.) The resonance 








parameters of interest here are o,ol'* where oy is the 
value of the scattering cross section at resonance, and J, 
the value of the interference component parameter, i.e., 
I= 16rXogl Ry. 

The constant cross section of 10+1 barns, which is 
identified as the “potential” scattering cross section, 
agrees very closely with the value, 10.3 barns, com- 
puted from the formula 


op=4rR?, where R=(1.47X10-")A' cm. 


The resonant component, J= 30 barn ev, agrees qualita- 
tively with the derived parameters of Sailor! and 
Harvey and Sanders.! Computed values of the scatter- 
ing cross section derived from these parameters are 
listed in Table I. The computed values for Sailor’s data 
are plotted in Fig. 3 as the solid curve. A curve for 
Harvey’s and Sanders’ data would pass very nearly 
through the data points. The horizontal dotted line in 
Fig. 3 at 10.3 barns represents the potential scattering 
cross section computed from the formula. While it 
appears that particularly good agreement with the 
Harvey and Sanders parameters is obtained, it is, 
nevertheless, considered that the quality of the scatter- 
ing data does not warrant undue emphasis of this 
agreement. Quantitatively, the scattering data tend to 
verify the presence of a strong bound level. Measure- 
ments of better precision extended through lower 
energies are badly needed since they could provide 
better information about the presence and parameters 
of such a level and thus help resolve one of the most 
difficult problems in the interpretation of the U** cross 
section. 
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Neutron Scattering Cross Section of U**+ 
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The neutron scattering cross section of U** as a function of energy has been measured by means of a crystal 
spectrometer in the energy range 0.27 to 0.95 ev and at 2.09, 2.71, and 3.31 ev. Least-squares analyses of 
these data indicate that at these energies the scattering cross section is approximately constant, i.e., 


12.5+0.5 barns. 





HE neutron scattering cross section of U™ as a 

function of energy has been observed by means of 

a crystal spectrometer in the energy range 0.27 to 0.95 

ev. Less accurate values of the cross section were ob- 
tained at the three energies 2.10, 2.71, and 3.31 ev. 

The experimental techniques and the corrections 
necessary for this experiment will not be described 
here because Foote! has already described them in the 
preceding paper. The details of the experimental 
arrangements are shown in his Fig. 1. 

The sample was enriched to approximately 97% in 
U*%, It had an over-all length of 4.256 in. and a width 
of 1.778 in. The sample had been cut into four pieces 
of equal size, 1.778 in. by 1.064 in., for another experi- 
ment. The individual pieces weighed 5.030, 5.740, 
5.279, and 5.262 g, respectively. This indicates that the 
sample was not uniform. This lack of uniformity con- 
tributed to the errors. The mounting of the sample, 
four pieces side by side, also contributed to the errors. 
Another difficulty resulted from the fact that U* is a 
strong a emitter. To avoid a serious contamination 
problem it was necessary to seal the sample in aluminum 
foil. 

The experimental cross sections are presented in 
Table I. The estimated errors are approximately 10% 
for the cross sections in the 0.27 to 0.95 ev range and 
approximately 15% for the cross sections at 2.09, 2.71, 
and 3.31 ev. The 2.09-ev energy lies in the valley be- 
tween the large resonances at 1.785 ev and 2.290 ev. The 
other energies, 2.71 ev and 3.31 ev, lie in the valley 
between the 2.290-ev resonance and a smaller resonance 
at 3.635 ev. In the regions between resonances the 
intensity of the scattered neutrons is low. The experi- 
mental data are also shown in Fig. 1. Least-squares 


TABLE I. Measured values of the neutron-scattering cross 
section of U* as a function of energy. 











Energy (ev) 





o, (barns) Energy (ev) o, (barns) 
0.27 13.4 0.85 11.9 
0.35 12.3 0.95 12.5 
0.45 13.0 2.09 11.6 
0.55 12.2 2.71 14.2 
0.65 12.1 ke | 12.6 
0.74 12.8 








t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1H. L. Foote, Jr., Phys. Rev. 108, 1641 (1957), preceding paper. 


analyses of these data indicate that at these energies 
the scattering cross section is approximately constant, 
i.e., 12.5+0.5 barns. 

The Breit-Wigner single-level formula presents the 
scattering cross section as consisting of three com- 
ponents, a resonance cross section, an interference cross 
section, and a potential scattering cross section. The 
measured crosss section is the sum of these components 
from many resonances, and should not be thought of as 
due to the potential scattering cross section alone. In 
order to get the potential scattering cross section from 
the data in Table I, it is necessary to know the reso- 
nance parameters of the nearby levels of U* including 
the “negative-energy”’ levels, i.e., bound states. At the 
present time, analyses of U** total and fission cross 
sections have been preliminary and only preliminary 
sets of parameters exist.? Consequently these parameters 
have not been used to calculate the potential scattering 
cross section. The potential scattering cross section 
estimated from the nuclear radius, with R=1.47A! 
X10-" cm, is 10.3 barns. The measured scattering 
cross sections are not inconsistent with the existence 
of negative levels. 


ACKNOWLEDGMENTS 


I am particularly indebted to Dr. H. L. Foote, Jr., 
for his help and his interest in this experiment. I also 
wish to thank Dr. Vance Sailor for many helpful 
discussions and Dr. M. S. Moore for sending me the 
Materials Testing Reactor data before publication. 














20 T Tt T T . vw T T T T 
w 18} od 
z 
f 6e = 
@o 
i ph } id 
Z eet, 
= ; 4 } } ; 7 
=) 
o '0}- + 
8 se 4 
8 et : 
9 
= 4b ad 
B et ] 
3 fe) 1 1 an Wn eee rt 1 4 

Ol 2 3 A S 7 30 2.0 30 40 50 


NEUTRON ENERGY- ev 
Fic. 1. Neutron scattering cross section of U™*, 


2V, L. Sailor, Brookhaven National Laboratory (private 
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Energy Dependence of F!*+) Reactions* 


W. A. RANKEN, T. W. BONNER, AND J. H. McCrary 
The Rice Institute, Houston, Texas 


(Received October 25, 1957) 


Excitation functions have been obtained for the F"(p,ar)O'*, F!*(p,a9)O", F"(p,ay)O", and F'9(p,p’y) F¥ 
reactions for proton energies of 1.2 to 5.4 Mev. The marked similarity of the pair and long-range alpha 
excitation functions is noted and in the proton energy interval 1.35 to 2.33 Mev the differences between 
the yields are explained by the penetration factors for alpha particles emitted from the excited states of 
Ne”. The average reaction cross section has been obtained for the F“+/ reactions by averaging the excit- 
ation functions over one-half Mev intervals. The result is compared to the cross section given by the 


continuum theory. 





INTRODUCTION 


HE excited states of Ne” formed by proton 

bombardment of F” show a high probability of 
decay by alpha emission to states of O'*. Alpha decay 
to the ground and first excited states of O"* is of partic- 
ular interest in that, although these two states are 
widely separated in energy, they are identical in spin 
and parity (0*) and hence a comparison of the total 
cross sections for these two processes should yield 
information concerning the energy dependence of the 
alpha decay transition probabilities for states in Ne”. 

Since the Q value of the F(p,a)O" reaction is 
8.124 Mev, the ground-state alpha transition can be 
detected with reasonable facility. The transition to 
the first excited state of O'* is followed by the decay 
of the state to the ground state through the emission 
of an electron-positron pair. The pair emission is an 
1=0 transition and hence should be isotropic in the 
center-of-mass system. In addition, the half-life of 
the pair-emitting state is sufficiently long, 5X10™ 
second,! for the O'* nucleus to come to rest before 
the emission takes place. Thus, the number of pairs 
emitted at any angle with respect to the incident beam 
isa measure of the total cross section for the F"(p,ar)O"* 
reaction. 

Several previous investigations have been made of 
pair and long-range alpha emission for proton energies of 
0.3 to 2.4 Mev. Streib, Fowler, and Lauritsen? made 
simultaneous measurements of pair and long-range 
alpha (ao) yields, the latter at 90° to the proton beam, 
for proton energies from 0.3 to 1.5 Mev. Their results 
indicated that at the two common resonances for pair 
and a» emission which they observed, the pair yield 
was higher than the long-range alpha yield, a circum- 
stance difficult to understand in the light of barrier- 
penetration considerations. More recent measurements 
of long-range alpha cross sections in this energy range 
have been made by Schardt and Fowler,* while Clarke 


* Supported in part by the U. S. Atomic Energy Commission. 

1 Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 134 (1954). 

2 Streib, Fowler, and Lauritsen, Phys. Rev. 59, 253 (1941). 

3A. L. Schardt and W. A. Fowler [private communication to 
F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) J. 


and Paul‘ have made angular distribution measurements 
and give spin and parity assignments and total cross 
sections for several resonances between 1.3 and 2.60 
Mev. 

Pair-emission excitation functions have been obtained 
by several groups!*~* covering a proton energy range of 
from 0.3 to 2.4 Mev. Because of the difficulty in 
obtaining accurate cross sections by pair detection, the 
magnetic spectrometer measurements of Chao ef al.$ 
on the a, group itself have been used to normalize 
pair yields. 

The general trend of the more recent measurements 
has been to show considerable similarity between the 
pair and ap excitation functions. In addition the cross 
sections now appear to be of the same order of magni- 
tude. There are only two resonances, pair peaks at 
E,= 1.236 and 1.62 Mev, which have not been observed 
to be common to both transitions. 

In the present work the pair and ap» transitions are 
compared for proton energies from 1.3 to 5.5 Mev. 


EXPERIMENTAL PROCEDURE 
Detection of Pairs 


The magnetic-lens intermediate-image pair spectrom- 
eter which was used to detect the O'* nuclear pairs has 
been described elsewhere.® For the present experiment 
the maximum transmission arrangement of the spec- 
trometer was used. This arrangement gave 7.4% 
resolution, which was sufficient to exclude effectively 
any background from internal pairs from the 6.9- and 
7.14-Mev states of O'%. There is a possibility of inter- 
ference by internal pairs from the 6.14-Mev state and 
also by external pairs formed in the target backing 





4R. L. Clarke and E. B. Paul, Can. J. Phys. 35, 155 (1957). 

5 Bennett, Bonner, Mandeville, and Watt, Phys. Rev. 70, 
882 (1946). 

5 Chao, Tollestrup, Rowler, and Lauritsen, Phys. Rev. 79, 
108 (1950). 

( a C. Phillips and N. P. Heydenburg, Phys. Rev. 83, 184 
1951). 

8 J. E. Perry and R. B. Day; work appears in “(Charged Particle 
Cross Sections,” Los Alamos Scientific Laboratory Report 
LA-2014, 1957 (unpublished). 

*Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955); 


‘Ranken, Bonner, McCrary, and Rabson, Phys. Rev. 109, 917 


(1958). 
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material by the 6.14-Mev y rays. With the relatively 
thick target backing used, the detection of the nuclear 
pairs was still favored by a factor of 200 over the 
detection of the 6.14-Mev y ray, assuming equal 
intensities of the two radiations. 

Since no resonances of width less than 25 kev had 
been observed in the pair excitation curve for proton 
energies less than 2 Mev, there seemed little probability 
of finding narrower resonances at higher energies. 
Accordingly the fluorine target (in the form of CaF») 
was chosen to be 0.22 mg/cm? thick (24-kev to 2-Mev 
protons). The CaF: was deposited, by evaporation, 
on a 13-mg/cm? thick silver backing which was in 
turn mounted on a 130-mg/cm? silver foil to provide 
a target backing thick enough to stop 5.5-Mev protons 
and thus insure the proper functioning of the Faraday 
cup arrangement used to collect the beam. 

Since the energy of the nuclear pairs is independent 
of the proton bombarding energy, it is necessary to 
adjust the magnetic field of the pair spectrometer for 
maximum counting rate (maximum 6,.06-Mev pair 
transmission) at only one bombarding energy. The 
spectrometer field is then held constant while the 
proton beam energy is varied. 

In order to compare the pair and ap cross sections to 
those for a-particle transitions to the 6.14-, 6.91-, 
and 7.12-Mev levels of O'*, and to compare the present 
results with previous work done in this energy range’ 
measurements were made of the yield of high-energy 
rays vs proton energy. For this purpose a Geiger 
counter and sodium iodide scintillations counter were 
used, being placed at angles of 100° and 150°, respec- 
tively, with the incident proton beam. The scintillation 
counter was biased to detect only y rays of energies 
greater than 3.5 Mev. There was an equivalent thickness 
of two or three inches of copper (the spectrometer field 
coils) between the target and the Geiger counter which 
served nicely to discriminate against low-energy y 
rays from the target. Both counters were shielded from 
y radiation originating from locations other than the 
target by at least 0.75 in. of lead. 


Detection of Alpha Particles 


Excitation functions for the long-range a particles 
were obtained at 90° and 160° in the laboratory 
coordinate system. Conventional target mounting and 
collimating arrangements were used which had accept- 
ance apertures of 9.07X10~ and 5.30X 10~ steradian, 
respectively, for the 90° and 160° a particles. After 
emerging from the target chamber through a 1.4-mg/ 
cm? aluminum exit foil, the a particles were detected 
by means of a thin disk of CsI mounted on an RCA 6292 
phototube. The detecting element was covered with a 
1.4-mg/cm? thick aluminum foil and placed within 0.5 
cm of the exit foil. Pulses generated by this arrangement 


1 Willard, Bair, Kington, Hahn, Snyder, and Green, Phys. 
Rev. 85, 849 (1952). 
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and the associated electronic circuitry were fed into 
a 20-channel analyzer. Thus it was possible to follow 
continuously the increase of a energy with proton 
energy. For E,=2.0 Mev the long-range a particles 
have an energy of about 8 Mev and hence a longer 
range than elastically scattered protons. However, 
for E,=2.3 Mev the proton range becomes greater 
than the a range. When these observations are con- 
sidered in conjunction with the fact that in CsI a 
proton produces a light pulse 50% larger than an a 
particle of equal energy, it is readily seen that the 
thickness of the CsI detecting element becomes 
critical for the higher bombarding energies, particularly 
for observations at 90° where the number of Rutherford 
scattered protons is much greater than the number of 
long-range a particles. 

Two thicknesses of CsI were used, 1.7*10-* and 
3.7X10-* in. The former was required for the 90° 
measurement in the region between E£,=2.4 and 
E,=3.7 Mev where the proton range is just slightly 
greater than the a range and hence where the best 
arrangement is to have the CsI just thick enough to 
stop the a particle. For proton energies above 3.7 
Mev the thicker crystal was used since at this proton 
energy the gain in the resolution of the detector 
achieved by completely stopping the alpha more than 
offset the increase in proton pulse height. 

As with the pair experiment, the fact that resonances 
narrower than 25 kev were not expected dictated the 
choice of CaF, target thickness. However, to reduce 
the competition from scattered protons as much as 
possible, the CaF, was deposited on 0.20-mg/cm? 
thick aluminum electroscope foil. When the angles 
made by the targets with the incident beam were 
taken into account the target thicknesses used varied 
between 10 and 25 kev for 2.0-Mev protons. In addition, 
targets 11 kev thick for 1.4-Mev protons were used in 
the region between 1.4 and 2.0 Mev and for calibration 
purposes. 


Results 


The pair excitation function is given in Fig. 1. 
The cross-section scale has been obtained by normaliza- 
tion with the value given by Chao et al.® for the a, 
resonance at 1.236 Mev as observed with a magnetic 
spectrometer at 138° to the proton beam. 

The yield of high-energy y radiation is also shown 
in Fig. 1. The cross-section scale for this curve has been 
obtained by normalization of the yield at 1372 kev to 
the value of 300 mb obtained by Chao ef al.* Because 
of the target thickness the cross section as shown in 
Fig. 1 does not rise to its true value at 1.372 Mev. 
This is also true of the pair peak at 1.36 Mev. For the 
rest of the resonances observed, the target thickness 
correction to the cross-section scale is small. 

In converting from the measured intensity at one 
angle to the total cross section the assumption is made 
that y rays are approximately isotropic. The very 
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Fic. 1. Cross sections for the production of pairs and high-energy 
gamma rays from the reaction F'*(p,a)0'™. 


similar behavior of the yield functions obtained with 
the Geiger counter at 100° and the scintillation detector 
at 140°, and also with the yield function obtained by 
Willard et al."° at 0°, is an indication that the assumption 
of approximate isotropy is reasonable, especially on 
the average. 

Figure 2 is a presentation of the cross section per 
unit solid angle vs proton energy for the F(p,a0)O"* 
reaction for laboratory angles of 90° and 160°. The 
acceptance solid angles have been calculated from 
geometrical considerations. Again there is some error 
in the cross-section scale resulting from target thickness. 
This amounts to about 2% at E,=1.347 and1.719 
Mev and is less elsewhere. 


TABLE I. Resonant energies and level widths for long-range a’s 
and pairs from the reaction F(p,a)O"*. 











Long-range alpha particles : ae aaa 
ap (90°) — ao (160°) Pairs resonance 

E, (Mev) Ep, (Mev) rT (kev) Ep (Mev) T (kev) (Mev) 
1.231 >30 1.236 587 1.23 

1.347 48 1.36 40 1.35 

1.64 <115 1.62 60 1.63 

1.72 110 1.72 95 1.72 
1.91 1.85 140 1.89 170 1.88 
2.15 100 2.19 95 2.17 
2.39 2.33 110 2:39 ~100 2.33 
(2.53) (2.53) 

2.60 105 2.58 100 2.60 

2.65 2.71 80 2.68 100 2.68 
(2.82) (2.84) 2.82 125 2.82 
2.94 2.95 2.94 
3.09 3.17 170 3.11 145 3.12 
3.36 3.32 105 3.36 100 3.34 
(3.50) (80) (3.50) 

(3.59) (115) (3.59) 

3.66 3.69 (100) 3.68 
3.89 3.88 

3.98 3.98 135 3.93 200 3.96 
4.11 4.13 100 4.13 
4.36 4.36 100 4.37 95 4.36 
4.46 4.46 95 4.46 
4.67 4.68 65 4.71 <150 4.69 
4.90 90 4.90 115 4.90 

4.97 40 5.00 40 4.99 
5.17 220 5.17 
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The energy scale for all four of these curves in 
Figs. 1 and 2 is based on the y-ray resonance at 
E,=1.372 kev." The strength of the magnetic field 
required to bend this energy proton through the 90° 
analyzing magnet of the Rice Institute Van de Graaff 
accelerator was measured by a nuclear magnetic 
resonance magnetometer for the thinner targets 
previously described. Corrections to resonance energy 
values have been made for target thickness and for 
relativistic and analyzing-magnet saturation effects.” 

The proton energies at which there is definite 
indication of a resonance in the ao or pair yield have 
been listed in Table I along with the widths of these 
resonances. In estimating the level widths the variation 
of proton and a-particle penetration factors across the 
resonance have been neglected. Interference between 
overlapping levels may introduce considerable errors 
in the estimates of the ao widths, but these estimates 
have been included in Table I for the purpose of 
comparison with widths obtained from the a, total 
cross-section curve. 

Angular distributions of the long-range alphas are 
known for the region between 1.3 and 2.6 Mev.‘ 
These distributions have been used to calculate the 
total cross sections for the individual resonances in 
this region. The results are compared with the measure- 
ments of Clarke and Paul‘ in Table II. Previous 
measurements of the cross section for the 1.35-Mev 
resonance?* are not in agreement with the values 
listed in Table IT. 

The ao resonance at 1.64 Mev has not been reported 
previously. A comparison of the shape of the 90° and 
160° curves (Fig. 2) between 1.6 and 1.7 Mev shows 
that the appearance of a peak at this energy might 
conceivably be explained as a result of interference 
between the 0+ resonance at 1.72 Mev and the 17 
resonance at 1.86 Mev, except that for this to be true 
one must adopt an unreasonably large value for the 
width of the 1.86-Mev state. 

The apparent success with which the level at 1.64 
Mev was detected at 160° motivated a search for an 
ap resonance at 1.23 Mev. No resonance was observed 


TABLE II. Comparison of present with previous results for the 
total cross section of the F(p,a9)O"* reaction for resonances 
where the angular distribution is known. 











@ (mb) 
E, Present results* Clarke and Paul> 
1.35 40+4 4645 
1.72 5145 55+6 
1.88 7547 77+8 
2.17 843 10+2 
2.33 26+4 3245 








* Based on angular distributions of Clarke and Paul (reference 4). 
b See reference 4. 


1C, A. Barnes, Phys. Rev. 97, 1227 (1955). 
2R. A. Chapman, Ph.D. thesis, Rice Institute, Houston, 
Texas, 1957 (unpublished). 
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Fic. 2. Cross sections for the production of high-energy alpha particles from the reaction 
F*(p,a9)0"* taken at laboratory angles of 90° and 160°. 


at this energy at 90°. A definite resonance at 1.23 Mev 
was observed and is shown in Fig. 2. An isotropic 
angular distribution would result in a total cross section 
for this level of >3 mb, which is larger than the pair 
cross section of 2.5 mb. 


DISCUSSION 


The pair and ap excitation functions seem to bear 
little resemblance to one another. However, in the 
region where the total ao cross sections are known," it 
seems apparent that the two functions are related. 
Further justification is ient to this observation if, for 
proton energies greater than 2.6 Mev, the values of 
a(6) at 90° and 160° are used to compute a rough 
estimate of the total cross section. (In following this 
procedure the approximation is made that the angular 
distributions are symmetric about 90°.) The total 
ao cross section obtained in this manner shows the same 
general shape as the pair cross-section curve and is 
equal in magnitude to the latter within a factor of 2 
over most of the energy range studied. Further indica- 
tion of the similarity of the pair and ap excitation 
functions is given by the fact that for every pair 
resonance, except for the doubtful peak at 3.50 Mev, 
there is indication of a resonance on either the 90° or 
the 160° curve or on both. There are only 6 of 23 ao 
resonances between E,=1.2 and E,=5.1 Mev for 
which a corresponding pair resonance is not clearly 
evident. 

According to the single-level resonance formulation, 
the ratio of the cross sections for ao and a, emission from 





a given state in Ne” is just the ratio of partial widths 
for these reactions. These partial widths may be 
expressed in the form 
l=2KRV 7’, 

where, in our case, K is the wave number of the emitted 
a particle, R is the radius at which the Coulomb field 
cuts off, V; is the “penetration factor” for the Coulomb 
and angular-momentum barrier, and y is the reduced 
width. The degree of similarity between the ao and 
pair excitation functions lends reason to the supposition 
that the reduced widths for these two processes are 
related by a constant factor. On the basis of this 
assumption, and with the constant factor taken to be 
one, the expected relative cross sections were calculated 
for several resonances between 1.3 and 2.4 Mev. 
The ratios calculated for a Coulomb cut-off radius of 
6.5X10-" cm are listed in Table III together with 


TABLE III. Comparison of ratios of experimental ao and ar 
cross sections with ratios calculated on a basis of the reduced 
width of states in Ne being the same for a-particle emission to 
ground and first excited states of O'*. 








Proton energy 








at resonance Spin and oa0/ Cag a0/ Cag 

(Mev) parity* (experimental) (calculated ) 

1.35 y A 6.2+0.5 6.5 

1.72 o* 3.340.3 cy 

1.88 be 3.0+0.3 sa 

2.17 4* 13.2 

1.8+0.6 
or 2.9 
2.33 2* 4.2+0.8 3.6 











® See reference 4. 
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Fic. 3. Cross sections for the production of 0.109-, 0.197-, 
1.24-, and 1.36-Mev y rays from the reaction F(p,p’y)F¥. 
The crosses at 3.2, 3.6, and 4.2 Mev give the yield of 1.35-Mev 
radiation contributed by the cascades from the 1.46-Mev level. 


the experimental ratios. The agreement is fairly good 
except for the state at 2.17 Mev. 

If the assignment of 4* is accepted this resonance 
shows a ratio factor of at least 6 smaller than would 
be expected on the simple picture described above. 
Clarke and Paul assigned the value of 4* to this state 
in order to explain the presence of a prominent p, 
term in the angular distribution of the 2+ resonance at 
2.31 Mev.‘ The present results show that the maximum 
in the ap yield at E,=2.60 Mev, which was assumed to 
be one broad 0* level by the above authors, represents 
the contribution of two or more levels, one of which 
could quite possibly be a 4* level. If the spin of the 
level at 2.17 Mev is chosen to fit the experimental 
cross-section ratio then a 0+ assignment would give 
the best fit although a 1~ value could not be ruled out. 
If a O* assignment is correct, this level is probably of 
the same type as the 0* level at 0.843 Mev which is 
thought to have an isobaric spin of one." 


FY (p,p’ )F'* 


The capture of a proton by F" forms Ne” in a highly 
excited region (greater than 13 Mev). The yield of 
high-energy ’s above E,=1.8 Mev suggests that the 
levels are becoming broad enough and close enough 
together so that the average behavior might be approx- 


18 E. U. Baranger, Phys. Rev. 99, 145 (1955). 
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Fic. 4. Total cross section, averaged over 0.5-Mev intervals, 
for the F9(p,a)O'** and F'9(p,p’y)F"® reactions. The continuum 
theory cross section and #(R+A)? are given for Ry=1.3 and 
1.5 10-8 cm (where R= RoA!). 


imated by the continuum theory of nuclear reactions. 
When averaged over one-half Mev intervals, the total 
F®(p,a)O"* cross section (which can be closely approx- 
imated by adding the contributions from ap, pair, and 
the 6-7 Mev y yields) has a pronounced minimum in 
the region of 2.8 to 3.8 Mev. The results of Barnes" 
indicate that the resonance cross sections for the 
F'"(p,p’)F™* reactions are of the same order of magni- 
tude as the cross sections for the high-energy y’s from 
the F(p,a)0"* reactions. For this reason it was thought 
that the (p,p’) reactions might show strong resonances 
in the region of 2.8 to 3.8 Mev. 

A 1-in.X1-in. NaI crystal, mounted on a DuMont 
6292 photomultiplier tube, was used in conjunction 
with a 20-channel pulse-height analyzer to measure 
at an angle of 45° with the incident proton beam, the 
yield, as a function of proton energy, of the 109- and 
197-kev y radiation from the two low-lying states in 
F, The target was 0.130 mg/cm? of CaF, evaporated 
onto a 104-mg/cm? tungsten foil, which was mounted 
in turn on a 4-in. thick aluminum plate. 

The results of this experiment are shown in Fig. 3. 
The cross-sections scale is based on an extrapolation of 
curves obtained by Lazar et al.'* for the total absorption 
peak efficiency vs y-ray energy for NaI crystals. The 
transmission of tungsten and aluminum backing 
material was calculated from theoretical values of the 
total (Compton plus photoelectric) cross section for 
y radiation.'* The cross-section scale is expected to be 
accurate to within 10 or 15%, an error limit which 
includes the value obtained by Barnes" for the 109-kev 
y ray at 1.70 Mev. 

Excitation functions were also obtained for the 
1.24-Mev radiation and the combined effects of the 
1.35- and 1.36-Mev y rays produced in the F"(p,p’) F* 


reaction. For this puprose a 3-in.X3-in. NaI crystal, 


4 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIII. 

15 Lazar, Davis, and Bell, Nucleonics 14, No. 4, 52 (1956). 

16C, M. Davisson, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Appendix I. 
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mounted on a DuMont 6363 photomultiplier tube, was 
used to measure the yield of the y rays from a 0.032-mg/ 
cm? CaF, target, again backed with 104 mg/cm? 
tungsten. These excitation functions are also given in 
Fig. 3. It is known that the 1.35-, 1.46-, and 1.56-Mev 
states in F decay primarily by cascade through the 
two low-lying states'? and hence the yield of the 109- 
and 197-kev y’s is a good measure of the total inelastic 
scattering cross section for proton energies up to about 
4.5 Mev. (The low yield of 1.24- and 1.36-Mev y 
radiation below E,=2.8 Mev gives weight to the 
argument that the 2.82-Mev state of F" will not 
contribute much to the inelastic scattering below 
E,~4.5 Mev.) 

The total cross section for the (p,a) and (p,p’) 
reactions, averaged over one-half Mev intervals is 
presented in Fig. 4. The cross section rises much more 
rapidly than would be expected on the continuum 
theory model using a square-well potential and a 
radius of 3.6 or 4.1X10~" cm. The large value of the 
cross section at 2 Mev can better be understood by 
using a Saxon potential in place of a square well. 
For a radius of 3.6 10~" cm the height of the Coulomb 
potential barrier is reduced by a factor of two. This 
reduction in the height of the barrier and the effect of 
a smoother variation of potential with radius should 
increase the cross section at 2 Mev by a factor of over 
two. The shape of the curve above 4.0 Mev is based on 
the assumption that the average inelastic cross section 
is about constant between 4.3 and 5.3 Mev and includes 
the F°(p,n)Ne™ cross section'* above the threshold for 





17 Toppel, Wilkinson, and Alburger, Phys. Rev. 101, 1485 
(1956). 

18 Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta 
24, 465 (1951). 
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this reaction at 4.25 Mev. In Fig. 3 it may be seen that 
the yield of 1.36 y radiation continues to rise for /, 
greater than 3.0 Mev, while the yield of the 1.24-Mev 
radiation appears to be falling off. The behavior is 
consistent with the supposition that one or both of 
the states in F’ contributing to the 1.35-Mev radiation 
has a higher spin than the J=$, 1.36-Mev level, 
which is known to decay with at least 70% probability 
to the 109-kev state with the emission of a 1.24-Mev 
vy ray.'” The 1.46-Mev level decays with 80% probability 
to the 109-kev state yielding a 1.35-Mev y ray while 
the 1.56-Mev state decays to the 197-kev state, with 
the emission of a 1.36-Mev y ray, with at least 90% 
probability.” Three points representing estimates of 
the amount of 1.35-Mev radiation contributed by the 
1.46-Mev level are shown in Fig. 3 with the yield 
curve for the combined 1.35- and 1.36-Mev radiation. 
These estimates are taken from work done with a 
magnetic-lens photoelectric-conversion spectrometer.” 
The estimates represent average yields over an energy 
range of about 160 kev and agree, in essence, with 
estimates of the amount of radiation from the 1.46-Mev 
level obtained from the NaI counter pulse-height 
distribution. It is apparent that it is an increase in the 
excitation of the 1.56-Mev level which causes the 
increase in the yield of 1.36-Mev gamma radiation in 
the region of 3.3 to 4.3 Mev. If one accepts the present 
spin and parity assignment of 3+ for the 1.56-Mev 
state, then it is apparent that the parity of the /=3, 
1.36-Mev state is odd. However, the behavior of the 
1.36- and 1.56-Mev level excitation functions would 
seem to be enough different to require more than a 
difference in parity as an explanation. 

19 Ranken, Bonner, McCrary, Rabson, Harlow, and Castillo 
(to be published). 
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The directional angular correlations of the 208.36-112.97 kev gamma-gamma cascade in Hf!’ and the 
89.36-343.40 and 282.57-113.81 kev cascades in Lu’”® have been measured with a coincidence scintillation 
spectrometer using NaI detectors. The observed correlation functions obtained with dilute aqueous solution 


sources are W(@)=1—(0.1614+0.0015) P2(cosé), 
+ (0.221+0.004) P2(cos#), respectively. 


W (6) =1+ (0.001+0.004) P2(cos@), 


and W(6)=1 


These results, taken together with conversion coefficient measurements, indicate that 5 for the 282.57-kev 
gamma ray in Lu’ is 0.05. The sign of 6, defined below, is positive. The mixing ratio of the 208.36-kev 
gamma ray in Hf!”’ is M2/£1=0.001; in this case the sign of 6 is negative. The sign of 6 for the 113.81-kev 
gamma ray in Lu!” is positive, and the sign of 6 for the 112.97-kev gamma ray in Hf”? is negative. 





I. INTRODUCTION 


INCE the directional angular correlation of the 

208.36-112.97 kev gamma-gamma cascade in 
Hf'? was first measured,' the spin of the ground state 
has been measured? to be 3 instead of the 4 or $ as 
indicated by previous work. The properties of the energy 
levels of Hf!”’ have been discussed along with a detailed 
analysis of the levels of Lu’’® in terms of the Bohr- 
Mottelson strong-coupling unified model by Chase and 
Wilets.* In order to obtain as much information about 
these levels as is possible from gamma-gamma direc- 
tional angular correlation measurements, the correlation 
function of the 208.36-112.97 cascade in Hf!’ was 
remeasured with the improved apparatus now in use, 
and those of the 89.36-343.40 and the 282.57-113.81 
kev cascades in Lu’ were also measured. 


Il. EXPERIMENTAL RESULTS 


The correlation functions were obtained from 
measurements at 19 angles with a coincidence scintilla- 
tion spectrometer using NaI detectors, and the data 
were analyzed as previously described.‘ In each case 
correlation functions were measured for both dilute 
aqueous solution sources and solid sources in order to 
obtain an idea of the perturbation of the intermediate 
state of the cascade in question by extranuclear fields. 
Also in each case the window of the differential analyzer 
associated with each detector was set to accept only the 
pulses in the full-energy peak of one of the gamma 
rays of the cascade. 

The decay schemes of Hf'”* and Yb!” as given by 
Mize, Bunker, and Starner® are shown in Fig. 1. The 
decay scheme of Lu!” as given by Wiedling® is shown in 
Fig. 2. The angular correlation function of the 89.36- 





* Now at the University of Michigan, Ann Arbor, Michigan. 

1 McGowan, Klema, and Bell, Phys. Rev. 85, 152 (1952). 

2D. R. Speck and F. A. Jenkins, Phys. Rev. 101, 1831 (1956). 

3D. M. Chase and L. Wilets, Phys. Rev. 101, 1038 (1956). 

4 Ernest D. Klema, Phys. Rev. 102, 449 (1956). 

5 Mize, Bunker, and Starner, Phys. Rev. 100, 1390 (1955). 

* Tor Wiedling, Directional Correlation Measurements and Some 
Other Related Investigations of Excited Nuclei (Almquist and 
Wiksells Boktryckeri AB, Uppsala, 1956). 


343.40 kev cascade in Lu'”® was measured in a series 
of experiments with a total of 2.9X10° coincidence 
counts, using a dilute aqueous solution source. The 
true coincidence rate was of the order of 0.4 count per 
second, and the random rate was 12% of this. The 
correlation function obtained was isotropic, and the 
experiment was repeated with a dry powder source. 
Again an isotropic correlation was found. 

The correlation function of the 282.57-113.81 kev 
cascade in Lu!’® was measured with a dilute aqueous 
solution source, a total of 3.5X10° coincidence counts 
being obtained. The true coincidence counting rate was 
of the order of 0.9 count per second, and the random 
rate was 6% of this. The correlation was measured with 
a dry source in a set of experiments in which 5.4X 10° 
coincidences were observed. Only a very small possible 
effect of the state of the source on the correlation 
function was observed, as discussed below. 

The correlation function for the 208.36-112.97 kev 
cascade in Hf'”? was obtained from a series of experi- 
ments with a dilute aqueous solution source in which 
a total of 2.710® coincidence counts were measured. 
In this case the true coincidence counting rate was about 
8 counts per second, and the random rate was 15% 
of this. Again the experiment was repeated with a dry 
source, this time obtaining a total of 1.8X10® coinci- 
dence counts; and a small attenuation of the coefficient 
of the correlation function was observed. 


III. ANALYSIS OF DATA 


The data obtained for the 89.36-343.40 kev cascade 
in Lu’ were fitted by functions of the form W(@)=1 
+A.P2(cosd)+ A 4P4(cos8) and W (6)= 1+A 2P»(cos6). 
A statistical ratio test was carried out, as described in 
a previous paper,‘ to determine if the dropping of the 
P,(cos@) term was statistically significant. It was found 
that the correlation function best representing the 
data is given by W (@)=1+ (0.001+0.004) Ps(cos@). As 
pointed out above, both liquid and solid sources 
yielded isotropic angular distributions. Since the decay 
of Hf!’ is by orbital electron capture and since only an 
upper limit on the lifetime of the intermediate state 
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Fic. 1. (a) Disintegration scheme of Yb!”5. (b) Disintegration scheme of Hf!”®. 


of the cascade has been measured as 10~° second,’ the 
function given above may be in doubt because it may 
represent an attenuation of the true correlation function 
coefficients due to extranuclear fields. 

The correlation function obtained for the 282.57- 
113.81 kev cascade in Lu’ is given by W(6)=1 
+ (0.221+0.004)P2(cos@). This measurement is in 
good agreement with that of Wiedling,* who obtained 
W (6) =1+ (0.227+0.004)P2(cosé). The correlation 
function found with a dry source in the present experi- 
ments is given by W(9)=1+ (0.210+0.003) P2(cos6). 
However, Wiedling® measured A» as a function of the 
viscosity of water solutions of Lu(NO;)3. He varied 
the viscosity of the solutions by adding different 
amounts of water-free glycerine. He found that within 
the experimental errors there was no attenuation; 
thus one can assume that the coefficient obtained for 
dilute aqueous solution sources is the true one. 

The correlation function measured for the 208.36- 
112.97 kev cascade in Hf'” is given by W(@)=1 
— (0.1614+-0.0015)P2(cos#). Again this result is in 
good agreement with that of Wiedling® for dilute 
solution sources; namely, W(@)=1—0.160P2(cos6). 
Wiedling has also studied the effect of viscosity on this 
angular correlation and has arrived at the following 
unperturbed angular correlation function: W(6@)=1 
— (0.163+0.002)P2(cos@). In the present experiments, 
the correlation function found for a solid source was 
given by W (@)=1—(0.149+0.002) P2(cos6). 

The present work is in disagreement with a recent 
measurement made by Ofer.’ With a dilute aqueous 
solution source he found W(@)=1—(0.130+0.010) 
X P2(cos9) for the 208.36-112.97 kev cascade in Hf!”’. 
Thus as a further check on our experimental apparatus, 
additional calculations were carried out on the data 
obtained with the dilute solution source. In order to 
see whether the apparatus introduces statistically 
significant coefficients of odd Legendre polynomials, 
which are known from theory not to be present in the 


7F. K. McGowan, Oak Ridge National Laboratory Report 
ORNL-1705 (unpublished), p. 18. 
8S. Ofer, Nuclear Phys. 3, 479 (1957). 


physical situations we consider,’ a fit was made to the 
function 


W (6) = 1+ A,P;(cos6)+ A 2P2(cos@) 
+A3P3(cos#)+A4P4(cos). 


Then the odd polynomials were left out one at a time 
and new least-squares fits were made. Statistical ratio 
tests were performed, and it was found that neither 
the coefficient of P,(cos@) nor that of P3;(cos#) was 
statistically significant. 


IV. INTERPRETATION OF CORRELATION 
FUNCTIONS 


Since the spin of the ground state of Lu’ has been 
measured to be 3,!° from the correlation function of the 
89.36-343.40 kev cascade one may hope to obtain the 
spins of the initial and intermediate states of the 
cascade. The spin of the 432.76 kev level from which the 
cascade originates is of especial interest. 
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® Stuart P. Lloyd, Phys. Rev. 85, 904 (1952). 
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From scintillation spectrometry, Mize, Bunker, and 
Starner tentatively assigned it spin $. However, 
Burford, Perkins, and Haynes" and Hatch, Boehm, 
Marmier, and DuMond” have assigned spin 3 to it. 
In their discussion of the levels of Lu’ in terms of the 
unified model, Chase and Wilets* state that spin 3 is 
preferred by the model and that it would be difficult to 
account for a second $* state (the 343.40-kev level is 
#). 

Both of the gamma rays in the cascade are known 
to be mixed. The measured K-conversion coefficient’ 
of the 343.40-kev gamma ray and both the measured 
K/(L+M) ratio" and absence of observable conversion 
in the Ly; and Ly: subshells® indicate that it is a mixture 
of M1 and £2 radiation. The measured L-subshell 
conversion coefficients’ of the 89.36-kev gamma ray 
indicate that it is a mixture of M1 and £2 also. The 
fact that the observed angular correlation function is 
isotropic greatly simplifies its analysis. 

Assuming that the observed angular correlation 
function is unperturbed, one can analyze the experi- 
mental results as follows: the expression for A» in the 
correlation function W (@)=1+ A 2P2(cos@)+ A 4P4(cos#) 
for the case of a mixed-mixed cascade can be written 
as the product of two factors, one involving only the 
first transition and the other involving only the second. 
For each transition a quantity 6 is defined such that 
& is the ratio of the intensity of the 2/*'-pole radiation 
to that of the 2¥-pole radiation in the transition. The 
sign convention used for 6 in the present work is that 
given by Biedenharn and Rose." Often & is called the 
mixing ratio of the transition in question. 

Since the mixing ratio of the 343.40-kev gamma ray 
is known, it can be shown that the factor involving this 
transition in the expression for A2 does not vanish. 
Thus the values of the mixing ratio of the 89.36-kev 
gamma ray for which A» vanishes can easily be solved 
for, and the laborious calculations of mixed-mixed 
correlation functions can be avoided. 

All nine possible sequences of $, 3, 3, 9/2, 11/2 
(D+0Q)3, 3, 9/2(D+Q)} with a spin difference of 
zero or one unit between the states involved in a given 
transition have been considered. For the sequence 
§(D+Q)3(D+0Q)3, the values of 6 for the 89.36-kev 
gamma ray for which A: vanishes are 5.71 and —0.392. 
Only the latter is compatible with the mixing ratio of 
this gamma ray obtained from the measurement of the 
L-subshell conversion coefficients, 6°~0.1.° The value of 
—0.392 leads to an E2/M1 intensity ratio of 0.15, and 
the corresponding A, is —0.0004. For the sequence 
3(D+0)3(D+Q)3, 6=—4.18 and 6= —0.100 make A» 
vanish. The second value of 6 leads to an E£2/M1 
intensity ratio of 0.010, which would be in fair agree- 


11 Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955). 

22 Hatch, Boehm, Marmier, and DuMond, Phys. Rev. 104, 
745 (1956). 

13 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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ment with the value” of 0.03 obtained by a combination 
of conversion coefficient measurements, but would be 
in serious disagreement with the value of 0.1. 

For the sequence $(D+(Q)$(D+0Q)3, the condition 
that A» vanish is given by 6= —10.1 or 6=0.193, The 
latter leads to a mixing ratio of 0.037, in fair agreement 
with both values obtained from the conversion coeffi- 
cient measurements. The corresponding A, is 0.0002. 
It is of interest to point out that a spin of $ for the 
432.76-kev level might make this level the analog of 
the 618.9-kev level in Ta'*.* There are no other fits 
of the angular correlation data in the sequences 
investigated which lead to mixing ratios between 
0.03 and 0.2. 

The other cascade measured in Lu!” also terminates 
at the ground state. The spin of the intermediate state 
is known since it is the first member of a rotation band 
based on the ground state of Lu'’® and has been formed 
by Coulomb excitation.’ The 113.81-kev gamma ray 
has been extensively studied at a number of laboratories. 
The L-subshell conversion coefficients®'*:'* have been 
measured, the K-conversion coefficient®"”:!7 has been 
measured, and the K/L ratio':!®!8-!9 has been measured. 
Since these results are in fair agreement, we have taken 
the mixing ratio of the 113.81-kev gamma as 


£2/M1=0.18. 


In the calculations discussed below, 6; refers to the 
113.81-kev gamma ray and 42 refers to the 282.57-kev 
gamma. The angular distribution function®® for the 
mixed-mixed cascade has been programmed for cal- 
culation on the ORACLE. The coefficients A, and A, 
are calculated for both signs of 6; as a function of 6, 
for 72 values of 5: from 0.015 to 100. Coefficients for 
both signs of 62 are calculated. In the present case 
calculations were made for the sequences 3, 9/2, 
11/2(D+0)9/2(D+0)}. 

For both sequences, $(D+(Q)9/2(D+(Q)3 and 11/2 
X (D+Q)9/2(D+(Q)3, the values of 52 which lead to 
values of Az and A, in agreement with experiment, 
62=—0.75 with 6,;=0.42, 6:.=0.048 with 6,=—0.42, 
and 6,=0.034 with 6,;=—0.42, respectively, are 
incompatible with other measurements of the mixing 
ratio of the 282.57-kev gamma ray, as discussed below. 

For the sequence 9/2(D+(Q)9/2(D+Q)3, with 
6:=0.42 and 6:=0.22, As=0.221 and A,=—0.0021. 
This is the only fit which is compatible with all the 
experimental data; thus for the case of the present 
cascade the magnitude of 6: and the signs of both 6, 


4 F. Boehm and P. Marmier, Phys. Rev. 103, 342 (1956). 
a P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

16 Cork, Brice, Martin, Schmid, and Helmer, Phys. Rev. 101, 
1042 (1956). 

17H. de Waard, Phil. Mag. 46, 445 (1955). 

18Huus, Bjerregaard, and Elbek, Kg}. Danske Videnskab. 
Selskab, Dan. Mat.-fys. Medd. 30, No. 17 (1956). 

19 = M. Bernstein and H. W. Lewis, Phys. Rev. 105, 1524 
(1957). 

2M. E. Rose, Phys. Rev. 93, 477 (1954). 
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and 6, have been determined. The above statement 
depends upon a subjective estimate of the precision of 
the value of 6; as obtained from conversion coefficient 
measurements. However, it is felt that it is almost 
certain that the sign of 5: is positive. Since it is not 
possible to assign a well-defined error to the value of 
51, we have given above only the value of 6: correspond- 
ing to the value of 6; used in the calculations. This 
value of 6: leads to an M2/F1 intensity ratio of the 
282.57-kev gamma ray of 0.05, in fair agreement with 
a previous angular correlation measurement® (0.04) 
and with the ratios®” of 0.027+0.016 and 0.02 obtained 
from conversion coefficient measurements. 

Since the spin of the ground state of Hf!’ is now 
known to be § and since the 112.97-kev gamma ray 
has been observed by Coulomb excitation,’ the 
measurement of the 208.36-112.97 kev cascade is of 
interest in determining the spin of the 321.33-kev 
level from which the cascade originates and the mixing 
ratios of the gamma rays. From the measured K-conver- 
sion coefficient! of the 112.97-kev gamma ray, one finds 
that it is a mixture of E2 and M1 radiation. If one uses 
Sliv’s? calculated K-conversion coefficients, he finds 
that the intensity ratio of £2/M1 is 0.945/0.055. This 
mixing ratio leads to L-subshell ratios calculated from 
the tables of Rose” as follows: L;/Ln=0.18 and 
Iun/L1=4.9. These are in good agreement with the 
values measured by Wiedling® of 0.18+0.02 and 
4.8+0.5, respectively. Thus in the analysis of the 
angular correlation data, the mixing ratio of the 
112.97-kev gamma ray is taken to be known. 

The spin of the 321.33-kev level from which the 
cascade originates is most probably 9/2, as determined 
both from the data of Wiedling® and that of Ofer.® 
According to Wiedling’s work, if the spin were j, 
one would expect to see the conversion line of the 
highly-converted 71.64-kev gamma ray, which would 
be M2 or E3+-M2. It was in fact not seen in the beta 
spectrometer. Spin 11/2 is ruled out by the information 


21L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCKI, issued 
by Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 

2M. E. Rose (privately circulated tables). 
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from the continuous beta spectrum. According to 
Ofer’s work, the measurements of the K-conversion 
coefficients of the 71.64- and the 208.36-kev gamma 
rays show that they are both predominantly £1. 
From this information he concludes that the spin and 
parity of the 321.33-kev level is either 9/2* or 11/2*. 
He rules out the 11/2+ assignment both on the basis 
that it would lead to a second-forbidden beta transition 
to this level, which is not the case (log ft=6.3), and 
on the basis of his angular correlation measurements. 

In order to see if the present angular correlation 
measurement can give any information about the spin 
of the 321.33-kev level, we have calculated the correla- 
tion functions of the following sequences, 11/2, 9/2, 
3(D+(0)9/2(D+0Q)%, using the values of +4.6 for 61, 
the square root of the mixing ratio of the 112.97-kev 
transition to the ground state. A fit of the experimental 
data was found for each of the above spin assignments. 

Thus the present measurement gives no information 
about the spin of the 321.33-kev level, but it is felt 
that the other experimental results given above are 
definite enough that one is justified in analyzing the 
angular correlation data using spin 9/2 for the level. 
With this assignment one finds for 6;=—4.6 and 
62= —0.033, A2= —0.161 and A4= —0.0003. This result 
is in agreement with the work of Mann” on the angular 
correlation of the gamma rays in Hf!” following the 
decay of Ta!’’, in that he finds that the sign of 62 is 
much more likely to be negative than positive. It leads 
to a mixing ratio of the 208.36-kev gamma ray of 
M2/E1=0.001, much lower than the value of 0.01 
given by Wiedling.® 
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Numerical integration of the previously derived alpha-decay wave equation, including electric quadrupole 
coupling terms, was carried out for Cm including /=0, 2, 4, and 6 partial waves. Eight integrations were 
carried inward in spherical polar coordinates on an IBM-650 computer with different initial conditions, 
such that a complete set of eight linearly independent solutions to the system of coupled equations was 
generated. Eight different linear combinations of this base set were found which satisfy the boundary condi- 
tions imposed by experimental Cm? alpha-group intensities. Wave amplitudes on a spherical surface near 
the nucleus are given for all eight cases, and the radial variation throughout the barrier region is given for 
two cases. The matrix formalism of Fréman is employed in another presentation of the results, and a. com- 
parison is made with the analogous Fréman matrix. By using a modified Fréman matrix together with our 
results, the alpha-wave distributions are calculated for a spheroidal nuclear interaction surface. A discussion 
is made of conditions for the existence of solutions satisfying boundary conditions imposed by alpha-group 
intensities, and the quadrupole phase shift problem is considered. 





INTRODUCTION 


R nuclei with mass numbers greater than ~ 220 

there seems to be a stable spheroidal deformation, 
which gives rise to rotational bands and other phe- 
nomena treated in the Bohr-Mottelson model.! The 
even-even nuclei exhibit even-parity rotational bands 
based on the 0+ ground state and consisting of levels 
with 2+, 4+, 6+, etc. assignments. Successive levels 
are connected by especially large £2 transition matrix 
elements. It is these large electric quadrupole inter- 
actions that complicate the solution of the Schrédinger 
equation governing alpha decay. General treatments of 
the alpha-decay problem with noncentral interactions 
have been made by Preston? and by Perlman and 
Rasmussen.** More specialized treatment of the alpha 
decay of even-even spheroidal nuclei have been made 
by several authors,® and we shall not here repeat any 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

2M. A. Preston, Phys. Rev. 75, 90 (1949). 

3]. Perlman and J. O. Rasmussen, Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 42. 

*It should be pointed out that the coupled alpha decay equa- 
tions as derived in references 2, 3, 5, and 6 and as applied in the 
present work represent an approximation valid only over radial 
distances short with respect to the wavelength of the photons 
emitted in transitions between the various nuclear final states 
whose alpha groups are coupled by the electromagnetic inter- 
action. If one properly applies the retarded potential interaction, 
it is seen that the electric 24-pole interaction terms of radial de- 
pendence r~2~ are just the leading terms in an expansion of the 
spherical Hankel function of order L. The approximation should 
be well justified in the Cm*® alpha decay treated here. The value 
of X for the most energetic photon (304 kev) is 6.5 10-" cm, and 
the numerical integrations of the present work do not go beyond 
7X10-" cm. 

With this general comment we also wish to point out an error 
in the general formulas for the noncentral interaction as given 
in reference 3. The quantity \! should be deleted from Eqs. (29.3), 
(29.7), (29.8), and (29.14). 

5 J. O. Rasmussen and B. Segall, Phys. Rev. 103, 1298 (1956) ; 
V. M. Strutinskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 411 


detailed introduction to the spheroidal nuclear alpha- 
decay problem. 


THE WAVE EQUATION 


It is convenient to consider the alpha-particle wave 
function with respect to a spherical polar coordinate 
system (r,0) with polar axis the nuclear symmetry axis 
of the spheroidal nucleus. The azimuthal angle has no 
significance, since the only final nuclear states to be con- 
sidered here have no angular-momentum component 
along the symmetry axis, i.e., K=0. With the daughter 
nucleus possessing an intrinsic quadrupole moment, Qo, 
and a finite rotational moment of inertia, &%, the wave 
equation is not separable. If only the states of the 
ground rotational band are considered as final states, 
then we may express the alpha-wave function by the 
expansion 


¥(rA,~9)= DL 
0 


<I<N 





21+1\3 
riin( ) Pi(cos#), (1) 
4 


where the P; are Legendre functions. In this paper we 
shall neglect the odd-/ terms, since the odd-spin mem- 
bers of the rotational band usually lie rather high in 
energy. 

Using the expansion (1), one can reduce the three- 
dimensional wave equation to a set of coupled ordinary 
differential equations in the expansion functions w,(r). 
The first four equations have been explicitly given 
before,* and are as follows: 











4mZe 2mE 2mQve” we 
ws’ ( ‘ ) = (2a) 


’ 
hr h? hr? /5 
(1956); [translation: Soviet Phys. JETP 3, 450 (1956) ]; P. O. 
Fréman, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
Skrifter 1, No. 3 (1957). 
6 J. O. Rasmussen, University of California Radiation Labora- 
tory Report UCRL-2431, December 1953 (unpublished). 
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where Z is the charge of the daughter nucleus, m is the 
reduced mass, £; is the total decay energy of the /-wave 
alpha, and Qp is the intrinsic nuclear quadrupole 
moment. 

These equations are of a convenient form for nu- 
merical solution by digital computer methods. The 
results in this paper were obtained with the aid of an 
IBM-650 computer. 


BOUNDARY CONDITIONS 


The solutions in this paper are those of the inward- 
integration type, where boundary conditions are taken 
from the experimental alpha-group intensities, and the 
final information sought is the wave function near the 
nuclear surface. 

The solutions at large enough distance that the 
quadrupole terms become negligible will be taken as of 
the form of outgoing Coulomb waves,’ but with the 
phase factor e'*! left to be determined : 


wi— Ai(Gr+iF)e*!. (3) 


For the system of four second-order equations (2) it 
is necessary to impose eight boundary conditions. Four 
of these conditions come from the experimental in- 
tensities /). 

vA r= Ii, (4) 


with v, the velocity of the /-wave particle at infinity. 
Since the alpha particle behind the potential barrier 
exists in a quasi-stationary state, its wave function in 
the nuclear surface region may be considered almost 
purely real. Thus, the four additional boundary condi- 
tions can be obtained to good approximation by im- 
posing the condition that the imaginary part of each 
partial wave vanish at the nuclear surface. In actual 
fact we have required the imaginary components to 


7The standard notation for Coulomb functions is used; see 
C. E. Fréberg, Revs. Modern Phys. 27, 399 (1955). 
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vanish on a spherical surface near the nucleus, but the 
real parts of the solutions finally obtained were found 
to be quite insensitive to the location of the surface on 
which these boundary conditions were imposed. 

There is an ambiguity remaining in the specification 
of the solution, associated with the phase (or sign) of 
the partial waves (see reference 5). 


EXPERIMENTAL DATA 


The following experimental! values* from Cm™* alpha 
decay were used: 


Ey=6.253 Mev, v= 73.7%, 
E,=Ey—0.0441 Mev,  12=26.3%, 
E,=E,—0.1460 Mev, — 14= 0.035%, 
E.= E,—0.3037 Mev, — I5=0.006%, 


Qo=+9X10™ cm’. 


NUMERICAL METHODS 


The set of differential equations (2) was integrated 
by applying an iterative numerical method to a set of 
approximating difference equations. The arithmetic was 
performed on the University of California Radiation 
Laboratory digital IBM-650 computer. The basic equa- 
tion used relates the (n—1)th second difference A?y,_; 
to the second derivative y,’’ [as obtained from the 


” 


appropriate Eqs. (2) ] and its second difference A*y,_1”: 
Ay n= FL” + (1/12) A*y nr], (5) 


where A’*y,,_; is defined as A?y,_1= Yn41— 2¥n+¥n—1, and 
where / is the interval in the independent variable, p. 
This equation requires three starting values at equally 
spaced intervals of p. In this section we make frequent 
use of the dimensionless distance parameter, p, which is 
equal to the product of distance and ho, the wave 
number of the ground-state alpha group at infinity. For 
the Cm* problem we have ko=1.08508X 10" cm™. 
Hence, one unit in p is equivalent to a distance of 0.921 
X 10-8 cm. 

It was hoped that inward integration from p=75 
would yield solutions accurate to the order of a percent 
near the nuclear surface. The solutions on which the 
final results are based were obtained with an interval 
of h=0.5 (units of p). This interval is coarser than de- 
sirable near the nucleus, as evidenced by the size of 
the first error term of difference formula (5), namely 
(1/240)A*y,,. However, integrations on two solutions at 
an interval of h=0.1 showed only a 1% difference at 
p=14.5 from the values of the functions obtained by 
use of the coarser interval. All four components of the 
solution for the coarse interval were larger by 1% than 
the h=0.1 values; at p=11.5 the errors were between 
1 and 2%. The relative values of the four components 

8 The energies are the sum of alpha-particle energies, nuclear- 
recoil energies, and an electron-screening correction of 40 kev. 


Qo for the Pu** daughter is an estimate based on reported 
Coulomb-excitation cross sections for U* and Th. 
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Taste I. Alpha-wave solutions for Cm*® decay. 
p Case 1 Case 2 

( =kor)* wo. we ws we wo we we we 

11 1.18 (13)> 1.34 (13) 3.76 (12) 3.42 (12) 1.18 (13) 1.33 (13) 3.13 (12) —2.40 (12) 
11.5 4.82 (12) 5.41 (12) 1.45 (12) 1.33 (12) 4.82 (12) 5.40 (12) 1.22 (12) —9.52 (11) 
12 2.03 (12) 2.25 (12) 5.76 (11) 5.31 (11) 2.03 (12) 2.24 (12) 4.88 (11) —3.88 (11) 
12.5 8.78 (11) 9.59 (11) 2.35 (11) 2.18 (11) 8.78 (11) 9.57 (11) 2.01 (11) —1.62 (11) 
13 3.88 (11) 4.19 (11) 9.87 (10) 9.18 (10) 3.88 (11) 4.18 (11) 8.47 (10) —6.93 (10) 
15 1.83 (10) 1.89 (10) 3.84 (9) 3.63 (9) 1.83 (10) 1.89 (10) 3.37 (9) —2.88 (9) 
20 2.92 (7) 2.76 (7) 4.14 (6) 3.99 (6) 2.92 (7) 2.76 (7) 3.79 (6)  —3.41 (6) 
25 1.70 (5) 1.51 (5) 1.76 (4) 1.68 (4) 1.70 (5) 1.51 (5) 1.65 (4)  —1.50 (4) 
30 2.78 (3) 2.31 (3) 2.13 (2) 2.01 (2) 2.78 (3) 2.31 (3) 2.04 (2) —1.81 (2) 
35 1.11 (2) 8.65 (1) 6.31 (0) 5.64 (0) Lai: 8.65 (1) 6.10 (0) —5.29 (0) 
40 1.09 (1) 7.83 (0) 4.25(—1) 3.60(—1) 1.09 (1) 7.83 (0) 4.16(—1)  —3.44(—1) 
45 2.98 (0) 1.95 (0) 7.08(—2) 5.53(—2) 2.98 (0) 1.95 (0) 7.01(—2) —5.41(—2) 
50 7.22(—1) 5.97(—1) 3.15(—2) 2.03(—2) 7.22(—1) 5.97(—1) 3.13(—2) —2.01(—2) 
55 —1.54 (0) -845(-1) -—3.81(-3) —7.25(-—4) -—1.54 (0) -—845(-—1)  —4.22(-3)  —1.32(—3) 








® ko =1.08503 X10 cm™, 
b> Number in parentheses is power of ten multiplying preceding number. 


are not much altered by integration with the finer 
interval. Therefore, it was felt unnecessary to rerun all 
the other linearly independent solutions at smaller 
interval. 

Eight separate inward integrations of the four coupled 
second-order linear differential equations from a large 
distance were run with different initial conditions. 
Eight linearly independent solutions were obtained, con- 
stituting a complete set. Any general solution is ex- 
pressible as a linear combination of these solutions. 
The boundary conditions consisted in setting the ampli- 
tude and first derivative of one partial wave equal to 
the corresponding regular (F;) or irregular (G;) Cou- 
lomb function (calculated by the Riccati II approxima- 
tion formulas) (Fréberg’), with all other partial-wave 
amplitudes and first derivatives equal to zero. The 
matching to pure Coulomb functions at p= 75 amounts 
to solution of an approximate set of equations of the 
form of (2) at distances p<75, but where all the quad- 
rupole potential terms are “turned off” at distances 
greater than p=75. 

Pennington’ has developed a perturbation method to 
treat the coupling effects on out to infinity. His work 





involves numerical integration of the alpha wave equa- 
tion in spheroidal coordinates for many heavy-element 
nuclei taking into account /=0, 2, and 4 groups only. 
His general approach in constructing solutions from 
linear combinations of a basic linearly independent set 
is similar to ours. 

From these eight linearly independent solutions of 
Eqs. (2) as base vectors, the complex solutions that 
satisfied the asymptotic boundary conditions (4) and 
whose imaginary parts vanished on a sphere of radius 
p=12 were found algebraically. The solutions of eight 
simultaneous algebraic equations, four of them quadratic, 
were required, and these solutions were obtained by use 
of the IBM-650 computer. 

As an example of the extent to which quadrupole 
terms affect the base vector solutions, the base vector 
derived by setting w;=6 iGo at p=75 has the following 
values at p=15: 


wo= 1.646X 10", w= 2.420X 10°, wa= 1.338 X 108, 
and w= 3.607 X 108. 


In the absence of quadrupole terms, we, ws, and we 
would remain identically zero for all p. 


TABLE II. Theoretical partial wave amplitudes near the nucleus, showing effects of quadrupole coupling (Cm). 








Relative wave Relative wave 
amplitude assigning amplitude with L 
Qo=0 and L=0 effects but 0 =0 





Final state (abs. value) (abs. value) Partial-wave ratios (complete calculation) 
E Cr in Fréman's* b; in Fréman's (at p =11) 
(kev) In notation notation 1 2 3 4 5 6 7 8 
0 0+ (1.0) (1.0) (1.0) (1.0) (1.0) (1.0) (1.0) (1.0) (1.0) (1.0) 
44 24+ 0.77 0.97 1.14 1.14 1.11 1.11 -—1.08 -1.05 -—1.04 —1.07 
146 4+ 0.051 0.112 0.32 0.27 0.102 0.159 -—040 -—0.087 -—0.17 —0.32 
304 6+ 0.053 0.29 0.29 —0.204 —0.24 0.25 —041 4035 -—0.36 +0.29 
514 8+ 0.014 0.26 
605 1— 0.045 0.049 
935 0+ 0.22 0.22 
1030 2+(K=2) 0.15 0.19 
Magnitude of wo(X10~) (at p=11) 11.76 §=11.75 11.74 11.74 8.17 8.19 8.19 8.17 








eS 


reference 10. 


®E. Pennington, Ph.D. thesis, McMaster University, Ontario, Canada, 1957 (unpublished). 
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As an example of a solution (linear combination of 
base vectors) satisfying the intensity boundary condi- 
tions, we give at p=15 the partial wave amplitudes of 
one of the eight solutions: 


Wo= 1.83110", we= 1.891 K 10", w4= 3.837 X 10°, 
and we= 3.629 10°. 


This solution (for all p) is formed from the eight base 
vectors by expansion coefficients of 1.000, 0.5973, 
0.01709, and 0.009112 for the Go#0, G20, etc., vectors 
and —0.009372, —0.03615, —0.01373, and —0.0006825 
for the F;+0 vectors. With these expansion coefficients 
the real part of the general outgoing wave solution is 
obtained. By exchanging corresponding expansion co- 
efficients for G;#0 and F,;+0 solutions and changing 
the sign of one, the imaginary part of the general 
solution is constructed, but it is not expected to be 
accurate within the barrier when constructed from 
inward-integrated solutions, since it will involve small 
differences of large numbers. 


RESULTS 


There are several ways in which the numerical re- 
sults may be presented. First, we give partial wave 
amplitudes (real part) as a function of distance for two 
of the eight cases satisfying the empirical Cm*” alpha 
group intensities. These solutions are given in Table I, 
and the normalization is such that the S wave goes 
over asymptotically into an oscillatory function with 
unit amplitude. 

Second, there is presented in Table II the relative 
wave amplitude values on the spherical surface (p= 11.0; 
ie., r=10.1X10-" cm). For comparison are given the 
relative values that wouid be calculated if the quadru- 
pole moment were zero (column 4) and the values that 
would be calculated if both the quadrupole moment 
and centrifugal barrier effects were ignored (column 3). 
In comparing column 4 with the eight numerical cases 
it is noted that inclusion of quadrupole terms seriously 
affects only the /=4 partial wave. This result is readily 
understandable from the structure of the coupled Eqs. 
(2a,b,c,d), where coupling terms will have greatest 
effect on a partial wave of small amplitude coupled to 
one of large amplitude. 

Examination of column 4 suggests that the Legendre 
expansion is not converging rapidly and that the /=8 
group and possibly higher rotational groups are not 
negligible. 
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Comparison with Froman’s Treatment 


Fréman” in a recent comprehensive treatment of 
alpha decay has derived analytical expressions for 
alpha decay of spheroidal nuclei. With these expressions 
he has calculated numerical values for matrix elements 
of a matrix k,(B) which by multiplication carries over 
the Legendre expansion coefficients, a;, of the alpha- 
wave function on the spheroidal nuclear surface into 
coefficients, 5,, related to the alpha-group intensities, 
ie., b:5=Sovkiw(B)av. The quantity |b;| is the re- 
ciprocal of the product of the hindrance factor and the 
centrifugal-barrier reduction factor. 

The argument B is a function of the deformation of 
the surface and the intrinsic quadrupole moment. 
Fréman’s matrix k;,;(B) might be equated to a product 
of two similar matrices. By multiplication, one carries 
the spheroidal expansion vector a; over to a vector a/’ 
giving expansion coefficients on a spherical surface of 
the same mean radius as the spheroid. The second 
matrix carries the a,’ vector over to the asymptotic 
vector b;. The off-diagonal elements of the first matrix 
arise as a consequence of the transformation between 
two different surfaces, and those in the second arise as 
a consequence of the electric quadrupole interaction. 
Numerical values for each of these matrices may be 
taken from the values on page 41 of Fréman’s paper 
but using arguments B, and B, calculated in the follow- 
ing manner. B, for the former matrix is calculated from 
Fréman’s (VI-9) by setting go equal to zero. Bz is calcu- 
lated by use of (VI-9) by leaving out the term unity in 
the final factor and inserting the value of go defined by 
Fréman’s (VI-2). 

It is this second matrix which may be directly de- 
rived from the numerical wave functions of the present 
work. Linear combinations of our eight linearly inde- 
pendent solutions are found which represent the irregu- 
lar Coulomb function of a single partial wave at p= 11. 
The expansion coefficients are found by solution of 
eight simultaneous linear equations, and these expan- 
sion coefficients, when renormalized to account for 
different penetrabilities of the different partial waves 
due to the centrifugal potential and to nuclear rota- 
tional energies, constitute the matrix elements of the 
second matrix described in the preceding paragraph. 
Unlike the matrix derived by Fréman’s approximation, 
our matrix is not symmetric and the matrix elements 
are generally complex. This complex nature reflects the 


TABLE III. Quadrupole interaction matrix. 








1=0 l=2 


l=4 1=6 





—0.1674—0.0176i 
0.9542 — 0.001587 

—0.1899 —0.05957 
0.01885+0.01877 


1.015+-0.01167 
—0.2107 —0.0456i 

0.02114+0.01357 
—0.001089 — 0.002167 


—0.0005093 — 0.000130 
0.007260+0.000679: 

—0.1008 — 0.001877 
0.9086 —0.02417 


0.01166+-0.00217i 
—0.1195—0.00592i 

0.9191 —0.00360 
—0.2052 —0.0893i 











10 P, O. Fréman, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. Skrifter 1, No. 3 (1957). 
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TABLE IV. Fréman matrix for B= —0.455. 











1=0 1=2 1=4 1=6 

1.019 —0.193 0.014 —0.0005 
—0.193 0.908 —0.158 0.014 

0.014 —0.158 0.917 —0.155 
—0.0005 0.014 —0.155 0.917 








phase shifts on the Coulomb waves arising from quad- 
rupole coupling terms in the wave equation. 

The matrix applies to the surface of radius r= 10.12 
X10-* cm (p=11.0), which is representative of alpha- 
particle interaction radii and would satisfy the 
expression : 

r= (1.23A!+2.5)X10- cm. 


Our matrix is then as given in Table III. 

For the parameters r= 10.12 10-" cm and Qo=9.0 
X10-* cm? of our matrix, one may calculate that the 
appropriate argument of the analogous Fréman matrix 
is B= —0.455. The matrix resulting from interpolation 
(7 point) of Fréman’s numerical matrix elements for 
this argument is given in Table IV for comparison with 
the preceding matrix. 

To facilitate comparison the over-all normalization 
of our complex matrix was carried out to make the 
l=l’=0 diagonal components nearly equal. The nor- 
malization to 1.015, compared to Fréman’s 1.019, was 
arbitrarily made slightly less from qualitative con- 
sideration of the sign of the expected deviation from the 
Fréman approximation. Comparing the two matrices, 
one sees a fairly close correspondence of the real com- 
ponents. The imaginary components are usually con- 
siderably smaller than the real components except for 
elements far from the diagonal. The asymmetry of the 
matrix is of the sense that an off-diagonal element in 
the upper right-hand half is always smaller than its 
counterpart in the lower left-hand half. 

In the Fréman approximation the quadrupole coup- 
ling terms (off-diagonal terms) in the alpha-decay wave 
equation are considered to operate only over the inner 
part of the barrier and the diagonal terms for each 
partial wave in this region are considered the same; the 
effects of the difference in diagonal terms (centrifugal 
potential and nuclear rotational energy) are considered 
to arise from the outer region of the barrier. The asym- 
metry of the matrix derived from our numerical solu- 
tions may be said to arise as a consequence of the opera- 
tion of off-diagonal terms over the same radial region 
where diagonal terms significantly differ for the dif- 
ferent partial waves. The imaginary components of the 
matrix elements arise principally as a consequence of 
quadrupole terms, diagonal and off-diagonal, in the 
region of the classical turning points. Fréman’s approxi- 
mation neglects quadrupole terms in the turning point 
region. 
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Wave Functions on the Spheroidal 
Nuclear Surface 


Since the nuclear surface of the alpha-decay daughter 
of Cm*” is supposedly spheroidal, it is of interest to 
determine Legendre expansion coefficients for the wave 
function on the spheroidal surface. In principle we 
could take a spheroidal section through the numerical 
wave functions defined by our spherical expansion co- 
efficients, but this procedure is not very practicable. 
Instead, we chose to multiply our relative spherical 
expansion coefficient vectors (Table II) by a modified 
Fréman inverse matrix. The deformation of the spheroid 
of mean radius p= 11.0 was chosen from calculation of 
a nuclear matter spheroidal surface for mean radius 
r=1.23X10-"A! cm and Qo= + 9.0 10- cm? and then 
adding a constant distance 2.5X10~" cm to take into 
account the finite range of the nuclear interaction and 
“radius of the alpha particle.” This procedure led to a 
deformation parameter 82, of +0.159. Using the 
modification of Fréman’s (VI-9) described in the pre- 
ceding section, we then calculated the argument B= 
+2.00 for the Fréman matrix which by matrix multi- 
plication transforms the distribution vector on the 
spheroidal surface into the corresponding vector on the 
spherical surface of the same mean radius. We desire 
the inverse matrix which converts the spherical to the 
spheroidal distribution vector, and this matrix is just 
the Fréman matrix with argument B= —2.00. Multi- 
plying the spherical surface amplitudes of cases 1 to 4 
from Table II, we get the spheroidal distribution vectors 
given in Table V. The transformation will give rise to 
components of /=8 and higher, but these are not listed 
in Table V, since with the arbitrary exclusion of /=8 
partial waves from our work, the proper values of the 
1=8 coefficients are quite uncertain. Cases 5 to 8 are 
not presented, since indirect evidence discussed later 
gives information on the probable /=0, /=2 phase 
difference which excludes cases 5 to 8 as actual 
possibilities. 

In the last two columns of Table V, for comparison, 
have been given the corresponding coefficients from 
Pennington’s work’ with Qo=11.32K10~*% cm?. The 
spheroidal surface to which his results apply has a 
semimajor axis of 10.97 10~ cm and semiminor axis 
of 9.51X10-" cm, compared to our 11.14X10-" cm 
and 9.61X10-" cm, respectively, and our Qo=9.00 
X10~* cm?. There seems to be fair agreement between 
our case I and his case II and between our case III and 
his case I. 

The wave function variations over the spheroid ob- 
tained with the expansion coefficients of Table V fall 
into two groups. Cases 1 and 4 are quite similar to 
one another, showing maxima of roughly equal height 
at 0=0° and ~55° and changing sign near 90°. Cases 2 
and 3 are similar to one another and show a main 
peak around 30-35° with a minimum at 0°. Solutions 2 
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and 3 also both show slight peaking at 90° with minima 
at 60° and 75°, respectively. Inspection of column 4 of 
Table II leads us to believe that inclusion of the /=8 
partial wave could significantly alter the details of the 
distributions and, of course, would lead to twice as 
many possible cases. The distributions of cases 2 and 3 
bear a strong qualitative similarity to the distribution 
(case I) derived by Rasmussen and Segall,® except that 
the single maximum in this earlier work lay near 50°. 
The differences from this earlier work are due to in- 
clusion in the present work of the /=6 wave and to 
use of a deformation about half as great as was used 
before. The inclusion of the /=6 wave has given rise 
to the two distinct alternative patterns within cases 
1 to 4. 

Let us now turn to the question of deciding on the 
physically correct case of the eight possible solutions. 
Angular correlation experiments with alpha particles 
may give results dependent on phase differences. The 
different cases correspond to different phase differences 
between the various alpha groups, but since the various 
groups in even-even alpha emission are all of different 
energy, there can be no interference terms in angular 
distribution experiments. However, in the alpha decay 
of odd-mass nuclei there may be more than one partial 
wave in single alpha groups, and there may thus be 
interference terms in angular distribution experiments. 
From the sign of the interference terms one may decide 
between the two possible phase differences of two inter- 
fering partial waves. 

Bohr, Fréman, and Mottelson" have shown good 
correlations between relative alpha-group intensities in 
even-even nuclei and in “favored” decay groups in 
odd-mass nuclei. (See also reference 3 for discussion of 
favored alpha decay.) We may make further use of the 
analogy by proposing that the phase differences found 
in angular distribution experiments on favored alpha 
groups in odd-mass nuclei should be the same as in the 
neighboring even-even nuclei. 

The two best and most readily interpretable experi- 
ments are the alpha 60-kev gamma angular correlation 
in Am*! by Krohn, Novey, and Raboy” and the alpha 
angular distribution from aligned U** nuclei by Dabbs, 
Roberts, and Parker."* The main part of the anisotropy 
in each experiment is thought to arise from an S-wave 
D-wave interference term in the main alpha group 
(AI=0). The Am! result can only be interpreted as 
indicating the correctness of one of cases 1 to 4 and 
rejecting cases 5 to 8 (i.e., there is a constructive S-D 
interference along the nuclear symmetry axis). From the 
lack of any sharp variation in /=2 group-hindrance 
factors for even-even alpha emitters between mass 233 
and 241, we should expect the S-D phase difference to 
be of the same sense for U** as for Am*™", The theo- 

1 Bohr, Fréman, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 10 (1955). 

2 Krohn, Novey, and Raboy, Phys. Rev. 105, 234 (1957). 


13 Dabbs, Roberts, and Parker, Bull. Am. Phys. Soc. Ser. II, 
1, 207 (1956). 
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TaBLe V. Expansion coefficients of wave functions 
on the nuclear surface. 








Our case No. Pennington’s case No. 
II III IV I II 


0.5022 0.483 0.465 0.535 0.524 
0.1723 0.235 0.303 0.168 0.211 
—0.0257 —0.152 —0.390 
—0.1950 —0.136 0.315 





—0.174 —0.285 








retical interpretation of the U** anisotropy can give 
information on the S-D phase if the sign of the quadru- 
pole coupling constant for uranium in rubidium uranyl 
nitrate is known. We would like to suggest that the sign 
of the quadrupole coupling constant in rubidium uranyl 
nitrate is probably negative. In this crystal the linear 
uranyl (UO,**) ions are aligned along the c axis of the 
crystal. Eisenstein and Pryce have proposed that a 
strong hybridization of atomic orbitals 6d and 7s in 
uranium occurs for the o-bonding orbitals, and they 
state that this hybridization will give rise to a “column 
of charge” along the uranyl bond axis. If this axial 
column of negative charge characterized the bonding 
orbitals at all distances from the uranium nucleus, then 
the positive quadrupole moment of the nucleus would 
give rise to a positive quadrupole coupling constant, 
ie., magnetic substates my = +J=+$ would lie lowest 
in energy. However, the 6d and 7s orbitals have three 
and six radial nodes, respectively, and a hybrid orbital 
will thus exhibit alternating concentrations of charge 
at the poles and in equatorial rings as the radial dis- 
tance changes. The quadrupole coupling constant will 
be most dependent on the electronic charge distribution 
near the nucleus. For the bonding 6¢—7s hybrid the 
innermost interference region will have an equatorial 
ring of charge. An evaluation of the radial integral for 
the 6d—7s interference term in the quadrupole coupling 
expression, using unscreened, nonrelativistic electron 
wave functions, and also using screened relativistic 
wave functions,!® did yield a negative contribution to 
the coupling constant.!® The 6d component alone yields 
a positive contribution, so the sign of the quadrupole 
coupling constant will depend on the degree of s-d 
hybridization. If, as we believe, it is negative, the Am™! 
and U** experiments are consistent with each other 
and support the choice of one of our cases 1 to 4. 

Deciding among the cases 1 to 4 is not possible with 
present information. In principle the needed informa- 
tion can be obtained from a study of the D-G and G-J 
interference terms in alpha angular-distribution experi- 
ments. In practice the information will be difficult to 
obtain because of the relative weakness of G and J 
waves for favored alpha transitions. 


14 J. C. Eisenstein and M. H. L. Pryce, Proc. Roy. Soc. (London) 
, 20 (1955). 
18 Uranium electron-wave functions are from calculations by 
S. Cohen, Bull. Am. Phys. Soc. Ser. IT, 2, 311 (1957). 
ost” Chasman and J. O. Rasmussen (unpublished calculations, 
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Let us summarize the method of transforming the 
vector describing the alpha particle wave function on 
the spheroidal nuclear surface to the vector 6; whose 
components are partial wave amplitudes (w;=ry;) at 
infinity. One multiplies successively by the modified 
Fréman matrix (whose argument B is calculated setting 
go to zero), by our complex quadrupole interaction 
matrix given earlier in this section, and finally by a 
diagonal matrix ky =G;"'(kr)dy, where r is the mean 
radius of the nuclear spheroidal surface, and G; is the 
irregular Coulomb function. 


CONSIDERATIONS REGARDING EXISTENCE OF 
SOLUTIONS TO THE COUPLED 
ALPHA-DECAY EQUATIONS 


If there are no noncentral interactions, the wave 
equation separates exactly, and satisfaction of the 
boundary condition that imaginary components of all 
partial waves vanish at the nuclear surface can be 
achieved for any choice of relative group intensities 
simply by adjusting the phase of each partial wave 
separately. However, for the coupled equations here it 
seems on brief consideration that some combinations of 
relative intensities may be mathematically excluded by 
the nonexistence of solutions satisfying all the boundary 
conditions. For example, suppose we seek solutions to 
Eq. (2) satisfying both the nuclear and the asymptotic 
boundary conditions of Eq. (4) with all intensities 
vanishing except for the /=0 group. Thus, only two of 
our eight base-vector solutions (i.e., those derived 
from Go¥0 and from Fo0 at large distance) can be 
used. Yet at the nuclear surface, because of coupling, 
these base vectors will have components in we, ws, ws, 
etc. as well as in wo. It does not seem likely that the 
imaginary parts of all these components can be made to 
vanish by any linear combination of just two base 
vector solutions. 

An example of forbidden intensity combinations was 
furnished when we attempted to calculate solutions 
with our Cm™ base vectors as if Cm*” had the hindrance 
factors of ionium (Th™°), which experimentally are 
1.1 (J=2), 12 (J=4), and 8200 (/=6). No solutions satis- 
fying the boundary conditions existed, but when a 
larger intensity of the /=6 group was tried (hindrance 
factor 820), all eight solutions were found. 

In actual fact the quadrupole moment appropriate 
for Th*° decay is surely considerably less than that for 
Cm” decay, and with lower quadrupole coupling we 
know that the existence conditions would impose less 
restrictive limits on the intensities of weak groups. 
Surely the 8200 hindrance factor for /=6 would give 
allowed solutions if the Th’ problem were solved 
properly with a small Qo. In a reverse application of the 
existence conditions one could, for a given set of experi- 
mental hindrance factors, set an upper limit on Qo as 
that value above which solutions to the problem vanish. 
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PHASE SHIFTS DUE TO QUADRUPOLE COUPLING 


Aside from the importance of including quadrupole 
coupling to derive alpha surface distributions from 
relative intensity data, quadrupole coupling may be of 
some importance in affecting the interpretation of alpha 
angular-distribution experiments with spheroidal nuclei. 
The phase of alpha waves cannot affect any experi- 
mental measurements on the even-even alpha emitters, 
since each alpha group has only one associated angular 
momentum (consequence of zero spin of parent). How- 
ever, odd nuclei may be expected often to have two or 
more partial waves associated with an individual alpha 
group. This mixture can give rise to interference terms 
in the alpha angular distributions, and the expressions 
for these interference terms involve the phases through 
a cosine factor having as argument the phase difference 
of the two partial waves. The phase difference has 
usually been calculated from the difference of argu- 
ments in the general asymptotic expression for outgoing 
Coulomb waves, 


Gi+iF > exp[i(p—7 In2p—}lr+o;) |, (6) 


where o,=argI'(in+/+1) and n and p are the standard 
Coulomb function arguments. Where noncentral inter- 
actions operate on the alpha particle after it leaves the 
nuclear surface, additional phase shifts may be intro- 
duced. To determine precisely how much additional 
shift would require study of the particular cases; how- 
ever, we may get a rough estimate of the magnitude of 
phase shift effects to be expected in favored decay of 
odd-mass neighbors of Cm” by examining the phase 
shifts in the Cm*” solutions discussed above. 

At the end of the section on “Numerical Methods” 
the eight expansion coefficients for the case I Cm*” 
solution were given. The extra phase shifts due to 
quadrupole coupling are easily calculated by simply 
taking the arc tangent of the ratio of the expansion 
coefficients for corresponding F;#0 and G;#0 solu- 
tions. The extra phase shifts (in radians) are 6 
=—0,009, 6:=—0.060, 5,=—0.68, and 5.=—0.075. 
As a first approximation we might take these phase 
shifts for analysis of angular correlation data involving 
favored alpha-decay groups of odd-mass neighbors of 
Cm*, From the asymptotic expression (6) one. can 
derive the phase-difference formula given by Devons 
and Goldfarb,’ and according to this formula the 
D wave lags the S wave by 7.3° at infinity. When the 
additional phase lags due to the quadrupole interaction 
are taken into account, the D wave may lag the S wave 
by 10.2° at infinity. The size of the theoretical S-D 
interference term should thus be reduced by about one 
percent from the values previously derived, neglecting 
quadrupole coupling. This correction does not seem 
very serious. 


7S. Devons and L. J. B. Goldfarb, Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 42, p. 415. 
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If one should perform an experiment in which the 
D-G interference term enters, then a more serious cor- 
rection due to quadrupole phase shifts is to be expected, 
for the estimates above indicate an additional 36° lag 
between D and G waves. In the Cm* problem the 
G wave is subject to the greatest phase shifts, since it 
is a weak group coupled to a relatively intense /=2 
group. It should be emphasized that the above nu- 
merical values of the additional phase shifts apply only 
to case I. The phase shifts will be different for the 
different possible cases. 

We can expect, regarding the noncentral interaction 
phase shifts, that (a) only the large collective E2 
couplings will be of significance; (b) the shifts will be 
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larger, the larger the intrinsic quadrupole moment; 
(c) the shifts will be largest for low-intensity groups 
coupled to high-intensity groups; and (d) the coupling 
may introduce phase shifts of either sign depending on 
the relative signs of the coupled partial waves in the 
classical turning-point region. 
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Angular Distributions from Deuteron-Induced Reactions in Sodium* 


W. F. Vocetsancf AND J. N. McGruer 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received October 30, 1957) 


Angular distributions and absolute cross sections were obtained for a group of reactions induced by 14.8- 
Mev deuteron bombardment of Na*. The ground state and the 1.341-Mev state of the Na*(d,p)Na™ re- 
action were fitted with Butler curves of /,=2 and 0, respectively. The angular distributions of seven levels 
of the reaction Na*(d,d’)Na* were obtained. The Q values of these levels were measured to be —0.441, 
— 2.073, —2.400, —2.689, —2.997, —3.689, —3.925, and —4.457 Mev all with an uncertainty of +0.040 
Mev. The ground state and the first three excited states of Na*® were cbserved by the reaction Na*(d,t)Na”. 
It was possible to fit the angular distributions to all the Na™ states with ],=2. The Q value of the 
Na**(d,t) Na® ground state was measured to be Q= —6.211+0.040 Mev. 


I. INTRODUCTION 


STUDY has been made of some of the reaction 
particles resulting from the bombardment of Na”™ 


A 


with deuterons from the University of Pittsburgh 
cyclotron. The angular distributions of the (d,p), (d,d’), 
and (d,t) reactions have been measured. The angular 
momentum transfer and parity change for the (d,p) 
and (d,/) reactions were determined by fitting Butler- 
type curves to the observed angular distributions. 


II. APPARATUS 


The apparatus used has been previously described. 
A collimated beam of 14.8-Mev deuterons was incident 
upon the target. The outgoing particles were mag- 
netically analyzed and detected by a CsI crystal. The 
relative pulse heights for protons, deuterons, and tritons 
were approximately 1, 3, and 4, respectively. A system 
of aluminum foils in front of the crystal provided a 


* Work done at the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Now at Atomic Power Division, Westinghouse Electric \Cor- 
poration, Pittsburgh, Pennsylvania. 

1 Bender, Reilley, Allen, Ely, Arthur, and Hausman, Rev. Sci. 
Instr. 23, 542 (1952). 
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Fic. 1. Energy levels of Na*, N*, and Na™. Asterisks denote levels 
studied in this work. 
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Fic. 3. Angular distribution of the Na*(d,p)Na™ ground state. 


method of shifting relative pulse heights. Since the 
pulse height differs for different types of particles, a 
multichannel analyzer was used to record simultane- 
ously each type of particle. The necessary width of the 
individual channels depends on the resolution of the 
crystal. A resolution of four to six percent is expected? 
from a CsI(TI) crystal. The crystals used in this work 
were CsI (unactivated) and had a resolution of ten to 
twelve percent. This increased channel widths and 
resulted in an increase in background per channel. 

In addition to the background produced by charged 
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Fic. 4. Angular distribution of the Na*(d,p) Na*™ 1.341-Mev level. 
2 Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955). 
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Fic. 5. Angular distribution of the Na*(d,d’) Na* 0.439-Mev level. 


particles there is a gamma-ray background present. 
This background is independent of the magnetic field 
and extends into the region of triton pulse heights as 
lower energy particles are focused. The increased 
channel widths aggravated this effect. (This gamma-ray 
background prevented the observation of levels in 
Na” above 1.535-Mev excitation.) 


Ill. TARGET PREPARATION 


The target was made by evaporating purified sodium 
on a silver foil 0.01 mg/cm? thick in the scattering 
chamber. A survey run on silver showed it to contribute 
no structure. The thickness of the sodium targets used 
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TABLE I. Summary of results obtained (g.s.=ground state). 











ro QO do (6)/dQ Reduced 

Reaction ln Spin (parity) (10718 cm) (Mev) (mb/sterad) 61° width 
Na*®(d,p)Na™ g.s. 2 4+ 6.0 6.70 +1.95 13.9 0.039 
Na*™(d,p)Na™ 1.341 Mev 0 2" 6.2 18.1 +5.3 14.6 1.05, 0.63 
Na*(d,d’)Na* 0.439 Mev 2.41 +0.70 24.6 
Na**(d,d’)Na*® 2.07 Mev —2.073+0.040 124 +3.6 24.5 
Na®*(d,d’)Na* 2.37 Mev — 2.400+0.040 0.336+0.998 24.6 
Na®*(d,d’)Na* 2.69 Mev — 2.689+0.040 2.69 40.78 21.8 
Na*5(d,d’)Na® 3.01 Mev — 2.997+0.040 1.88 +0.55 24.7 
Na®3(d,d’)Na® 3.70 Mev —3.689+0.040 0.328+0.095 30.8 
Na*3(d,d’)Na*® 3.92 Mev —3.925+0.040 0.978+0.295 30.9 
Na*(d,t)Na” g.s. 2 3* 7 —6.211+0.040 2.41 +0.71 22.5 0.0135 
Na**(d,t)Na® 0.584 Mev 2 Of, 1+, 2*, 3*, 4* 7. 0.728+0.213 22.9 0.00405 
Na**(d,t)Na™ 0.893 Mev 2 Of, 1*, 2*, 3+, 4 6.! 1.33 +0.39 20.9 0.00813 
Na*3(d,t)Na® 1.535 Mev 2 O°. 1*, 2*.3*, 4* 7. 0.391+0.117 19.6 0.00195 








was (6.2+1.6)X10- cm. The thickness was deter- 
mined from the variation of the half-width and counting 
rate of a level with successive evaporations. By ex- 
trapolation back to zero thickness the instrument half- 
width was measured. The increase in half-width is due 
to energy loss in the target, while the counting rate is 
a measure of the thickness. By using range-energy 
curves the thickness of the target could be found. Once 
one target was measured, the thickness of any other 
could be found by comparing the counting rate of a 
known level. As a check, a chemical determination was 
made yielding a value which agreed within the experi- 
mental uncertainty. 


IV. EXPERIMENTAL RESULTS 


Figure 1 shows the energy level diagrams for Na”, 
Na”, and Na™.3.4 The levels studied in this investigation 
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Fic. 7. Angular distribution of the Na**(d,d’) Na* 2.37-Mev level. 


~ 3P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
4C. P. Browne and N. C. Cobb, Phys. Rev. 99, 644 (A) (1955). 








are denoted by asterisks. All of these levels have been 
previously reported although those in Na” had not been 
studied by the reaction Na™(d,/)Na*”. Only the ground 
state and 1.34-Mev levels in Na™ were studied, the 
other levels being too closely spaced to be clearly re- 
solved. The levels above 3.92 Mev in Na” were obscured 
by a deuteron continuum arising from slit-edge 
scattering. 

A search was made for the Na*(d,He*)Ne” ground 
state reaction at scattering angles of 13.7 degrees and 
27.9 degrees in the laboratory system with negative 
results. This establishes the reaction as having a cross 
section less than ten percent that of the Na*(d,t)Na” 
ground state. 

Figure 2 shows the number of charged particles ob- 
served as a function of analyzing magnetic field at a 
laboratory angle of 28 degrees. The isotopic assignment 
of the levels was checked by measuring the variation of 
recoil energy with angle. 
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Fic. 8. Angular distribution of the Na*(d.d’)Na* 2.69-Mev level. 
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Fic. 9. Angular distribution of the Na*(d,d’) Na® 3.01-Mev level. 


A. Na**(d,p)Na™ 


The angular distributions for the two levels studied 
are shown in Figs. 3 and 4. The solid curve is that of 
the Butler stripping theory®® for the value of /, and ro 
specified. The value of ro was adjusted to give the best 
fit. This leads to the assignment of J=0*, 1*, 2+, 3*, 
or 4* to the ground state and J/=1* or 2+ for the 1.34- 
Mev state. These assignments are in agreement with 
previously reported values.’ 


20+ Nd“tad NE 
. E.=3.70 
5 $ Target Nal 
. ® Torget No.2 
L 4 Torget No.3 
IST 
ef 
#T 
By bh 
2 
s10r 
& + 
ae: 
ik 
5 
5 = 
{ t ¢e 4 
s 7 eres 
0 n — a ‘ 








tL 1 i 
O 10 20 30 40 50 60 70 80 9 
cm (degrees) 
Fic. 10. Angular distribution of the Na®(d,d’) Na® 3.70-Mev level. 


6S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
6 R. Huby, Progress in Nuclear Physics (Butterworths-Springer, 
London, 1953), Vol. 3. 





1667 








20- Na“(d,d')Na> 
a E,=3.92 
-- ¢ Target No.l 
- @ Target No.2 
L A Torget No3 
_ 15+ 
4 I 
| a 
2 = 
S 
Zio 
ee 
; t ; 
oT t a 
r 
L Ss » a 
0 r l 1 ae ee 1 1 1 1 
O 10 20 30 40 50 60 70 80 9 
@cm.(degrees) 


Fic. 11. Angular distribution of the Na*(d,d’) Na® 3.92-Mev level. 


The stripping reduced widths have been calculated 
for these levels and are given in Table I. The calculation 
was made for the peak of the angular distribution of the 
ground state reaction. The possibility of two J values 
for the 1.34-Mev level leads to two possible values for 
the reduced width of this state. These values were 
calculated at 14 degrees. Since at this angle the fit to 
the Butler curve is poor, these values may be too large 
by a factor of four. 


B. Na” (d,d’)Na” 


The angular distributions of the first seven excited 
states of Na* are shown in Figs. 5 through 11. The 
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Fic. 12. Angular distribution of the Na*(d,t)Na® ground state. 
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Fic. 13. Angular distribution of the Na**(d,t) Na® 0.584-Mev level. 


angular distribution of the Na* ground state is not 
shown since it could not be separated from the silver 
ground state at angles less than 23 degrees. 


C. Na*(d,t)Na” 


Figures 12 through 15 show the angular distributions 
for the first four levels in Na®*. The solid curves are 
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calculated from the pickup theory of Newns.’ The 
value of J, and ro were adjusted to give the best fit. 
All the distributions are best fitted with /,=2, which 
leads to an assignment of J=0*, 1+, 2+, 3+, or 4* for 
all four levels. A value of J=2+ for the ground state 
has been previously reported.’ 

The stripping reduced widths of these levels have 
been calculated using Irving’s form for the triton in- 
ternal wave function. The values were obtained in each 
case for the peak of the angular distribution. The 
results are given in Table I. 

The Q value for the Na*(d,t)Na” ground state was 
measured to be —6.211+0.040 Mev. The Q values for 
the other states are in agreement with other work.‘ 
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Fic. 15. Angular distribution of the Na®(d,t) Na” 1.535-Mev level. 


V. CONCLUSION 


The results are summarized in Table I. The absolute 
cross sections obtained are uncertain to +50%. Since 
the major source of uncertainty in the determination 
of the cross sections is the thickness of the target, 
relative cross sections are probably good to +10%. 
The cross sections are given for the peak of the dis- 
tributions wherever possible. 


ACKNOWLEDGMENT 


We wish to acknowledge the help received from Dr. 
A. J. Allen and Dr. R. S. Bender during the course of 
this project. 

7H. C. Newns, Proc. Phys. Soc. (London) A65, 961 (1952). 


speagingheTes yy 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 5 MARCH 1, 1958 


1.7-Mev State in Be® 


Dan W. MILLER 


Department of Physics, Indiana University,* Bloomington, Indiana 
(Received October 21, 1957) 


Evidence is presented concerning the 1.7-Mev state in Be? and its characteristics, which are currently in 
doubt because of the extreme weakness of the anomaly observed in charged-particle reactions. On the basis 
of this evidence, the state now appears to be well established, and its spin and parity are probably 4* or }-. 
The evidence in favor of the $* assignment, corresponding to an intermediate-coupling parameter a/K of 
~2.75 for Be’, comes from the final-state-interaction analysis in the present paper of the results of three 
different charged-particle reactions at Indiana University and the Massachusetts Institute of Technology, 
from the agreement between the scattering length for neutrons on Be? resulting from this analysis and the 
predictions of Ford and Bohm, and from the continuity of a/K with mass number. In addition, experiments 
on the mirror nucleus B® by Marion ef al. seem to be in disagreement with the existence of a }~ state in this 
region. The evidence in favor of the 4~ assignment, corresponding to a/K~1.5, comes from the static 
magnetic moment of Be® and the photodisintegration data of Connors and Miller. 





I. INTRODUCTION 


ANY of the features of light nuclei appear to be 
explained theoretically by the use of a nuclear 
model intermediate between the jj coupling and LS 
coupling shell models.!:? Quantitative intermediate- 
coupling calculations of this type*® give rather good 
agreement to the energy-level schemes and ground- 
state magnetic moments of the p-shell nuclei from 
A=5 to A=16. These calculations contain the so-called 
intermediate-coupling parameter a/K, which measures 
the relative spin-orbit to central-energy contributions, 
and therefore varies from 0 (pure LS coupling) to « 
(pure 77 coupling). This parameter is normally adjusted 
for each mass number to yield the best fit to the experi- 
mental level scheme and the static electromagnetic 
moments. From an examination of the light p-shell 
nuclei, Kurath? has pointed out that a rather sharp 
discontinuity seems to occur at A=9 in the trend of 
these “‘best”’ a/K values as a function of mass number. 
It becomes especially important then to establish the 
energy-level scheme of Be’, particularly the low-lying 
states. There is currently some question about the 
existence and nature of the lowest excited state reported 
in Be’, usually quoted at about 1.8-Mev excitation. 
This paper discusses evidence in favor of the existence 
of a 3+ state in this region of Be’. 

The first suggestion of the existence of a state in Be® 
around 1.6 Mev was made by Guth and Mullin‘ from 
a theoretical analysis of the Be®(y,m) reaction. In their 
interpretation, this state was represented by the inter- 
action of a neutron with a Be® core in an 5S; con- 
figuration. However, Van Patter e¢ a/.° and Arthur e¢ al.,® 

* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1D. R. Inglis, Revs. Modern Phys. 25, 353 (1953). 

2D. Kurath, Phys. Rev. 101, 216 (1956). 

3 See reference 2 for a list of references to these calculations. 

4, Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949). 

5 Van Patter, Sperduto, Huang, Strait, and Buechner, Phys. 


Rev. 81, 233 (1951). 
6 Arthur, Allen, Bender, Hausman, and McDole, Phys. Rev. 88, 


1291 (1952). 


studying the B'!(d,a)Be® and Be*(p,p’)Be® reactions, 
respectively, did not find any evidence for an excited 
state in Be® below 2.43 Mev. Attention was refocused 
on the problem by Moak ¢¢ al.’ and by Almgqvist e¢ ai.,$ 
who again found evidence for a 1.8-Mev state by using 
the Li’ (He*,p)Be®, and B°(t,a)Be® reactions. Other in- 
vestigators studied a variety of charged-particle reac- 
tions*-" and verified the existence of a weak anomaly 
in the data in all cases around 1.7-Mev excitation in Be’. 
Because of the proximity of this anomaly to the binding 
energy of the neutron in Be®, Gossett et al.” suggested 
that it might be related to the three-body breakup of 
the compound nucleus. Rasmussen eé¢ a/.!! succeeded in 
making a rough fit to the unusual shape of the inelastic 
deuteron distribution from Be® by assuming that the 
reaction proceeded via the process Be*(d,d’n)Be® and 
taking into account the alteration of the observed 
deuteron spectrum produced by the final-state inter- 
action between the outgoing Be* and neutron. This 
analysis was also applied to the Be*(p,p’) and B"(d,a) 
reactions by Bockelman e¢ al.!* who were also able to fit 
the shape of the observed charged-particle distributions. 
These preliminary analyses both suggested that the 
data could be satisfactorily (although not uniquely) 
explained by assuming a final-state potential-scattering 
interaction between the Be® and neutron, which pre- 
sumably did not require an excited state in Be® near the 
neutron binding energy. The present paper concerns 
itself largely with a more detailed consideration of this 
question. 


7 Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 

8 Almqvist, Allen, and Bigham, Phys. Rev. 99, 631(A) (1955). 

9L. L. Lee and D. R. Inglis, Phys. Rev. 99, 96 (1955). 

1 Gossett, Phillips, Schiffer, and Windham, Phys. Rev. 100, 
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11 Rasmussen, Sampson, Miller, and Gupta, Phys. Rev. 100, 
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12 Bockelman, Leveque, and Buechner, Phys. Rev. 104, 456 
(1956). 

1 R. G. Summers-Gill, Bull. Am. Phys. Soc. Ser. II, 1, 253 
(1956). 
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II. ANALYSIS OF DATA 


If one assumes an uncorrelated three-body breakup 
of the compound system C* in a reaction of the type 
A+a—C*—b+n+ Be’, the spectrum of the charged 
particle 6 is governed purely by phase space considera- 
tions.!® This statistical spectrum rises smoothly and 
monotonically, beginning at the energy of the particle b 
corresponding to the threshold for the Be’->Be*+n 
breakup, as is shown, for example, in Figs. 2 and 3 by the 
dashed line. If correlations exist between the outgoing 
particles, however, the spectrum will be modified from 
this simple shape. Just above threshold the Be* and 
neutron are moving in nearly the same direction with 
small relative velocity, so that the theory of S-wave 
final-state interactions (fsi) as discussed by Watson" 
may be applied. For example, an attractive fsi between 
the outgoing neutron and Be’ results in a peaking of 
the spectrum of the particle 6 near the energy corre- 
sponding to the three-body threshold. The mathe- 
matical expressions derived by Watson for the shape of 
the expected particle spectra are given in reference 11 
for three cases; (a) no fsi, (b) S-wave potential- 
scattering fsi, characterized by the scattering length a, 
and (c) S-wave resonance-scattering fsi, characterized 
by the resonance energy Eo and width I. 

In the original application of this type of analysis to 
the Be® problem" only a rough fit was attempted since 
no resolution correction was included. More recently, 
the Be®(d,d’) reaction in this particular energy region 
has been reinvestigated at Indiana at a more favorable 
laboratory angle (25°) with better statistics. These 
data have been analyzed more carefully, with the in- 
clusion of a resolution correction in obtaining the 
best fit. At the same time, the high-resolution data of 
Bockelman ef al.!? on the Be*(p,p’) and B""(d,a) reac- 
tions were reanalyzed independently to see if a fit using 
the same parameters could be made to these three sets 
of data taken at two different laboratories under 
different experimental conditions. 

Figure 1 shows the new Indiana data for the Be®(d,d’) 
reaction, taken under the same experimental conditions 
described in reference 11, except that the bombarding 
deuteron energy in the present case was 10.93 Mev and 
the observation angle 25° lab. The energy available for 
the breakup of the compound nucleus B!* was 7.27 
Mev. The data are plotted against Be*+neutron rela- 
tive energy on the axis of abscissas, since for each 
observed inelastic deuteron energy there corresponds a 
definite relative energy of the Be*+-neutron, assuming 
that the three-body breakup occurs. This method of 
presentation of the data allows for ready comparison 
of the results of various reactions at various laboratories. 
The solid curve represents the best fit obtained by 
assuming a potential-scattering fsi between the neutron 
and Be® using a scattering length of 20X10-" cm. 


15 FE, Fermi, Elementary Particles (Yale University Press, New 
Haven, 1951), p. 56. 
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Corrections for resolution were included in this curve 
by folding in the experimental resolution function with 
the theoretical fsi-analysis curve, upon which the sharp 
2.43-Mev state in Be’ had been represented by a spike 
of appropriate height and zero width. This explains 
the sharp rise in the theoretical curve at the right of 
the figure. 

It should be remarked at this point that Summers- 
Gill'® has proposed a three-body breakup interpretation 
to explain his data on the Be*(p,p’) reaction based on 
what he calls “heavy-particle stripping.” This inter- 
pretation predicts a strong angular dependence of the 
peak of the anomaly when applied to the Be*(d,d’) 
reaction at 10.8-Mev bombarding energy, so strong 
that at back angles the peak should have shifted some 
700 kev and appear superimposed on the 2.43-Mev 
state."* Data similar to that shown in Fig. 1 have since 
been taken at Indiana at laboratory angles of 71°, 105°, 
and 140°. Within the experimental errors, no shift in 
the peak relative to the ground state was observed. 
If such a shift exists, it must be less than 150 kev. This 
result is in agreement with the three-body-breakup- 
with-fsi interpretation of the present paper, which 
predicts no dependence of the peak location (relative 
to the ground state) on angle for a given reaction and 
only a very slight dependence of peak location on the 
type of reaction. 

Figure 2 shows the data of Bockelman ef al.!* for the 
Be’(p,p’) reaction, taken at a bombarding proton energy 
of 7.080 Mev and a laboratory observation angle of 
130°. The energy available for the breakup of the 





compound nucleus B'™ in this case was 4.702 Mev. 
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Fic. 1. The 1.7-Mev anomaly observed by means of the Be*(d,d’) 
reaction at a bombarding energy of 10.93 Mev and laboratory 
observation angle of 25°. The data are plotted against the relative 
energy of the Be® and neutron, assuming a three-body breakup 
of the compound nucleus B"*. The solid curve represents a 
theoretical fit (corrected for resolution) assuming a potential- 
scattering final-state interaction between the neutron and Be® 
with a scattering length of 20X 10-" cm. 














1.7-MEV 


Again the data!® are presented as a function of 
Be*+-neutron relative energy. The dashed line repre- 
sents the spectrum to be expected for an uncorrelated 
three-body breakup, and the solid line the spectrum 
expected for a potential-scattering fsi with a scattering 
length of 20X 10~* cm. This result checks exactly with 
that quoted by Bockelman ¢/ al., but is presented in 
Fig. 2 in a different fashion for comparison purposes, as 
mentioned above. These high-resolution results from 
M.I.T. suffer a bit in statistical accuracy, but clearly 
no resolution correction was required to the theoretical 
curve. 

The results of Bockelman ef al. for the B#(d,a) 
reaction taken at an incident deuteron energy of 
7.007 Mev and a laboratory observation angle of 60° 
are plotted in Fig. 3. In this case the energy available 
for the breakup of the compound nucleus C%* was 
12.273 Mev. The dashed and solid lines have the same 
significance as in Fig. 2. Again the same scattering 
length is required for the fit, in agreement with the 
earlier analysis.!? Figures 1 through 3 illustrate that 
within the errors associated with the three experiments 
a satisfactory fit can be obtained in each case assuming 
a potential-scattering fsi between the outgoing Be*® and 
neutron, with the unusually large scattering length of 
20 10-" cm. Too much credence cannot be placed in 
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Fic. 2. The 1.7-Mev anomaly observed by Bockelman ef al.” 
using the Be®(p,p’) reaction at a bombarding energy of 7.080 Mev 
and laboratory observation angle of 130°. The data are plotted 
in the same fashion as in Fig. 1 for comparison. The dashed curve 
represents the spectrum expected for an uncorrelated three-body 
breakup of the compound nucleus B**, and the solid curve the 
theoretical fit assuming a potential-scattering final-state inter- 
action between the neutron and Be® with a scattering length of 
20X 10™" cm. 


16Jt should be remarked that the experimental points here 
plotted are taken from the lower part of Fig. 1 of reference 12, 
except that protons per mm instead of per $ mm were used as the 
raw data. The data of Fig. 3(b) in reference 12 are taken from the 
upper part of Fig. 1 of that reference [C. K. Bockelman (private 
communication) ]. 
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Fic. 3. The 1.7-Mev anomaly observed by Bockelman ef al.” 
using the B"(d,a) reaction at a bombarding energy of 7.007 Mev 
and laboratory observation angle of 130°. The data are plotted 
in the same fashion as in Figs. 1 and 2 for comparison. The dashed 
curve represents the spectrum expected for an uncorrelated three- 
body breakup of the compound nucleus C™, and the solid curve 
the theoretical fit assuming a potential-scattering final-state 
interaction between the neutron and Be® with a scattering length 
of 20 10- cm. 


this exact number, however, because a constant scatter- 
ing length was assumed in the analyses. A more realistic 
approach should allow for some variation of the scatter- 
ing length with energy, particularly since its large 
value suggests the presence of a nearby resonance in 
the Be® system, as will be discussed later. Furthermore, 
a potential-scattering fit is not the only one possible, 
and it can only be said that the experimental results are 
in agreement with the analysis discussed above. To 
illustrate this point, Fig. 4 shows an equally good theo- 
retical fit to the B'(d) data using a resonance- 
scattering fsi between the outgoing neutron and Be® (no 
potential scattering included), using the resonance 
parameters Ey>=—700 kev and the single-particle re- 
duced width” y?=h?/uR. Another equally good reso- 
nant fit with Eo at positive energy is also possible.'® 


Ill. INTERPRETATION OF RESULTS 
A. Evidence for S State 


The conclusion to be drawn from the analyses de- 
scribed above is that the data can be fitted theoretically 
either by assuming an S-wave potential-scattering fsi 
with a very large scattering length or a resonance- 
scattering fsi. To consider these two cases, it is useful 
to think in terms of the (hypothetical) inverse reaction 
represented by the scattering of neutrons by Be’. In the 
first case, a large scattering length for neutrons on a 


17 FE. Wigner, Am. J. Phys. 17, 99 (1949). 

18 These resonant fits actually represent a way of allowing for 
the energy dependence of the “generalized scattering length” as 
just mentioned. See, for example, H. Bethe and P. Morrison, 
Elementary Nuclear Theory (John Wiley and Sons, Inc., New 
York, 1956), second edition, pp. 55 and 179, 
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Fic. 4. The data of Fig. 3 replotted to illustrate the equally good 
fit which may be obtained by assuming a three-body breakup of 
the compound nucleus C* with a resonance-scattering final-state 
interaction between the neutron and Be® with resonance param- 
eters Ey>= —700 kev and the single-particle reduced width. The 
dashed line represents the two-parameter resonance-scattering fit 
and the solid line the one-parameter potential-scattering fit shown 
in Fig. 3. 
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nucleus normally implies the existence of an S state in 
the compound nucleus (here Be®) near the neutron 
binding energy. This same interpretation (except with 
the resonance energy further removed from the binding 
energy) results by choosing the resonance scattering fit, 
since an S resonance in the scattering of neutrons by 
Be® again represents an S state in the compound 
nucleus, Be®. Therefore, regardless of which particular 
fit one chooses, they both suggest the existence of an 
S state in Be® somewhere in the vicinity of the neutron 
binding energy.” 

If one chooses for simplicity to accept the one- 
parameter potential-scattering fit, it is very interesting 
to compare the large scattering length obtained with 
theoretical expectations. In 1950, Ford and Bohm” 
recognized a simple theoretical explanation for the 
observed variation of neutron scattering lengths as a 
function of mass number. By letting the neutron- 
nucleus interaction be represented by a square well of 
depth 45.6 Mev and radius 1.40A!x10-* cm, they 
showed that for mass numbers A~12, 55, and 151 the 
slope of the wave function near the nuclear surface 
would be expected to vanish. This in turn implied that 
near these mass numbers the neutron-nucleus system 
should be close to resonance, and a large experimental 
scattering length should be observed which would 
change sign right at resonance. The experimental data 
on thermal scattering lengths available at that time 


19 Strictly speaking, to assign the best value of the excitation 
energy to this state from these data, it would presumably be 
necessary to generalize the expressions in the analysis (quoted in 
reference 11) to include the effects of interference between reso- 
nance and potential scattering. Because the anomaly is so very 
weak, it is not felt that the accuracy of the present data is sufficient 
to warrant this procedure. 

* K. W. Ford and D. Bohm, Phys. Rev. 79, 745 (1950). 
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showed rather good agreement with these predictions. 
However, the experimental points exhibited consider- 
able scatter, as would be expected due to the presence 
of random sharp resonances near zero energy due to 
multiple-particle excitation, as well as the effects of 
different isotopes with different spins. The A~12 
resonance appeared experimentally to come between 
target nucleus mass numbers of A=7 and A=9, sug- 
gesting a different form for the radial parameter in this 
region, but the “nuclear size resonances” at A~55 and 
A~151 were in agreement with the existing data. 
Measurement on fast-neutron total cross sections (aver- 
aged over sharp resonances) as a function of mass num- 
ber*!-% subsequently revealed similar gross features, 
ie., unusually large low-energy cross sections near 
A~55 and possibly near A~150. Extrapolating these 
average cross sections to zero energy, Adair™ obtained 
values for the average scattering length as a function 
of mass number. When these were plotted on a Ford 
and Bohm type of graph, the scatter in experimental 
points was considerably reduced, but Adair’s conclusion 
concerning the square well parameters was essentially 
the same as that of Ford and Bohm. 

The results of the present investigation suggest a 
scattering length for neutrons on Be* of ~20X 10-* cm. 
Since Li’ has a negative scattering length and Be® a 
positive one, on the Ford and Bohm model it is reason- 
able to expect Be* to be very near resonance and to 
present a very large scattering length. An analysis has 
been carried out to determine the radial dependence on 
mass number of a square well of suitable depth which 
would satisfy this requirement. Figure 5 shows the 
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Fic. 5. Variation of the scattering-length (in units of 10-™ cm) 
for neutrons as a function of the mass number of the target nucleus, 
based on a Ford and Bohm type of analysis. The solid curve 
represents the theoretical variation assuming a neutron-nucleus 
interaction characterized by a square well of depth 44.5 Mev and 
radius R=(1.244!+0.96)X10-% cm. The dots represent the 
experimental average scattering lengths taken from the paper by 
Adair,* and the triangle the scattering length for neutrons on 
Be® suggested by the analysis shown in Figs. 1 through 3. 


a sang Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
1952). 

ae Becker, Okazaki, and Fields, Phys. Rev. 89, 1271 
(1953). 
%3 Okazaki, Darden, and Walton, Phys. Rev. 93, 461 (1954). 
*“R. K. Adair, Phys. Rev. 94, 737 (1954). 
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Ford and Bohm type curve obtained for a square well 
of depth 44.5 Mev and radius R= (1.24A!+0,96) 
X 10-* cm, which gives a predicted scattering length of 
20X 10-* cm for A =8 and also a resonance at A~55.” 
The experimental points plotted are the “average 
scattering lengths” as a function of mass number, taken 
from the paper by Adair. It is interesting to note that 
the radial dependence on mass number chosen above is 
similar to that used in some cloudy-crystal ball calcu- 
lations at higher neutron energies.2* However, the 
radial dependence chosen in Fig. 5 actually forces the 
next higher S resonance in the Ford and Bohm model 
to too high a mass number (A~179), suggesting that 
the Ford and Bohm value of R=1.40A!X10-* cm 
should be used above A~55. 


B. Comparison with Intermediate-Coupling 
Predictions 


A set of detailed calculations of the energy level 
schemes and static electromagnetic moments of nuclei 
between helium and oxygen has been made by Kurath 
using the configuration (1p)" in intermediate coupling.’ 
As is customary in this type of calculation, his results 
are expressed primarily in terms of the intermediate- 
coupling parameter a/K. In the case of Be’, the static 
electric quadrupole moment does not appear to be very 
sensitive to a/K, so that one must depend upon com- 
parisons with the energy level scheme and magnetic 
moment. It must be emphasized that the configuration 
(1p)* for Be® yields only odd-parity states. This is a 
crucial point to the present paper, for if the 1.7-Mev 
state is indeed represented by the interaction of an 
S neutron with a Be’ core, it will have spin } and even 
parity and cannot be included in a comparison with 
Kurath’s intermediate-coupling predictions. 

It is apparent from the experimental energy level 
scheme and Kurath’s corresponding predictions that two 
values of a/K are suggested. The 2.43-Mev level clearly 
seems to correspond to the theoretical 5/2- prediction, 
which is consistent with experimental results.?”~” If the 
1.7-Mev state is }~, then an @a/K value of ~1.5 is 
indicated and the 3.1-Mev state must have even parity. 
If the 1.7-Mev state has even parity, then the 3.1-Mev 
state must be }-, corresponding to an.a/K value 
of ~2.75. 

One argument in favor of the }- sailniiaias to the 
1.7-Mev level comes from the observed ground-state 
magnetic moment of Be®. The theoretical dependence 
of the magnetic moment on a/K seems to favor an a/K 
value of ~1.5, since an a/K~2.75 would predict a 
magnetic moment about 20% smaller than observed. 


* The analysis of the experimental data described in II does 
not reveal the sign of the zero-energy scattering length, so it was 
arbitrarily chosen to be positive in Fig. 5. 

26 W. S. Emmerich, Phys. Rev. 98, 1148(A) (1955). 

27 F, L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 

28S, Rasmussen, Phys. Rev. 103, 186 (1956). 

2 J. B. Marion (private communication). 
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Fic. 6. Qualitative plot of the intermediate-coupling parameter 
a/K as a function of mass number, indicated by the results of 
Kurath.? The vertical bars do mot represent errors; the ends of the 
bars represent a/K values suggested by Kurath, so that pre- 
sumably any value in between would also be satisfactory. The 
circles also represent values suggested by Kurath as reasonable. 
The %’s roughly represent the two possible values of a/K for 
Be*, depending on whether the 1.7-Mev state is }* (upper X ) or 4~ 
(lower * ). 


However, this discrepancy does not appear to be suffi- 
cient to rule out the larger value altogether. The 3- 
assignment is also favored by the recent photodis- 
integration results of Connors and Miller. These 
authors have carefully measured the Be*(y,m) cross 
section and find a large peak near threshold which 
drops rapidly as the energy is increased. A theoretical 
analysis of these data seems to suggest a magnetic- 
dipole transition to a P state near threshold plus some 
transition directly into the continuum.*! However, if 
this interpretation is correct, it is not easy to under- 
stand why all of the charged-particle reaction results 
are so weak.*! It appears that the existing charged- 
particle and photodisintegration data are therefore in- 
compatible, since in each case the interpretation fitting 
the one experiment predicts a different result for the 
other. 

On the other hand, it has already been pointed out 
that the analysis of the present paper shows agreement 
with existing charged-particle reaction data if a }+ 
state is assumed near 1.7-Mev excitation in Be’. 
Although this interpretation is not unique, it appears 
to fit in well with the expectations of the theory of 
Ford and Bohm, as illustrated in Fig. 5. Further, an a/K 
value of ~2.75 seems to be somewhat more consistent 
with the trend of a/K values as a function of mass 
number A in this region. Figure 6 illustrates this trend 
roughly, as indicated in the paper by Kurath.? It will 
be noted that the ‘“‘best” value of ¢/K seems to suffer 
a sharp increase for either choice of a/K for Be?® 
(indicated by *’s), but that the discontinuity appears 
to be smaller for a/K~2.75. Although Kurath explains 
the discontinuity in terms of the unusually large struc- 
ture of Be’, it may be that the smaller discontinuity 
suggested in the present work will be less difficult to 
account for in this manner. 


% PD. R. Connors and W. C. Miller, Bull. Am. Phys. Soc. Ser. IT, 
1, 340 (1956). 
3 C, J. Mullin (private communication). 
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In order to help distinguish between the two assign- 
ments discussed above, one might expect to look to the 
mirror nucleus B®. By observing slow-neutron thresholds 
in the Be*(p,2)B® reaction using the counter-ratio 
technique, Marion et a/.** report an anomaly which can 
be accounted for either by assuming a broad S state 
near 1.4-Mev excitation in B® or a slow variation of the 
yield of the three-body breakup Be®(p,pm). The former 
interpretation would be in agreement with the sugges- 
tions of the present paper. At the time of this writing, 
an experiment by Marion and Levin” is in progress at 
Los Alamos using time-of-flight techniques to measure 
the neutron spectrum from Be®+ p. Preliminary results 
as yet do not prove or disprove the existence of a state 
in this region of B®. However, if a weak state exists it 
is not likely to be of }~ character, or it would probably 
have been seen as a sharp state in both experiments.” 

Two other pieces of evidence should be mentioned 
for completeness, though they do not appear to dis- 
tinguish between the two possibilities for a/K. The 
experimental width of the 3.1-Mev state reported by 
Bockelman ef al.'? limits the spin of this state to <3. 
If this level decays primarily by neutron emission to the 
ground state of Be®, these authors point out that the 
orbital angular momentum of the emitted neutron is 
limited to 0 or 1. Thus, the 3.1-Mev state can be '}-, 
as intermediate coupling predicts it should be if the 
1.7-Mev state has even parity, or it can have even 
parity which it should if the 1.7-Mev state is }-. 
Although this evidence shows no preference between 
the choices, it is consistent with the explanation that 
either the 1.7- or the 3.1-Mev state has even parity, 
and is therefore not predicted by intermediate-coupling 
calculations using the configuration (p)° for Be’. Finally, 
it should be mentioned that French ef al.* have pointed 


# Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 
33 French, Halbert, and Pandya, Phys. Rev. 99, 1387 (1955). 
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out that an a/K value of ~1.7 is consistent with the 
pickup results of Ribe and Seagrave?’ for the B!°(n,d) Be® 
reaction to the 2.43-Mev state of Be®. However, they 
point out that the pickup results in this case are not 
very sensitive to a/K, so that presumably an a/K value 
of ~ 2.75 might work almost as well. 


IV. CONCLUSIONS 


Because of the extreme weakness of the anomaly 
observed in charged-particle reactions, the exact char- 
acter of the 1.7-Mev state in Be® remains in some doubt. 
However, it now appears well established that the state 
does exist, and that its spin and parity are probably 
either 3+ or 3~. The former choice, in agreement with 
an intermediate coupling parameter a/K~2.75 for Be’, 
seems to be favored by the analysis of three different 
charged-particle reactions in the present paper, by the 
predictions of the Ford and Bohm model for neutron 
scattering lengths, and by the continuity of a@/K as a 
function of mass number A. The latter choice, in agree- 
ment with a/K~1.5, seems to be favored by the static 
magnetic moment of Be*® and the photodisintegration 
results of Connors and Miller. The results of Marion 
et al. do not rule out a corresponding state in B®, but are 
inconsistent with a }~ assignment to the state if it exists. 
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A detailed nuclear shell model calculation of the energy levels 
and gamma-ray transition rates in Pb is carried through. For 
pure singlet two-body forces with the same effective range and 
strength as for the low-energy two-body system, energy level 
agreement is good—for 13 known levels, the mean discrepancy be- 
tween theory and experiment is 0.057 Mev. For singlet forces 75% 
as strong as for the low-energy two-body system, plus weak 
coupling to collective vibration, the energy level agreement is 
somewhat better—the mean discrepancy between theory and 
experiment is 0.035 Mev per level. In the latter theory, the 
strength of collective motion is determined from the known Cou- 


lomb excitation cross section in Pb®*, In either theory, the calcu- 
lated transition rates are in qualitative accord with experiment, 
but quantitative agreement is lacking. 

Electric quadrupole transition rates are shown to be describable 
in terms of a neutron effective charge. The effective charge is 
about 1.15e and the same in Pb®* as in Pb*’. Other calculated 
quantities in good agreement with experiment are the relative 
cross sections to final p states in the Pb®*(d,p)Pb™’ reaction and 
the difference in binding energies of the last neutron in Pb®® and 
Pb*’, The results are shown to be insensitive to substantial 
amounts of triplet-odd force, either attractive or repulsive. 





I. INTRODUCTION 


F in a detailed shell model theory of the low-energy 
properties of a nucleus, one assumes a rigid spherical 
average potential well and takes account only of a 
reasonably small number of states, then that theory 
cannot be expected to have quantitative validity for 
more than a very small fraction of all medium and heavy 
nuclei, because of the effects of nuclear deformability. 
As pointed out by Pryce,' nuclei which differ by only a 
few nucleons from the double-closed-shell nucleus Pb*®* 
are among the few for which one might hope that the 
conventional shell-model theory will lead to a quanti- 
tatively correct description. The most striking evidence 
for the unusual rigidity of Pb** is the energy of its first 
excited state, 2.6 Mev, which is greater, so far as is 
known, than the energy of the first excited state of any 
other nucleus beyond mass number 40. The slow rates 
of electric quadrupole transitions in the Pb isotopes 
provide separate evidence for the rigidity of the closed- 
shell core of 82 protons.’ 

In this paper we select for a detailed application and 
test of the nuclear shell model the nucleus Pb*”*. The 
relevant one-particle states’ are well known from Pb”” 
and interaction effects only between neutrons and 
neutrons, not between neutrons and protons, need to be 
considered. The extension of the calculations to the 
lower-mass isotopes of Pb is straightforward and is now 
in progress. 


{ This paper is based largely on a Ph.D. thesis submitted to 
Indiana University in May, 1957, by W. W. True. 

* Supported in part by the National Science Foundation. 

t Supported in part by the U. S. Atomic Energy Commission. 

§ Present address: Palmer Physical Laboratory, Princeton, 
New cpa: 

M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 

2 W. W. True, Phys. Rev. 101, 1342 (1956). 

3 For convenience we shall usually refer to the neutron holes as 
“particles.” For two-body forces, holes are equivalent to particles 
to within a constant additive energy. The calculation therefore 
provides a test of the two-body force assumption. 


A highly simplified shell theory of the Pb isotopes?*:* 
has already yielded qualitative agreement with experi- 
mental energy levels in the Pb isotopes, and has been 
a very valuable tool in constructing the complicated 
decay scheme of Bi®®. A more detailed theory, similar 
to the one in this paper, has also recently been reported 
by Kearsley.® Since her work and ours overlap to some 
extent, we shall where possible refer to her paper for 
calculational details. A comparison of our results with 
those of Kearsley is given in Sec. VB. 

A detailed comparison of shell-model theory with 
experiment may lead in principle to information about 
the strength, range, and exchange character of the 
effective two-body force among the extra-shell nucleons, 
about the presence of many-body forces, about the 
strength of particle-surface coupling and nuclear de- 
formability, and about the consistency of shell-model 
energies and shell-model wave functions (i.e., are the 
shell-model particles real nucleons or only “model- 
particles’”’?”). The extent to which the present calcula- 
tions provide such information is discussed in Sec. VIII. 


II. EXPERIMENTAL KNOWLEDGE OF 
THE Pb ISOTOPES 


In order to avoid discussions of experimental facts 
and experimental uncertainties at various places in the 
remainder of this paper, we summarize here the experi- 
mental knowledge about the Pb isotopes which is 
needed in this work together with our interpretation of 
the data where ambiguity exists. 


Ppb?°8 


Known levels of Pb** up to 4 Mev are shown in 
Table I. The lowest two states may be interpreted as 


‘D. E. Alburger and M.H.L. Pryce, Phys. Rev. > 1482 (1954). 
5M. H. L. Pryce, Nuclear Phys. 2, 226 (1956/57 
‘ Mee i ‘irae Phys. Rev. 106, 389 (1957); ba Phys. 4, 
57 (1957 
TR. J. biden and N. Francis, Phys. Rev. 97, 1366 (1955). 
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TABLE I. Experimental energies in Pb®®, 








Spin and parity f 





Energy assignment Reference 
0 0+ a 
2.615 3- a 
3.198 5- a 

(3.37) b 
3.475 4- a 

(3.60) b 
3.70 5- a 








* Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 (1954), decay 
Ti™, 
b J. A. Harvey, Can. J. Phys. 31, 278 (1953), Pb®7(d,p)Pb™8, 


arising primarily from proton excitation to the con- 
figuration (ds/2)—'(hg2). This configuration has four 
states which in order of increasing energy should be! 
3—, 5—, (4— and 6—). The 3— state is not seen in 
the Pb”’(d,p)Pb** reaction, confirming that it is not 
due to neutron excitation. Moreover, the lowest excited 
neutron configuration is expected to be (p1/2)'(go/2), 
with spins 5— and 4— only. Also among the first group 
of excited states should be other states of spin 5— and 
4— from the proton configuration (s1/2)~'(h/2). 

From the Pb*7(d,p) reaction, Harvey (Table I, 
reference b) reports states in Pb™* at 3.37 and 3.60 Mev. 
These may be additional states not seen in the decay 
of Tl*, The energy resolution in his experiment is poor, 
however, and it is also possible to interpret his single 
broad peak as a superposition of the three states seen 
by Elliott et al. (Table I, reference a) at 3.198, 3.475, 
and 3.70 Mev. It is reasonable to assume that these 
4— and 5— states, even if primarily due to proton 
excitation, have sufficient admixtures of neutron ex- 
citation to be observed in the (d,p) experiment. 

In the absence of detailed calculations or of a more 
definitive (d,p) experiment, however, we make the 
following assumptions: (1) The first two excited states 
in Pb®® are due primarily to proton excitation. (2) The 
energy difference between the ground state neutron 
configuration (1/2)? and the lowest state of the excited 
configuration (p12)(j) is about 3.3 Mev, where 7 repre- 
sents the next neutron level above p12, probably go. 
Since the interaction energy difference between ()1/2)* 
and (p12) (j) is calculated to be at most about 0.7 Mev, 
the intrinsic level spacing across the shell between 7 and 
p12 is assumed to be at least 2.4 Mev. 

There is no evidence for a 2+ state in Pb”* below 4 
Mev. There is no strong evidence against it, however, 
except below about 2.5 Mev, which may be taken as a 
lower limit for the collective phonon excitation energy 
in Pb*®, 


Pb?" 


Known energy levels of Pb®’ up to 4.6 Mev are 
shown in Table II. The first five levels (to 2.35 Mev) are 
interpreted as single neutron hole states. The lowest 
state which can be interpreted as arising from the 
excitation of a p12 neutron to the next shell is at 2.71 
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Mev. This is consistent with the foregoing conclusion 
for Pb** that the neutron excitation energy to the next 
shell is at least 2.4 Mev. Up to 2.4 Mev, there is no 
evidence for states due to proton excitation. Since levels 
beyond 2.4 Mev have been excited only by (d,p) re- 
actions, proton excitation states beyond 2.4 Mev would 
not have been seen. (However, the two states near 4.5 
Mev may be interpreted as strongly mixed states of 
proton and of neutron excitation.) 

The £2 transition rate from the first excited state to 
the ground state is® 


T z2($ — 3) = (6.91.6) X10° sec. (1) 


This corresponds to a reduced transition rate,® B,(2) 
= (92+22)e?X10-® cm‘, where e=electron charge. The 
interpretation of this transition rate in terms of weak 
collective motion have been considered in a previous 
paper,’ and will be discussed further in Sec. VC. 


Pp? 


Experimental energies in Pb”® are summarized in 
Table III from three sources—the experimental studies 
of Alburger on the conversion electrons and gamma rays 
following the decay of Bi®*®, the work of Day, Johnsrud, 
and Lind on inelastic scattering of neutrons by Pb™®, 
and the work of Harvey on the reaction Pb”’(d,t)Pb™®. 
For convenience, theoretical configuration assignments 
are included in the table. For levels excited in the (d,t) 
reaction, these assignments are partially implied by 
experiment, i.e., these levels must be of the form (p12). 
This implies in particular that the level reported by 
Harvey at approximately 3.03 Mev is probably distinct 
from the levels reported by Alburger and Pryce at 
3.017 Mev and 3.125 Mev. Two spin and parity assign- 
ments differ from those given by Alburger and Pryce‘ 
for theoretical reasons to be discussed in Sec. IVA: the 
level at 3.017 Mev is changed from 6— to 5— and the 
level at 3.125 Mev is changed from 5+ to 6+. 


TABLE II. Experimental energies in Pb’. 











Spin and parity Interpretation as Refer- 

Energy assignment neutron level ence 
0 1/2- (pi2) a 
0.570 5/2-— (fsr2)™ a 
0.90 3/2- (para) 1 a 
1.634 13/2+ (413/2)? a 
2.35 7/2- (fr/2) 1 a 
y eg | (9/2+-?) (ps2)? (gov2) ? b 
3.61 (11/2+ ?) (pry2)~?(t11/2) ? b 
4.37 ? (pry2)?(9)° b 
4.62 ? (pie) *(9)* b 





*D. E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955); N. H. 
Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). Decay of Bi%7, 

> McEllistrem, Martin, Miller, and Sampson (to be published), 
Pb6(d,p)Pb%’ (see reference 11). Similar, but somewhat less accurate 
values given by J. A. Harvey [Can. J. Phys. 31, 278 (1953)]. 

¢ The symbol j refers to an excited neutron level, possibly g7/2 or ds;:. 





5 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 127 (1955). 
* For notation, see, e.g., B. J. Alder et al., Revs. Modern Phys. 
28, 432 (1956). 
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TABLE IIT. E mapecnantet pe in Pb™®, 














J Spin and parity Probable dominant Refer- 
Energy assignment configuration ence 
0 0+ (pir)? e 
0.803 2+ (pis2fs/2) e 
1.341 3+ (pr2fsy2) e 
1.348 3+ (0+) (pisofsv2), (fore) 0 f 
1.45 2+ (Prepare) f 
1.37» (proj) g 
1.684 44 (for2)* e 
1.71 1+ (pPi2ps/2) g 
1.73 1+ (2+) (pr2ps2)1, (5/2) 2 f 
1.83 (2+) 5/2) 2 f 
1.998 4+ (psi2fsv2) e 
2.15 1+ (2+,3+,0+) (ps2) 0*, (Ps2fsv2) 1, 2,3 f 
2.200 7— (Pratisse e 
2.22¢ (ou39), g 
2.385 6—- (pis2ts/2) e 
2.526 3- [ (ds, 2) 1(Ag/2) /2 ) terton € 
2.783 5- (fsi2t13/2) e 
3.017 5- (psyatis/2) e 
3.034 (3+,4+) (Pr2fr2) g 
3.125 6+ (for2fri2) e 
3.280 5- pie 2)” 1(hgy2) ‘Terotes € 
3.404 5- (S1/2)*(hor2) Jproton e 








® This level, excited by inelastic neutron scattering, may be the same as 
the 3+ level, but is also consistent with a 0+ assignment. It could be 
either or a superposition of both. 

> This level, observed with poor energy resolution in the (d,t) reaction, 
is probably a ee of the 3+ level at 1.34 Mev, the 2+ level at 
1.45 Mev, and possibly also a 0+ level. 

© This level, observed with poor energy resolution in the (d,f) reaction, 


is probably a superposition of the 7 — level at 2.200 Mev and the 6 — level 


at 2.385 Mev. 

4 This level was reported as probably a doublet. It is probably a super- 
position of the 3+ and 4+ levels arising from the configuration (p1/2f7/2) 
and et from the other levels indicated in the neighborhood of 3 Mev 

‘a E, Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954). Decay 
oO 

t Day, Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 56 (1956). 
Pb (n,n’y). We are indebted to R. Day and bg Lind for more detailed 
ari my concerning their experimental resu 

A. Harvey, Can. J. Phys, 31, 278 “Sea be (4.1) Pb, 


The measured £2 transition rate in Pb*® from the 
first excited state to the ground state is® 


T g2(2 — 0) = (103425) X10 sec. (2) 


This corresponds to a reduced transition probability, 
B,(2) = (250+62)e?X10-" cm‘. The interpretation of 
this transition rate in terms of weak collective motion 
was considered in a previous paper,” but the surface 
tension derived there was in error by a factor 2. The 
numerical correction and further modification arising 
from configuration mixing are discussed in Sec. VC. 


Pp? 


Known levels of Pb below 2.2 Mev are given in 
Table IV. No detailed theoretical analysis of this 
nucleus will be presented in this paper, but it will be 
possible to make a quantitative statement about the 
spacing of the two 4+ levels. 


Transition Rates 


Bi* Beta Decay 


Bi decays predominantly by K capture to two 
5 states in Pb”* at 3.280 Mev and 3.404 Mev, probably 
by first forbidden transitions from a parent 6+ state.‘ 
A 6+ state in Pb” at 3.125 Mev is also populated, and 
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weak transitions to other high-spin states in Pb”  (e.g., 
5— states at 2.783 and 3.017 Mev) are also possible. 
The theoretical significance of the selection of final 
states in the Bi** decay has been discussed by Alburger 
and Pryce.‘ 


Pb** Gamma Transitions 


The experimental knowledge of gamma transition 
rates in Pb*® is summarized in Table V. The measured 
K-electron intensities‘ are translated to gamma in- 
tensities by means of the finite-nucleus K-conversion 
coefficients of Sliv and Band (reference c in Table V). 
For comparison with theoretical branching ratios only 
the gamma transition rates are needed. However, in 
order to test also the over-all consistency of the decay 
scheme, we correct for conversion in shells higher than 
K and list also the total transition rates. The L/K 
ratios are taken from point-nucleus conversion coeffi- 
cients evaluated by Rose, and we arbitrarily set 
(L+M+---)/K=1.20L/K for all transitions. The 
notation 6—, 2 means the second state of spin six and 
odd parity, in order of increasing energy. 

This table differs in several respects from the similar 
table in reference 4. (a) Finite-nucleus conversion co- 
efficients are used. (b) The transitions are all assumed 
to be of a pure multipole type. With one or two possible 
exceptions, E2 radiation is not expected to compete 
with M1 radiation in this nucleus when the latter is 
allowed. The fact that £2 is known to compete with M1 
in other nuclei may be explained by the fact that in 
most other nuclei collective effects are much stronger 
and /-forbiddenness is more prevalent. In Pb”*®, E2 radi- 
ation is not strongly enhanced and M1 radiation is 
(with a few exceptions) not strongly inhibited. We 
therefore tentatively assume in Table V that M1 radi- 
ation is dominant in all transitions where it is allowed. 
(c) We have not adjusted any of the total transition 
rates in order to obtain consistency with the decay 
scheme. (d) We have indicated several expected transi- 
tions which could be masked by stronger transitions 
with nearly the same energy. For example, a weak E2 
transition of 878 kev from 5—, 4 to 3—, 1 is expected, 
in analogy with the observed 754-kev transition as- 


TABLE IV. Experimental energies in Pb™. 











Spin and parity Refer- 

Energy assignment Half-life ence 
0 0+ a 
0.899 Mev 2+ <6X 10~" sec a 
1.274 4+ 0.27 usec a 
1.563 4+ a 
1.818 (4+) b 
1.945 (5+) b 
2.066 (5+) b 
2.186 9— 68 min a 








me Stockendal, McDonell, and Bergstrém, Nuclear Phys. 1, 


643 
bA, sch, University of California Radiation Laboratory Report 
UCRL 3452, =. 1956 (unpublished). 
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TABLE V. Transition rates in Pb®*®, 








Relative Relative Relative 





Transition K-electron Conversion gamma total 
energy Assumed intensity> coeff,¢ intensity> Assumed?¢ transition 
No. (kev) parent daughter type Ik ak ly (L4+M+-+-)/K rate 
1 184.1 6—,1 7-,1 M1 28 1.35 20.7 0.20 54.3 
2 234.3 5—,2 $—,1 M1 0.24 0.68 0.35 0.20 0.64 
3 262.8 5—,3 5—,2 M1 2.1 0.50 4.2 0.20 6.7 
4 343.4 4+,1 3+,1 M1 6.6—X, 0.240 27.5—4.17X, 0.20 35.4—5.37X, 
(341.8) 6+,1 5-,1 El Xi 0.0178 56.2X 0.20 57.4X, 
5 386.0 5—,4 §—,2 M1 0.13 0.176 0.74 0.20 0.90 
6 398.1 5-,1 6—,1 M1 1.76 0.160 11.0 0.20 13.1 
7 497.1 5-,3 5-,1 M1 1.37 0.091 15.1 0.20 16.7 
8 516.1 7-,1 4+,1 E3 1.95 0.0487 40.0 0.73 43.4 
) 537.5 3+,1 2+,1 M1 2.08 0.074 28.1 0.20 30.6 
10 620.6 5-4 5-—,1 M1 0.27 0.0505 5.35 0.20 5.7 
11 632.2 5—,2 6-,1 M1 0.21 0.0485 4.33 0.20 4.6 
12 657.3 44,2 3+,1 M1 0.084 0.0435 1.93 0.20 2.0 
13 803.3 2+,1 0+,1 E2 0.85 0.9080 106 0.27 107 
14 880.5 4+,1 2+,1 E2 0.48 —X- 0.0067 71.6—149X, 0.26 72.2—150X, 
(878.0) 5—,4 3-,1 E2 Xo 0.0067 149X» 0.26 150X» 
15 895.1 5—,3 6—,1 M1 0.32 0.0193 16.6 0.20 17.0 
16 1018.8 5-4 6-,1 M1 0.11 0.0140 7.86 0.20 8.0 
17 1098.6 5—,1 4+,1 Fl 0.029 0.00177 16.4 0.18 16.4 
18 1596.3 5-—,3 4+,1 El 0.0054 0.00094 5.74 0.18 5.8 
19 1719.7 5-—,4 4+,1 El 0.029 0.00083 34.9 0.18 34.9 
20 123.6 5—,4 5-,3 M1 0.069 4.10 0.0168 0.20 0.10 
21 202.5 7-,1 4+,2 E3 0.020 0.410 0.049 5.8? 0.185 
22 313.6 4+.,2 4+.,1 M1 0.14 0.305 0.46 0.20 0.63 
23 739.9 6+,1 6-—,1 Fl 0.011 0.00363 3.03 0.18 3.0 
24 753.9 5-,3 3-,1 E2 0.0074 0.0091 0.81 0.28 0.82 
25 816.3 5—,2 7-,1 E2 0.0025 —X; 0.0077 0.325—130X; 0.27 0.33 —131X; 
(~816) 6—,2 7-,1 M1 X3 0.0245 40.8X, 0.20 42x; 
26 841.7 3-,1 4+,1 Fl 0.0050 0.00287 1.74 0.18 1.75 
27 1405.2 5—,4 4+ ,2 Fl 0.0020 0.00114 1.75 0.18 1.75 
28 107.2 6+,1 5—,2 El 0.23—X, 0.300 0.77 —3.33X, 0.23 1.05—4.56X, 
(~107) 6+,1 6—,2 El xX, 0.300 3.33%, 0.23 4.56X, 
29 662 2+-,2 2+,1 M1 4 4 
30 1460 2+,2 0+,1 E2 1 1 
31 1730 1+,1 0+,1 M1 
32 1830 2+.,3 0+,1 E2 
33 1350 1+,2(2+,4) 2+,1 M1 








* The first 28 transitions are numbered as by Alburger and Pryce (reference 4). Transitions 29-33 are additional transitions observed by Day, Johnsrud, 
and Lind (reference f in Table III). 

> The K-electron intensities are taken from reference 4. The normalization of intensities for transition 29 and 30 is unrelated to the normalization of 
transitions 1-28. 

¢ The K-conversion coefficients are taken from L. Sliv and I. Band, University of Illinois Report 57 ICC K1, April, 1957 (unpublished). 

4 The L/K ratios are evaluated by interpolation among values distributed by M. E. Rose (Oak Ridge National Laboratory) based on point nucleus 
calculations. We arbitrarily set (L+M+---)/K =1.20(L/K). 





signed from 5—, 3 to 3—, 1. This transition could be 
masked by the strong 880.5-kev transition. We assign 
K-electron intensities X; (unknown) to four such 
possible masked transitions. Several other transitions, 
not masked, are expected, and will be discussed in 
Sec. IVB. 

As a test of the consistency of the decay scheme, we 


for all levels can be obtained by setting all of the X; 
equal to zero and the total # intensity equal to 107. 
The strongly populated states (lowest levels of 0+, 2+, 
3+, 4+, 5—, 6—, and 7—) then give consistency to 


TABLE VI. Consistency test of transition intensities. 











. " °° d cick State To From 
present in Table VI the total transition intensities to 
and from each state, taken from Table V. The X; are 0+,1 107 oo 

: “ae Re = 2+,1 102.8—150X, 107 

unknown intensities defined above, and 6 indicates an 341 37.4—5.37X; 30.6 
unknown population of the state by 8 decay. Aside from Fi = ees Bh _— 
possible errors in the decay scheme, lack of perfect con- ries 194 ons. — 
sistency in Table VI can arise from a number of sources: 5-,1 23.0+57.4x, 29.5 
(a) uncertainty in measured K-electron intensities, 5—,2 8.65 — 4.56%, 5.57— 131%; 

: . z , a3 0.1+8 47.0 
which are stated to be‘ about 15% for energies above Saf B 51.4+150X, 
250 kev and up to 30% for energies below 250 kev; 6—-,1 45.7 54.3 

ee ss aaa 2 : 6—,2 4.56% 42x; 
(b) uncertainty in K-conversion coefficients and in 
5 gece ; By spe . 6+,1 B 4.05-+57.4X, 
L/K ratios; (c) possible E2— M1 mixing in some transi- Jac,4 65.6—89%; 43.6 


tions. In view of the uncertainties, adequate consistency 
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within about 20%. Some improvement can be obtained 
by setting X,;~0.2, X.~ 0.007. It remains an open ques- 
tion whether the uncertain transitions indicated by 
X1, Xo, X3,X4 do or do not occur with appreciable 
probability. 

In order to clarify the rather complicated decay 
scheme and aid in reading the information in Tables V 
and VI, we present in Fig. 1 in the form of a Grotrian 
diagram all of the known energy levels and transitions 
in Pb**® [excluding the levels assigned from the Pb” (d,t) 
reaction |, the spin and parity assignments being those 
of Table ITI. 


Pb**(d,p) Pb? Cross Sections 


Since (d,p) reactions can provide a method of meas- 
uring the degree of configuration mixing in nuclear 
states,"® and do so for Pb”®, the recent Pb™*(d,p) ex- 
periment of McEllistrem e/ al."' with 11-Mev deuterons, 
is of interest. Their relevant results are indicated in 
Table VII. Higher excited states than those indicated 
in the table are also seen, but do not concern us here. 


Absolute Binding Energies 


The Pb”*(n,y)Pb*’ energy release is’ 6.734+0.008 
Mev. The Pb*’(n,7)Pb™* energy release” is 7.380 
+0.008 Mev. In the shell model, the magnitudes of 
these separation energies depend on the total depth and 


4 1 r 1 ya 





eye 


E (MEV) 














Fic. 1. Known energy levels and transitions in Pb™®*. The 
energies and transitions follow almost uniquely from experiment. 
Some of the spin and parity assignments may be incorrect, how- 
ever. Dashed energy levels are those seen in inelastic neutron 
scattering. Solid energy levels are those seen in the decay of Bi®®. 
Dashed transitions are those which may exist in the decay of 
Bi®* but be masked by other more intense transitions with nearly 
identical energies. All levels with J <4 are of even parity unless 
otherwise marked. All levels with J >5 are of odd parity unless 
otherwise marked. 


10 J. French and J. Raz, Phys. Rev. 104, 1411 (1956). 

11 McEllistrem, Martin, Miller, and Sampson (to be published). 
We are indebted to these workers for providing us with the results 
of their experiments before publication. 

122, M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 
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TABLE VII. Pb®*(d,p) Pb”? experiment.* 











Angle of Maximum 

Energy of Configuration peak cross cross section Total cross 

final state assignment section (mb/steradian) section 
0: (pry2)* 65° 0.31 2.01 
0.570 (fsi2)? 89° 0.058 0.371 
0.90 (pai2) 64° 0.087 0.62 
1.634 (i13/2) “a8 soa ~0 
2.35 (frj2)7 aii is wal 
2.71 (p12)? (go/2?) 103° 1.51 see 








®See McEllistrem, Martin, Miller, and Sampson, reference 11. 


size of the nuclear potential. Only the difference of 
these two numbers, 0.65 Mev, can be predicted by the 
present calculation. We shall call this difference A?B 
(second difference of total binding energies). It is com- 
pared with theory in Sec. VI. 


III. CALCULATIONS WITH SINGLET FORCES 
A. Assumptions and Parameters 


Our initial guiding philosophy in the present work 
was to avoid as far as possible the adjustment of any 
parameters to fit the properties of the nucleus under 
study, Pb”, and to do this by assuming for the direct 
two-body force between pairs of extra nucleons a force 
with the same low-energy properties as the force ob- 
served in the isolated two-body system. This assump- 
tion leads to good agreement with energy levels in 
Pb**. Some knowledge of the sensitivity of the results 
to the assumption is provided by Kearsley’s work® and 
by comparison of our results with hers (Sec. VB). As 
shown in Sec. VC3, however, even better agreement 
with experiment may be obtained by a more self- 
consistent treatment in which collective coupling is 
included, but in which the strength of the direct two- 
body force is reduced. We discuss first (Secs. III and 
IV) the treatment of the problem and the results, ig- 
noring the effect of collective coupling on energies. 

The introduction of a repulsive core in the two-body 
force leads to practical difficulties in a shell-model 
calculation which have not yet been surmounted. The 
center-of-mass energy for two-body scattering within 
the nucleus is less than about 80 Mev, and the re- 
pulsive core is not playing a dominant role in the 
scattering. It is of some significance, however. 
Brueckner™ estimates that total cross sections calcu- 
lated with a monotonic attractive potential and calcu- 
lated with the “best” potential including a repulsive 
core differ by about 30% at a laboratory energy of 
100 Mev, or matrix elements of the potential by about 
15%. The average scattering energy for the outer 
nucleons is less than this amount. Although the use of 
a potential without repulsive core in a shell model 


13K. A. Brueckner (private communication). 

14 Gammel, Christian, and Thaler, Phys. Rev. 105, 31 (1957), 
and subsequent work to be published. We are indebted to these 
authors for providing us with the most recent, unpublished results 
of their analyses. 
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calculation is almost forced upon one by practical 
necessity, it is probably not a serious source of error 
in the calculation. Some previous calculations'® have 
indicated that the matrix elements of potentials with 
the same effective range and scattering length are very 
insensitive to changes of the radial dependence of the 
potential. We have therefore chosen arbitrarily the 
Gaussian radial dependence of the potential, which is 
convenient for calculations. 

Since we are concerned only with the neutron- 
neutron force in this calculation, we have to deal only 
with the singlet-even and triplet-odd exchange types. 
The singlet-even force is known to be much stronger 
than the triplet-odd force,“ and we therefore adopt 
pure singlet forces for our principal calculations. The 
effect of triplet forces is examined less completely as a 
perturbation on the singlet results (Sec. VA), and the 
effect of triplet forces may also be inferred from the 
results of Kearsley (Sec. VB). We take for the singlet 
potential 

V=Voexp(—?°/6*), (3) 


with Vo=—32.5 Mev and B=1.85X10-" cm. This 
potential has an effective range, 7o.= 2.65X10-" cm,!® 
and a bound state at zero energy. 

For the radial wave functions we choose harmonic 
oscillator functions,!” 


Vnim~? exp(—39?/B)r' Lng yy (?/B*) Vim(8,¢), (4) 


where L,?(x) is an associated Laguerre polynomial.'* 
The shape of the average central potential in Pb is 
probably very different from a harmonic oscillator. 
However a potential as different as a square well has 
wave functions which differ very little from oscillator 
wave functions provided the two radial constants are 
suitably adjusted. The p and f neutrons which occurs 
in the Pb isotopes are associated with the »=5 har- 
monic oscillator level, and the i neutrons with the 
n=6 level. We adjust the nuclear size parameter 6 in 
(4) so that the classical turning point of the »=5 level 
(for zero angular momentum) is equal to a suitable 
nuclear radius, #. This requires that (13/2)hw=}Mo’?, 
or, since & =h/Muw, that b’=7/13. We determine 7 by 
assuming that Pb” may be represented by a potential 
of the form, 


V (r) = VoL 1+exp(ar—aR) |", (5) 


with Vo= —40 Mev, a= 2.02X10" cm™, and R=1.33A! 
X10-* cm.'® The radius of this potential for a particle 
with 10-Mev binding is taken to be 7. This criterion 
gives =8.40X 10-8 cm=1.42A!X10-" cm, and implies 
b=2.33X10-" cm. This process of determining 0 is 


18 C, Levinson and K. Ford, Phys. Rev. 99, 792 (1955). 

1©H. A. Bethe and P. Morrison, Elementary Nuclear Theory 
(John Wiley and Sons, Inc., New York, 1956), second edition, 
p. 94. 

177. Talmi, Helv. Phys. Acta 25, 185 (1952). 

18 W. H. Shaffer, Revs. Modern Phys. 16, 245 (1944). 

1” Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
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illustrated in Fig. 2. Slightly better compensation for 
the fact that the potential is not harmonic could be 
made by choosing a different value of b for each particle 
level. This refinement considerably complicates the 
calculation and has not been made. The relevant 
parameter measuring the “shortness” of the range of 
the two-body force is the ratio 8/b=0.79. 

The unperturbed positions of the one-particle levels 
are taken to be the empirical positions of the levels in 
Pb”? (Table IT). 

In this way the parameters of the calculation are 
determined, independently of the properties of Pb™®. 
One parameter does remain to be adjusted, the absolute 
binding energy difference between Pb”® and Pb’. We 
normalize the computed energies to give agreement 
between theory and experiment for the lowest 3+ 
level in Pb**. However, it is shown in Sec. V that the 
absolute energy agrees with theory to within 0.05 Mev. 


B. Calculational Methods 


Our evaluation of the matrix elements of the two- 
body potential between the various relevant two- 
particle states in Pb™® followed calculational methods 
developed by Talmi'? and by Kennedy.” After our 
calculations were completed, better methods of Slater 
integral evaluation were developed by Thieberger,” 
whose method is similar to Kennedy’s but simpler in 
practice, and by Konopinski,” whose formula for the 


Well 


Central 











Pr Vir) = Emutr? + \," 


-60 + 





Fic. 2. Method used to determine radial parameter of har- 
monic oscillator wave functions. The parameters of the Saxon 
potential (solid line) are those determined in the analysis of pro- 
ton scattering, and the two potentials are made to agree at an 
energy of —10 Mev. The radius r and parameter b are given in 
units of 10- cm. 


2” J. M. Kennedy (private communication). We are indebted to 
Dr. Kennedy for informing us of his work and supplying us with 
useful tables of coefficients C,*(m,n) [see Eq. (9)] before 
publication. 

21 R. Thieberger, Nuclear Phys. 2, 533 (1957). 

2 E. J. Konopinski (private communication). 
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Slater integral with Gaussian two-body force is a great 
simplification. We therefore outline here only briefly 
the calculational method which is employed. 

To be evaluated are the interaction matrix elements, 


Vine = a(Ji(1)j2(2)Z | V | jx’ (1) j2’(2)Z 0, (6) 


where |7:(1)j2(2)7). is an antisymmetric two-particle 
wave function in the j-7 coupling representation. We 
transform first to the L-S representation® and then 
obtain formulas for the interaction matrix elements in 
terms of Slater integrals, Racah coefficients and co- 
efficients Cy. (integrals over three Legendre poly- 
nomials), exactly as worked out by Racah™ for the 
electrostatic interaction, taking advantage, of course, 
of the exchange nature of the present interaction. The 
integrand of the Slater integral R* is a product of four 
radial wave functions and the quantity v,(r1,r2) defined 
by 

V(\ > Saaeg ro|) = Deve (11,72) Px (cos6y2). (7) 


Explicit expansion of the integrand in powers of r 
makes it possible to express the Slater integral as a 
sum of terms, each of which contains an integral of 
the form: 


fk (m,n) = (2b-+1)> fae 


Xexp[ — (x12+-x2") Jo. (ba1,bx2)daidx2, (8) 


where 21,2=11,2/6 [0 is defined by Eq. (4) ]. The double 
integrals f,(m,n) may then be expanded in terms of the 
Talmi single integrals!’ J, : 


mtn 
Si(mn) = (32)! © Cit(mn)I,, (9) 
=0 
where s takes on only even values, and 


= f V(x) exp(—}a*)a*dx. (10) 
The major amount of labor in this method of Slater 
integral evaluation is the calculation of the Kennedy 
coefficients” C,*(m,n). Once they are tabulated, how- 
ever, the labor required for additional shell model 
calculations is greatly reduced.”* In order to evaluate 
the C,*(m,n), one substitutes into Eq. (8), 


ea(basbes)=3(2k+1) [ V (bx) P.(012)d8 12. (11) 
1 


One then transforms from the x), x2 coordinates to the 
center-of-mass and relative coordinates, X= 4(x,+ Xe) 


%3 Transformation coefficients given by G. Racah [Physica 
16, 651 (1950)] and in a neater form by Arima, Horie, and 
Tanabe [Progr. Theoret. Phys. (Japan) 11, 143 (1954)]. Our 
phases agree with the latter authors. 

% G. Racah, Phys. Rev. 62, 438 (1942). 

% Tables of the coefficients Cx*(m,n) for most combinations of 
m,n, and k values from 0 through 12 (and all associated s values) 
are available from the authors upon request. 
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and x= x,— xX). It is possible to integrate over X, and 
the resulting expression for f,(m,n) is of the form (9). 
Because of the fact that f,(m,n)=fi(n,m) and because 
certain angular factors multiplying the (m,n) vanish, 
it is necessary to evaluate the coefficients C,*(m,n) only 
for n <m, k <n, and m, n, and k either all odd or all even. 
A serious disadvantage of this method of calculation, 
aside from the considerable labor required to evaluate 
the C,*(m,n) is that the sum (9) involves very large 
cancellations and it is necessary to evaluate the C,*(m,n) 
and the J, to much higher accuracy than is required in 
the final answer. The Talmi integrals J,, it should be 
noted, are very simple for the Gaussian potential (3) : 


T,= Vol (s+1) !!][1+2b2/62}-4+® (Aer)#, (12) 


where s!!=s(s—2)(s—4)---. 

The number of levels of given spin and parity 
which were included in the energy diagonalization was 
chosen in a somewhat arbitrary way to include all 
states below about 3.4 Mev. The effect of individual 
higher states on the lowest energy state of each spin and 
parity is small (but not necessarily the sum of the effect 
of all higher states). Our results should therefore be 
more accurate for the lower energy state than for the 
higher, and for the lower spin states than the higher. 
A consistent treatment including states above about 
3.4 Mev is in any case not feasible at present, since 
unknown states of proton excitation or of neutron 
excitation to the next shell occur beyond this energy. 
In the diagonalization process*® we included four 0+ 
states, two 1+ states, five 2+ states, three 3+ states, 
three 4+ states, two 5— states, three 6— states, three 
7— states, and two 8— states. Some other states of 
spins 1 through 5 and one state of spin 9 were also 
included in lowest order (diagonal matrix elements 
only). Only a single 4— state, a single 6+ state, and a 
single 9— state, are predicted. 


IV. RESULTS WITH SINGLET FORCES 
A. Energy Level Results 


The calculated energy levels are given in Table VIII 
and in Fig. 3. The energy levels are normalized to agree 
with experiment for the 3+ level at 1.341 Mev, which 
has both a small diagonal energy shift and a small degree 
of configuration mixing. The unrenormalized zero of 
energy is the unperturbed position of (p;)?. The re- 
normalization requires that 0.811 Mev be added to all 
calculated energies. This brings the theoretical ground- 
state position into very close agreement with experi- 
ment. Of the total of 0.8-Mev total level shift of (p,)?, 
about half is from the diagonal energy contribution, 
and about half from configuration mixing. In the 
simplified theory of Pryce,‘ this extra shift due to 


6 The matrices were diagonalized on the IBM 650 computer at 
Indiana University. We are grateful to Dr. Keith Howell for 
making available to us his code for finding the eigenvalues and 
eigenvectors of symmetric matrices. 
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TABLE VIII. Energy levels and eigenfunctions calculated 
for singlet forces in Pb®®. 











Energy 
















































































(Mev) Eigenfunctions 
I=0+ (piy2)* (fs)? (Dayz)? (13/2)? 
0.011 0.8653 0.3077 0.3765 —0.1216 
1.232 —0.4138 0.8755 0.1794 —0.1736 
2.058 —0.2821 —0.3273 0.9006 —0.0476 
3.156 0.0204 0.1781 0.1228 0.9761 
T=1+  (dij2psy2) (ps2 fs/2) 
1.711 1 0 
2.281 0 1 
3.731  (fsafz/2) 
IT=2+ § (piy2fsi2) (piyeps/2) (fo/2)? (Da2f 5/2) (pa2)? 
0.804 0.7229 —0.6017 0.2168 0.1509 0.2134 
1.253 0.6538 0.7347 0.0016 0.0438 —0.1757 
1.754 —0.1784 0.1540 0.9695 0.0673 0.0059 
2.221 —0.1313 0.0752 —0.1046 0.9805 0.0695 
2.465 —0.0305 0.2623 —0.0463 —0.0971 0.9585 
3.497 (psy2fzr2) 
3.653 (fs/2fz/2) 
T=3+ (hyrfsir.)  (Payefeye) (Daya fap2) 
1.341 0.9987 0.0471 —0.0189 
2.236 —0.0478 0.9981 —0.0383 
3.135 0.0171 0.0392 0.9991 
3.731 (fsrafzi2) 
3.977  (psr2fz/2) 
I=4+ (fs/2)® (paj2fsy2) = (Pay2fay2) 
1.705 0.6688 0.7021 —0.2444 
1.963 0.7416 -—-0.6533 0.1526 
2.979 0.0525 0.2834 0.9576 
3.548 (Ssr2fz2) 
3.859  (ps/2f7/2) 
I=4- 
3.001 (fs/2t13/2) 
T=S— (foy2tisyz) = (Payatiay2) 
2.894 0.8126 —0.5828 
3.097 0.5828 0.8126 
i—Ss+ ak 
3.731 (fsr2fzi2) 
4.061 (ps3 of7 2) 
"ff i hed (foy2tisy2) = (Pay2tiay2) re 
2.433 0.9998 0.0152 —0.0137 
2.989 —0.0158 0.9991 —0.0387 
3.323 0.0131 0.0389 0.9992 
1=6+4 Neve 
3.100 (fsy2fz/2) 
I1=7— = (pryotiay2) Cfoyetisy2) = (Pay2ti82) 
2.217 0.9705 0.1873 —0.1520 
2.907 —0.2134 0.9604. —0.1792 
3.267 0.1124 0.2063 0.9720 
I1=8— (foyetray2) — (Pay2t1ay2) a 
2.980 1 0 
3.341 0 1 
1=9- ee 





2.628  (fo2t13/2) 





mixing had to be postulated in order to obtain agree- 
ment with experiment for the ground state. 
In order to illustrate the role of configuration mixing, 
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we include in Fig. 3 both the results in lowest order 
(diagonal matrix elements only), and the results after 
mixing. Ambiguity of spin and parity assignments 
exists for a few levels, and the reasons for our assign- 
ments are given in Sec. IVB. 

As is evident in Fig. 3, agreement between theory 
and experiment for energy level positions is generally 
excellent. For the ground state, the lowest 2+ state, 
and the splitting of the two 4+ states, configuration 
mixing is very important in producing the agreement 
with experiment. Also all levels in which configuration 
mixing is not very important agree closely with experi- 
ment—these are the 1+, 3—, 6—, 6+, and 7— levels. 
We conclude that the over-all strength of the two-body 
potential which we use is nearly correct, i.e., that the 
potential strength which fits two body scattering and 
the potential strength acting between extra nucleons in 
the shell model (in Pb®!) are nearly equal. This con- 
clusion will be somewhat altered when the effect of 
collective coupling (or, equivalently, the effect of many 
higher configurations) is included. As will be shown in 
Sec. VA, we cannot conclude that the exchange char- 
acter we have chosen is correct, because the energy level 
results are insensitive to the exchange mixture. 

Theoretical level positions disagree with experiment 
only for the higher 2+ levels and the 5— levels. The 
latter disagreement can be easily understood and 
indeed is expected. Since proton excitation states occur 
in Pb” at 2.6 Mev (3—) and at 3.2 Mev (5—), one 
expects that states of the same character should occur 
at nearly the same energy in Pb*, and these predicted 
levels are indicated in Fig. 3 by crosshatched bands. No 
other levels except these two and those arising from the 
two neutron holes are expected below about 3.4 Mev. 
Above this energy, other states of more complicated 
type are expected. The 3— “‘core-excited” state does 
not interact with any near-lying neutron hole states. 
However, the 5— core excited state is close to the two 
5— neutron hole states and should perturb them. In 
fact, the lowest observed 5— state is somewhat below 
the lowest predicted 5— state, which was calculated 
ignoring this perturbation, as would be expected. One 
must also account for the fact that (according to our 
assignments) four 5— states are observed and only 
three predicted. Since the beta decay proceeds strongly 
and about equally to the upper two and weakly or not 
at all to the lower two, we assume that the upper two 
are predominantly of core-excited type, enabling a one- 
particle beta transition to occur from Bi**, and the 
lower two are predominantly neutron-hole type, associ- 
ated with the two such predicted levels, to which beta 
decay would be strongly inhibited. There are several 
different ways in which 5— core-excited levels may be 
formed: protons, (d3/2)~A9/2 and (s1/2)~Ag/2; neutrons 
(p12) *(foy2) "89/2. 

We do not have any simple explanation for the failure 
of agreement between theory and experiment for the 
upper 2+ states. We note, however, that the agree- 
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Fic. 3. Energy levels of Pb®*. For each spin, the first column gives the energy levels calculated in lowest order 
with singlet forces, together with the configuration assignment. The second column gives the theoretical energy 
levels calculated by exact diagonalization of the energy matrix for the lowest few states of each spin and parity. 
The third column gives the empirical levels. The positions of all of the energy levels are reasonabiy certain, but the 


spin and parity assignment of a few levels are uncertain. 


ment would be somewhat better for a shorter-range 
force (see comparison with zero-range results below). 
Substantially improved agreement is also brought about 
by the inclusion of weak collective coupling. 


Comparison with Zero-Range-Force Results 


Our diagonal-element results without configuration 
mixing fit the experimental energies about as well as 
the zero-range results of Alburger and Pryce.‘ These 
two calculations have in common that the forces are 
pure singlet, but differ in that the range of our force is 
finite and of theirs, zero, and that we calculate the 
radial integrals while they estimated them. It is inter- 
esting to observe, however, that our diagonal matrix 
elements are in rather close agreement with those of 
Alburger and Pryce, except for the (/*)o and (7?)o con- 
figurations for which the zero range matrix elements 
are considerably larger in magnitude than the finite- 
range matrix elements, and the (*)2 configuration, for 
which the zero-range matrix element is smaller than 
the finite-range matrix element. Table [IX compares our 


diagonal matrix elements with those of Pryce and 
Alburger for some sample configurations. 

An experimental level at 1.46 Mev shows the greatest 
discrepancy from theory, if it is correctly assigned as 
2+. Predicted 2+ levels are at 1.25 and 1.75 Mev. We 
have found that a decrease of about 35% in the di- 
agonal element for p*, L=2, which brings this matrix 
element into agreement with the zero-range matrix 
element, with no other change, somewhat improves 
agreement between theory and experiment. For /=2, 
the predicted levels are changed from 0.80 to 0.86 Mev 
(experiment 0.803); from 1.25 to 1.37 (experiment 
1.46) ; from 1.75 to 1.76 (experiment 1.83) ; for the 2.22 
level, no change; and from 2.47 and 2.57. 

Certain simple rules characteristic of short-range 
singlet forces are evident in Fig. 3 and Table VIII. 
Levels with spin and parity both even or both odd 
(i+l.+J=even) have larger energy shifts and larger 
mixing than levels with even (odd) spin and odd (even) 
parity (/;+/.+J=odd). It is in fact a well-known 
property of all even-even nuclei that levels of the latter 
type are rarely seen among-the low-lying states. For 
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the levels of a given configuration (j1j2), either the 
lowest spin-value, | ji—j2|, or the highest spin-value, 
jit je, will be lowest in energy, whichever satisfies the 
condition /,;+/.+J=even. Any level J of the configura- 
tion will lie lower (higher) than its two neighbors J+ 1 
if it does (does not) satisfy the same condition. For 
example, the odd-parity configuration /s/2t13/2 has six 
states whose spin-values, in order of increasing energy, 
are 9, 7,5 (5, 7 after mixing) 8, 6, 4. 

The differences in the present results and the lowest 
order results with a zero-range force‘ are only in quanti- 
tative detail. The qualitative features of the simple 
theory are maintained. 


B. Wave Function Results 


Our calculated eigenfunctions for singlet forces are 
shown in Table VIII. Also included for completeness are 
some levels not included in the diagonalization process, 
which are designated as being single pure j-7 configura- 
tions. The absence of mixing is of course not to be taken 
seriously for these levels. For =1+ and 8—, however, 
the singlet off-diagonal matrix elements vanish identi- 
cally, and the indicated purity of the states is of 
significance. It will be observed that the calculated 
degree of mixing is very different for different spins. It 
is great for 0+, 2+, and 4+, small for 3+, and zero 
for 1+. It is considerably greater for 7— than for 6—. 

The agreement of calculated energy levels with ex- 
periment, especially the extra depression of the ground 
state due to configuration mixing and the splitting of 
the two strongly-mixed 4+ states, indicates that the 
degree of configuration mixing is roughly correct. 
Transition rates are a much more sensitive test of the 
eigenfunctions, however, and we discuss below the 
gamma-ray transition rates and the Pb**(d,p)Pb*” 
cross sections. 


1. Gamma Transition Rates 


The transition rate for gamma rays of a given 
multipolarity A is 27:8 


8r(A+1) 1/AE 

ean hrc 

where AE is the transition energy. The reduced transi- 
tion probability B(A) is given by 

B(d)= (27’+1)> | (PI MalIP'T’)|*, (14) 


in which J is the final spin, I’ the initial spin, and [ 
and I” represent all other quantum numbers char- 
acterizing the states. The double-bar matrix element is 
defined as by Racah,™ and M) represents the multipole 
operator, to be defined below for M1 and £2 transitions. 





2\+1 
) Ba), (13) 








27 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 595. 

28 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 
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TaBLE IX. Comparison of some finite-range diagonal matrix ele- 
ments with zero-range matrix elements of Alburger and Pryce. 








Matrix elements in Mev 








Configuration Finite range Zero range 
(p1/2)?0+ —0.427 —0.40 
(fsr2)?0+ —0.685 —1.20 

(psr2fs2) 1+ 0 0 

(pry2fsi2)2+ —0.329 —0.36 

(pi2ps/2)2+ —0.520 —0.32 
(ps/2)?2+ —0.260 —0.16 
(fs/2)?2+ —0.235 —0.27 

(psr2fs2)2+ —0.094 —0.10 

(prefs2)3+ —0.037 0 

(ps2fsi2)3+ —0.046 0 
(fs/2)24+ —0.101 —0.11 

(Psi2fs2)4+ —0.364 —0.34 








The usual multipole operators are one-particle 


operators, i.e., 
M)=LM,(i), (15) 


summed over the particles, with the M,(i) equal for 
all neutrons and equal for all protons. The operator for 
collective £2 transitions is not of this form. However, 
as will be proved in Sec. VC, for weak collective mo- 
tions, the £2 rate is exactly the same as for a particle 
transition, in which the particles carry an effective 
charge determined by the strength of collective coupling 
(and by (r?)« for the particle state in question, which 
we take to be about the same for all states). This result 
holds for arbitrary mixing of the states. We may 
therefore use the form (15) for the particle M1 transi- 
tions and the collective £2 transitions, which are of 
interest in Pb*°*, We will not calculate the Z1 and £3 
rates. 

Let the pure j-7 coupling states of the shell model 
be labeled by 8 and y and expand the initial and final 


states, 
[I’T’)= 20 ay'|yl’), |PI)=Li ap|BI). (16) 


Then the reduced double-bar matrix element in (14) 
becomes : 


(PI||My\|0’l')= Xo, yas*a,’(BI\|My||yl’). (17) 


For operators of the type (15), the two-particle matrix 
element” in (17) between j-7 states may be expanded 
in terms of one-particle matrix elements (antisym- 
metrized two-particle states are assumed) : 


Case A, j’#j, j"Fj: 


(97'T\\Ml|997"T) = [(2I+1) (20’+1) }! 
XL(— 1 W GT; DFM 9") 

+ (= 1) 7 GGT’; 7) (j\\M all 9)8 55], (18) 
where j is shorthand for the quantum numbers mj. 
For Case B, j’=j, jj, the second term in (18) 
vanishes and the first must be multiplied by 2!. For 
Case C, j=j’=j”, the two terms in (18) are equal 
and (18) requires no modification. 











2% Equation (17) is general, but we here specialize to the two- 
particle statesi n Pb, 











SHELL-MODEL THEORY OF Pb#*° 


We now define the M1 and £2 operators in terms of 
their one-particle matrix elements. Let the M1 operator 
be designated by M, and the £2 operator by (2. Then 


(Jl Mall 7) =C(3/4e)j (G+ 1) (27+1) Higs(eh/2Mc), (19) 
where g; is the g factor for the state /j; 
(j)|Ml|7’)= (—1)-*4(gr— 8.) 


X { (3/4) [217+ 1)/(21+1) }}4(eh/2M cc), (20) 
for =I’, 7% 7’; and 
(Jl]Qell 7’) = eee(r?)[ (S/4ar) (25+1) }#(5250| 527’), (21) 


where és; is the effective charge, (r?) is the matrix 
element of r? between initial and final state,®® and 
(jrjamyme| jijojm) is a Clebsch-Gordan coefficient in 
the notation of Condon and Shortley.* The selection 
rules on (21) are /=/' or /’+2, | j—j’| <2. 

For convenience we define dimensionless reduced 
transition probabilities B’. For M1 transitions, let 


Bw! (1) = (4/3) (eh/2M c)B,, (1). (22) 
For £2 transitions, let 
By’ (2) = (4m/5)Lects(r?) FB. (2). (23) 


For the neutron transitions in Pb, we take éer;= 1.15¢ 
(see Sec: VC), and (r?)=(3/5)(1.20A4X10-" cm)’. 
Then the transition rates are 


T (M1)=4.25X 10"(AE)*B,,’(1) sec, 
T (E2)=0.595X 10" (AE)*B,'(2) sec, 


if the transition energy AE is expressed in Mev. We 
have used the above set of formulas to calculate the 
M1 and £2 transition rates in Pb, using the eigen- 
functions given in Table VIII. The results for the levels 
of greatest interest are given in Table X, and predicted 
branching ratios are compared with experiment (for 
gamma transitions only, not including conversion). 

With a few exception where the M1 transition is 
strongly inhibited (none of these exceptions are among 
the observed transitions), the transitions between 
states of the same parity, AJ=0 or 1, are all calculated 
to be nearly pure M1. The predicted lack of mixing is 
easy to understand qualitatively. The AJ=0 selection 
rule for the M1 transitions is satisfied for almost all of 
the transitions, and the £2 transitions are not strongly 
enhanced (the known £2 rates in the Pb isotopes are 
in fact slower than in almost all other nuclei where £2 
rates have been measured). In general M1 inhibition 
or E2 enhancement is required to permit the £2 radia- 
tion to compete with or dominate the M1 radiation. 
We have therefore calculated the gamma-ray intensities 
from the measured K-electron intensities assuming pure 
multipole radiation. 


(24) 


® Since éerr~[(r?) }* (see Sec. VC), (21) is in fact independent 
of (r?). It is nevertheless convenient to write it in this way for 
most direct comparison with proton transition rates. 

31E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), p. 75. 
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A rough measure of the reliability of the theoretical 
transition rates is provided by the “cancellation factor” 
C in Table X. The transition matrix element for mixed 
states is a sum of terms, each of which is the product 
of an amplitude of a component of the initial state, an 
amplitude of a component of the final state, and the 
transition matrix element between these components 
[Eq. (17) ]. Let P be the magnitude of the sum of all of 
the positive terms, and V the magnitude of the sum of 
all of the negative terms. The total transition rate is 
then proportional to (P—N)?. The cancellation factor 
is defined by 

C=|P—N|/(P+N). 


For C<1, the calculated transition rate is very sensitive 
to small changes in the eigenfunctions. For C~1, the 
calculated rate is insensitive to small changes in the 
eigenfunctions and is therefore more reliable. 


Spin and Parity Assignments 


The agreement between theory and experiment for 
gamma branching ratios is only fair. Only order-of- 
magnitude trust in the theoretical transitions rates is 
required, however, in order to draw useful conclusions 
from them. One such conclusion, discussed above, is 
that most of the M1 transitions are nearly pure. Another 
conclusion is that certain spin and parity assignments 
can be made. 

In the Alburger-Pryce decay scheme we have altered 
two level assignments. One of these is the 6+, 1 level, of 
the fs/2/7/2 configuration, which was called 5+ by them, 
owing to the assignment /g/2 instead of f7/2 to the 2.35- 
Mev level in Pb*”. Either is consistent with the decay 
scheme, but only one with theory. This level is popu- 
lated in the beta decay, which is reasonable if the 
parent Bi has a 6+ ground state. No spin and parity 
change make this apparently an allowed transition, but 
it should be strongly inhibited because the dominant 
configurations in parent and daughter states differ in 
the quantum numbers of more than one particle. 

The other altered assignment is our 5—, 2 level at 
3.017 Mev, which was called 6— by Alburger and 
Pryce. Either assignment agrees well with theory in 
energy. However, our 6—, 2 level is predicted to decay 
to the 7—, 1 level forty times more strongly* than to 
the 6—, 1 level, while the experimental level at 3.017- 
Mev decays only one twelfth as strongly to the 7—, 1 
level as to the 6—, 2 level. For the 6— assignment, the 
discrepancy factor between theory and experiment for 
the ratio of these two transitions is about 500. For the 
5— assignment, the discrepancy factor is about 5. The 
latter discrepancy seems quite tolerable, since the 5— 
eigenfunctions are not expected to be very accurate 
(owing to the nearby core-excited levels of the same 
spin and parity). 

We have also made assignments for the levels dis- 


® Throughout this section, intensities refer to gamma-ray in- 
tensities only, not including conversion. ; 
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TaBLE X. Gamma-ray transition rates in Pb™*®, based on pure singlet forces. 




















Transition 
Parent Energy Daughter Energy energy Rate Cancellation Relative 
state (Mev) state (Mev) (Mev) Type (1022 sec) factor, C rate Experiment 
0+,2 (1.23) 24,1 0.80 (0.43) E2 0.000315 0,147 
0+,3 (2.06) 1+,1 1.73 (0.33) M1 2.50 1.00 1 
2+,1 0.80 (1.26) E2 0.0028 0.0324 0.0011 
0+,4 (3.16) 1+,1 1.73 (1.43) M1 2.78 1.00 1 
1+,2 (2.15) (1.01) M1 ~0 tee ~0 
24,1 0.80 (2.36) E2 1.38 0.767 0.50 
1+,1 1.73 0+,1 0 1.73 M1 51.1 0.528 1 1 
0+,2 (1.23) (0.50) M1 1.01 1.00 0.020 
2+,1 0.80 0.93 M1 1.25 0.333 0.024 
2+,2 1.46 0.27 M1 0.080 0.494 0.0016 
1+,2 (2.15) 0+,1 0 (2.15) M1 ~0 tee ~0 
0+,2 (1.23) (0.92) M1 ~0) tee ~0 
i+,1 1.73 (0.42) Mi ~0 tee ~0 
2+,1 0.80 (1.35) M1 43.5 1.00 1 (1) 
24+,2 1.46 (0.69) M1 3.45 1.00 0.079 
3+,1 1.34 (0.81) E2 0.0341 0.887 0.00078 
2+,1 0.803 0+,1 0 0.803 E2 0.103 1.00 tee (T=0.103+0.025) 
2+,2 1.46 0+,1 0 1.46 E2 0.00158 0.0286 0.0058 0.25 
2+,1 0.80 0.66 M1 0.272 0.220 1 1 
2+,3 1.83 0+,1 0 1.83 £2 0.0071 0.0812 0.042 1 
2+,1 0.80 1.03 M1 0.170 0.239 1 
2+,2 1.46 0.37 M1 0.0205 0.650 0.121 
3+,1 1.34 0.49 M1 0.00089 0.209 0.0052 
24+.4 (2.15) 0+,1 0 (2.15) E2 0.00253 0.0402 0.00016 
1+,1 1.73 (0.42) M1 0.230 1.00 0.014 
2+,1 0.80 (1.35) M1 16.2 0.644 1 (1) 
24+,2 1.46 (0.69) V1 1.62 0.651 0.100 
2+,3 1.83 (0.32) M1 0.0098 0.425 0.00060 
3+,1 1.34 (0.81) M1 3.36 0.988 0.207 
3+,1 1.341 2+,1 0.803 0.538 M1 0.0282 0.362 
34,2 (2.15) 2+,1 0.80 (1.35) M1 4.33 0.433 0.62 
2+,2 1.46 (0.69) M1 0.866 0.695 0.123 
24+,3 1.83 (0.32) M1 0.0209 0.890 0.0030 
34,1 1.34 (0.81) M1 7.03 0.990 1 
4+,1 1.68 (0.47) M1 0.822 0.937 0.117 
4+,1 1.684 2+,1 0.803 0.881 E2 0.167 0.941 1 1—2.1X2 
3+,1 1.341 0.343 M1 0.113 0.379 0.68 0.38 —0.058X;, 
4+ 2 1.998 2+,1 0.803 1.195 E2 0.0789 0.316 0.065 
3+,1 1.341 0.657 M1 1.22 0.535 1 1 
4+,1 1.684 0.314 M1 0.313 1.00 0.26 0.24 
5-,1 2.783 6—,1 2.385 0.398 M1 0.451 0.984 
5—,2 3.017 5-,1 2.783 0.234 M1 0.0542 0.798 0.016 0.081 
6—,1 2.385 0.632 M1 3.33 0.967 1 1 
7-,1 2.200 0.817 E2 0.0328 0.717 0.0098 0.075 —30x; 
6—,1 2.385 7-,1 2.200 0.185 M1 0.0223 0.670 
6—,2 (3.017) 5-,1 2.783 (0.234) M1 0.097 0.937 0.32 
6—,1 2.385 (0.632) M1 0.0078 0.602 0.026 
7-,1 2.200 (0.817) M1 0.301 0.875 1 
7—,2 (2.91) (0.11) M1 0.0167 0.978 0.055 
7-,1 2.200 +,1 1.684 0.516 E3 see 1.00 1 1 
44,2 1.998 0.202 E3 tee 1.00 0.00056 0.00123 
7—,2 (2.91) 6—,1 2.39 (0.52) M1 0.123 0.902 1 
7-,1 2.20 (0.71) M1 0.0697 0.224 0.57 
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covered by Day ef al. (Table ILI, reference f) at 1.46, 
1.73, 1.83, and 2.15 Mev. The 1.46 level is observed to 
branch 80% to the 2+, 1 level at 0.803 Mev and 20% 
to the ground state. We make a 2+ assignment, and 
calculate transition rates using the eigenfunction for 
the 2+ state predicted at 1.25 Mev. The prediction is 
a dominant decay of 2+, 2 to 2+, 1, with only 1 part 
in 2000 decaying to the ground state. However, it will 
be observed in Table X that the cancellation factor for 
the ground-state decay is very small, C=0.0286. Not 
very large changes in the eigenfunction would therefore 
be required in order to increase the ground-state transi- 
tion rate by a factor of several hundred. Since the 
theoretical and experimental energies do not agree well 
in this case,t he eigenfunction cannot be expected to be 
very good. 

The state at 1.73 Mev is observed to decay to the 
ground state. Its energy and decay are consistent only 
with the lowest 1+ level, predicted at 1.71 Mev. A 
20% branch of the decay of this state to the 2+, 1 
level at 0.803 Mev is predicted, but not yet seen. The 
2.15-Mev state is observed to decay to the 2+, 1 level. 
This is inconsistent with a 0+ assignment since the 
0+, 3 level, predicted near this energy, should decay 
almost 100% to the 1+, 1 level. It is consistent, how- 
ever, either with the 1+, 2 level, predicted to decay 
nearly 100% to the 2+,1 level, or with the 2+, 4 
level, predicted to decay about 90% to the 2+, 1 level. 

The level at 1.83 Mev decays to the ground state. 
A 2+ assignment appears the only thing possible, but 
the 2+, 3 level, predicted at 1.75 Mev, should decay 
about 90% to the 2+, 1 level, and about 4% to the 
ground state. For the ground state transition, however, 
the cancellation factor C is very small (Table X), so 
that a small change in the wave functions could produce 
a large increase in the predicted transition rate to the 
ground state. 


Comparison of Gamma Transition Rates with Experiment 


Experimental relative gamma transition rates are 
shown in the last column of Table X, separately nor- 
malized for each parent level to unity for the strongest 
branch. The absolute rate of the 2+, 1— 0+, 1 decay 
is also indicated. It is significant and fortunate that this 
decay rate is not sensitive to small changes in the 
eigenfunctions, since it is used to adjust the neutron 
effective charge used to calculate other £2 rates. For 
this transition, every component of the transition ampli- 
tude has the same sign (C=1.00) and the rate is en- 
hanced by about a factor two over that for pure states— 
just sufficient to make the collective coupling strength 
in Pb” equal to that in Pb””’. Corresponding to the 
enhancement of the £2 transition from the lowest 2+ 
state are inhibitions of £2 transitions from the higher 
2+ states. For example, the 2+, 2—0+,1 decay is 
inhibited relative to a pure state transition by a factor 
of more than 1000. As discussed earlier, the predicted 
rate is therefore completely unreliable, and the great 
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discrepancy between theory and experiment for this 
transition is not very serious. 

Among the many relative transition rates measured 
by Alburger,‘ those from four parent states—4+, 1; 
4+,2;5—,2; and 7—, 1—can be compared with the- 
ory. The predicted intensity ratio 4+,1-—> 2+, 1: 
4+,1-—+3+,1 is 1:0.68. The experimental value is 
slightly uncertain because each of these two transitions 
may be masking weaker transitions of nearly the same 
energy (see Table V). For X;=X2=0, the experimental 
ratio is 1:0.38. For the rough guesses X;~0.2, X2~0.007 
(based on total intensity consistency, see Table VI), 
the experimental ratio is 1:0.37. 

The predicted intensity ratios 4+,2—2+,1: 
4+,2— 3+, 1:44+,2— 4+, 1 are 0.065: 1:0.26, to be 
compared with the experimental ratios ~0:1:0.24. The 
£2 transition 4+, 2-—+ 2+, 1 should indeed not have 
been seen, since it is a branch of a weakly populated 
parent, and has a very small conversion coefficient. The 
predicted intensity ratios from the 5—, 2 state are in 
good qualitative agreement with experiment (Table X), 
but there is a discrepancy factor of 5 in one ratio. 

A good test of mixing in the two 4+ states is the 
relative rates 7—, 1 4+, 1:7—, 1 44, 2, since the 
two transitions are predicted to take place from only a 
single component in the initial state, (p1/2t13/2), to the 
same single component in both final states, (p1/2f7/2). 
Here the intensity ratio depends only on the ratio of 
the amplitude of (1/2/72) in the two final states, and 
is independent of the transition matrix element, and of 
the 7—,1 eigenfunction. The predicted ratio is 1: 
0.00056. The observed ratio is 1:0.00123, different by a 
factor two. This suggests that the theoretical eigen- 
functions of the lowest 4+ states are not very good. 
There are, however, uncertainties in the observed in- 
tensity ratio which make it impossible to draw a definite 
conclusion from the comparison. The measured K- 
electron intensities contain some experimental error. 
In addition, the K-conversion coefficients introduce 
unceriainty, especially since they are quite different 
for the two transitions. ‘Taken seriously, the observed 
ratio implies that the amplitudes of (p1/2f7/2) in the 
two 4+ states are nearly equal. 

Table X suggests that there should be observable 
gamma rays which have not yet been seen following 
inelastic neutron scattering from Pb*. Also one transi- 
tion with measurable lifetime is predicted. A 0+ state 
is predicted at 1.23 Mev which decays with a 0.43-Mev 
gamma ray at a rate 3.15X10® sec. After correction 
for conversion, this corresponds to a half-life for the 
state, 7,/2=2.1X10~ sec. 


2. Pb**(d,p) Pb” Cross Sections 


If the (d,p) reaction proceeds predominantly by a 
direct stripping process, the parent and daughter states 
must differ only in the quantum numbers of one neutron. 
In the reaction Pb**(d,p) the low states of the daughter 
Pb*” are of an especially simple type, being described 
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as single neutron holes. Therefore the (d,p) cross section 
to a final state (/7)~! in Pb” is a measure of the ampli- 
tude of (/j)-* in the ground-state wave function of 
Pb”, The observed cross sections are in qualitative 
accord with theory. Transitions to the fs: and ps2 
levels in Pb” are weaker than the transition to the 
pre level, and transitions to the 43/2 and f72 levels are 
not seen at all (see Table VII). 

Quantitative comparison with theory can be made 
only for the ratios of the cross sections to the two p 
levels, because absolute magnitudes of theoretical (d,p) 
cross sections and ratios of cross sections for different 
l-values are in poor accord with experiment. But for 
the ratio o(ps2)/o(p12), the uncertain factors cancel. 
(We ignore also energy-dependent factors, since the 
energy of the incident deuterons is large compared to 
the p3/2— p12 energy difference.) One then has the simple 
theoretical result,}° 


o (ps2) /o (pre) = 2(as/2)*/ (ax2)?, (25) 


where @3/2 and dy/2 are amplitudes of the (3/2)? and 
(p12) configurations in the ground state of Pb. The 
factor 2 is a statistical factor arising from the different 
final state spins of the transitions being compared. The 
theoretical value of (@3/2/a12) is 0.435. The empirical 
value of the same ratio is 0.375, found by substituting 
peak cross sections from Table VII on the left of (25). 
This comparison suggests that the actual mixing in the 
ground state is somewhat smaller than the calculated 
mixing. If one uses in (25) tetal cross sections instead 
of peak cross sections, the result is (@3/2/d1/2) exp= 0.392. 
The ratio of peak cross sections seems more meaningful, 
however, since the stripping mechanism is presumably 
dominant at the peak. It will be observed in Table VII 
that the two peaks occur at nearly the same angle. 

McEllistrem ef aj." have pointed out that the addi- 
tional knowledge of the Pb*’(d,p)Pb™* cross section 
(ground-state transition) provides a means of deter- 
mining the amplitudes a2 and ds separately, in 
addition to their ratio. The Pb”’ ground state is re- 
garded as pure 1/2, and the Pb*® ground state as pure 
(p12). Since the neutron separation energies from 
Pb” and Pb** are not very different (see part VI), the 
energy dependent factors in the Pb**(d,p) and Pb*”’(d,p) 
reactions (to the states of interest) may be taken to be 
equal. Hence for the ground-state transitions, a formula 
as simple as (25) results": 


o[ Pb (d,p) J/o[Pb*"(d,p) ]=2(ar2)*. (26) 


McEllistrem e al." find a peak cross section in the 
Pb”"(d,p) experiment of 0.187 mb/steradian at 65° 
(see Table VII). From their experimental data, there- 
fore, one finds | @4/2| =0.91, | @3;2] =0.34. The theoreti- 
cal values (Table VIII) are a1/2=0.865, a3;2=0.377. A 
rough check on the experimentally derived amplitudes 
is provided by the fact that the sum of the squares of 
the two amplitudes have a reasonable value, 0.94. One 
would infer from this figure that the amplitude of (f;,2)? 
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is about 0.23, to be compared with the theoretical value, 
0.308. McEllistrem ef al." estimate the uncertainty in 
their cross-section measurements to be about + 20%. 


C. Remarks on Pb?” 


In a highly simplified theory of Pb™, similar to the 
theory of Alburger and Pryce‘ for Pb” and utilizing 
the same parameters,” the lowest two 4+ states, arising 
from the configurations (p1y2)0?ps/2fs/2 and (p1y2)0?(foy2)”, 
were predicted to be nearly degenerate and to be at an 
excitation energy of about 1.08 Mev. 

In a more correct theory including configuration 
mixing, this excitation energy would undoubtedly be 
increased, due to an extra depression of the ground 
state. The pair of 4+ levels observed by Herrlander 
et al. (Table IV) lie at 1.274 Mev and 1.563 Mev 
(center of mass at 1.419). 

A theoretical lower limit to the splitting of two near- 
degenerate levels is twice the magnitude of the matrix 
element of the energy -onnecting them. The matrix 
element connecting these two 4+ states is equal to the 
two-particle element, ((f5/2)"4| V | ps/2fs/24), which, from 
our work on Pb, was calculated to be—0.106 Mev. 
We therefore can predict in Pb 


(AE) 4,>0.212 Mev. (27) 


For levels which in first order are nearly degenerate, 
the splitting would be only slightly greater than this 
lower limit. The observed splitting is 0.289 Mev, in 
fair agreement with theory. 


V. EFFECTS OF TRIPLET FORCES AND OF 
COLLECTIVE MOTION 


A. Triplet Forces 


The analysis of Gammel, Christian, and Thaler" 
gives for the potentials effective between identical 
nucleons an infinite repulsive core of radius r,=0.4 
X10-" cm, and Yukawa potentials beyond r,: 


Singlet-even, V=—425 Mev exp(0.69r)/(0.69r) ; 
Triplet-odd, V=— 14 Mev exp(r)/r; (28) 
Tensor-odd, V=+ 22 Mev exp(0.8r)/(0.8r). 


Distances are measured in units of 10-* cm. The 
triplet-odd force is attractive and much weaker than 
the singlet-even. The tensor force is attractive for the 
*P» state and somewhat stronger than the triplet-odd, 
but still weak compared to the singlet-even. We have 
therefore ignored the odd-state forces in our detailed 
calculation. The effective force in the shell model need 
not have the same exchange character as the free two- 
body force, but in the absence of any contrary evidence, 
we continue to assume that it has. 

We have done a crude calculation to test the effect of 
some triplet force on our results. The triplet potential 
was taken to have the same shape (Gaussian) and 
range as the singlet potential, to be one third as strong 
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as the singlet potential, and to be either attractive or 
repulsive. It was included in the diagonal elements 
only for spins 0 through 4 and the energy levels were 
recalculated for these spin values. The results were 
changed only slightly, and the agreement with experi- 
mental energy levels was still good for both attractive 
and repulsive triplet forces (see Table XI). The eigen- 
functions were also not greatly altered. Somewhat 
greater alteration of the eigenfunctions would be ex- 
pected for a better calculation including the off-diagonal 
triplet matrix elements. Comparison with Kearsley’s 
results® (next section) gives more insight into the role 
of the triplet forces. 

The reason the weak triplet force changes the results 
so little is that it produces a similar shift on all the 
levels and smaller relative shift. For our choice of 
triplet strength=4 (singlet strength), the relative 
shifts produced by the triplet force are at most about 
one-sixth of the relative shifts produced by the singlet 
force. 

TABLE XI. Effect of weak triplet forces. 








Theoretical energies 











Singlet plus Singlet plus Experi- 
Spin and Pure § (Attractive 4 (Repulsive mental 
parity singlet triplet) triplet) energies 
0+ 0.01* 0.02 0.04 0 
1+ 1.71 1.67 1.72 1.73 
2+ 0.81 0.84 0.75 0.803 
2+ 1.26 1.30 1.19 1.46 
3+ 1.34 1.34* 1.34* 1.341 
44 1.71 1.75 1.66 1.684 
4+ 1.97 2.01 1.92 1.998 
Configura- 
tion Eigenfunction of lowest 2+ state 
prfsie 0.723 0.737 0.700 
Pushers —0.602 —0.581 —0.660 
(fs/2)? 0.217 0.221 0.214 
Pai2fsi2 0.151 0.156 0.149 
(pai2)? 0.213 0.214 0.227 








*® Energies normalized to 3 + level. 


B. Comparison with Kearsley Results 


The parameters of Kearsley’s calculation are com- 
pared with ours in Table XII. Since there are a number 
of points of difference, it is interesting to observe the 
similarity in the results. Kearsley’s nuclear size is 18% 
larger than ours. She uses a Yukawa potential and we a 
Gaussian. These potentials are probably best compared 
through the singlet-even effective range and strength 
parameter, s (see reference a, Table XII). Her effective 
range is 7.5% smaller than ours, and her singlet strength 
parameter, s, 11% larger than ours. Aside from the 
shapes of the potentials, the only large difference in the 
two sets of parameters is in the exchange mixture. Her 
triplet-odd force is taken to be repulsive and more than 
half as great in magnitude as the singlet-even force, 
while our triplet-odd force is zero. (The singlet-odd and 
triplet-even parts of the ‘“Rosenfeld-mixture’™ force 


3%. Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, 1948), p. 234. 


TaBLe XII. Comparison of Kearsley parameters and 
parameters used in this paper.* 








Quantity Kearsley This paper 
Two-body potential shape Yukawa Gaussian 
Range parameter of potential 1.37 1.85 
(10-8 cm) 
Depth parameter of singlet 42 Mev 32.5 Mev 
potential 
Singlet: triplet ratio —1: +0.559 -—1:0 
Singlet effective range, roe 2.45 2.65 
(10-8 cm) 
Singlet strength parameter, s¢ 1.11 


Wave functions 
Nuclear size parameter, b4 
(10-3 cm) 


. 1.00 
Harmonic oscillator Harmonic oscillator 
2.70 2.33 








*In this table, ‘‘singlet’’ refers only to singlet-even, and “‘triplet’’ only 
to triplet-odd. 

b See reference 6. 

¢ The strength parameter s is defined in J. M. Blatt and V. F. Weisskopf, 
Theoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
p. 55, For s =1,00, there is a \S bound state at zero energy. For s >1, there 
is a 'S bound state below zero. 

4 The size parameter } is defined by Eq. (4). 


which she uses of course play no role in this 
calculation.) 

It seems significant that the singlet forces in the two 
calculations are nearly equal in strength. This confirms 
the result of the previous section that the triplet forces 
produce smaller relative shifts in level positions than 
do the singlet forces. Therefore the effect of triplet 
forces on the calculated level spectrum is considerably 
smaller than one might infer by examining the relative 
magnitudes of singlet and triplet matrix elements for a 
given spin and parity. 

Sample comparisons of our results with those of 
Kearsley are shown in Table XIII. It is remarkable that 
the two sets of theoretical results agree so very closely, 
even in the eigenfunctions. For the energy of the second 
2+ state, for example, the two theories agree with each 


TABLE XIII. Comparison of some Kearsley results 
with results in this paper. 








A. Some energy levels* (in Mev) 











Spin and This 
parity Kearsley paper Experiment 
0+ 0 0 0 
1+ 1.70 1.70 1.73 
1+ 2.32 2.27 (2.15) 
2+ 0.87 0.80 0.803 
2+ 1.22 1.24 1.46 
3+ 1.31 1.33 1.341 
4a 1.69 1.70 1.684 
4+ 1.94 1.95 1.998 
5- 2.88 2.88 2.783 
6— 2.37 2.42 2.385 
7- 2.19 2.21 2.200 
B. Ground-state eigenfunction 
(p12)? (fsi2)? (pay2)? (1/2)? (f1j2)2 
Kearsley 0.840 0.332 0.379 —0.139 0.142 
This paper 0.865 0.308 0.377 —0.122 tee 





C. Lowest 2+ eigenfunction> 
(Pisefsre) (Pry2Pay2) (foy2)® (Payafsy2) ~— (Day2)® (Day2fr/2) 


Kearsley 0.766 —0.530 0.233 —0.123 0.182 0.135 
This paper 0.723 —0.602 0.217 0.151 0.213 --- 











® For this comparison, we have normalized our levels to the ground state. 
» Kearsley also includes three other configurations in this eigenfunction. 
Each has an amplitude less than 0,07, 
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other much more closely than either agrees with experi- 
ment. In the diagonalization process, Kearsley included 
more levels than we, but the extra levels all have small 
amplitudes, and the larger calculated amplitudes for 
states included in both calculations are in rather close 
agreement. The eigenfunctions of the lowest 0+ state 
and lowest 2+ state, both of which have large mixing, 
are compared in Table XIII. The only apparent dis- 
crepancy is in the amplitudes of the (32/52) state, 
which are small but have opposite sign in the two 
calculations.™ 

From comparisons of these two calculations, one may 
conclude that the results are quite insensitive to the 
shape of the two-body potential and to the exchange 
mixture. (The latter conclusion might not hold for 
calculations involving the neutron-proton force, where 
all four exchange possibilities enter.) Kearsley has 
shown that the results do depend rather sensitively on 
the strength of the potential. Comparison with our 
results suggests that the sensitivity is mainly to the 
singlet part of the potential, which in her calculation 
turns out to have, and in our calculation is assumed to 
have, nearly the same strength as the singlet-even 
potential observed in the two-nucleon system. The 
ratio of the effective range of the two-body force, r0., 
to the nuclear size parameter, 8), is 0.91 in Kearsley’s 
calculation and 1.14 in ours. This difference appears to 
have no marked effect on the results. 


C. Weak Coupling to Collective Motion 


The wave functions which have been assumed so far 
for the neutron-hole states in Pb*® would imply that 
no electric quadrupole radiation occurs between the 
states. We shall assume that such radiation arises from 
ellipsoidal vibrations of the nuclear core, weakly 
coupled to the particle motion. We use the collective 
Hamiltonian of Bohr and Mottelson,”* assigning extra 
degrees of freedom to the core vibration, and use the 
weak-coupling (one phonon) formalism.**~*7 From the 
observed rate of the £2 transition between the first 
excited state and ground state in Pb*®, one may deduce 
a strength of particle-core coupling—or, approximately, 
a nuclear surface tension. This coupling strength may 
then be used to calculate other £2 transition rates in 
Pb. Finally, for internal consistency, one must use the 
same coupling strength to estimate the effect of the 
collective motion on the positions of the energy levels. 


1. Effective Charge Concept for Neutron Transitions 





We consider first states, |Z), of neutrons only, 
which are some arbitrary superposition of pure shell- 


* The signs of the amplitudes of the (f1/23/2)2 state and the 
(ps/2fs/2)2 state are opposite in Table XIII to those in Kearsley’s 
paper, because she writes the two-particle state differently, as 
(Psr2pr2)2 and (fs/2p3/2)2. For two-particle antisymmetrized func- 
tions, | #7’J)= (—1)#*7’t7*)| 7’77). 

86 D. C. Choudhury, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 4 (1954). 

36 A. Kerman, Phys. Rev. 92, 1176 (1953). 

37K. Ford and C. Levinson, Phys. Rev. 100, 1 (1955). 
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model states, |@/), where 8 represents the quantum 
numbers of a pure configuration, e.g., in the j-7 coupling 
representation : 


|T'T)=Xeaa| 8). (29) 


Now let a weak coupling to collective motion act as a 
perturbation on this state. The states of the coupled 
system we denote by |8”J’’; NR; J), representing the 
vector coupling of a particle state 8””J” to a collective 
state of N phonons and angular momentum R to yield 
total angular momentum J. In the one-phonon approxi- 
mation, in which the phonon energy, fw, is assumed to 
be large compared to the spacings of the particle levels, 
the state |Z) becomes*? 


[TZ)= Loa |B 00; 1)+ (22+1) 4 Vidar a8] &:1B") 
X (BI\| Yo(@)||8"I") |B"I"; 12; 1}. (30) 


The amplitudes of the admixed one-phonon states 
have been entered explicitly. Yo,(7) is equal to (#/5)! 
X Y2,(6:¢;), where i labels the particles, and its reduced 
matrix element is understood to be taken between the 
angular parts of the particle wave functions only. The 
quantity £; is equal to k(r,)y/fw and its matrix element 
is understood to be taken between the radial parts of 
the particle wave functions only. The function k(r;) is 
taken usually to be proportional to 6(r;—R); and 
y= (Shw/2rC)', where C is the surface tension pa- 
rameter.** The radial matrix element, (8! §;|8’’), has 
usually been assumed to be approximately constant, 
and has been called simply é and taken outside the sum. 
An important thing to notice, however, is that the sign 
of € may be either positive or negative, according to 
the relative signs of the radial wave functions near the 
nuclear surface. Bohr and Mottelson have pointed out” 
that & should have opposite signs for particles and for 
holes, but its sign may also change according to the 
convention adopted for the signs of the radial wave 
functions. In a calculation like the present one, in which 
mixed states are considered, such sign questions are 
very important. 

The reduced transition probability, B,(2), for electric 
quadrupole radiation from initial state |I’Z’) to final 
state |Z) is 





B.(2)= (21’+1)| (PI||Q2||P"2’)|*. (31) 
The collective quadrupole operator is**:*’ 
Qom*= 7 (Sar)~13ZeR*y[bm+ (— 1)*h...*]}, (32) 


where 4, is a phonon annihilation operator. This 
operator connects only states with the same particle 
configuration which differ by one phonon. Making use 
of the expansion (30), and taking advantage of the 
tensor properties™ of the operator (32), one finds for 
the reduced matrix element of (2° needed in (31), 


(P'1\|Q2"||T"T’) = (3ZeR*/4x) (1/C) 
XL La vB | il y)as*ay'(BI|| Yo(i)|Iy2’). 





(33) 
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Now for protons, the quadrupole operator is 
Qom? = € 22 7:°?V om (1). (34) 


We see that the reduced matrix element (33) for the 
collective transition between neutron states is the same 
as one would obtain by ignoring the collective motion 
and utilizing for the neutrons a quadrupole particle 
operator of a form similar to that for protons, 


Qom"= (3ZeR?/44rC) 3 ik (ri) Voy (i). 


Because the states are antisymmetrized, the sum over 
the particle label 7 on the right of (32) may be replaced 
by a factor m (for n particles) with 7 set equal to 1 (or 
to any other particular particle label). Therefore com- 
parison of (34) and (35) shows that the collective 
transition rate for neutron states differs from the par- 
ticle transition rate for the same proton states only by the 
square of a factor which we may define to be the (neutron 
effective charge/proton charge). This factor is given by 


(Cett/€) = (3Z/4mC) ((k)R2/(r)), (36) 


(35) 


where (k) indicates the matrix element of k(r;) between 
initial and final states, and (r?) the matrix element of r?? 
between the same two states.: These matrix elements 
are expected to be generally of the same order of mag- 
nitude for all states in a given nucleus, so that the 
effective neutron charge will be nearly the same for all 
E2 transitions in a given nucleus. For example, we may 
set (k)=+k, where k is a positive constant (~40 Mev), 
and (r?)=+2R?. The plus (minus) sign is taken if the 
radial wave functions have the same (opposite) sign 
near the nuclear surface. With this approximation, 


(Cott/e)2z(5Z/4ar) (k/C). (37) 


This is the approximate form which we use in Pb”, 
Explicit calculation with harmonic oscillator functions 
shows that (r*) is indeed nearly constant in magnitude 
for all of the states of interest in Pb** (Table XIV). 
We assume that the matrix elements of k(r) are likewise 
nearly constant in magnitude and have the same sign 
as the matrix elements of r? (negative for any matrix 
element involving an odd number of f states, otherwise 
positive). In the actual calculations of transition rates, 
we used the approximate effective charge (37), and set 
all matrix elements of (7?) equal to +32(1.20A!)? 
=+30.1(10-" cm)*. 

If the states weakly coupled to collective motion are 
proton states instead of neutron states, the quadrupole 
operator is the sum of the operators (32) and (34). 


TABLE XIV. Matrix elements of r? for one-particle states relevant 
in Pb®*, Distance units are 10— cm. 








(p|r2|p)= 35.3= $(1.30A})2 
(fir|fy= 35.3= 3(1.30A4)2 
(ilr*|i)= 40.7= $(1.3941)2 


(p|r?| f)= —32.6= —$(1.25A))* 
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These produce simply additive effects in the matrix 
elements, so that the effective charge for proton transi- 
tion is obtained by adding unity to the right side of 
Eq. (36) or (37). 


2. Strength of Collective Motion in Pb*® and 
Effective Charge of Neutron 


In an earlier paper,’ the known electric quadrupole 
transition rates between the lowest two states in both 
Pb”? and Pb™*® (Sec. IT) were used to evaluate the 
strength of collective motion in these nuclei. If, for 
Pb”7, one takes R=1.20A!X10~" cm, and assumes the 
states to be pure single neutron hole states weakly 
coupled to collective motion, one obtains (k/C) =0.0345. 
If k is taken to be 40 Mev, this figure gives for the 
surface tension, C=1160 Mev. The neutron effective 
charge is é¢.4¢=1.13e. The uncertainty in the measured 
transition rate is about 25%. Hence the uncertainty in 
the derived values of (R/C) and of eet: is about 12%. 

In the previous work? for Pb™*, an error of a factor v2 
was made in the electric quadrupole matrix element. 
The result given there should have been (for k=40 
Mev), C=780 Mev instead of C=550 Mev. Pure states 
were assumed in that calculation, (p1/2f5/2)2 > (P1/2)0?. 
We have re-evaluated this transition rate from the first 
excited state to the ground state in Pb”, using the 
calculated eigenfunctions in Table VIII. The result of 
the mixing is to enhance the transition rate, thus 
diminishing the strength of collective coupling required 
to give the observed rate. The result for the coupling 
strength is (k/C) =0.0351, implying an effective neutron 
charge, éer¢=1.15e, in excellent agreement with the 
results in Pb*’. The uncertainty in these numbers is 
also about 12%. If k is set equal to 40 Mev, one finds, 
for Pb*%*, C=1140 Mev. All £2 transition rates in 
Pb** have been calculated using é.r=1.15e, and 
R=1.20A!X10-* cm. 

It is interesting that the calculated mixing is just 
sufficient to remove the discrepancy in the calculated 
collective coupling strengths in Pb** and Pb’. The 
signs of the mixture amplitudes for the lowest 2+ state 
and the lowest 0+ state are such that all eight com- 
ponents of the transition matrix element add together 
with the same sign, and the net transition rate is twice 
as great as between the pure configurations (1/2/5/2) 
and (f1/2)*. At the same time this means that the 
calculated rate is not very sensitive to the exact degree 
of mixing. The £2 transition rates from the higher 2+ 
states to the ground state are inhibited relative to pure 
state transitions and are therefore more sensitive to the 
calculated degree of mixing (see Table X). The numbers 
given. above are summarized in Table XV. 

In Pb™ the measured transition rate from the lowest 
4+ state to the lowest 2+ state is anomalously slow. 
A highly simplified shell model calculation? has shown 
that large mixing is expected for the states. It will be 
interesting to learn whether a detailed theory of this 
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TABLE XV. Collective parameters in Pb®*® and Pb®’. 








Assumed 





Nucleus (k/C)# k Cc eett/e* (k2/C) 
Pb®® 0.0351 40 Mev 1140Mev 1.15 1.4 Mev 
Pb”®? 0.0341 40 Mev 1160 Mev 1.13 1.4 Mev 








* Uncertainty from experiment, +12%. 


mixing will lead to cancelling transition matrix ele- 
ments, which may explain the slow rate of the transition. 


3. Effect of Collective Motion on Energies 


In the weak-coupling, one-phonon, approximation, 
the effect of collective motion on the energy levels may 
be found by adding to the direct interaction among the 
extra nucleons an effective two-body potential, 


Vie= — (+R, ‘C) (5/42) P» (cos@; 2), (38) 


where P» is a Legendre polynomial and 6; is the angle 
between the radius vectors to particles 1 and 2. The 
radial part of the matrix element is assumed to be 
evaluated already and to lead to the same magnitude 
of k* for all states. For a matrix element between state i 
and state j, the factor +k’ represents the product 
(i| k(r)|m)(m|k(r)| 7), or a sum of such products, where 
m represents an intermediate state. The sign preceding 
k® therefore depends on the signs of the radial wave 
functions near the nuclear radius in states i and j. 
For the states of interest in Pb**, the negative sign 
applies when states i and j contain together an odd 
number of f particles; otherwise the positive sign 
applies. 

In order to evaluate matrix elements of the effective 
potential (38), it is more convenient to write it in 
expanded form, 


Vie= — (R/C) Do yV 24 (01¢1) V2,* Boge), 


which, by the definition of Racah,” is the scalar product 
of two second rank tensors. Racah’s method may be 
used to evaluate the matrix elements of (39). We are 
here interested only in the matrix elements between 
two-particle states. 


Case A, NF je, NA je: 
(jijod | Viel jr’ je! J) = (H/C) (—1) are 
xL( —1)7(7i||Ye ll jx’) jol| Voll jo’) W (prj joje' : 2J) 
+(jal| Vol! j2’){J2!| Voll j1')W (jrje’jogy'; 2J)]. (40) 


For Case B, ji=j2, j1‘~j2', (40) should be multiplied 
by 2-4. For Case C, j:=jo, j:’=je', (40) should be 
multiplied by } [or equivalently, the first term in (39) 
retained and the second term dropped ]. 

The measured £2 transition rate in Pb** leads to a 
value k/C=0.035 for the ratio of the collective model 
parameters k and C. The energy shifts for weak coupling 
are also independent of the mass parameter B, but 
depend on a different combination of k and C, namely, 


(39) 
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k?/C. We must therefore assume a value of k (or C) 
in order to evaluate the energy shifts. We choose k= 40 
Mev, which implies #2?/C=1.4 Mev. For this value of 
k?/C, the matrix elements (40) were evaluated for the 
states of interest in Pb*®*’—both diagonal and off- 
diagonal. These were added to the previously deter- 
mined singlet matrix elements, and the energies 
re-evaluated, the same number of states being di- 
agonalized for each spin value as with singlet forces 
alone.** 

The energy level results with the full strength of 
singlet forces, plus collective coupling, are much less 
satisfactory than with pure singlet forces. The sensi- 
tivity of the energy results to a small degree of collective 
motion comes about because the effective force from 
collective coupling is repulsive for some states and 
attractive for others. In particular it is attractive for 
the lowest 0+ and 2+ states but repulsive for the 
lowest 3+ state. Therefore the pattern is easily 
distorted. 
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Fic. 4. Calculated energies as a function of the singlet strength 
parameter, s, for fixed strength of collective coupling, character- 
ized by k®/C=1.4 Mev. Light horizontal lines are empirical levels. 
The dots mark the intersection of corresponding empirical and 
theoretical level positions. 


38 Collective matrix elements were evaluated, and matrices 
diagonalized, on an IBM 704 computer at the Los Alamos Sci- 
entific Laboratory. We are indebted to S. Blumberg and T. Jordan 
for help with the numerical work. 
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Nevertheless good agreement with experimental en- 
ergy levels can again be obtained with this degree of 
collective motion (k?/C=1.4 Mev) if the strength of 
the singlet force is diminished to about 75% of its 
previous value. We adopted a potential, s(singlet) 
+ (collective), and diagonalized the energy matrices 
for several values of s between 0.7 and 1.0 (s=1 means 
the full strength of singlet force, s being the strength 
parameter defined in reference 27). The results, com- 
pared with experimentally known energy levels, are 
given in Fig. 4 asa function of s. The best over-all agree- 
ment with experiment occurs for s~0.75. 


4. Results with 75% Singlet Forces Plus 
Collective Coupling 


We have regarded the strength of collective coupling 
as fixed by the observed £2 transition rate in Pb™®, and 
adjusted the strength parameter s of the singlet force 
to a value of 0.75 to give a good agreement with experi- 
mental energy levels. In Fig. 5 are compared the energy 
results for pure singlet forces (s=1), the results for 
s=0.75 with collective coupling (called hereafter singlet 
plus collective), and the experimental energies. The 
weaker singlet force with collective coupling gives 
improved overall energy agreement. In particular the 
predicted position of the 2+, 2 state is increased from 
1.25 to 1.39 Mev, to be compared with the experi- 
mental value of 1.46 Mev. For the thirteen known 
levels, the mean deviation, (13)"S | Etheory—Eexp|, 
has the value 0.0572 Mev for pure singlet forces, and 
0.0352 Mev for the singlet plus collective theory. 

Theoretical energies and eigenfunctions for the singlet 
plus collective theory are given in Table XVI, to be 
compared with Table VIII. The mixing for the 6— 
levels is substantially greater in Table XVI. Otherwise 





4 


























Fic. 5. Comparison of energies predicted’ with pure singlet 
forces (first column for each spin value), energies predicted with 
75% singlet forces plus collective coupling (second column for 
each spin value), and empirical energies (third column for each 
= value). Both sets of theoretical energies are normalized to 
the ground state. 
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TABLE XVI. Energy levels and eigenfunctions calculated for 
75% singlet forces plus collective coupling (#2/C=1.40 Mev) in 
Pb*®, Energies normalized to ground state. 





Energy 


(Mev) Eigenfunctions 





I=0+ 


(piyj2)® 


5 ~~ fus)? 


(Daj2)? 


(s13/2)? 





0 

1.363 
2.056 
3.162 


0.8548 
—0.4230 
—0.3002 
—0.0064 


0.3630 
0.8944 
—0.2238 
0.1344 


0.3589 
0.0713 
0.9249 
0.1042 


—0.0933 
—0.1266 
—0.0652 

0.9854 





I=1+ 


1.745 
2.141 
3.576 


(pi2Ps/2) 


(Par2fs/2) 


(fsr2fr/2) 





0.9952 
0 
—0.0977 


0 
1.00 
0 


0.0977 
0 
0.9952 





I=2+ 


(pis2fes2) 


(pij2Paj2) 


2 (Uw) 


(Dar2fey2) 


(Dayz)? 





0.725 
1.391 
1.767 
2.190 
2.527 
3.494 
3.553 


0.7526 

0.6105 
—0.1629 
—0.1774 
—0.0524 
(ps2f7/2) 
(fsr2f72) 


—0.5456 
0.7750 
0.1607 
0.1339 
0.2408 


0.2627 
—0.0333 
0.9564 
0.1228 
—0.0033 


0.1663 
0.0206 
—0.1692 
0.9647 
—0.1130 


0.1980 
—0.1585 
—0.0656 

0.0705 

0.9625 





1.404 
2.278 
3.081 
3.696 
3.985 


0.9992 
— 0.0366 
0.0138 


I=3+ (puahe 2) ia (pay2fs/2) 


(pis2ft/2) 





0.0361 
0.9988 
0.0331 


(fs2fr/2) 
(Par2fr2) 


—0.0150 
—0.0325 
0.9994 





1=44 


funy? 


(Ps/2fs/2) 


(pis2frp2) 





1.675 
2.013 
3.010 
3.592 
3.857 


[=4— 


0.6425 
0.7631 
0.0702 
(fsi2fz/2) 
(ps2f7/2) 


0.7157 
—0.6304 
0.3010 


—0.2740 
0.1428 
0.9510 








2.845 


(fs/2tisy2) 





I=5-— 


(fey2t13/2) 


(Daysisars) 





2.809 
3.063 


0.8137 
0.5812 


—0.5812 
0.8137 





I=S+ 





3.733 
4.107 


(fsi2fzi2) 
(Ps2fr2) 








I=6- 


(Pry2tiay2) 


(fs/2t13/2) 


(Dsy2tisy2) 





2.355 
2.982 
3.321 


0.9867 
—0.1317 
—0.0951 


0.1447 
0.9788 
0.1450 


0.0741 
—0.1568 
0.9849 





1=6+4 





3.154 


(forefr/2) 








I=7- 


(Pry2tis/2) 


(fsp2t13/2) 


(Payxt13/2) 








0.9540 
—0.2609 
0.1477 


0.2490 
0.9639 
0.0946 


—0.1671 
—0.0535 
0.9845 











(fs/atis/2) 
(Pav2tis/2) 





(foy2t1/2) 
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the results are qualitatively similar. We regard these 
results as more reliable than the pure singlet results, 
because the effect of collective coupling on the energies 
must for self-consistency be included if its effect on 
transition rates is included. The absolute energy shift 
of the ground state from its zero-order position was 
0.811 Mev for pure singlet forces, and is 0.751 Mev 
for singlet plus collective forces. 

The eigenfunctions in Table XVI have been used to 
recalculate all M1 and £2 transition rates. The 2+, 
1 — 0+, 1 transition rate, which was used to determine 
the strength of coupling, is altered by only 2%, so that 
no change in the coupling strength is required to pre- 
serve consistency. Because the cancellation factor C is 
equal to 1 for this transition, the predicted rate is not 
sensitive to small changes in the eigenfunctions. Other 
transition rates are altered by a greater amount. The 
predicted transition rates and comparison with experi- 
ment are presented in Table XVII, to be compared 
with Table X. The differences are, for most transitions, 
not great. Where comparison with experiment can be 
made, the predictions in Table XVII are about equally 
as good as those in Table X. One improvement is the 
2+, 2-0-4, 1 transition, which, although still strongly 
inhibited, is considerably changed in the direction 
toward agreement with experiment. The predicted 
decay from the 2+-, 3 level remains in disagreement with 
experiment. The branching ratio from the 7—, 1 level 
to the two 4+ levels is in somewhat poorer agreement 
with experiment. 


VI. ABSOLUTE ENERGIES 


In Fig. 3 and in Table VIII, the calculated energies 
have been normalized arbitrarily to agree with experi- 
ment for the lowest 3+ level at 1.341 Mev, and in 
Fig. 5 and Table XVI, normalized to the ground state. 
However, the predicted absolute binding energy con- 
tribution of the interaction of the two holes in Pb” 
may also be compared with experiment. We use a 
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semiempirical mass formula for the core and take 
explicit account of the neutron holes. 

Binding energy contributions are shown schematically 
in Fig. 6. The heavy line in the center labeled M207 
represents the mass of Pb’. We may think of forming 
Pb** by removing one “valence” 1/2 neutron from 
Pb”7. The mass change comes from several sources: 
(a) There is a mass increase of 6,, the binding energy 
of the 1,2 neutron level in the average field of the other 
particles. (b) There is a mass decrease of M,, the neu- 
tron mass. (c) There is a mass decrease of Af, the energy 
lowering due to the possibility of virtual excitation of 
neutrons into the now empty 1/2 level (i.e., configura- 
tion mixing). (d) There is an energy change of the core 
of 206 particles, due to its change of size (distinct from 
the shell model effect taken explicitly into account by 
Af). The first three of these energies are indicated in 
Fig. 6. 

Similarly, if one adds to Pb*’ a neutron, there will be 
several contributions to the change of mass. (a) The 
binding energy of the 1/2 level will be changed from 6, 
to 82, and the energy lowered by an amount 28.—). 
(b) There is a mass increase M,. (c) There is a mass 
decrease f(2), the interaction energy of the two py/2 
neutrons (diagonal only, since, ignoring excitation to 
the next shell, configuration mixing is not possible). 
(d) There is an energy change of the core of 206 par- 
ticles due to its change of size. Let us call this core 
energy E.(A), a function of mass number A. 

The experimental separation energies will be, 


E[206(n,y)207]=6:—Af—E,(207) +E. (206). 
E[207 (n,y)208 = 282—81+f(2) 
— E,(208)+E,(207). 


Since we have no theory of the absolute position of the 
1/2 levels, it is necessary to take the difference of these 
separation energies. We approximate § and E, as con- 
tinuous smooth functions of A and write 


E207 (n,y)208]— E206 (n,y)207]= A2B 
= f(2)+A4f+2(d8/dA)—(@E./dA*). (42) 


We note that the discussion leading to (42) could have 
been in terms of holes instead of particles. In that case 
f(2) and Af would both have appeared as energy con- 
tributions in Pb** and neither in Pb™’, but the result 
(42) would have been the same. 

As a first approximation, one could assume that 
81=82 and that £, is linear in A over the narrow range 
of A considered. Then the right side of (42) becomes 
the shell model energy f(2)+A/f. From our calcula- 
tion with singlet forces, f(2)=0.427 Mev, Af=0.373 
Mev, /(2)+A/f=0.800 Mev. For singlet plus collective 
forces, {(2)=0.321 Mev, Af=0.430 Mev, /(2)+A4/ 
=0.751 Mev. Experimentally” (see Sec. II), the left 
side of (42) is equal to (0.65+0.01) Mev, in fair agree- 
ment with f(2)+A/. It is of some importance, however, 
to consider the correction terms, 2(d8/dA)— (@E./dA’). 


(41) 





Fi 
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TaBLE XVII. Gamma-ray transition rates in Pb®*, based on 75% singlet forces plus collective coupling. 

















T aia 
Parent Energy Daughter Energy —— Rate Cancellation Relative 
state (Mev) state (Mev) (Mev) Type (10"2 sec?) factor, C rate Experiment 
0+-,2 (1.36) 2+,1 0.80 (0.56) E2 0.00297 0.213 
0+-,3 (2.15) 1+,1 1.73 (0.42) M1 5.76 1.00 1 
2+,1 0.80 (1.35) E2 0.00140 0.0205 0.00024 
0+-,4 (3.16) 1+,1 1.73 (1.43) M1 1.10 0.734 1 
1+,2 (2.15) (1.01) M1 ~~ es 0 
2+,1 0.80 (2.36) E2 1.09 0.904 0.99 
1+,1 1.73 0+,1 0 1.73 M1 56.9 0.556 1 1 
0+,2 (1.36) (0.37) M1 0.212 0.706 0.0037 
2+,1 80 0.93 M1 1.06 0.332 0.019 
2+-,2 1.46 0.27 M1 0.102 0.552 0.0018 
1+,2 (2.15) 0+,1 0 (2.15) M1 ~0 0 
0+,2 (1.36) (0.79) M1 ~~ 0 
1+-,1 1.73 (0.42) M1 ~0 tee 0 
2+,1 0.80 (1.35) M1 48.3 1.00 1 (1) 
2+,2 1.46 (0.69) M1 2.76 1.00 0.057 
3+,1 1.34 (0.81) E2 0.0352 0.912 0.00073 
2+,1 0.803 0+,,1 0 0.803 E2 0.105 1.00 T=0.103+0.025 
2+,2 1.46 0+,1 0 1.46 E2 0.0102 0.0733 0.038 0.25 
2+,1 0.80 0.66 M1 0.271 0.235 1 1 
2+,3 1.83 0+,1 0 1.83 E2 0.0176 0.114 0.0147 1 
2+-,1 0.80 1.03 M1 1.20 0.456 1 
2+,2 1.46 0.37 M1 4X 10-8 0.0006 ~” 
3+,1 1,34 0.49 M1 0.0048 0.328 0.0040 
2+,4 (2.15) 0+,1 0 (2.15) E2 0.000815 0.0183 0.00005 
1+,1 1.73 (0.42) M1 0.0391 0.950 0.0026 
2+,1 0.80 (1.35) M1 15.0 0.569 1 (1) 
2+,2 1.46 (0.69) M1 2.89 0.870 0.193 
2+,3 1.83 (0.32) M1 0.0089 0.315 0.00059 
3+,1 1.34 (0.81) M1 3.23 0.987 0.215 
3+,1 1.341 2+,1 0.803 0.538 Mi 0.0280 0.355 
3+-,2 (2.15) 2+,1 0.80 (1.35) M1 4.63 0.428 0.68 
2+,2 1.46 (0.69) M1 0.876 0.790 0.128 
2+,3 1.83 (0.32) M1 0.00313 0.234 0.00046 
3+,1 1.34 (0.81) M1 6.84 0.995 1 
4+,1 1.68 (0.47) M1 0.931 0.947 0.136 
4+,1 1.684 2+,1 0.803 0.881 E2 0.172 0.939 1 1—2.1Xx2 
3+,1 1.341 0.343 M1 0.124 0.368 0.72 0.38 —0.058x, 
4+ ,2 1.998 2+,1 0.803 1.195 E2 0.0472 0.243 0.040 
3+,1 1.341 0.657 Mi 1.19 0.556 1 1 
4+,1 1.684 0.314 M1 0.307 1.00 0.26 0.24 
5—,1 2.783 6-,1 2.385 0.398 M1 0.636. 1.00 
5—,2 3.017 5-—,1 2.783 0.234 M1 0.0541 0.796 0.0175 0.081 
6—,1 2.385 0.632 M1 3.09 0.845 1 1 
7—,1 2.200 0.817 E2 0.0147 0.464 0.0048 0.075 —30x; 
6—,1 2.385 7—,1 2.200 0.185 M1 0.0189 0.563 
6—,2 (3.017) 5—,1 2.783 (0.229) M1 0.0604 0.670 0.12 
6-,1 2.385 (0.632) M1 0.186 0.453 0.37 
7-,1 2.200 (0.817) M1 0.506 0.563 1 
7-,1 2.200 4+,1 1.684 0.5161 E3 1 
4+.,2 1.998 0.2025 E3 0.00039 0.00123 
7—,2 (2.98) 6—,1 2.385 (0.595) M1 1.09 10-5 0.0058 0.029 
7-,1 2.20 (0.78) M1 3.7X10~ 0.0162 1 
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Let 8=V—T, where V is the potential well depth 
and T is the kinetic energy of the particle state of 
interest in the well. For small changes of radius R 
about some value Ro, T varies as R-*. We suppose 
that the potential depth V varies as R-, i.e., as the 
density of core particles. Then, 


B= —To(Ro/R)?+Vo(Ro/R)*. (43) 


The energy term needed in (42) is 2(d8/dA), which, 
evaluated at R= Rp is 


2(d8/dA)=2(—3Vo+2T»)(R“dR/dA). (44) 
The last factor we write as 
R“(dR/dA)=7/3A. (45) 


The quantity y would be unity for incompressible 
constant-density nuclei, and is less than unity for com- 
pressible nuclei (if Z is held constant and the change 
of A is due to change of neutron number). We adopt a 
value of 0.7 for y, based on isotope-shift evidence about 
nuclear compressibility.®:” y probably lies between 0.6 
and 0.9.“ Finally, we set Vo=40 Mev, T=32 Mev, and 
obtain the estimate, 


2(d8/dA) ~ —0.13 Mev. (46) 
For the core energy, E., we write 
3 Z(Z—-1)é 
E.=-——————-a(A) Ag, (47) 
5 R 


where Ao is a constant, 126 in our case, and a(A) is 
taken to have the following form (volume energy plus 
surface energy) : 


a(A)=a,[1+(1—R/Ro)]—a2(Ro/R)?A-*. (48) 


We shall not discuss the reasons for the particular 
R dependence of (48), since E, turns out not to be 
important to our absolute energy calculation. (£, itself 
is of course an extremely large energy, but its second 
derivative is small.) From a semiempirical mass for- 
mula,!® we set a3=15.6 Mev, and a2=(206)*X17.2 
Mev=102 Mev. A symmetry energy term has been left 
out of Eq. (47) because (47) represents the energy of a 
core of a fixed number of neutrons and protons. The 
symmetry energy effect is incorporated in the shell 
model energies, f(2) and Af. From (45), (47), and (48), 
one may evaluate the needed energy, (d’E./dA*). We 
find @E./dA?=—0.03 Mev. The estimate for the total 
correction energy is then 


2(d8/dA)—(@E,/dA2)2—0.10 Mev. (49) 


The. right side of (42) then has a theoretical value of 
0.70 Mev for pure singlet forces or 0.65 Mev for singlet 


®K. W. Ford and D. L. Hill, Annual Reviews of Nuclear 
Science (Annual Reviews, Inc. Stanford, California, 1955), Vol. 5, 
p. 46. 
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plus collective forces, which are to be compared with 
the experimental value of the left side, 0.65 Mev. The 
agreement is good, and suggests that mixing with 
higher neutron hole states does not depress the ground 
state of Pb very much. Indeed we found that the 
configuration (i33;2)? contributed only about —0.03 
Mev to the ground-state energy, and (f7/2)? should con- 
tribute less than this amount. 

In the above calculation it is important to get cor- 
rectly only the effect of mixing which can occur in 
Pb” and not in Pb’ or Pb**. Admixtures of states of 
proton excitation, for example, should be similar in all 
three isotopes, and their effect on the energy difference 
calculated above should therefore be negligible. Hence 
we cannot conclude that the total energy shift pro- 
duced by the sum of mixings to all higher states is 
negligible. We can conclude, however, that the magni- 
tude of the calculated shell model energy, f(2)+Af, 
is approximately correct. 


VII. REMARKS ON EXPERIMENTS 
A. Pb?°?(d,t)Pb?°* 


The pick-up reaction Pb*’(d,/)Pb** is interesting 
because the one-particle selection rules should cause 
only states of the type (p1/2j) to be excited in Pb™*, 
and some of these—especially the 3+ and 4+ states 
of the (p1/2f7/2) configuration—are states which should 
not be easily excited by other means. The predicted 
levels which should be seen in this experiment are 
compared with the experimental results of Harvey 
(Table III, reference g) in Fig. 7. Within the limits of 
his poor energy resolution, the agreement with theory 
is good. He lists the level at 3.03 Mev as probably a 
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Fic. 7. Pb®7(d,t)Pb®® experiment. In the left column are the 
energy levels which should be seen in this experiment, together 
with predicted intensities of (p1/2j) components. Solid levels have 
been seen by other methods. Dashed levels have not been seen by 
other methods. In the right column are the energy levels seen by 
Harvey (Table III, reference g) in this experiment with poor 
energy resolution. The three dashed levels are based on the theory 
with singlet plus collective forces (Table XVI). 
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doublet. The same experiment repeated with high energy 
resolution could verify configuration assignments of 
known levels, could fix the position of the 3+ and 4+ 
levels near 3 Mev, and could discover the position of 
the 0+ level predicted near 1.3 Mev. [This level should 
be weakly excited, since it is predicted to be 17% (1,2). 
It may be very close to the 3+, 1 level at 1.34 Mev— 
see Table XVI—and be difficult to resolve. ] 


B. Pb?"*(n,n’)Pb?°* 


The inelastic neutron scattering experiments of Day 
el al. (Table ITI, reference f) have revealed several new 
levels in Pb** not excited in the decay of Bi**. Further 
similar experiments could possibly detect other pre- 
dicted levels. A search for the predicted weaker gamma- 
ray branches following inelastic neutron scattering 
would also be of great interest in providing information 
about the wave functions. 

An interesting conclusion to be drawn from the ex- 
periments of Day et al. is that a one-particle selection 
rule appears to be operating. Only those states are seen 
which differ from the ground state in the quantum 
number of one particle. The state at 1.83 Mev is weakly 
excited and is predicted (if it is 2+) to contain only a 
rather small admixture of configurations satisfying this 
selection rule. The higher 0+ states are apparently not 
excited at all. However, our spin assignments are based 
on predicted gamma transition rates and are not 
certain. Further studies ef the gamma rays following 
inelastic neutron scattering would. be of interest. 
Inelastic proton scattering could also reveal new in- 
formation about Pb”*.” : 

Although a great deal of precise experimental in- 
formation about the low-energy properties of Pb”® is 
available, considerably more should be obtainable. The 
discovery of the positions of other energy levels up to 
about 3 Mev, and the discovery of more gamma decay 
branching ratios, will make possible a more detailed 
and searching test of theory than is now possible. 


VIII. DISCUSSION 


We summarize what we regard as the significant con- 
clusions of this work : 

(1) A shell model calculation, utilizing the same 
strength of internucleon force as observed in the two- 


41 Some interesting inelastic proton scattering results with low- 
energy resolution have been obtained recently by B. Cohen, 
[Phys. Rev. 106, 995 (1957) ]. 
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body system, including configuration mixing with near 
lying states, ignoring mixing with highly excited con- 
figurations, and ignoring effects of nuclear deformation, 
can successfully predict the energy levels of Pb”® up 
to about 3.2 Mev. 

(2) The energy level results are sensitive to (a) zero 
order positions of the one particle states, (b) strength 
of the singlet-even force, and (c) strength of collective 
motion. They are insensitive to (a) strength of the 
triplet-odd force (within reasonable limits), and (b) 
radial form of the two-body potential. They are prob- 
ably rather insensitive to the range of the force and the 
size of the nucleus. 

(3) The measured electric quadrupole transition rate 
in Pb” can be understood in terms of a weak coupling 
of the neutron holes to collective quadrupole vibration, 
with a strength of coupling the same in Pb”® as in Pb™”’. 

(4) The agreement between theory and experiment 
for M1 and £2 gamma transition rates is improved by 
the use of mixed state eigenfunctions, but factors of 
difference as great as 5 remain. The calculated rates are 
nevertheless very useful in making spin and parity 
assignments. It is not known whether the failure of 
precise agreement rests on inaccurate eigenfunctions or 
on inaccurate transition operators. 

(5) If a strength of coupling to collective motion 
required to account for the measured £2 transition rate 
is included in the energy calculation, agreement with 
experiment is obtained only for a direct two-body force 
whose strength is about 75% of the strength for the 
two-body system at low energy. 

(6) The difference in the separation energies of a 
neutron from Pb™* and from Pb”? is given approxi- 
mately correctly by the shell model calculation. 

(7) There is no evidence for many-body forces. 

That the calculated degree of mixing is approxi- 
mately correct is indicated in particular by (a) the 
calculated extra depression of the ground state, which 
is important for the energy-level agreement, (b) the 
splitting of the two 4+ states in Pb”, (c) the splitting 
of the two 4+ states in Pb™, (c) the absolute energy 
agreement, (d) the agreement with the Pb*°*(d,p)Pb™? 
cross sections to p states, and, somewhat less reliably, 
by (e) the fact that the Pb” and Pb*’ collective coup- 
ling strengths are calculated to be equal. 

Application of the same model to the nuclei Pb®® and 
Pb™ is in progress. 
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Targets of samarium, terbium, and cadmium were bombarded with protons, and in one case with 
deuterons, of up to 7.0 Mev and the inelastically scattered particles were observed. In the rare earths, 
samarium and terbium, four previously known levels were studied: the 58- and 139-kev levels in Tb™®, 
the 80-kev level in Sm, and the 123-kev level in Sm‘. The excitation process was determined to be 
primarily Coulomb excitation up to 7.0 Mev, and the reduced transition probabilities were measured with 
a precision of approximately 10%. A test of the collective model was made by measurement of the ratios 
of the reduced transition probabilities to two excited states in the same nucleus, Tb™. 

Eight levels were observed in cadmium. Two of them, at 585 and 641 kev, have not been previously 
reported. The absolute cross sections of the eight levels were determined with various angles of observation, 
incident energy, and type of bombarding particle. It was concluded that Coulomb excitation is a major 
contributor to the cross section at 6.0 Mev, and reduced transition probabilities were measured at this energy. 





I. INTRODUCTION 


HE study of the Coulomb excitation process by 
the observation of the inelastically scattered 
particles has several advantages over the usual methods 
involving the detection of the de-excitation gamma rays 
or their accompanying conversion electrons. These 
methods are often made difficult by the lack of precise 
information on the magnitudes of the conversion 
coefficients, as well as by the experimental difficulties 
of converting thick-target cross sections into cross 
sections at a unique energy. For the gamma-ray studies, 
there is the added difficulty of estimating detector 
efficiencies accurately. For the odd-A nuclei, where the 
second excited states are formed in Coulomb excitation 
and the decays are in general mixtures of M1 and F2 
transitions, a knowledge of the mixture is essential for 
the determination of internal conversion. Added diffi- 
culties are encountered in correcting for the cascade 
to crossover ratios. These problems, among others, are 
discussed in two recent review articles,’ which give 
excellent descriptions of the general techniques and 
results of Coulomb excitation studies. 

For these reasons, it was thought that the study of 
this process through the examination of the ratio of 
inelastically to elastically scattered particles would be 
profitable. It would eliminate the above difficulties 
and could lead to inherently more precise measurements. 

The magnetic spectrograph of the High Voltage 
Laboratory is a particularly suitable detection instru- 
ment for this type of work. It has high resolution so 
that the particles scattered from the low-lying levels 
can usually be separated from the elastically scattered 


* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

+t Now at Lockheed Research Laboratories, Missile Systems 
Division, Palo Alto, California. 

1 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

2N. P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
ae ¢ B 


particles. This is especially important in the rare earths 
where the low-lying rotational levels often have ex- 
citations of less than 100 kev. As used in conjunction 
with the beam from the Van de Graaff accelerator, 
simultaneous precise measurements of cross sections 
relative to the elastic cross section and of the excitation 
energies for the observable levels in a target nucleus 
are possible. By relating the elastic scattering cross 
section to the cross section for Rutherford scattering, 
these measurements of the inelastic to elastic cross- 
section ratios directly yield the absolute cross section 
of the level involved and eliminate the need for knowing 
the target thickness and detector solid angle or of 
making absolute current measurements. 

The major experimental difficulties of this method 
are the necessarily small solid angle of the detector and 
the thin targets needed to resolve the inelastically 
scattered proton groups. This necessitates long ex- 
posures to get good statistics, and a considerable 
background of charged-particle tracks accumulates. 
These are caused by particles scattered from the target 
chamber and various slit edges. For those nuclei in the 
weak-coupling region with small quardupole moments, 
and hence small Coulomb excitation cross sections, the 
signal-to-noise ratio is dangerously low. In the rare- 
earth region, the cross sections for the excitation of the 
rotational levels are a factor of 2 or 3 larger and more 
precise measurements can be obtained. 

Three elements were chosen to initiate the investi- 
gation, two rare earths and a medium-weight nucleus 
from the weak coupling area. The first, terbium, is a 
monoisotopic rare earth of odd-A, with which there 
would not be the difficulty of determining the particular 
isotope associated with the observed levels. Two gamma 
rays were observed at 79 and 136 kev by Temmer and 
Heydenburg’ from Coulomb excitation in this element. 
These energies do not fit the predictions of the collective 
model for a theoretical ratio E,/E,= 2.4. Other evidence 


3G. M. Temmer and H. P. Heydenburg, Phys. Rev. 100, 150 
(1955). 


1698 











COULOMB EXCITATION 


points to the fact that the 79-kev gamma ray results 
from a cascade, and Temmer and Heydenburg conclude 
that the levels are actually at 57 and 136 kev (E2/E, 
= 2.39). The observation of the inelastically scattered 
protons gives the level scheme unambiguously, and it 
was hoped to check this conclusion, as well as to obtain 
a more precise value for the transition probabilities. 
The other rare earth, samarium, was chosen as an 
example of the second general type of level schematics 
as predicted by the collective model for even-even 
nuclei. Only the first excited states of these nuclei have 
been observed in the usual Coulomb excitation studies. 
Samarium has five even-even isotopes, which span 
N=90, the neutron number at which a discontinuity 
in the nuclear properties is evidenced.‘ The isotopes of 
sufficient abundance to be significant are Sm™’, 15%; 
Sm", 11.2%; Sm™, 13.8% ; Sm", 7.4% ; Sm!™, 26.8% ; 
and Sm!, 22.7°%. Only two levels have been observed 
in the bombardment of natural samarium targets in 
Coulomb excitation studies, a level at 82 kev in Sm'* 
and a level at 122 kev in Sm’. The parent isotope of 
these levels has been identified, and other levels have 
been observed through the use of isotopically enriched 
targets.® 

Cadmium was chosen as the other element to be 
studied. A summary of the known information, which 
is relevant to the present work, appears in the first five 
columns of Table I. Of the eight stable isotopes, only 
six are sufficiently abundant to be of importance in 
this experiment. ; 

Similar measurements of the inelastically scattered 
particles resulting from Coulomb excitation in gold® 


TABLE I. Low-lying levels in cadmium. 








Relevant energy levels (kev) 





Per- Coulomb 
cent excita- 
abun- tion Radioactivity Present 
Isotope dance _ studies* studies Other work work 
Cd 12.4 654 656, 1420, 1540, 659 
and higher 
Cd 12.8 340 340, 420 346 
Cd? 24.0 619 619 
Cd 123-290 Cd¥2(d,p) 300 
550? 550° 
Cd 28.8 550 548, 715 Cd"3(n,y) 558 
550, 1200, 
1280, and 
higher 
Cd's 7.6 508 514 
? Loa mip! as eg 585 
? ay ah as “yf pts 641 














* Some levels were reported by both Mark, McClelland, and Goodman 

bPhye Rev, 98, 1245 (1955) ] and G. M. Temmer and N. P. Heydenburg 
Phys. Rev. 98, 1308 (1955)]; the values quoted are from Mark et al. 

b M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 (1952). 

¢N. S. Wall, Phys. Rev. 96, 664 (1954). 

4 Adyasevich, Groshev, and Demidov, Proceedings of the Conference of the 
Academy of Sciences of the U. S. S. R. on the Peaceful Uses of Atomic Energy, 
Moscow, July, 1955 (Akademiia Nauk, S. S. S. R., Moscow, 1955) [English 
translation by Consultants Bureau, New York: U. S. Atomic Energy 
Commission Report TR-2435, 1956], Phys. Math. Sci. p. 270. 


4G. Scharffi-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 
5 B. Elbek and C. K. Bockelman, Phys. Rev. 105, 657 (1957). 
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and in several of the rare earths® and from a direct 
interaction process in indium’ were made at this 
laboratory during the same period as these measure- 
ments and are reported elsewhere. 


Il. APPARATUS AND PROCEDURE 


The source of accelerated charged particles was the 
MIT-ONR Van de Graaff accelerator. The emergent 
beam was deflected through 90 degrees by a uniform- 
field magnet and was collimated by a slit system which 
defined the incident energy. It then passed through the 
target. The charged particles that emerged from the 
target were analyzed by a broad-range magnetic 
spectrograph,’ in which they were again deflected 
through a mean angle of 90 degrees, dispersed according 
to their momentum, and recorded on photographic 
plates. The spectrograph can be rotated about an axis 
through the target from zero to 130 degrees with respect 
to the beam direction. The unscattered part of the beam, 
after passing through the thin target, was collected in a 
Faraday cup, and the total charge was measured with 
a current integrating circuit. 

Targets were prepared by the evaporation of small 
samples of the rare-earth oxides and of cadmium metal 
onto thin films of Formvar which were supported by 
rectangular wire frames. Targets approximately 10-kev 
thick to 7.0-Mev protons were prepared which later 
withstood bombardment of up to 0.1 microampere. 
Long bombardments of about 1000 or 2000 micro- 
coulombs were made with incident protons and, in one 
case, with deuterons. 

The intensities of the various groups were measured 
by counting the total number of tracks with a low- 
powered microscope. An estimated background cor- 
rection was applied. The elastic groups from the target 
materials were so dense as to be uncountable in these 
long exposures, and shorter exposures were made using 
other areas of the photographic plate before, after, and 
usually once or twice at intervals during the course of 
the long exposures. This was done as a check on changes 
in target thickness and other experimental conditions. 

The ratio per microcoulomb of the intensities of the 
various inelastic groups to the elastic group was deter- 
mined, and the absolute cross sections ‘were obtained 
from the theoretical Rutherford scattering intensity 
calculated for the elastic group. 

Separate measurements were made to determine the 
variation of the elastic scattering cross section with 
energy, and it was compared with the predictions of 
Rutherford scattering. Exposures at 130 degrees and 
at 5.0, 5.5, 6.0, and 7.0 Mev were made on the rare 
earths and to within the experimental uncertainties the 
cross sections varied as 1/F*. Exposures at 130 degrees 


6 B. Elbek (to be published). 

7R. D. Sharp and W. W. Buechner, Bull. Am. Phys. Soc. Ser. 
II, 2, 179 (1957). 
8 ~ Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
1956). 
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TABLE II. Ratios of elastic cross sections to Rutherford 
cross sections for cadmium. 








Percent 





Incident Ratio to standard 

Energy Angle particle Rutherford deviation 
7.0 130° ? 0.82 2.6 
7.0 130° d 0.59 2.9 
6.0 130° , 0.94 2.4 
7.0 105° p 0.92 2.4 








and at 4.0, 5.0, 6.0, and 7.0 Mev on cadmium showed a 
deviation from Rutherford scattering at the higher 
energies and a correction to the absolute cross section 
was necessary. The ratio of the elastic cross sections, 
corresponding to the energy, angle of observation, and 
type of bombarding particle of each of the long ex- 
posures, to the elastic cross section at the lower energies 
(4.0 and 5.0 Mev) where the variation was as 1/EF°, 
was measured. The correction factors thus obtained 
are given in Table IT. 

The Q value of each inelastically scattered group 
was calculated from its separation on the plate from the 
elastically scattered group. The values quoted are 
precise within 10 kev. The groups from contaminants 
and elements in the target backing were identified by 
their shifts of position along the plate with changes of 
bombarding energy and angle of observation. 

In the terbium exposures, it was not found prac- 
ticable to go any farther forward than 130 degrees, 
since the first level was only just resolved from the 
elastic peak even at that angle, and the groups merge 
at smaller angles. The light contaminant elastics could 
be identified by their shifts with respect to incident 
energy, but the heavier contaminants shift by about 
the same amount as the terbium inelastic peaks and 
were differentiated from them by their increased cross 
sections at the lower bombarding energies. 


Ill. RESULTS AND CONCLUSIONS 
Terbium 


Long exposures were made at 130 degrees and 7.0, 
6.0, and 5.0 Mev incident energies using the terbium 
targets. The 7.0-Mev data are shown in Fig. 1. Two 
known levels were identified at 58 and 139 kev. No 
other levels were observed, although small amounts of 
contaminants present in the rare-earth samples ob- 
scured regions of the plate in the neighborhood of 
450-kev excitation. 

The absolute cross sections were computed as indi- 
cated above and are listed in Table III. They have been 
corrected for an estimated 1% gadolinium contaminant 
content. The errors quoted are compounded from the 
standard deviation and an estimate of the error 
involved in the subtraction of the background. The 
latter is taken as the percentage change in the 
intensity for a 25% error in the estimate of the back- 
ground. These are considered to be the major experi- 
mental errors involved. 
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From the absolute cross sections, one can calculate 
the reduced transition probabilities for electric quad- 
rupole excitation under the assumption that the ex- 
citation process is pure £2 Coulomb excitation. This 
quantity B(E2) is related to the partial lifetime for 
quadrupole gamma decay through Coulomb excitation 
theory and to the intrinsic quadrupole moment of the 
nucleus!” through the theory of the collective model. 
Values of B(£2)/e? are shown in Table ITI, as computed 
from the classical approximation to the Coulomb 
excitation theory as tabulated by Alder et? al.! and by 
Alder and Winther.’ The agreement of the three 
experimental values of this quantity within the ex- 
pected error is an indication that Coulomb excitation 
is the dominant process up to 7.0 Mev. The weighted 
average of the three determinations gives the final 
values B(E2)/e?=3.56+0.32 for the 58-kev level and 
B(E2)/e=1.2740.13 for the 139-kev level. The value 
for the 139-kev level is in agreement with the weighted 
average of previous experimental determinations, as 
listed in Table IV.2 of reference 1. The value for the 
58-kev level differs from the value (2.4) presented in 
this table. The value obtained in the present work is 
in good agreement with the conversion electron meas- 
urement of Huus, Bjerregard, and Elbek, whose value 
was one of the two used in obtaining the weighted 
average. 

The agreement of the reduced transition probabilities 
at the three bombarding energies indicates the essential 
correctness of the theory of the Coulomb excitation 
process. The experiment also makes possible a check on 
the predictions of the collective model for the relative 
magnitudes of the transition probabilities to the two 
excited states. These transition probabilities should be 
related to the same quadrupole moment. This should 
be a rather sensitive test of the collective model, pro- 
viding a direct check on the nuclear coupling schemes.! 
The ratio of the transition probabilities can be deter- 
mined directly in these experiments from the ratio of 
the total number of tracks in two peaks on the same 


TABLE III. Rare-earth cross-section measurements. * 








Excita- Absolute 
tion cross 











Ein energy section B(E2)/e® Weighted 
Isotope (Mev) lab (kev) mb/sterad (10748 cm‘) average 
Sm! 7 130 80 1.68 3.43+0.41 
Sm 7 90 80 207 3.7 41.7 f 3454040 
Sm! 7 130 123 1.43 2.96+0.40 
Sm 7 90 123 2.25 4.10+0.90/ %20+0.36 
Tb 7 130 58 1.57 3.49+0.45 
Tb! 6 130 58 1.39 3.6340.65} 3.56+0.32 
Tb! 5 130 58 1.16 3.64+0.66 
Tb! 7 130 139 0.58 1.32+0.19 
Tb 6 130 139 0.44 1.2140.27} 1.27+0.13 
To 5 130 139 0.37 1.21+0.28 
® Errors quoted are standard deviations. 
°K. Alder and A. Winther, CERN Report T-KA-AW-1, 


October, 1954 (unpublished). 
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plate from the same exposure. The weighted average 
of the ratios from the three exposures is 0.36+0.05. 
This is to be compared with the theoretically predicted 
value of 0.56. The value found here differs from the 
experimental value of 0.56 as presented in Table V.4 
of reference 1, which gives a compilation of the meas- 
ured values of this ratio found in various nuclei. 
Deviations of about this magnitude from the pre- 
dicted values of the collective model are found in other 
nuclei in this region, as can be seen in the above- 
mentioned table and in the results of Goldring and 
Paulissen’ who have made a systematic study of this 
ratio in several nuclei using a coincidence-technique. 


Samarium 


The targets of natural samarium were exposed at 
7.0 Mev at 130 and 90 degrees. The 130-degree data 
are shown in the figure. Two levels were observed at 
80 and 123 kev in agreement with the energies of levels 
found in previous Coulomb excitation studies using 
isotopically enriched targets by Temmer and Heyden- 
burg’ among others. No higher excited states or states 
in the less abundant isotopes were observed. The 
Q values and the cross sections were computed as- 
suming the responsible isotopes were those found by 
these authors. The shift from 130 to 90 degrees was 
made rather than varying the bombarding energy, 
because the yields are largest at the higher energy, and 
the first state was of high enough excitation to be re- 
solved from the elastic peak at 90 degrees. This also 
facilitated the identification of the peaks from con- 
taminants. The added background associated with the 
intense group of protons elastically scattered from 
samarium did, however, considerably increase the 
uncertainty in the value of the cross section of the 
80-kev level obtained from the 90-degree exposure. 

The cross sections and transition probabilities deter- 
mined from these measurements are shown in Table III. 
The errors were calculated as before. The B(E2)/é 
values obtained from the two exposures agree within the 
precision of the measurement, and this fact, together with 
the results for terbium, is taken to indicate that the 
process is largely Coulomb excitation and that the 
transition probabilities are therefore meaningful. The 
weighted averages are B(E2)/e?=3.45+0.40 for the 
80-kev level and B(£2)/e?=3.20+-0.36 for the 123-kev 
level. The value obtained here for the 123-kev level is 
in good agreement with the value presented in Table 
IV.2 of reference 1. The result for the 80-kev level 
differs from their weighted average of B(E2)/e’=4.5. 


Cadmium 


The cadmium targets were initially bombarded with 
7.04-Mev protons, and the reaction products were 
observed at 130 and 105 degrees. The 130-degree data 
are shown in the figure. Eight levels were identified in 


10 G. Goldring and G. T. Paulissen, Phys. Rev. 103, 1314 (1956). 
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Fic. 1. Portions of the spectra of protons scattered at 130 
degrees from terbium, samarium, and cadmium targets. In each 
case, the incident proton energy was 7.0 Mev. The individual 
proton peaks are labeled with the energy (in kev) of the levels 
with which they are associated. 
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TABLE IV. Cross-section measurements on cadmium.* 




















Exposure conditions Excitation energy (kev): 300 346 514 558 585 619 641 659 
Ein 6 I.P. Assumed isotope: 113 111 116 114 ? 112 ? 110 
ol 0.017 0.027 0.033 0.14 0.024 0.11 0.046 0.068 
7 130° p o 0.14 0.21 0.43 0.49 ae 0.47 up 0.54 
E 26 22 20 10 19 10 21 12 
fol 0.027 0.027 0.058 0.25 0.040 0.22 <0.008 0.079 
7 130° d ig 0.22 0.21 0.77 0.86 oe 0.92 poe 0.64 
E 17 16 10 10 12 10 sats 10 
ol <0.01 <0.01 0.028 0.078 0.014 0.051 0.013 0.025 
6 130° p o ee 0.37 0.27 ve 0.21 a“ 0.20 
E 23 13 36 32 39 23 
ol 0.055 0.18 0.052 0.12 0.046 0.083 
7 105° p o 0.72 0.61 we 0.50 ons 0.67 
E 21 10 19 10 19 11 














* ¢ =absolute cross section in millibarns/steradian, J] =isotopic abundance of parent isotope of level, E =estimated percentage error, Ein =incident energy 
(Mev), @ =angle of observation (lab), I.P. =type of incident particle, proton or deuteron. 


the region between 300 and 700 kev (see Table I). Two 
of these levels were previously unknown. No other 
levels were observed in the region of excitation ex- 
amined, which was from the ground state to approxi- 
mately 4 Mev. The Q values shown in the table were 
calculated using the isotopic mass for each of the 
known levels, as had been determined in measurements 
on enriched isotopes."' The parent isotope of each of 
the two new levels is unknown. The Q values of these 
levels were calculated, assuming masses of both 110 
and 116 to give the limiting values. For mass 110, the 
excitations were 579 and 637 kev. For mass 116, they 
were 592 and 648 kev. The average values, 585 and 
641 kev, are used in the tables and in subsequent 
calculations. The uncertainty introduced by the 
unknown mass value is less than the quoted precision 
of +10 kev. 

In order to obtain information about the nature of 
the excitation, it was first decided to study the variation 
of the cross section with energy. An exposure at 130 
degrees and 5.99 Mev resulted in rather small yields. 
Rather than to decrease the energy still further, it was 
decided to measure the cross section for inelastic 
deuteron scattering. This should be larger than the 
proton cross section for a Coulomb excitation process 
in this region (see Fig. III.2 in reference 1). Conse- 
quently, an exposure with deuterons was made at 130 
degrees and 6.91 Mev. 


The groups associated with the 300-kev and 346-kev 
levels observed in the 7.04-Mev exposure were not 
observed in the 5.99-Mev exposure, nor was the group 
for the 641-kev level observed in the deuteron exposure. 
Upper limits on their intensities are given. The 300- 
and 346-kev groups were interfered with by small 
elastic peaks from chlorine in the 105-degree exposure 
and were not used in the calculations. All the other 
levels were observed in the four different exposures. 

The ratio of the inelastic to elastic cross sections 
was obtained, and the absolute cross sections were 
computed, as indicated previously. The Rutherford 
scattering cross section was assumed to be the same 
for all the isotopes. The absolute cross sections of the 
two new levels are not determinable until experiments 
with separated isotopes are performed. The case of the 
558-kev level in Cd" is also in some doubt. It is un- 
certain from the measurements" whether or not there 
is also a level of this energy in Cd". If this were so, the 
cross section reported here, assuming the level to 
originate entirely in Cd™‘, would be in error. 

For these reasons, the experimental results are 
presented in Table IV as oJ, where J is the isotopic 
abundance. This is the quantity actually determined 
in these experiments. The following line of the table 
contains the absolute cross section assuming the parent 
isotope as noted. The errors quoted are compounded 
from the standard deviation and an estimate of the 


TABLE V. Ratios of cross sections for various changes in experimental conditions.* 











Excitation (kev) 300 346 514 558 585 619 641 659 
o6/o7 
Measured <1.4 <1.0 0.87+0.26 0.57+0.09 0.60+0.25 0.47+0.16 0.25+0.11 0.39+0.10 
Calculated 0.83 0.83 0.79 0.78 0.78 0.77 0.77 0.76 
7105/0130 
Measured on tai 1.7+0.5 1.2+0.1 2.2+0.6 1.1+0.2 1.0+0.3 1.2+0.2 
— 1.08 1.08 1.09 1.09 1.09 1.10 1.10 1.10 
ajo 
Measured 1.5+0.5 1.0+0.3 1.8+0.4 1.7+0.2 1.6+0.4 1.9+0.2 <0.3 1.2+0.2 
Calculated 1.9 1.9 1.7 1.7 1.7 1.7 1.7 1.7 








* o¢/e7 =variation of bombarding energy from 6 to 7 Mev; for proton scattering at 130 degrees; o10s/o19 =variation of angle of observation from 105 to 
130 degrees, for proton scattering at 7 Mev; oa/ep =variation of scattered particle from protons to deuterons, at 7 Mev and 130 degrees. 


1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 (1955). 
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background error as before. In consideration of other 
experimental errors, an estimated uncertainty of 10% 
was quoted when the error calculated as indicated above 
was less than this value. 

It is convenient to examine the experimental results 
in the form of cross-section ratios and to compare them 
with the expected ratios from the Coulomb excitation 
process (see Table V). The theoretical ratios were 
calculated as before from the classical approximation 
tabulated in reference 1. in Table V, o¢/o; refers to the 
ratio of cross sections for a change of from 6- to 7-Mev 
bombarding energy for proton scattering at 130 degrees; 
oa/@, refers to the ratio of the cross sections for a change 
of incident particle from deuterons to protons at 7 
Mev and 130 degrees; and o105/o130 refers to the ratio 
of the cross sections for a change of angle of observation 
of from 105 to 130 degrees for proton scattering at 7 
Mev. 

It does not appear justifiable to conclude from these 
ratios that Coulomb excitation is the only excitation 
process that contributes to the cross sections. In par- 
ticular, the o¢/o7 ratios are all low, except for one. A 
cross section increasing with energy slightly faster than 
as predicted for Coulomb excitation would seem to 
indicate a competing process beginning to be important 
in this range. That the effects of this competing process 
are not dominant even at 7 Mev is indicated by the fact 
that the o/c, ratios are nearly as predicted for five 
of the levels. The 641-kev level, in fact, does disappear 
with deuteron bombardment, and therefore it appears 
to be excited almost completely by this competing 
process. This would explain why it has not been ob- 
served in the previous Coulomb excitation studies. It 
can be seen from the ratios that the reduced transition 
probabilities calculated from the different experiments 
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will not be in agreement. The 6-Mev results should 
give the value, since Coulomb excitation is expected 
to become more dominant as the energy is decreased. 
Since many of the ratios are not very far from those 
expected, even at 7 Mev, the 6-Mev transition proba- 
bilities are expected to be approximately correct. For 
the observed levels of known isotopic parentage, they 
are 


Excitation (kev) 
B(E2)/é (10-* cm‘) 


659 
0.42. 


558 
0.52 


619 
0.42 


514 
0.68 


This is in excellent agreement with the lastest results 
of Temmer and Heydenburg,” who find in a region of 
pure Coulomb excitation: 


654 
0.41. 


620 
0.46 


508 
0.62 


550 
0.55 


Excitation (kev) 
€B(E2)/e (10-8 cm‘) 


The conversion coefficients are small for these transi- 
tions, and the correction term ¢ is approximately unity. 

It therefore appears that the transition region be- 
tween Coulomb excitation and other processes begins 
in cadmium at approximately 7 Mev. This is not 
surprising, since in the neighboring nucleus, indium, 
a direct interaction process becomes important in this 
energy range and in fact appears to be the dominant 
excitation mechanism at 7 Mev.’ 
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The 437-Mev external proton beam of the Carnegie Institute of 
Technology synchrocyclotron has been used to measure the 
angular distribution and total cross section of the reaction 
p+p—2t++d. The proton beam impinged upon liquid hydrogen, 
and the resulting positive pions were detected in fast coincidence 
with their associated deuterons. The differential cross section 
was measured at seven pion center-of-mass angles in the range 
from 30° to 130°. Several corrections were applied to the observed 
counting rates, including a downward correction of about 7% to 
compensate for coincidence counts which arose from the reaction 
pt+port+pt+n. The corrected total cross section for the 
reaction p+p—7++d is 1.230.07 mb, with a center-of-mass 
angular distribution proportional to (0.23+0.02)+cos%. In 


addition, a 53% polarized proton beam of energy about 415 Mev 
was used to measure azimuthal asymmetries in the p+p—2++d 
reaction. The experimental technique was very similar to that 
used for the production cross-section measurements. The asym- 
metry e, defined as the difference divided by the sum of the pion 
intensities on the right and left, was measured at pion center-of- 
mass angles of 90° and 50°. The magnitudes of the measured 
asymmetries were ¢(90°)=0.20+0.03 and ¢(50°) =0.023+0.015 
in such a sense that the greatest meson intensity was on the left 
when the polarized beam originated in a scattering to the right. 
The results of the cross-section and asymmetry measurements 
are discussed in relation to phenomenological analyses of the 
threshold behavior of the p+p—>r*+d reaction. 





INTRODUCTION 


HE interpretation of the data on nucleon-nucleon 
production of pions has been greatly facilitated 
by the phenomenological considerations of Watson and 
Brueckner,! Rosenfeld,? and Gell-Mann and Watson.’ 
Their deductions are made from a “nuclear reaction” 
point of view, and assume the pseudoscalar nature of 
the pion field and conservation of isotopic spin. On 
such a basis, predictions regarding excitation functions 
and angular distributions can be made for incident 
nucleon energies not too far above threshold. In addi- 
tion, some estimates can be made regarding the relative 
sizes of the various cross sections; for example, the 
strong interaction of the pion-nucleon system in the 
I=%, J=} state can have a marked effect on certain 
cross sections. 

The present experiment is one of several’ which have 
been performed at this laboratory in order to study 
pion production in p-p collisions in the 425-Mev region ; 
the pertinent reactions are: 


ptporttd, (1) 
pt+port+pt+n, (2) 
ptp—r+ptp. (3) 


*This work was partially supported by the U. S. Atomic 
Energy Commission. 
+ Present address: Naval Research Laboratory, Washington, 


t Present address: Gulf Research Laboratory, Harmarville, 
Pennsylvania. 

1K. A. Brueckner and K. M. Watson, Phys. Rev. 83, 1 (1951). 

2 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

3M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 

4A preliminary account of this work has been given earlier: 
Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 95, 638 
(1954). Some further details of the experimental arrangement are 
given in T. Fields, U. S. Atomic Energy Commission Report 
NYO-7103 (unpublished). 

5 See Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 109, 
1713 (1958), following paper, and Stallwood, Sutton, Fields, Fox, 
and Kane, Phys. Rev. 109, 1716 (1958), this issue. 


The charge independence assumption allows one to 
write these cross sections (in Rosenfeld’s notation) as 
o10(d), o10(n+p)+on, and on, respectively. The sub- 
scripts are the isotopic spin of the dinucleon system in 
the initial and final states, respectively. The 7=0 final 
state may be either bound or unbound, as the notation 
indicates. 

In addition to total cross section and angular distri- 
bution data, further experimental information could be 
gained by various kinds of polarization measurements; 
these include azimuthal asymmetry measurements in 
conjunction with a polarized incident proton beam, and 
a study of the polarization of the nucleons in the final 
state. 

THEORY 


In this section we restate some of the predictions of 
the phenomenological theory of pion production for 
the reaction p+ p—art+d.)*.*8 

The first point to be noted is that conservation of 
angular momentum and of parity dictate that only the 
following three partial wave combinations exist if the 
pions are to be produced in s or states: 


pt+p at d 
(a) *P, 5 LAY 
(b) 4So p *S) 
(c) De p "Ss. 


We limit our attention to these three processes in 
accordance with the expectation that pion partial waves 
with />2 will not play a significant role in this energy 
region. We denote by 4» the ratio of the (complex) 
amplitude for process (b) to that for (c), and by 6, 
the ratio of the amplitude for process (a) to that{for 
(c). Then the cross section for process (a), together 


§ R. E. Marshak and A. M. L. Messiah, Nuovo cimento 11, 337 
(1954). 

7L. Wolfenstein, Phys. Rev. 98, 766 (1955). 

8 F. Mandl and T. Regge, Phys. Rev. 99, 1478 (1955). 
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with 60 and 6, will specify the entire set of reaction 
amplitudes (apart from an over-all phase). Only reac- 
tion (c) can possess an intermediate pion-nucleon 
system in the , 3 state. 

In the energy region near threshold, the cross section 
for process (a) will be characterized by an isotropic 
angular distribution and by a total cross section propor- 
tional to 7, whereas the total cross sections for the 
p-wave processes will vary as 7’, with » the pion c.m. 
momentum (in units of wc). Furthermore, the angular 
distribution for the p wave processes will be given by 
X+cos’6, with 


| 2—v265 |? "ie 
x-| iat -1] é 
1+v25,| 


According to the above remarks, the total cross section 
may be written as 


(4) 


or=antBr’, (S) 
where a and £ are constants. 
The angular distribution will be of the form A+ cos’, 
where 
(X+4) a 
Aai+——--, 
¢ 2 


(6) 


and where the second term is the contribution from 
s-wave pions. 

The azimuthal asymmetry in the z-d reaction when 
the incident proton beam is polarized can be used to 
derive information about the relative contribution of 
meson s and p states, as pointed out by Marshak and 
Messiah.* The angular distribution of the asymmetry 
resulting from an s-p interference is of the form 


A sind 
(0) = PQ— 
A+cos’6 


~~! 


—, 





where @ is the pion c.m. angle, P is the beam polari- 
zation, A+cos’@ is the unpolarized angular distribution, 
and (Q is a parameter of the theory. Q can be expressed 
in terms of a, 8, 50, and 6; in the form 








Q=v2m- sin(y—71), (8) 
with 
a\? (1+|60|*)! 
Re een ° 
BJ \bo+/3| 
Y=arg(do+}), (10) 
i= |5,| e*7?, (11) 


It can be seen that five pieces of experimental 
information are necessary in order to fix the above 
parameters at a given energy (apart from the usual 
ambiguities which may arise in attempting to derive 
phase shifts from experimental data). Four such pieces 
of information are a, 8, A, and e. The fifth must be 
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obtained from a study of the polarization state of the 
emerging deuteron.’ 


GENERAL METHOD 


Since the reaction to be studied contains only two 
particles in the final state, a fast-coincidence technique, 
detecting both particles, was used. Figure 1 shows a 
typical counter geometry. The deuteron laboratory 
angle is always less than 9.4°, because of the low velocity 
of the deuteron in the c.m. system. 

In order to use such a method, it was necessary to 
examine the possibility that elastic scattering or one 
of the other pion production reactions could contribute 
to the observed counting rate. Elastic scattering can 
be effectively ruled out because, at angles where the 
counter geometry can accept p-p scatterings, the large 
angle proton, heading for the x counter, has insufficient 
energy to escape from the liquid hydrogen target. 
Neutral pion production will not contribute signifi- 
cantly to the counting rate since its cross section is 
only 10% of that for p+p—2*+d and since the two 
protons will not exhibit the unique angular correlation 
demanded by the counter geometry. 

However, the third possibility, that of counting the 
pion and proton from the reaction p+p—at+p+n 
(which we shall refer to as the rpm reaction) cannot be 
ruled out completely. In this case, if a high-energy 
pion is emitted, the center of mass of the m-p system 
will move in very nearly the same direction as would a 
deuteron, and there is thus the possibility that the 
proton will be counted in the deuteron counter. Or, 
from another point of view, one can say that a non- 
negligible fraction of the rpn pions which enter the 
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Fic. 1. Plan view of counter arrangement for r*-d 
coincidence counting. 


®R. Tripp, Phys. Rev. 102, 862 (1956). 
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counter may be associated with protons which enter the 
deuteron counter. This possibility was investigated 
experimentally, and it was found that about 7% of the 
counting rate arose from the wpm reaction, making 
necessary a correction which will be discussed shortly. 


APPARATUS AND BEAMS 
A. Unpolarized Proton Beam 


The normal external proton beam of the Carnegie 
synchrocyclotron spirals out of the machine (without 
the aid of a deflector) and passes into the experimental 
area through a steel collimator within the shield wall. 
In the experimental area is located a scattering table 
on which the hydrogen target and the counters are 
appropriately mounted. The general layout is shown in 
Fig. 2. 

The normal intensity of this beam was about 2X 10° 
protons cm~ sec~!. The production cross sections were 
measured using a collimator opening (and thus beam 
size) of 0.50 in.X0.50 in. The energy content of this 
beam has been studied rather thoroughly,” yielding the 
result that, in addition to the main component of 
437+3 Mev protons, there is a lower energy “tail” of 
protons extending down to about 390 Mev with an 
intensity of about 5% of the total. Because of the 
relatively rapid change in production cross section 
with incident proton energy, a small correction has been 
made to the observed cross sections which compensates 
for this slight contamination of the incident beam. 
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Fic. 2. Schematic diagram of cyclotron, shield wall, 
and external proton beam trajectory. 


10 Sutton, Fields, Fox, Kane, Mott, and Stallwood, Phys. Rev. 
97, 783 (1955). 
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B. Polarized Proton Beam 


By properly positioning a target inside the cyclotron 
vacuum chamber, the internal cyclotron beam is scat- 
tered from this target, emerges from the cyclotron, and 
passes through the collimator used for the normal 
external beam. The internal beam is scattered through 
10° from a carbon target, and the resulting beam has a 
measured polarization" of (5343)%. 

The intensity of the scattered beam which was so 
obtained (Fig. 3) was about 2X 10° protons cm~? sec, 
ie., about 10% of the intensity of the normal external 
beam. This lower intensity made it desirable to use a 
larger collimator opening for this beam. The opening 
used was rectangular with a height of 2.0 in. and_a 
width of 1.0 in. 
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Fic. 3. Arrangement for obtaining a scattered proton beam. 


A differential range technique was used to study the 
energy content of the beam. Figure 4 shows a differential 
range curve of a pure beam and of the scattered beam. 
From these curves one can conclude that the scattered 
beam had a mean energy of 415 Mev with an energy 
spread of about +10 Mev. 


C. Monitor 


The proton beam, after it emerged from the colli- 
mator, passed through an argon-filled ionization cham- 
ber very similar to one used at Berkeley for the same 
purpose. The current from the ionization chamber 
charged a low leakage condenser yielding a voltage 
proportional to the integrated flux traversing the 
chamber. This voltage was measured with a dc amplifier 
of standard design. The leakage resistance of the 
system was high enough so that the amount of charge 


4 Kane, Stallwood, Sutton, Fields, and Fox (to be published). 
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leaking off the condenser during the usual charging 
times of one to five minutes was negligible. 

In order to obtain the multiplication factor of the 
chamber (the number of ion pairs produced per proton 
traversing the chamber), it is necessary to know the 
energy loss of 437-Mev protons in argon and the average 
energy required to form an ion pair. The latter quantity 
we obtained from the Berkeley ionization chamber 
calibration’? which was performed using a Faraday 
cup. The former we obtained from the tables of Aron 
et al.* This ionization chamber was used for all cross- 
section and asymmetry measurements. Thus the abso- 
lute cross sections contained in this paper depend on 
the calibration work at Berkeley, for which an estimated 
accuracy of 2% was quoted.!:!4 


D. Target 
The liquid hydrogen which formed the target for the 
experiments herein described was held in a Styrofoam 
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Fic. 4. Differential range curves. The copper absorber thickness 
and the energy scale have been corrected to allow for counter 
thickness. 


(polystyrene foam) container. The salient features of 
the container were walls about 2 inches thick, and a 
liquid-nitrogen-cooled baffle. The only essential way 
in which the Styrofoam container entered into the 
measured cross sections was in the path length of 
hydrogen (10 cm) which the proton beam traversed. 
This was measured with the target at room tempera- 
ture and an allowance made for the estimated (3%) 
shrinkage of the Styrofoam and copper hydrogen cup. 
A check was provided by direct observation of the 
liquid hydrogen using a clear plastic lid instead of the 
Styrofoam one normally used. It is believed that 
the path length was known to an accuracy of 3%. 


12 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 

18 Aron, Hofiman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, 1949 (unpublished), and W. Aron, Uni- 
versity of California Radiation Laboratory Report UCRL-1325, 
1951 (unpublished). 

14 Two experiments which provide an independent check of the 
ionization hanker calibration are those described by: Chamber- 
lain, Pettengill, Segre, and Wiegand, Phys. Rev. 93, 1424 (1954), 
and ’ Marshall, Marshall, and Nedzel, Phys. Rev. 92, 834 (1954). 
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Fic. 5. Block diagram of electronic apparatus. 


E. Counters 


The mesons and deuterons were detected with scintil- 
lation counters of standard design. Each consisted of a 
stilbene crystal or a plastic scintillator viewed through 
an appropriate Lucite light pipe by an RCA 5819 
photomultiplier tube. The tubes were well shielded 
against stray magnetic fields. Signals were developed 
at the last dynode or anode across 185-ohm resistors, 
with the resistor forming part of an LC network 
designed to minimize the loading effect of the tube and 
wiring capacity. 

The counters were mounted on a scattering table on 
arms which pivoted about the center of the table. The 
edge of the table was graduated in units of 10 minutes 
of arc, with an estimated root-mean-square error in 
the markings of about 1 minute. 


F. Electronics 


Figure 5 shows a block diagram of the electronic 
equipment. The delay in each counter signal cable 
could be varied by means of switched delays in steps 
of 10~* sec from 0 to 31X 10~* sec. Normally the counters 
were placed together in the direct beam (at reduced 
intensity) and their coincidence pulse height maximized 
by means of the switched delays. This procedure gave 
“zero delay” for the counters. Then, for r-d coincidence 
counting, a computed delay was added to the appro- 
priate counter (the w counter in this case). This delay 
was computed from the known velocities of the pion and 
deuteron for various c.m. angles and from the counter 
distances. 

The counter pulses, after emerging from the switched 
delays, were fed directly into a crystal diode coincidence 
circuit. The particular circuit we used accepted four 
input pulses, and could use one or two of these in 
anticoincidence. Here the counter pulses were clipped 
to a duration of about 2X 10~* second by shorted stubs, 
with the reflected pulse being absorbed at the counters. 
The resolving time of the circuit was thus about 
4X 10~* second. This short resolving time was of great 
advantage in reducing the number of accidental coinci- 
dences; the proximity of the deuteron counter to the 
direct beam made its single counting rate very high. 
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TaBLe I. Experimental, corrected, and final corrected cross 
sections in the center-of-mass system. 











counter Experi- Final 
solid mental Corrected corrected 
Center- angle  c.m. cross ¢.m. cross xpn ¢.m. cross 
of-mess (107% section section correction section 
angle sterad) (ub/sterad) (ub/sterad) (%) (ub/sterad) 
3... &F 166+10 183+11 —4,8+3 175+13 
40° 44 135+7 146+8 —3.742 140+9 
40° +69 143+9 153410 —5.8+3 144+-11 
50° 6.7 104+8 114+9 —5.7+43 108+10 
— 33 110+8 122+9 —2.8+1.5 118+9 
fe 2 114+8 125+9 —6.443.5 117+10 
60° «4.4 84+3 87+4 —5.0+2 8345 
60° «6.9 88+4 92.5+4.5 —7.8+3.5 8545 
80° 44 48+4 50+4 —7.7+43 46+4 
80° 6.9 5344 55+4 —12+4.5 48+5 
90° = 3.3 3544 3644.5 —5.942 34+5 
90° 7.5 39.545 40.5+5.5 —13+45 35+6 
130° 44 101+6 109+7 vee see 
130° 6.9 106+9 116+9 








For the production cross-section measurements, it 
was particularly important to know the number of 
coincidence pulses, if any, which were of insufficient 
size to trip the discriminator; i.e., to know if the 
discriminator was set low enough. In order to investi- 
gate this question, a 25-channel pulse-height analyzer 
was used to obtain a pulse-height spectrum of the 
coincidence pulses, and the resulting spectrum showed 
the extent to which the discriminator setting was on a 
plateau. A typical fraction of coincidence pulses of 
insufficient height to trip the discriminator was 3%. 


PROCEDURE FOR CROSS SECTION 
MEASUREMENTS 


Figure 1 shows the experimental arrangement. The 
counter geometry was such that the w counter defined 
the solid angle; i.e., apart from complications discussed 
below, every pion (from a-d) which entered the z 
counter had its associated deuteron entering the d 
counter. These complications were two in number: 

First, the pions and deuterons were multiply scat- 
tered within the liquid hydrogen and target walls. This 
rms multiple-scattering angle was quite small, generally 
about a degree, so that it was a sufficiently good 
approximation to say that as many pions were scattered 
into the w counter as out of it, provided that the 
deuteron counter was large enough to detect the deu- 
terons associated with those pions scattered into the 
counter. Thus the d counter had to be as large as 
though the x counter were larger than its true size by 
an amount determined by this multiple scattering. 

The second complication was similar to the first, 
except that the pions were changed in direction by 
x-4 decay rather than by multiple scattering. The 
situation was altered, moreover, by two facts: (1) the 
distribution in angle was more complicated; (2) only 
about 10% of the pions decayed before hitting the 
counter. For these reasons, the d counter size was 
determined without regard to -y decay and a correction 
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(which turned out to be of negligible size) made to 
compensate for the r-d coincidence counts lost through 
this cause. 

Previous to a run the counter angles were calculated 
from kinematics, and the counter sizes and distances 
were then computed from considerations of geometry, 
multiple scattering, and beam divergence. The exact 
counter sizes and distances used represented of course 
a compromise between angular resolution and intensity, 
and were also determined by the consideration of 
minimizing the required deuteron counter size in order 
to keep the accidental coincidence rate low. 

Then, with the counters set up, the coincidence 
counts per unit integrated beam were observed. Letting 
C(F) be the filled target rate, C(F,A) be the filled 
target accidental rate, and C(E) and C(E£,A) the 
corresponding quantities for the target empty, we can 
write the counts due to hydrogen as 


Cu=[C(F)—C(F,A) ]—[C(E)—C(E,A)]. 


This equation merely expresses the fact that the non- 
accidental coincidences from hydrogen equal those from 
the filled target minus those from the empty target, 
which is true as long as the presence of the liquid 
hydrogen does not affect the empty target events. The 
absorption and scattering by the liquid hydrogen, as 
well as its stopping power, are so small that this is a 
good assumption within the accuracy of this experi- 
ment. 

Having determined Cy, the coincidence counts from 
hydrogen, for a given experimental arrangement, the 
c.m. differential cross section is computed from 


do/dQ=JCy/(nNQ), (13) 


with Cy=coincidence counts from hydrogen per unit 
integrated beam, J=transformation factor between 
c.m. and lab differential cross section, »=number of 


(12) 
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TABLE IT. Final averaged cross sections in the 
center-of-mass system. 











Center-of-mass angle Averaged c.m. cross section (ub/sterad ) 





30° 17513 
40° 142+ 7 
50° 114+ 6 
60° 84+ 3.5 
80° 47+ 3 
90° 35+ 4 





target protons per cm*, N=number of protons tra- 
versing the target per unit integrated beam, and Q 
=solid angle subtended by the defining (x) counter. 


RESULTS OF CROSS SECTION MEASUREMENTS 


Table I lists the experimental cross sections, the 
“corrected cross sections,” and the “final corrected 
cross sections.” 

The experimental cross sections are those obtained 
from Eq. (13). The corrected cross sections include six 
rather small corrections arising from the following 
sources : 


1. x-u decay of pions in flight to pion counter. 

2. Slight low-energy contamination of incident pro- 
ton beam. 

3. Absorption of deuterons in hydrogen and target 
walls. 

4. Absorption of pions in hydrogen and target walls. 

5. Coincidence pulse height below the discrimination 
level. 

6. The finite angular resolution of the pion counter. 


Of these, only the last three were significantly angle- 
dependent. The net correction is seen to be of the order 
of 10% or less, and no single correction is greater than 
4%. The errors in the corrected cross sections include 
the estimated uncertainties in the corrections. 

The “‘final corrected cross sections” arise from down- 
ward correction of about 7% which has been made to 
allow for coincidence counts arising from the wrpn 
reaction. The magnitude of this correction was deter- 
mined from a separate experiment which involved 
measuring the absorption of deuterons from the a-d 
reaction. The experimental arrangement is shown in 
Fig. 6. It was very similar to the normal arrangement 
except that a third counter was placed behind the 
deuteron counter and used in anticoincidence with the 
other two. By placing an absorber thickness of about 
0.7 times the deuteron range between it and the d 
counter, an anticoincidence count represented a z-d 
or mpm coincidence where the d or p stopped in the 
absorber. Deuterons could only stop in the absorber 
by nuclear absorption, and the number of such counts 
could be computed from measured deuteron absorption 
cross sections.!* It was expected that essentially all rpn 


15 Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 
95, 1268 (1954). 
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protons would stop in the absorber, inasmuch as both 
protons and deuterons had about the same velocity, 
yielding a proton range roughly equal to one-half the 
deuteron range. Thus the number of stopping protons 
was given by the number of anticoincidence counts 
minus the number of deuterons which underwent 
nuclear absorption. 

The absorber used was lead since it is easier to 
analyze the absorption curves of deuterons in high-Z 
elements.!® The expected absorption curve of a pure 
deuteron beam was then computed, taking into account 
the energy inhomogeneity in the deuterons due to the 
finite angular width of the z counter and to the slight 
contamination of the incident beam. The lead absorber 
thickness was chosen as great as possible without 
getting too near the “knee” of the absorption curve, 
and generally amounted to about 0.7 of the deuteron 
range. 

The experimental data were treated in the following 
manner: by properly subtracting empty target and 
accidental coincidences, a fractional attenuation, equal 
to the anticoincidence events divided by the double 
coincidences, was computed. This was then compared 
with the pure deuteron attenuation computed as de- 
scribed in the preceding paragraph. The experimental 
attenuation was greater than that expected for a pure 
deuteron beam, and the difference between them repre- 
sented directly the fraction of the doubles rate due to 
apn events, and hence the relevant corrections were 
computed readily. 

The “final corrected cross sections” exhibit little 
correlation with the deuteron counter solid angle, 
whereas the “corrected cross sections” seem to be 
larger for the larger deuteron solid angles, providing a 
qualitative check on the corrections for rpm events. 
Counting rate difficulties made the evaluation of the 
mpn correction for 130° c.m. infeasible, so no final 
corrected cross section is listed for that angle. 

Table II gives the final averaged cross sections, and 
they are shown in Fig. 7. A least-squares fit of the form 
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Fic. 7. The final c.m. differential cross sections versus the square 
of the cosine of the pion c.m. angle. 
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da/dQ2= B(A+cos*@) yields B=175+12 microbarns/ 
sterad and A=0.23+0.02, corresponding to a total 
cross section of or=1.23+0.07 millibarns. The error 
in A is obtained by compounding the statistical errors 
with the estimated errors in the corrections, whereas B 
and thus or include an additional 4% representing a 
combination of the uncertainties in target thickness 


and ionization chamber calibration. 


PROCEDURE FOR ASYMMETRY MEASUREMENT 


For this measurement the polarized proton beam 
was used. The essential operation was to compare the 
x-d coincidence rate with the counters in two configur- 
ations which were in the plane of the first scattering 
and were reflected images about the beam direction. 
Many factors which could introduce errors into the 
production cross section measurement such as ionization 
chamber calibration, r-~ decay, etc., were of no concern 
in this case inasmuch as they affected the counting rate 
on both sides by the same factor. By frequent reversal 
about the beam direction of the scattering table arms 
which carried the counters, it was expected that even 
small drifts of the circuitry would produce negligible 
systematic errors. 

At the beginning of each day’s run the direction and 
polarization of the beam were measured. The experi- 
mental arrangement for the beam direction measure- 
ment is shown in Fig. 8. A beam “profile” was obtained 
by observing the counting rate in the profile counter 
telescope versus the angle of the telescope as measured 
on the scattering table. Figure 9 shows a typical beam 
profile. The beam intensity was greatly reduced for 
this measurement in order to avoid overloading the 
counter telescope which monitored the incident beam. 
The defining counter of the profile telescope was then 
used as the defining counter for the polarization meas- 
urement and as the defining (x) counter for the x-d 
asymmetry measurement. An x-ray film or Land film 
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was occasionally used to be sure that the beam was 
traversing the center of the scattering table. 

The polarization of the beam was measured by 
observing the asymmetry in elastic (or nearly elastic) 
scattering from carbon at 10° laboratory angle, with a 
standard experimental arrangement. This provided only 
a relative measurement of the beam polarization, and 
was used chiefly to be sure that the polarization was 
constant from day to day. In addition, differential 
range curves were usually taken to check the energy 
of the beam. 

After these preliminary checks were completed, the 
counters were placed in an appropriate geometry for 
the particular c.m. angle (90° or 50°) being studied. 
Figure 10 shows the general features of the experimental 
arrangement. A two counter telescope was used to 
detect the mesons in order that triple coincidences, 
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Fic. 9. A typical “beam profile” obtained with the apparatus of 
Fig. 8. The solid curve is drawn to be symmetrical about 5° 32’, 


with their lower associated accidental coincidence rate, 
could be used as x-d coincidences. As Fig. 10 shows, 
lead shielding was placed on both sides of the incident 
beam in order to shield the deuteron counter for both 
counter configurations. Furthermore, copper absorber, 
of thickness about 0.7 of the deuteron range, was placed 
in front of the deuteron counter in order to prevent 
the rpn reaction from contributing to the counting rate. 
The counters were reversed about the beam direction 
at least 4 times in every run (a run consisted of from 
10 to 18 hours of x-d counting time). 

As with the production cross-section measurements, 
accidentals constituted a non-negligible portion of the 
coincidence counting rate and so were also measured 
to the required statistical accuracy. It should be noted, 
however, that of the various possible types of acci- 
dentals among the three counters, all were negligible 
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except those consisting of a true coincidence between 
the two meson counters and a random count in the 
deuteron counter. 

The azimuthal asymmetry, ¢, we took to be 


e= (R—L)/(R+L), 


where R= intensity on right, and L=intensity on left. 
We arbitrarily chose R and L to refer to the meson of 
the r-d reaction. The various experimental coincidence 
counting rates (per unit integrated beam) we repre- 
sented by C(F), the filled target rate; C(F,A), the 
filled target accidental rate; C(E), the empty target 
rate; and C(E,A), the empty target accidental rate. 
Then the net hydrogen counting rate on the right was 
given by 


R= [Cr (F) 7 i Cr (F,A )J- [Cr(E) —Cr (E,A)], 


and that on the left by the same equation with R 
replaced by L. Thus a measurement of those eight 
counting rates sufficed to determine ¢. On each run, 
the available counting time was distributed among 
them in such proportions as to minimize the statistical 
error on €. 


(14) 


(15) 


TABLE III. Azimuthal asymmetry e=(R—L)/(R+L). 











Center-of-mass angle ¢ (in %) 
90° —21.5+9.5 
90° —18.0+5.5 
90° —15.5+7.0 
90° —23.8+4.5 
50° — 2542.9 
50° — 1242.1 
50° — 3.342.0 








RESULTS OF ASYMMETRY MEASUREMENTS 


Three runs were made at 50° c.m. and four at 90° 
c.m. Table III lists the results of the seven runs. 

The errors for «(50°) shown in Table III are the 
statistical standard deviations obtained from the ob- 
served distribution in the number of counts per unit 
integrated beam. The errors obtained in this manner 
agreed closely in all cases with those obtained from the 
square root of the number of counts, indicating that 
drifts in the circuitry produced negligible errors, and 
also that counter angles, positions, etc. were quite 
reproducible. At 90° c.m. ¢ is much larger than at 50° 
c.m., and the laboratory cross section is quite constant 
versus laboratory angle. It is therefore expected that 
systematic errors should be quite small at 90°. 

The final averaged asymmetries are 


(90°) = —0.20+0.03 and (50°)=—0.023+0.015. 


As can be seen from the definition of ¢ given in the 
previous section, the negative sign means that the pions 
were predominantly produced on the left, with the 
polarized beam originating in a scattering to the right. 
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rangement used to meas- 
ure asymmetries in the 
a-d reaction. The dotted n? 
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A further check for systematic errors was provided 
by a a-d asymmetry measurement using the normal 
unpolarized external beam degraded to 415 Mev. The 
experiment was performed at 90° c.m. and yielded 
e= —0.01+0.04. 


DISCUSSION 


In Figs. 11°" and 12 are shown or vs n and A vs 1/7, 
respectively. All of the presently available data on the 
pt+p—rt+d reaction are shown. It is seen that the 
agreement with the phenomenological threshold theory 
[ Eqs. (5) and (6) ] is good, in the case of or for 7<1.3 
(approximately) and in the case of A, for »<0.8 
(approximately). Since the criterion for the validity of 
the threshold approximation is that the c.m. wavelength 
of the pion be somewhat larger than the range of 
interaction, a rough estimate of the upper limit on 7 
for the theory to be valid would be given by \, (de 
Broglie) =A,(Compton), which occurs at 7=1. This is 
in reasonable accord with the above experimental upper 
limits. 

It is not surprising that the angular distribution 
parameter A deviates from the threshold behavior at 
lower energies than does the total cross section, inas- 
much as A depends on both the amplitude and phase 
of 50, whereas the total cross section depends only on 
the amplitude of 59. Further information on the vari- 
ation of the phases of the reaction amplitudes with » 
can be obtained by noting that the asymmetry measure- 
ment yields a value of Q which, through Eqs. (8)-(11), 


16 F. S. Crawford and M. L. Stevenson, Phys. Rev. 97, 1305 
(1955). 

17 Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 

18H. L. Stadler, Phys. Rev. 96, 496 (1954). 

1” Mescerjakov, Neganov, Bogacev, and Siderov, Doklady 
Akad. Nauk S.S.S.R. 100, 673 (1955); M. G. Mescerjakov and 
B. S. Neganov, Doklady Akad. Nauk S.S.S.R. 100, 677 (1955) ; 
Mescerjakov, Bogacev, and Neganov, Suppl. Nuovo cimento 3, 
120 (1956). 
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Fic. 11. Total cross section for p+ p—7*+d versus n, the c.m. 
pion momentum divided by m,*c. The solid line is a least-squares 
fit given by Crawford and Stevenson!* to their data which are 
represented by the shaded region. We have not shown the earlier 
Berkeley data, as they are generally in good agreement with that 
of Crawford and Stevenson and of somewhat less accuracy. 


determines sin(Y—7,). The experimental results yield 
a value!® of sin(Y—7;) of 0.70+0.14 at »=0.41 and 
0.63+0.14 at n»=0.97. 

As previously remarked, a fifth independent experi- 
ment, a measurement of the polarization state of the 
emerging deuterons is necessary to fix the values of the 
reaction amplitudes at a given energy. Such an experi- 
ment was performed by Tripp at 7=0.58 and through 
a theorem relating the amplitudes in the pion produc- 
tion reaction to those for elastic p-p scattering,’ the 
trigonometric ambiguities were resolved. The fifth 
parameter so measured was essentially y [Eq. (10) ]. 
It should be noted that the set of amplitudes’ deduced 
by Tripp indicates that reaction C is the dominant of 
the two p wave production reactions, contributing 
about 90% of the p-wave intensity. In order to deter- 
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Fic. 12. Angular distribution parameter A versus n. The legend 
and caption of Fig. 11 are applicable to this figure also. 


mine the detailed nature of the deviations from thresh- 
old behavior for n~1, it will be necessary to perform 
the deuteron polarization experiment in this energy 
region. It seems likely, however, that no features of the 
reaction are essentially different (at »~1) from the 
threshold behavior. 

The possibility that pion d waves are of sufficient 
amplitude to affect the picture appreciably at »~1 
would seem unlikely by analogy with pion-nucleon 
scattering. The present experiment indicates in two 
ways that d-state effects are small. The angular distri- 
bution of ¢(@), given in Eq. (7) for s and p waves only, 
predicts | «(50°)| to be 0.055++0.010 if the experimental 
value of |€(90°)| is used, whereas the experimental 
value of ¢(50°) is 0.023+0.018. Since the quoted 
asymmetry errors are statistical only, the fair agreement 
between these values, together with the apparent 
absence of a cos‘@ term’ in do/dQ, indicates that d-state 
effects can be neglected in the energy region n~ 1. 
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Total Cross Section for the Reaction p+p—=++p-+n at 437 Mev* 
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The total cross section for the reaction p+p— «++ p-++-n has been measured for 437-Mev incident 
protons. The value obtained is 1.062-0.24 mb, which is lower than some earlier measurements have indicated. 
The present result gives better agreement with the value predicted by the phenomenological theory and 


the measured cross section for p+p — *+d. 





INTRODUCTION 


HE nucleons in the final state of the reaction 

p+p—mt+nucleons can exist either as a 
deuteron (p+p— x++d) or unbound (p+p— rt-+n 
+p). The first of these has been the most accurately 
studied of any of the nucleon-nucleon meson production 
reactions and good values of the differential cross 
section have been obtained from near threshold (290 
Mev) up to 660-Mev incident proton energy. Also, 
several experiments have been performed on the 
angular distribution for the reverse reaction r++d 
— p+p. The results of the investigations are discussed 
in the accompanying paper.' 

Considerably less information exists concerning the 
reaction which results in unbound neutron and proton. 
Early experiments at proton energies between 340 and 
440 Mev, listed by Rosenfeld,’ gave values of the total 
cross section for the reaction or values of the ratio of 
bound to unbound production, with errors of the order 
of 30%. From the total meson production cross section, 
p+p— nt, that for the unbound reaction can be 
obtained by subtracting the measured deuteron produc- 
tion cross sections. Most of the total cross sections were 
based on the cross section for the reaction C”(p,pn)C" 
which was used to monitor the proton beam. The value 
of this cross section has since been redetermined** 
and its value seems to be about 10-20% lower than 
previously believed. Thus the meson production cross 
sections which depend on it should be lowered. 

A phenomenological theory of these reactions has 
been given by Rosenfeld? and by Gell-Mann and 
Watson.® The bound reaction, the cross section for 


*This work was partially supported by the U. S. Atomic 
Energy Commission. A preliminary account by Fields, Reiter, 
and Sutton appears in Bull. Am. Phys. Soc. Ser. II, 1, 71 (1956). 
t Present address: Naval Research Laboratory, Washington, 
1G oa 
t Present address: Gulf Research Laboratory, Harmarville, 
Pennsylvania. 

1 Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 109, 
1704 (1958), preceding paper. 

2 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

3 Rosenfeld, Swanson, and Warshaw, Phys. Rev. 103, 413 
(1956). 

4 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 329 
(1956). 

5 M. Gell-Mann and M. K. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 


which is designated® as oi0(D), can result only in a 
state where the nucleons have isotopic spin 0, and 
relative orbital angular momentum 0; the meson 
angular momentum for the energies considered here is 
restricted to 0 or 1. 

The unbound reaction can result not only in these 
same states [oi0(N+P)], but also in isotopic spin 
state 1 for the nucleons (o;;), as well as the state in 
which the nucleons have isotopic spin 0 and relative 
orbital angular momentum 1 (P state) with the meson 
in a p state [o,0(Pp) |. o1 is known since this is the 
cross section for the reaction p+p—7°+p+ , and 
a measurement of this is reported in an accompanying 
paper.’ Little is known about the value of oi0(Pp). 
However, Alston, Crewe, Evans, and Von Gieke,* from 
a measurement of the + meson spectrum, obtain a 
value of (1.0+0.9)n...x° mb for the total cross section 
(here nmax is the maximum momentum for the mesons 
in the unbound reaction in units of meson mass times ¢). 

A value of the branching ratio, 


o10(.N+P) 
o10(N+P)+o10(D) 


[excluding o10(Pp)], has been predicted by Rosenfeld 
and by Gell-Mann and Watson on the basis of a treat- 
ment by Watson.’ It is assumed that the matrix 
elements for the two reactions are the same and that 
the cross section for the unbound reaction can be found 
by multiplying the cross section for deuteron production 
by the ratio of the densities of final states and by 
|\W(R) |?/|\Wo(R)\?, the ratio of the squares of the final 
two-nucleon wave functions at R, the critical distance 
for meson production. 

The predicted and measured values of the branching 
ratio given in Rosenfeld and Gell-Mann and Watson 
are in poor agreement, the measured values being 
about twice those predicted. However, as pointed out 
above, some of these values should be corrected for the 








®The nomenclature of Rosenfeld? will be used. The first 
subscript is the total isotopic spin in the initial state, the second 
that for the final state of the two nucleons. 

7 Stallwood, Sutton, Fields, Fox, and Kane, Phys. Rev. 109, 
1716 (1958), following paper. 

§ Alston, Crewe, Evans, and Von Gierke, Proceedings of the 
CERN Symposium on High-Energy Accelerators and Pion Physics, 
Geneva, 1956 (European Organization of Nuclear Research, 
Geneva, 1956). 

9K. M. Watson, Phys. Rev. 88, 1163 (1952). 
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TABLE I.* Experimental results. 
Lab Copper Average Inelastic Column 9 
angle trans- Elastic Product product xt protons and times 
6 Doubles Triples mission protons particles particles mesons deuterons sind 
5” 38.74+0.83 11.99+0.51 0.651 18.41+0.78 20.334 1.14 22.60+0.68 1.38+0.25 21.22+0.72 1.85+0.06 
5° 47.04+0.82 13.97+0.56 0.651 21.4640.83 25.58+1.16 
yg 40.65+1.20 12.70+0.67 0.651 19.5141.09 21.144+1.54 
63° 38.3740.73 12.62+0.42 0.648 19.48+0.67 18.89+0.99 18.89+0.99 1.37+0.25 17.52+1.03 1.98+0.11 
73° 36.784046 13.5240.27 0.645 20.96+0.47 15.82+0.65 16.47+0.46 1.35+0.25 15.12+0.52 1.97+0.07 
74° 38.16+0.45 13.5740.25 0.645 21.04+0.45 17.12+0.63 
8° 37.20+0.57 12.7440.33 0.644 19.79+0.55 17.41+0.78 17.64+0.52 1.34+0.24 16.30+0.58  2.26+0.08 
8° 38.14+0.48 13.0540.29 0.644 20.27+0.49 17.87+0.68 
11° 25.3740.44 12.6640.25 0.635 19.94+0.45 5.43+0.62 4.5340.24 1.27+0.23 3.26+0.33 0.62+0.06 
Uh 24.39+0.35 12.84+0.19 0.635 20.22+0.33 4.17+0.48 
11° 23.11+0.32 11.82+0.19 0.635 18.62+0.33 4.49+.0.47 
aa° 24.50+0.23 12.8340.14 0.635 20.21+0.30 4.29+0.38 
15° 22.35+0.41 11.55+0.23 0.621 18.60+0.33 3.75+0.53 3.29+0.16 1.14+0.21 2.15+0.24 0.482-0.06 
iS 20.10+-0.10 10.53+0.05 0.621 16.95+0.20 3.15+0.23 
15° 20.71+0.09 10.78+0.05 0.621 17.36+0.20 3.3540.23 
20° 19.11+0.30 9.81+0.16 0.587 16.72+0.31 2.39+0.43 2.41+-0.11 0.97+0.18 1.44+0.21 0.49+-0.07 
20° 17.62+0.07 8.95+0.05 0.587 15.25+-0.17 2.37+0.19 
20° 18.09+-0.07 9.18+0.05 0.587 15.64+0.17 2.45+0.19 
20° 18.32+-0.07 9.3440.05 0.587 15.92+0.17 2.40+0.19 
zo" 16.75+0.21 9.92+0.11 0.663 14.96+0.22 1.79+0.30 1.52+0.12 0.79+0.14 0.734018 0.31+0.08 
rs 15.42+0.07 9.26+0.05 0.663 13.96+0.16 1.49+0.18 
25° 16.06+0.06 9.67+0.05 0.663 14.58+0.16 1.48+0.17 
30° 14.70+0.19 7.7140.10 0.592 13.02+0.22 1.68+0.30 ,145+0.08 0.62+0.11 0.83+0.14 0.42+0.07 
30° 13.48+0.05 7.16+0.04 0.592 12.09+-0.14 1.39+0.15 
30° 13.92+-0.05 7.2440.03 0.592 12.2340.13 1.69+0.14 
30° 14.30+0.05 7.76+0.04 0.592 13.11+0.14 1.10+0.15 
oO 11.77+0.06 10.03+0.05 0.861 11.64+0.13 0.1340.14 0.14+0.10 0.06+0.06 0.08+0.12 0.05+0.07 
35° 12.59+-0.06 10.72+0.05 0.861 12.45+0.13 0.14+0.15 








* All columns except the first and the fourth have the units of mb/sterad. 


new C”(p,pn)C" cross section. (This change does not 
affect those ratios which were obtained directly, rather 
than from comparisons of absolute cross sections, 
and which are in as poor agreement.?) On the other 
hand, the values used for o;; in these comparisons seem 
to be too large.’ 

In view of the above discrepancies it seemed worth- 
while to measure the cross section for the unbound 
reaction, particularly since we had recently obtained 
values for o,0(D) and for o,; at our proton energy of 
437 Mev. Since the time we performed this measurement 
new results at other energies have been reported. One 
of these is by Stork and Whetstone” with 338-Mev 
protons. In their experiment they measured the meson 
spectrum at 0° to the incident beam. The energy 
separation of the mesons produced in the two reactions 
was very good. From this measurement they obtained 
a determination of the bound to unbound ratio which 
agreed well with the phenomenological theory; the 
unbound spectrum however deviated in shape from 
that expected for p-wave mesons and S-state nucleons, 
the states for o;0(D). The measurements of Alston, 
Crewe, Evans, and Von Gierke* at 383 Mev gave a 
value of the branching ratio of 0.470.08 whereas the 
predicted ratio is about 0.29. They suggest also on 
this basis that a contribution by oi0(Pp) of about 
1 Xmmax® mb is required in order to obtain the predicted 
ratio. 


10D. Stork and S. Whetstone, Phys. Rev. 99, 651 (1955). 








EXPERIMENTAL METHOD 


The experiment was performed by measuring the 
cross section for production of protons associated with 
the unbound reaction. At our energy of 437 Mev these 
protons are restricted by kinematics to a 35° forward 
cone in the laboratory system. Thus the procedure was 
to measure the total number of charged particles in 
this cone and to subtract from this the number of 
elastic scattered protons, the deuterons from the bound 
reaction, the protons from the neutral meson production 
reaction, and the charged mesons. 

The external 437-Mev proton beam, monitored with 
an argon filled ionization chamber, passed through a 
Styrofoam hydrogen target. A three-counter (plastic 
scintillant) telescope was used to count the particles 
emerging from the hydrogen." Coincidences between 
the first two counters gave the total number of particles 
Between the second and third counters sufficient copper 
absorber was placed to stop all particles except elastic- 
ally scattered protons (except at 35° where the « 
mesons and elastic protons have the same range). 
Hence triple coincidence counts gave the number of 
elastic protons which were not absorbed by the copper. 
The hydrogen counting rates per incident proton were 
found for laboratory angles of 5°, 63°, 74°, 8°, 11°, 
15°, 20°, 25°, 30°, and 35°. The attenuation of the 
copper absorber for the elastically scattered protons 








4 The apparatus and beam were very similar to those described 
in the preceding paper.! 











REACTION p+p—7>rt+pd4n - 


was determined by calibration in the direct proton 
beams degraded in energy so as to correspond to 
437-Mev protons scattered at the above angles. 

At most angles, data were taken with two different 
thicknesses of first counter. These data indicated that 
no losses occurred due to absorption in this counter. 


EXPERIMENTAL RESULTS 


The primary data, expressed as laboratory cross 
sections, are shown in the second and third columns 
of Table I. The errors are the standard deviations from 
counting statistics. Column four gives the transmission 
of the copper absorber for the elastic protons, and hence 
column five, the elastic proton laboratory cross section, 
is given by triples/transmission. Column six, product 
particle laboratory cross section, is the difference 


2.5 


2.0+ } 





0.5 } 





41 st l 1 1 l 
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LABORATORY ANGLE 





Fic. 1. Sin@ times laboratory differential cross section 
(see text) versus 0. 


between the second and fifth. Column seven is the 
weighted average of column six. Thus we have sub- 
tracted elastic protons measured simultaneously with 
all particles, so as to avoid possible errors due to 
changes in target position, dimensions, and other 
geometry, from run to run. In column eight are given 
the values we used for the r+ meson subtraction. These 
were obtained in the first place by taking twice the 
values from the p+p—>2*++d reaction and then 
making adjustments to obtain a self-consistent result. 
The assumption was made that the meson angular 
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scattering at 437 Mev. * —present data. @e—previous results. 


distribution for the bound and unbound reactions was 
the same.’ (The results are quite insensitive to the 
meson subtraction procedure.) Column nine, the 
difference of seven and eight, is then the laboratory 
cross section for production of deuterons and of 
protons in the unbound reaction and in the 7° reaction. 
These values, multiplied by sin@, are given in column 
ten and are plotted in Fig. 1. The integral of the curve 
gives a cross section of 2.56+0.22 millibarns, where the 
error is estimated from the spread in repeated measure- 
ments, statistics, and from other experimental sources. 
Subtracting 26(p+p—7°+p+p) and o(p+p—7* 
+d), using the values 0.14+0.03 and 1.23+0.07 
millibarns for these cross sections as previously meas- 
ured,':? gives the value 1.06+0.24 millibarns for 
o(ptp— at+p+n). 

A by-product of this experiment is further data on 
elastic p-p scattering. The data in coiumn 5 of the table, 
reduced to center-of-mass system cross sections, are 
shown in Fig. 2 normalized to our previous results” 
which are also shown. The present data seem to agree 
satisfactorily with the old. 


DISCUSSION 


In order to compare with the prediction of phenomon- 
ological theory we must subtract 1; from the unbound 
cross section. Then 


o10(N+P) 
—=(0.43+0.07 
o10(D)+o10(N+P) 


which agrees within error with the predicted ratio® 
of 0.36 at 440 Mev. 

It appears that a contribution to (N+P) in 
which the protons and meson appear in p angular 
momentum states must be considerably smaller than 
that given by a cross section of the order of 1Xn* as 
predicted by Alston et al. At out energy, 1 mb for 
this contribution and 0.14 mb for a1; would leave zero 
cross section for the unbound reaction resulting in 
the same angular momentum states as oi0(D). 





12 Sutton, Fields, Fox, Kane, Mott, and Stallwood, Phys. Rev. 
97, 783 (1955). 
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Neutral Pions from Proton-Proton Collisions* 


R. A. Stattwoop,t R. B. Surron, T. H. Fretps, J. G. Fox, anp J. A. Kane} 
Department of Physics, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received November 12, 1957) 


The production of neutral pions in p-p collisions has been measured from 346 to 437 Mev. The method 
was to detect single photons at laboratory angles of 30°, 60°, and 90° from the decay of neutral pions in the 
reaction p+p—7°+ +p. Total cross sections which were obtained in this experiment and previous 
results for proton energies near threshold, have an energy dependence consistent with the phenomenological 
theory. Additional data were obtained on neutral pion production in proton bombardment of several 
complex nuclei from Li to Pb. A cross section for bound neutrons was obtained by a comparison of results 





from H,O and D.0O targets. 





INTRODUCTION 


HE most striking feature of the cross section for 
neutral pion production in proton-proton colli- 
sions is the steep excitation function. The earliest 
measurements of the reaction were carried out by 
Mather and Martinelli’ at an incident proton energy 
of 340 Mev. They found a cross section of 0.010+-0,003 
millibarn. Moyer and Squire® have obtained additional 
data in the range 315 to 330 Mev. For energies well 
above threshold the cross section is greatly increased 
as found by Marshall et al.* at 430 Mev, Tyapkin 
et al at 480 Mev and 670 Mev, and Soroko® and 
Prokoshkin and Tyapkin* in the range 400 to 660 Mev. 
In order to study the main features of the above 
reaction in more detail, we have measured the produc- 
tion of neutral pions by proton bombardment of 
hydrogen at energies from 346 to 437 Mev.’ These 
results fill a gap in the existing data between 340 and 
430 Mev. 

Considerable success in the interpretation of data 
on the production of neutral and charged pions near 
threshold has been achieved by Gell-Mann and Watson® 
and by Rosenfeld.’ This treatment is on the hypothesis 
of charge independence, the conservation of angular 
momentum and parity, and the pseudoscalar nature of 
the pion. Table I, which is taken from Rosenfeld’s 


* This work was supported in part by the U. S. Atomic Energy 
Commission and submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy by one of us (R.A.S.). 

+ Present address: Gulf Research and Development Company, 
Harmarville, Pennsylvania. 

t Present address: Naval Research Laboratory, Washington, 

C 


1 J. W. Mather and E. A. Martinelli, Phys. Rev. 92, 780 (1953). 
2B. J. Moyer and R. K. Squire, Phys. Rev. 107, 283 (1957). 


3 Marshall, Marshall, Nedzel, and Warshaw, Phys. Rev. 88, Nucleons aa Excitation 
632 (1952). Class Initial Final Meson Jrinai bution function 

4 Tyapkin, Kozodaev, and Prokoshkin, Doklady Akad. Nauk . . 
S.S.S:R. 100, 689 (1955). Ss *Po Sos 0 — isotropic * 

5L. M. Soroko, Zhur. Eksptl. i Teoret. Fiz. 30, 296 (1956) 4 : : 
[translation : Soviet Phys. JETP 3, 184 (1956). Sp none So p 1 forbidden 

6 J. D. Prokoshkin and A. A. Tyapkin, Proceedings of the CERN . 3 i 
Symposium on High-Energy Accelerators and Pion Physics, Ps *So Po Ss 0 — isotropic 1 
Geneva, 1956 (European Organization of Nuclear Research, none *Pi s 1 vee "4 
Geneva, 1956), Vol. IT, p. 385. D2 =e 6 2 _ isotropic n° 

7 Stallwood, Fields, Fox, and Kane, Bull. Am. Phys. Soc. Ser. 
II, 1, 71 (1956). Pp a CM eg 1 

8 M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 8Po120r?*F, 3P; p 0,1,2 c+cos¥® 7? 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. *Pi20r*F23 *Ps p 1,2,3 

® A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 
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paper, lists the allowable nucleon transitions, and the 
corresponding angular distributions and energy spectra 
of the pions. The cross section for neutral pion produc- 
tion in proton-proton collisions is denoted by ou in 
the notation of Rosenfeld, where the first index rep- 
resents the isotopic spin of the initial state, and the 
second that of the final state of the two nucleons. 
The theory is intended to apply only near threshold, so 
attention is limited to angular momentum states S 
or P of the final two-proton system and angular 
momentum s or p of the pion. The spin and angular 
momentum of the two-nucleon system are indicated in 
the conventional manner. 

The experimental results clearly point to a contribu- 
tion from processes which leave the nucleons in a P 
state (class Pp with o1,«° or Ps with o1, «7° or both) 
since the steep excitation function cannot be explained 
by the class Ss(o1,:«7*) alone. An analysis of all the 
data shows that the measurements can be well described 
by an excitation function of the form: 


o1:= An?+ Bn'+Cn’. 


A, B, and C are three empirical parameters which give 
the contributions to meson production of the three 
processes predicted for this reaction near threshold. 

A subtraction, 3¢(D,O0—H,0), was used to determine 
the cross section for neutral pion production from 
neutrons bound in Dz. Similar measurements have 


TaBLE I. Analysis of the reaction: o1(/+p— 7°+p+)); 
7 is the maximum c.m. momentum available to the pion, measured 
in units of m,°c where m,° is the rest mass of the neutral pion. 








Classification of states 
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been made elsewhere at other energies.’:*® The relative 
neutral pion yields for several nuclei from lithium to 
lead under bombardment by 437-Mev protons are 
presented. The data are in reasonable agreement with 
the assumption that only surface nucleons contribute 
to the pion production. 

All data reported here have been obtained by the 
detection of single photons originating in the decay of 
neutral pions. Various possible coincidence measure- 
ments were ruled out because of the resultant low 
intensity.: The detection of single photons, however, 
makes the interpretation of the data less straight- 
forward. The observed angular distribution of events 
has to be related to the total neutral pion cross section 
through the sensitivity for photons of the detecting 
counters and the y-ray spectra. In this experiment the 
‘y-ray spectra were calculated according to the predic- 
tions by the phenomenological theory of (a) the 
angular distribution and (b) the energy spectrum of 
the neutral pions. The energy spectra for the various 
classes of neutral pion production, as given by Gell- 
Mann and Watson,® are listed in Table II. 

TABLE IT. Energy spectra in the center-of-mass system normal- 
ized to one meson; t= E,/Ett; Ey=kinetic energy of the meson 
in the c.m. system; Eyo.= total kinetic energy in the c.m. system 
after the meson is produced. 











Class doi:/dt 

Ss 2t/(1—t) 

Ps 16¢(1—2)!/x 
Pp 128¢4(1—1)1/3x 








APPARATUS 


The proton beam was allowed to strike liquid 
hydrogen. The apparatus for measuring the high-energy 
y rays arising from the reaction is shown in Fig. 1. The 
reader is referred to a previous report!® for details 
concerning the energy and spread in energy of the 
protons, the ionization chamber used as monitor, and 
the general layout of the cyclotron. 

The energy of the external beam was varied from 
437 to 346 Mev by the use of carbon degraders placed 
in the path of the beam at the entrance to the channel 
in the shield wall. The resulting energies were obtained 
by a differential range measurement and use of the 
range-energy tables of Aron et al.!' These measurements 
also provided assurance that only slight additional 
spread in energy was introduced by the degraders. 

The liquid hydrogen was contained in a special 
thin-walled Styrofoam and copper container. The 
protons traversed about 10 cm of liquid hydrogen. The 
ratio of the surface density of hydrogen to that of the 


10 Sutton, Fields, Fox, Kane, Mott, and Stallwood, Phys. Rev. 
97, 783 (1955). 

1 Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report, AECU-663, 1949 (unpublished) and W. Aron, Uni- 
versity of California Radiation Laboratory Report UCRL-1325 
(unpublished). 
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Fic. 1. Experimental arrangement for photon 
detection from hydrogen. 


container was 4.5. The effect from hydrogen was at 
least as large as that from the empty target plus 
background. 

The y-ray detector consisted of three plastic scintil- 
lators and a water Cerenkov counter numbered 1, 2, 3, 
4 in order of increasing distance from the target. The 
defining element of the telescope was a lead converter 
0.52 cm thick and 3.18 cm in diameter placed im- 
mediately behind the first counter. It subtended a 
solid angle of 2.96X10-* sterad at the target. Some 
photons, originating from neutral mesons in the target, 
after traversing anticoincidence counter 1 gave rise 
to shower electrons in the converter which were detected 
by a coincidence among counters 2, 3 and the water 
Cerenkov counter, 4. The purpose of the anticoincidence 
counter was to reject charged particles incident upon 
the telescope from all regions of the target irradiated by 
the proton beam. The geometry of the other counters 
provided efficient counting of the shower electrons. 
Counters 1 (2.25 in. diam), 2 (1.70 in. diam), and 
3 (2.00 in. diam) were plastic scintillators, 0.40 in. 
thickness, viewed through short light pipes by RCA 
6199 photomultipliers. The Cerenkov counter consisted 
of a water radiator contained in a thin-walled Lucite 
cell 3 in. in diameter and 23 in. long which was viewed 
directly by an RCA 5819. All counters were well 
shielded from magnetic fields. 

The refractive index of water is such that a charged 
particle requires a kinetic. energy greater than 0.48 
of its rest mass for Cerenkov radiation to be emitted. 
Thus under the conditions of the experiment the 
counter was insensitive to all particles except electrons 
and charged mesons. This helped considerably in 
reducing the background. The response of the water 
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Cerenkov counter has been explored with pions 
(8=0.87) and found to be satisfactorily uniform over 
its face. In addition, a plus-height analysis of the 
Cerenkov pulses from conversion electrons from decay 
y rays of neutral pions produced in a carbon target 
bombarded by the 437-Mev proton beam showed that 
that a negligible number of Cerenkov pulses were so 
small as to be rejected by the discriminator settings. 
It was concluded the Cerenkov counter detected 
high-energy electrons with very nearly 100% efficiency. 
The equality of the counting rates (2+3-—1) and 
(2+3—1+Cerenkov) gave further support for this 
conclusion. 

Signals from each of the three plastic scintillators 
were properly delayed, limited, and clipped before being 
fed into a crystal diode coincidence circuit (resolving 
time 5X10~* sec) with counter 1 in anticoincidence. 
The output of this coincidence-anticoincidence circuit 
(ac output) was further placed in coincidence with 
amplified, shaped Cerenkov signals. This final coin- 
cidence output is called a “recoincidence.” A block 
diagram of the electronics is shown in Fig. 2. 

It was found that the main source of accidentals 
consisted of a pulse in the Cerenkov counter coinciding 
with an unrelated pulse from the ac output. These 
were monitored by observing recoincidences when the 
Cerenkov signals were delayed by 0.6X10~® sec. The 
ac, recoincidence, delayed recoincidence, and Cerenkov 
counting rates were all recorded. 

With this arrangement it was possible to obtain 
satisfactory plateaus, for example those shown in 
Fig. 3. They were obtained with carbon as the target 
in the 437-Mev proton beam. Plateau corrections to 
account for pulses too small to trip either discriminator 


were felt to be unnecessary. Measurement of the 
y-ray yield from carbon was a quick and convenient 
method of adjusting the electronics. The good agree- 
ment of the carbon effects, taken periodically during 
all runs and on different days, provided assurance of 
stability and reproducibility of conditions. 


EXPERIMENTAL PROCEDURE 


The experiment was performed by allowing protons 
to bombard various targets. The proton beam was 
automatically shut off when the ionization chamber 
monitor reached a preset voltage corresponding to a 
certain integrated beam flux. 

In order to prevent overloading of the anticoincidence 
counter by the large flux of charged particles from the 
target, the beam was operated at an intensity of 
2X 10® protons cm~* sec~!. At this level, the number of 
events rejected by random pulses from the anticoin- 
cidence counter was measured to be much less than 1%. 
The background from the general radiation outside 
the cyclotron shielding made it desirable to use as 
large a collimator opening as could be tolerated by the 
targets. In studying the yield from hydrogen the 
collimator size was 1} in. square. 

The recoincidence counting rates for the following 
combinations of targets and converter were recorded: 


(Pb,T)—the rate with converter and full target, 
(Pb,0)—the rate with converter and empty target, 
(0,T) — the rate without converter and with full target, 
(0,0)—the rate without converter and with 
empty target. 


R=[(Pb,T)— (Pb,0) ]—[(0,T) — (0,0) ] is defined as the 
recoincidence rate (with accidentals subtracted), and 

















PROTON-PROTON COLLISIONS 1719 


was taken to be the number of events per unit integrated 
beam produced in liquid hydrogen and detected 
through the presence of the lead converter. 

The differential cross sections for detecting the 
conversion electrons from the y rays were calculated 
as R/(NnQ), where R is the recoincidence rate just 
defined, \V is the incident proton flux in protons cm™ 
sec', m is the surface density of the target in nuclei 
per cm*, and { is the solid angle of the defining element 
of the proton detector. 


EFFICIENCY OF THE COUNTER TELESCOPE 
FOR PHOTONS 


The y-ray energies from neutral pions produced by 
437-Mev protons on hydrogen vary from 15 Mev to 
300 Mev. Over this range the y-ray detection efficiency 
of the counter telescope varied from zero to about 0.45 
for a lead converter of 0.52 cm thickness. A calculation 
based on the Monte Carlo results of Wilson” was used 
to estimate the sensitivity as a function of energy, 
e(w), for the detector. Wilson’s calculation provides the 
expected number of electrons leaving the lead converter 
for photon-initiated showers. From this one can then 
estimate the probability that the electrons successfully 
traverse the rest of the counter telescope. The efficiency 
calculated in this way is shown in Fig. 4. 

To assign an absolute efficiency, the telescope was 
calibrated using the decay photons, at 30° in the 
laboratory, from neutral pions produced in the charge 
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Fic. 3. Plateau characteristics. E,=437 Mev; carbon 
target =0.7 in. thick ; 0= 30° jap. 


22 R. R. Wilson, Phys. Rev. 86, 261 (1952). 
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Fic. 4. Efficiency of gamma-ray telescope. Calculated for 
a lead converter thickness of 0.52 cm. 


exchange scattering of 170-Mev negative pions by 
hydrogen. The angular distribution of this reaction has 
been measured by Ashkin ef al." enabling one to 
calculate the energy spectrum of photons at any angle 
in the laboratory. By folding the energy sensitivity 
e(w) with the distribution of y rays J (0,w), the expected 
number of events can be determined. The ratio of 
measured to expected counting rate was (1.07+0.17). 
This factor was used along with the calculated efficiency 
in Fig. 4 in calculating results. 

In order to obtain a confirmation of the efficiency, 
we made a measurement of the yield from carbon at 
340 Mev and 47°. Previous experiments on neutral 
meson production from carbon made by Crandall and 
Moyer™ with a pair spectrometer provide an energy 
spectrum of the decay photons from the neutral pions. 
The ratio of the counting rate observed to the counting 
rate expected“ was 0.96+9.21, showing agreement 
within the rather large statistical error. 

Various tests of the performance of the y-ray detector 
yielded satisfactory results: the area, shape and 
thickness of the lead converter were changed and the 
separation of the components of the y-ray telescope 
was altered. 


CORRECTIONS 
The data have been corrected for the following effects: 


(1) The strong energy sensitivity of the cross 
section which made it necessary to consider the beam 
contamination and slowing down of the beam in the 
targets. 

(2) The attenuation of photons, originally heading 
for the converter, in the target material, target con- 
tainer, air, and anticoincidence counter. 

(3) The cold helium gas in the empty hydrogen 
target, which had to be introduced in order to prevent 
condensation of moisture and air. 

(4) The alternate mode of decay of the neutral 
pion into an electron pair and a y photon. 

18 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 


(1956). 
4 W. E. Crandall and B. J. Moyer, Phys. Rev. 92, 749 (1953) 
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(5) The finite solid angle of the liquid hydrogen 


target. 


Possible effects of negative pions which could stop 
or undergo charge exchange scattering in the target 
and of neutrons in the beam where estimated to be 
negligible compared with statistical errors. 


RESULTS AND ANALYSIS 
A. Hydrogen 


In analyzing the hydrogen data it is necessary to 
consider how the expected angular distribution of 
recoincidence events is related to the possible neutral 
pion energy spectra and angular distributions. 

Let us assume that the predictions of the phenomenol- 
ogical model are valid and that meson production in 
class Pp predominates at a proton energy of 437 Mev. 
As previously indicated, the meson cross section in 
the center-of-mass system is expected to be of the 
form'® 


doy;/dQ'dt' => a,P )(cos6’)128t/3(1—0')3/3a 


(primed quantities being measured in the c.m. system), 
where ¢/= (£,-/E’tot) =ratio of kinetic energy of meson 
to total kinetic energy available in the c.m. system. 
The case @o= 1/ (42) corresponds to an isotropic angular 
distribution of the neutral pions in the c.m. system. 
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Fic. 5. Counting rate as a function of laboratory angle for the 
reaction o(p+p — 7°+p+ p). E,=437 Mev. The ordinates of 
the points are calculated as R/(NnQc) where the symbols are 
explained above under “Experimental Procedure.” To obtain 
the fit shown in the figure o was taken to be 147 microbarns. 

18The recoil energy of the two-nucleon system has been 
neglected. 
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The case ado>=1/(4r), a2=1/(2r) corresponds to a 
(cosine)? distribution in the c.m. system. 

J'(6’w’), the intensity of y rays with energy w’, 
angle 6, and in the interval dw’dQ’, in the c.m. system 
of the collision may be expressed as 


J' (0'w’) = 2¥-a,P;(cos6’)128P; (cosh) 

x11 —0') it’ /3apy'p’, 
where A\=c.m. angle between the direction of the 
neutral pion and the decay photon, ywy’6’= momentum 


of the neutral meson in units m,c. Transforming to 
the laboratory system, we have 


J (0,w) =yo(1+ 80 cos6’)J (6’w’), 
where 


w=yo(1+ 80 cos#’)w’, yo= (1— Be), 


and v is the velocity of the c.m. system. J(0,w) has 
been calculated with an IBM-650 computer for several 
energy and angular distributions. The expected 
intensity at any angle @ is given by /(0)= /J(6,w) 
Xe(w)dw. 1(@) has been plotted in Fig. 5 for the cases 
of isotropic and (cosine)? distributions of the neutral 


Bo= v/c, 


TABLE IIT. Cross sections from hydrogen. 





Incident Corrected Total 
proton energy R/(NnQ) at 30° cross section 
Mev ub sterad™ ub 
437 20.9+-0.8 147+30 
408 11.14+2.3 81422 
383 4.4+2.2 33417 
367 3.4414 25+12 
346 2.1+1.4 16+11 





pions, the energy distribution given above, and for 
the efficiency for photon detection in Fig. 4. The 
experimental points are also shown in Fig. 5. The 
data are seen to fit the isotropic distribution slightly 
better than the (cosine).? 

Letting A(#)=1//J(0,w)e(w)dw, the total cross 
section for neutral pion production was calculated from 


o(pp,r°) =A (0)R/(NnQ). 


The total cross section, ¢(pp,r°), was finally calculated 
to be 147430 microbarns independent of the assumed 
angular distribution of the pions. In view of the 
insensitivity of the results to these two distributions, 
no estimate could be made of their relative contributions 
to the total cross section. 

The errors listed in the final cross section arise from 
the following sources: (1) a 5% statistical error in the 
number of counts, (2) a 5% systematic error arising 
from uncertainties in the surface density of hydrogen, 
and the monitor calibration, (3) an 18% uncertainty 
in the absolute efficiency for the detection of photons, 
and (4) a 2% error due to uncertainties in corrections. 

The differential cross sections from hydrogen at 
6=30°, as a function of incident proton energy, are 
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PROTON-PROTON COLLISIONS 


contained in Table III. The total cross sections were 
computed by using in A(@) the mean of the two meson 
angular distributions. Consideration has been given 
to the possibility of a change in the telescope efficiency 
with proton bombarding energy through changes in 
the relative contributions from different classes of 
meson production. The effects were much smaller than 
the statistical errors. The cross sections, which were 
measured at 346, 367, 383, 408, and 437 Mev, are 
plotted in Fig. 6 along with the available data from 
other laboratories. 
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Fic. 6. Total cross section (011) for the production of neutra! 
pions in p-/ collisions. Ey is the kinetic energy of the bombarding 
protons and n is the maximum momentum of the mesons in the 
system in units m,%c. The sources of the data are as follows: 
A reference 2; O reference 1; © this work; * reference 6; 
@ reference 3; + reference 4; gj Balashov, Zhukov, Pontecorvo, 
and Selivanov as quoted in reference 5. Curve A is the function 
o11= 27n*?—25n*°+75n* which gives the best least squares fit to 
the low-energy points A, 0, and ©. Curve B is the function 
o11= 19+ 62n® which gives the best fit to the low energy points 
A, 0, and © using only terms in 7? and n°. 


B. Carbon 


The following ratio of the yields from hydrogen and 
carbon was used as a check during all the runs: 


(da/dQyp)/(da/dQ yc) am30° = 0.032+0.001 per nucleus. 


On the assumption that the angular distribution and 
the efficiency for detection of x° decay photons were 
similar in hydrogen and carbon, we obtained for the 
ratio of the total cross sections in hydrogen and carbon 


rot (PP,°)/oror(pC,r°) = 0.039+0.004 per nucleus, 


and for the total cross section in carbon (3.7+0.7) 
millibarns per nucleus. (The above two ratios differ 
slightly because of differences in some of the corrections.) 
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Fic. 7. Neutral meson production in proton bombardment of 
nuclei at 437 Mev. The ordinates are the proton yields at a 
laboratory angle of 30° relative to carbon per neutron. 


C. Deuterium 


The measured difference in counting rate (D.O 
—H,0) at 30° yields R/(NnQ) per neutron= (152+6) 
X10-* cm?/sterad. Assuming an angular distribution 
and efficiency for detection of y rays from the decay 
of neutral pions accompanying the reaction p+” — r° 
+nucleons to be the same as in the reaction p+) — r° 
+p+p, we calculated [o(pD,r°)—o(pp,r°) ]= (1.00 
+0.21) millibarn as the value for the neutral pion 
yield from bound neutrons. Furthermore, we could 
obtain 


a(pD,x°) =0(pp,9°)+[o(pD,2°) —o(pp,x°) | 
=1.15+0.22 millibarns. 


D. Neutral Meson Yield from Complex Nuclei 


The y-ray counting rates at 6=30° for 437-Mev 
protons interacting with the targets D, Li, Be, B", 
B", C, O, Mg, Cu, Sn, and Pb were measured. For 
targets other than D and O the yields were measured 
directly from the targets which consisted of the elements 
in various solid or powdered forms. The yield for 
oxygen was obtained from a subtraction of the results 
from H,O and Ho». The yield for deuterium was obtained 
from a D.O—H,0 subtraction as described above. 
The results have been expressed in terms of the yield 
per neutron relative to carbon and are shown in Fig. 7. 
The solid curve on the graph represents the dependence 
of neutral pion production per neutron on atomic 
number assuming that only the surface nucleons 
contribute. 
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DISCUSSION 


In reviewing the data obtained from this experiment, 
it is of interest to consider all the results on neutral 
meson production in proton-proton collisions and their 
relation to the phenomenological description of neutral 
pion production by nucleons. 

The total cross section for the reaction p+) — m°+ p 
+>, expressed as a function of the maximum meson 
momentum in the c.m. system 7, is expected to be a 
sum of contributions from Ss-, Ps-, and Pp-class 
meson production, which would vary as 7’, n°, and 7}, 
respectively. Within this scheme the present data 
and the results of the Berkeley measurements near 
threshold'* can be represented best by a function of 
the form 


0311= (27+10)9?— (25490) °+ (75470)n!. 


The least-squares fit is practically as close with a 
function involving only 7’ and 7%. It is somewhat 
worse with one involving only 7° and 7°, 


ou= (19+6)n?+ (62+15)n°. 


The two expressions given for ,; are plotted in Fig. 6. 
The first one, involving three powers of 7, suffers from 
the drawback of having at the upper end of the energy 
range a slope which is incompatible with other measure- 
ments® (see Fig. 6). The second expression for o1; 
above, involving only terms in 7 and 7°, has the 
drawback of apparently conflicting with measurements 
of the angular distribution of the pions.* These data 
yielded nonisotropic angular distributions at energies 
down to 445 Mev, the lowest investigated. On the basis 
of the phenomenological theory, this should mean 
that o1; includes a term in 7°. 

Thus, while we can conclude that the coefficient of 
7” is now determined to be about 25 within about 
50%, little is known, unfortunately, about the coef- 
ficients of n° and 7’. We have not extended the analysis 
to include the data of Prokoshkin* in a higher but over- 
lapping energy range (see Fig. 6). Although the agree- 
ment between their data and ours is fairly good it is 
possible that there is a difference in the absolute values 
due to the use of different monitoring techniques. 

Neither theory nor experiment permits quantitative 
conclusions to be drawn concerning the interaction of 
high-energy neucleons with complex nuclei. In discuss- 
ing observations dealing with meson production even 
in deuterium, one must consider the possibility that 
the yield from one nucleon may be influenced by the 
other. At 437 Mev the wavelength (A) of the protons is 
2X10- cm, which is small compared with the distance 
between the nucleons.'® Thus, one might expect the 


16 yo, (triplet m-p effective range) = 1.7 10- cm. 
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cross section to be very nearly the sum of the individual 
cross sections. However, Glauber!’ has discussed the 
nonadditivity of free-particle cross sections in high- 
energy measurements and has shown, to the correct 
order of magnitude, that the difference can be thought 
of as an eclipsing of the nucleons in the deuteron 
whenever the incident wavelength is much smaller 
than the range of interaction of the nucleons and the 
incident particle (A/mc= 1.4 10~* cm). 

With this in mind, a comparison can be made between 
the free neutron and proton cross sections and the 
deuteron cross section. A subtraction measurement of 
the y rays at 30° from D.O and H,0 was interpreted 
above to give a proton-deuteron cross section, ¢(pD,r°) 
= (1.15+0.22) mb, at 437 Mev. If we assume that 
a(pD,r°) is the sum of the free particle cross sections, 
then, in the notation of Rosenfeld, 


o(p+[pt+n]—> r°+nucleons) = o(pp,r°) 
+o(pn,r°+ nucleons) = 011+ 3010(D) 
+46 9(unbound)+3o01. 


The values of these independent cross sections at 
energies near 437 Mev, corresponding to »=1.07, 
are known: o1,= (0.147+0.030) mb, o30(D)= (1.23 
+0.07) mb!8 o;9(unbound) = (1.06+0.24) mb!® and 
go may be neglected.”” Thus, we obtain o(p+[p+n] 
— 2+nucleons) = 1.23+0.12 mb corrected to 437 Mev. 
In view of the experimental and theoretical uncertain- 
ties, the agreement with the above experimental 
results is better than might be expected. 

For heavier elements, the relative cross sections per 
neutron as functions of atomic number are shown in 
Fig. 7. They are satisfied by an A~! law down to light 
elements. This agrees with the assumption that only 
the surface neutrons contribute, and differs markedly 
from the result obtained at Berkeley” (at much lower 
average energy) where the production of neutral pions 
was proportional to the total number of neutrons at 
low atomic number and to the number of surface 
neutrons for elements with A>25. The higher energy 
available in this experiment may be responsible for 
the difference. Similar observations have been made 
by Tyapkin ef al.‘ using incident protons of energy 
670 Mev. 


17 R. J. Glauber, Phys. Rev. 100, 242 (1955). 

'8 Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 96, 
812 (1954). 

19 See Fields, Fox, Kane, Stallwood, and Sutton, Phys. Rev. 109, 
1713 (1958), preceding paper. 

* Evidence that oo: is small comes from experiments on the 
reactions o(pp, rtd)'®, o(pp, x*pn)'", and o(np, 7°) which was 
studied by Rosenfeld, Solmitz, and Hildebrand [Bull. Am. Phys. 
Soc. Ser. II, 1, 72 (1956)], and R. A. Schluter [Phys. Rev. 96, 
734 (1954) ]. 

#1 R. W. Hales and B. J. Moyer, Phys. Rev. 89, 1047 (1953). 
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The single production of pions occurring in pion-nucleon collisions at incident pion energies below ~1.5 
Bev has been considered in terms of the inelastic excitation of the nucleon to the isobaric state with isotopic 
spin and angular momentum = 3, previously identified with the resonant state in the low-energy pion-nucleon 
scattering. An associated separate recoil pion accompanies the isobar, and conserves energy and momentum. 
The isobar subsequently decays into a nucleon and a pion. Expressions have been obtained for the branching 
ratios between the different reactions, r~+-p + #-+x+-+-n, and x~+7°+>, and for the separate energy 
spectra. of the xt, x°, and x~ mesons. The momentum distributions of the pions and recoil nucleons have 
been calculated at incident pion energies of 0.93 Bev and 1.37 Bev, and are generally in reasonable agreement 


with the experimental data available at these energies. 


I, INTRODUCTION 


N previous publications':? we have proposed and 
investigated an isobaric nucleon model* for pion- 
nucleon interactions from low energies to ~1.4 Bev 
for both the elastic pion-nucleon scattering and the 
single pion production interactions. The model consists 
in assuming that the pion-nucleon interaction for pion 
kinetic energies S1-1.5 Bev proceeds predominantly 
via the real (i.e., nonvirtual) excitation of the nucleon 
to the isobaric level with isotopic spin (7) and angular 
momentum (/J)= 4 associated with the low-energy 
resonance (~190 Mev). This excitation can take place 
either directly (pion absorption followed by elastic 
re-emission) or indirectly (inelastic excitation of the 
level with an associated recoil pion). It therefore follows 
that the T=} total cross section would necessarily be 
near zero below the effective threshold energy (~200 
Mev) for formation of a 7=J= 3 isobar with an accom- 
panying separate recoil pion which would allow the 
total T for the state to equal 3. 

A discussion of the behavior of the T=} and T=3 
state total cross sections from low energies to ~1.4 Bev 
has been previously presented,!:? and it has been found 
that many of the general features of the cross sections 
can be satisfactorily explained by this model. The 
treatment of the isobar excitation process in pion- 
nucleon collisions was developed in analogy to our 
previously published isobaric nucleon model’ for single 
pion production in nucleon-nucleon collisions with the 
recoil (unexcited) nucleon being replaced by the recoil 
pion. 

The predicted pion momentum spectra for the + 
and «~ lumped together from the reaction +p 
—a-+n*+n at 1.0 and 1.37 Bev have been previously 
presented':? and were found to be in reasonable agree- 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 106, 
1107 (1957). This paper will be referred to as I. 

2R. M. Sternheimer and S. J. Lindenbaum, Bull. Am. Phys. 
Soc. Ser. II, 2, 176 (1957). 

3S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). 


ment with the experimental data at these energies.*° 
This method of comparison is independent of the ratio 
of the T=} and T=# inelastic cross sections, and also 
the relative phase between the matrix elements, upon 
which the separate spectra of the r+ and m~ mesons 
would depend. 

The purpose of the present paper is to give a more 
complete account of the calculations reported in I, 
especially as concerns the momentum distributions of 
the outgoing particles at 1.0 and 1.37 Bev, for the cases 
of single pion production. We have also obtained the 
branching ratios for the various possible reactions and 
the corresponding expressions for the separate energy 
spectra of the r+, °, and x~ mesons. These branching 
ratios and energy spectra have been compared to the 
experimental data.‘ 


II. ENERGY SPECTRA OF PIONS AND NUCLEONS 


In the present isobar model, the energy spectrum of 
all the pions from a reaction irrespective of charge is 
given by 





do M2 dm, 
- -=Bf o(mr)FG,dm;+Co(m;)F—, (1) 
dT do, M1 aT, 


where o(m;) is the total r+— p scattering cross section 
for an isobar mass m;(= total energy of the decay pion 
and nucleon in the isobar rest system), F is the two-body 
phase space factor for an isobar of mass m; and the 
recoil pion, G, is a factor giving the energy spectrum 
of the pions arising from the decay of the isobar of 
mass my, moving with a velocity 5; appropriate to the 
total energy EF in the center-of-mass system of the 
original pion and nucleon. This center-of-mass system 
will be abbreviated as c.m.s. in the following, and 
quantities pertaining to the c.m. system will be 
barred. In Eq. (1), B and C are constants which merely 
serve to normalize the two terms. The integration over 
my extends over all values of m; which are kinematically 





4 Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956). 
5 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 
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possible, between the following limits. The lower limit 
of mr; is Mj=m,+m,=1.08 Bev. The upper limit M2 
is either® E—m, or M», whichever has the lower value. 
Here M,=1.58 Bev, corresponding to an excitation 
energy of 500 Mev plus a pion rest mass. The second 
term of Eq. (1) (which is multiplied by C) gives the 
energy spectrum of the recoil pions. For each c.m.s. 
kinetic energy 7’, of the recoil pion, there is an appro- 
priate value of m;, and the factor dm;/d7’, represents 
the range dm; per unit range d7’,. In the present isobar 
model, different values of m; are weighted by the factor 
o(m;)F, which accounts for the presence of this quantity 
in both terms of Eq. (1). 

The momentum spectra of Walker ef al.4 and of 
Eisberg ef al.> give the momentum distributions of the 
pions integrated over all angles. In this case, independ- 
ently of the angular distribution of the isobar with 
respect to the incident direction, G, is given by the 
following expression, provided one assumes that the 
isobar decays isotropically in its own rest system’: 


G,= 1 N's max” Fustil. (. min < T.< Pick’. (2) 


ee: a oe ee (2a) 


where 7z, min and 7, max are the minimum and maxi- 
mum possible kinetic energies of the pions arising from 
the decay of the isobar (having mass m, and velocity 
d; in the c.m. system). Equations (2) and (2a) represent 
the well-known uniform distribution of energies of 
secondaries arising from a two-body decay. Upon 
inserting Eqs. (2), (2a) into Eq. (1), one obtains the 
resultant energy spectrum do/dT, integrated over all 
angles. 

It should be mentioned that in the more specific case, 
where one observes the pions at a particular angle (e.g., 
in counter experiments), the energy distribution will 
depend somewhat on the angular distribution a(4ys) 
of the isobar V* with respect to the incident direction. 
This situation is analogous to the corresponding one for 
nucleon-nucleon collisions.’ The factor G, in Eq. (1) 
then depends upon a(@y+), and similarly C also becomes 
a function of the angle 6, of the recoil pion. In fact, 
since 6,=180°—6y+, C will be simply proportional to 
a(180°—6,). 

The two terms of Eq. (1) will be called J,,; and J,, 2, 
respectively. J,,; gives the energy spectrum of the 
pions from the isobar decay, while J,,2 is the energy 
spectrum of the recoil pions. J,,; and J,,2 must be 
normalized to the same area, since there is a one-to-one 
correspondence between decay pions and recoil pions. 
Hence it follows that: 


Tae p te és # 
f Se at. [ Let = (3) 
0 0 


where 7’,, m is the maximum possible pion energy, above 


® It is assumed that the units are such that c=1. 
7 See reference 3, footnote 19. 
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which J,,; and J,,2 are zero. The corresponding pion 
momentum spectra will be denoted by J,,1 and J;,>. 
Thus 

(t=1, 2), (4) 


where , is the pion velocity in the c.m. system. 

The expressions for the spectra J,,; and J,,2 are 
similar to the expressions for the nucleon spectra Iy,1 
and Jy,2, respectively, for the case of single N* pro- 
duction in nucleon-nucleon collisions (see Figs. 7 and 8 
of reference 3). The procedure of the calculation of J,,1 
and J,,2 is completely analogous to the treatment of 
the corresponding spectra in reference 3 [Eqs. (18), 
(19), and (26) ]. 

In order to obtain the isobar decay spectrum J,,1, we 
have subdivided the range of m, into intervals of 25 
Mev. The various mass values will be called my, ; 
(j=1, 2, ---). For each my,;, the following quantity 
gj,1 was evaluated : 


Te, ae Oud «, ty 


o(mr, ))F 
541™= et (S) 


- ’ 
; if 
rT. max) — r* min‘? 





where 7'y, min‘ and Tmax‘ are the minimum and 
maximum possible energies of the pions from the isobar 
of mass my, ;; F; is the corresponding phase space factor 
pertaining to m;,;. The partial spectrum due to the 
mass values near my,; is given by a step function of 
magnitude gj, extending from 7's, min‘ to T'z, max. 
The complete decay spectrum J,,; is obtained by 
drawing a smooth curve through the sum of the step 
functions g;,1. Thus 


T,,1(T ) = (55 83,15) Am, (6) 


where Am=25 Mev is the interval of mr, ;; ),15=g;,1 
for Ts, min®<Te<T¢, mex, and g;i5=0 for T, 
< Ts, min and ro Ti. aon’ 

The spectrum of the recoil pions, J,,2, is obtained 
from the following quantity g; 2: 





alm: iF; 
ae Cee Ta ™ 
where 
T,G)=1(T, O47, 62], (8) 


and T,,‘* is the energy of the recoil pion pertaining to 
the isobar of mass my,;. We have: T,®=E-Eye® 
—m,, where E+“? is the total energy of the isobar in 
the c.m. system of the original x and proton. 

The contribution of the values of m; between 
(mr, ;-1+mr, ;) and 3(mr, ;+mr, j41) is represented by 
a step function of magnitude g;,2, extending from 
TT, to T,“%. For neighboring values of my, ; 
(m;,; and mr,j41), the regions (7,“, T,“) are 
adjacent to each other. The complete recoil spectrum 
I,,2 is obtained by drawing a smooth curve through the 
step functions g;,». 

In Figs. 1 and 2, we show the momentum spectra for 
the reaction x-+p—2-+2*-+n at incident pion ener- 
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gies T,=0.93 and 1.37 Bev.*-* In these figures, the x* 
and x~ mesons have been lumped together, so that the 
corresponding prediction of the isobar model is 


do/dpr=Jn,itJ x2. (9) 


The dot-dashed curves in Figs. 1 and 2 show the 
separate momentum spectra J,,; and J,,2. The dashed 
curve gives the prediction of the statistical theory of 
Fermi.*’ The previously published results of Fig. 2(a) 
of I were obtained using an incident pion energy 
T,=1.0 Bev. Actually the two parts of the experiment 
of Walker et al. (see their Table I) were carried out at 
energies of 0.90 and 0.96 Bev, so that it is more realistic 
to perform the calculations for an average T,=0.93 
Bev. The results shown in the present paper were 
calculated for this energy. 

It is seen that the curves calculated from the isobar 
model have a double maximum, which is especially 
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mesons combined from the reaction 7~+f—~-+-7r*+-n at an 
incident pion energy 7, =0.93 Bev. The histogram represents the 
data of Walker et al. (reference 4). The solid curve was obtained 
from the isobar model. The dot-dashed curves give the contri- 
butions J,,; due to the pions from the isobar decay and J, 2 due 
to the recoil pions. The dashed curve gives the result of the Fermi 
statistical theory. In all of the figures, the theoretical curves have 
been normalized to the number of observed cases. 


marked at 1.37 Bev. The pronounced high-energy peak 
which occurs at a c.m.s. momentum j,=0.40 Bev/c 
for T,=0.93 Bev and at 0.57 Bev/c for T,=1.37 Bev 
is due to the recoil pions, which are emitted with a 
momentum equal to the momentum of the isobar. 
Obviously, since the isobar is formed preferentially with 
a mass close to the resonance value of 1.22 Bev, the 
momentum of the recoil pions will generally have a 
value close to that which corresponds to an isobar of 
mass m;=1.22 Bev. On the other hand, the broad 
maximum of the isobar model curves at j),2=0.26 Bev/c 
is due to the isobar decay pions, which have a wide 
momentum distribution both because of the motion 
of the V* and the Q value distribution in the rest system 


8 E. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950); Phys. 
Rev. 92, 452 (1953); 93, 1435 (1954). 
*M. M. Block, Phys. Rev. 101, 796 (1956). 
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Fic. 2. Center-of-mass momentum spectrum of r~ and xt 
mesons combined =) the reaction m~+p—2~+7*-+n at an 
incident pion energy 7,=1.37 Bev. The histogram represents 
the data of Eisberg et ‘al. (reference 5). The solid curve was 
obtained from the isobar model. The dot-dashed curves give the 
terms J,,; and J,;,9. The dashed curve gives the result of the 
Fermi statistical theory. 


of N*, with a maximum at ~140 Mev. The experi- 
mental pion spectrum at 0.93 Bev has a high-momentum 
peak in reasonable agreement with the prediction of the 
isobar model. The predicted slight depression between 
the low-energy and the high-energy peak is absent, 
and would be expected to be washed out by the crude 
momentum resolution resulting from the grouping of 
the experimental data. However, the general behavior 
of the data is consistent with the isobar model pre- 
dictions. Nevertheless, one should note that the statis- 
tical uncertainties are quite large. The observed pion 
momentum spectrum at T,=1.37 Bev (Fig. 2) has a 
double maximum at the momenta expected from the 
isobar model. However, the statistical uncertainties are 
also quite large, so that one cannot necessarily conclude 
that this effect is real. 

Figures 3 and 4 show the pion momentum spectra 
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Fic. 3. Center-of-mass momentum spectrum of > and 7° 
mesons combined from the reaction +p—-72~+7°+p at 
T,=0.93 Bev. The histogram represents the data of Walker et al. 
(reference 4). The solid curve was obtained from the isobar model. 
The dot-dashed curves give the terms J,,; and Jz2,. The dashed 
curve gives the result of the Fermi statistical theory. 
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Fic. 4. Center-of-mass momentum spectrum of ~ and 7° 
mesons combined from the reaction +~+f—2~+7°+p at T, 
= 1.37 Bev. The histogram represents the data of Eisberg et al. 
(reference 5). The solid curve was obtained from the isobar 
model. The dot-dashed curves give the terms J,,; and J;z,9. The 
dashed curve gives the result of the Fermi statistical theory. 


from the reaction x-+p~—2-+7°+p at 0.93 and 1.37 
Bev.*° As in Figs. 1 and 2, we have combined both types 
of pions (x~ and 7°), so that the predicted spectrum 
shape is given by Eq. (9). The situation at 0.93 Bev, as 
shown by Fig. 3, is very similar to the corresponding 
results for the reaction -+p—-2-+a++n (Fig. 1). 
The isobar model curve agrees on the whole better with 
the data than does the statistical theory. The experi- 
mental distribution has a strong maximum between 0.3 
and 0.4 Bev/c, which is in approximate agreement with 
the calculated maximum due to the recoil pions. We 
note that the statistical theory does not predict a 
maximum at high momenta, such as is observed both 
for the x~+-2++-n and x~+7°+ reactions. 

As can be seen from Fig. 4, the curve obtained from 
the isobar model for the reaction *+p—2-+7°+p 
is not in agreement with the data at 1.37 Bev. In 
particular, the experimental momentum distribution 
does not show a double maximum. However, it cannot 
be concluded at present that there is necessarily a real 
disagreement with the theory, in view of the limited 
statistics of the data for this reaction and the larger 
experimental uncertainties in the determination of the 
7° momenta as compared to the momenta of charged 
pions. 

For the validity of the isobar model, it is necessary 
that the isobar and the recoil pion separate before the 
isobar decay takes place, or at least that the interaction 
between the isobar decay products and the recoil pion 
is relatively small. The same restriction was encountered 
previously in the treatment of the isobar model for 
nucleon-nucleon collisions.* However, the assumption 
of complete separation is probably better satisfied than 
for the nucleon-nucleon case at comparable energies, 
because of the large energy of the recoil pion. Thus the 
recoil pion tends to move a greater distance during the 
decay time (~10~* sec) than the unexcited nucleon 
(or the second isobar N*) in the nucleon-nucleon col- 
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lision. Moreover, on account of its large velocity, the 
recoil pion will generally have too high an energy rela- 
tive to the nucleon from the N* decay to be strongly 
interacting with this nucleon via the T= J = $ resonance. 

The spectrum of the recoil nucleons is obtained from 
the following equation, similar to the first term of (1): 


@o M2 
=B 


Sa o(mr)FGndmz, 
dT ydQy Mi 


(10) 


where Gy is a factor giving the energy distribution of 
the nucleons arising from the decay of an isobar of mass 
my, with c.m.s. velocity 0;. For the energy spectrum 
of nucleons integrated over all angles, do/dT'y, Gy is 
given by the following equations, similar to (2) and (2a) : 


Gn = 1/ ( Ty. max” Ty. | (Ty, min < Tw a: Ty, — (1 1) 
Gn = 0, ( Ty < Ty min and Ty> Ty. nen Fi (1 la) 


where 7'y, min and T'y, max are the minimum and maxi- 
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Fic. 5. Center-of-mass momentum spectrum of recoil nucleons 
from the reactions 7~+p—2~+a++-n and 1~+p—1~+7°+p 
at T,=0.93 Bev. The histogram represents the data of Walker 
et al. (reference 4). The solid curve was obtained from the isobar 
te The dashed curve gives the result of the Fermi statistical 
theory. 


mum possible kinetic energies of the nucleons from the 
isobar decay. One should note that the isobar model 
predicts the same spectrum do/d?y for the recoil 
protons and neutrons. 

Figures 5 and 6 show the momentum spectra of the 
recoil nucleons at 0.93 and 1.37 Bev. It is seen that the 
predictions of the isobar model are in reasonable agree- 
ment with the data. The curves obtained from the 
statistical theory appear to agree by coincidence with 
the results of the isobar model for the nucleon spectrum. 
It may be noted that the statistical theory spectra for 
both the nucleons and pions were obtained from the 
appropriate three-body phase space factor.’ 

Figure 7 shows the angular correlation between the 
two pions for the inelastic scattering cases at 0.93 Bev.‘ 
The theoretical curve obtained from the isobar model 
is in reasonable agreement with the data. The calculated 
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curve is given by 


dn M2 M2 
yet -{ olm)EI(%e)ame | f o(mr)Fdmr, 
d COSO0 yx M1 Mi 
(12) 


where 6,, is the c.m.s. angle between the two pions, 
J (Xz) is the Jacobian for the decay of the isobar V* 
into a pion making an angle X, with the direction of N*; 
X, must be taken as 180°—6,,. J(X,) is given by® 


7 1-6/7 
J(x,)=—_—_— oe ~ neees “ rep wikowe . ape es 
(1+ p?— 2 cosX,—i/* sin’X,)!(1—p cosX,) 
(13) 
Here 6;=velocity of isobar, and p=2,/0,, where 0, is 
the velocity of the pion in the c.m. system. As in the 
similar case for nucleon-nucleon collisions (see reference 
3, Sec. VID), the integral in the numerator of Eq. (12) 
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Fic. 6. Center-of-mass momentum spectrum of recoil nucleons 
from the reactions r~+p—2-+a+-+n and 2~+p—n-+7°+p 
at T,=1.37 Bev. The histogram represents the data of Eisberg 


et al. (reference 5). The solid curve was obtained from the isobar 
model. The dashed curve gives the result of the Fermi statistical 


theory. 


represents the weighted average of J over all mass 
values m;, whereas the integral in the denominator 
serves merely to normalize the correlation function 
dn/d cosOr«. 

In addition to the measurements of Walker et al.‘ at 
0.93 Bev and of Eisberg e/ al.' at 1.37 Bev, Walker and 
Crussard”’ have made a study of x~-nucleon collisions in 
emulsion at 1.5 Bev. Although no detailed calculations 
were carried out for 7,=1.5 Bev, we note that the 
results of Walker and Crussard® seem to bear out 
qualitatively the predictions of the isobar model in 
several respects. In Fig. 14 of their paper, the combined 
momentum distribution of the pions observed in the 
single production cases shows a double peak with 
maxima at ~0.3 and 0.6 Bev/c, in good agreement with 
the isobar model prediction. Figure 16 of reference 10 
shows that the nucleons tend to come off at ~180° 


1 W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 
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Fic. 7. Center-of-mass distribution of the angle 6,, between the 
two pions for the single production cases at 7',=0.93 Bev. The 
histogram represents the data of Walker et al. (reference 4). The 
curve was obtained from the isobar model and has been nor- 
malized to the number of observed cases. 


to the fast pions. This is also expected from the isobar 
model, since the nucleons tend to follow the direction 
of motion of the isobar, whereas the fast pions are 
generally recoil pions which are emitted opposite to the 
isobar direction. Figure 18 of Walker and Crussard” 
shows that the two pions tend to be emitted at large 
angles with respect to each other with maximum prob- 
ability at 180°. This feature was already apparent at 
0.93 Bev (see Fig. 7). The pion from the isobar decay 
tends to follow the direction of the isobar and thus 
tends to go at ~180° to the recoil pion, particularly at 
higk incident energies for which the resulting velocity 
d, of the isobar will be large. Indeed the distribution 
dn/d cos6,, is considerably more peaked for backward 
angles at 1.5 Bev’® than at 0.93 Bev‘ (i.e., the ratio of 
the number of backward to forward events is 78/15 
= 5.20 at 1.5 Bev as compared to 57/34=1.68 at 0.93 
Bev). In Fig. 23 of their paper, Walker and Crussard’® 
have plotted the momentum distribution of the pions 
from the reaction r-+-n—2n—-+ p. This distribution has 
a pronounced double peak, and provides additional 
support for the present isobar model involving the 
production of a fast recoil pion. 

If one combines all of the pion spectra observed both 
at 1.37 Bev by Eisberg et al.’ and at 1.50 Bev by Walker 
and Crussard,” one obtains the histogram shown in 
Fig. 8 (solid lines). This histogram represents 222 pions 
(108 at 1.37 Bev and 114 at 1.50 Bev), so that the 
statistics are relatively good. For comparison, we have 
shown in Fig. 8 the histograms which would be expected 
from the isobar model (dashed lines) and from the sta- 
tistical theory (dot-dashed lines). The momentum inter- 
val was taken as 0.2 Bev/c, in order to improve the 
statistics and to reduce the effects due to the difference 
between the two incident energies, 7,=1.37 and 1.50 
Bev. Actually the differences in the spectra are expected 
to be small, except near the momentum cutoff, which 
is at p;=0.65 Bev/c for 7,=1.37 Bev and 0.70 Bev/c 
for T,=1.50 Bev. The histograms for the isobar model 
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combined at 1.37 and 1.50 Bev. The solid lines show the histogram 
obtained by combining the data of Eisberg ef al.§ at 1.37 Bev and 
those of Walker and Crussard at 1.50 Bev. The dashed lines 
give the prediction of the isobar model. The dot-dashed lines 
show the result of the Fermi statistical theory. 


and for the statistical theory were obtained by taking 
the area of the corresponding theoretical curves in each 
momentum interval and by using a rectangle having 
the same area. Of course, the complete area of each 
curve was normalized to the total number of pions. 
The appropriate curve for the isobar model was that 
previously calculated for 7,=1.37 Bev (see Figs. 2 
and 4). The histogram for the statistical theory is based 
on the relativistic three-body phase space factor® cal- 
culated for an average energy 7,=1.44 Bev. As dis- 
cussed above, the difference between 7,= 1.37 and 1.44 
Bev is not regarded as significant, especially in view of 
the wide momentum interval used. 

For the histogram of the experimental data, the 
vertical bars represent one standard deviation. It is 
seen that the isobar model predictions are in good 
agreement with the data, whereas the spectrum of the 
statistical theory is not. Thus the isobar model histo- 
gram is within one standard deviation of the data, 
except for the interval 0.3-0.5 Bev/c, where the dif- 
ference is 1.4 standard deviations. By contrast, the 
statistical theory spectrum lies outside the statistical 
errors throughout the momentum range; the differences 
are 2.4, 4.6, and 1.8 standard deviations for the regions 
0.1-0.3, 0.3-0.5, and 0.5-0.7 Bev/c, respectively. 
Figure 8 shows that the statistical theory is in disagree- 
ment with the general momentum dependence of the 
spectrum, whereas the isobar model agrees quite well. 
The isobar model predicts a relatively flat spectrum up 
to 0.5 Bev/c, and a pronounced high-energy peak 
between 0.5 and 0.7 Bev/c. This prediction is confirmed 
by the data which show a significantly larger number of 
pions in the 0.5-0.7 Bev/c interval than in any of the 
lower-momentum groups. On the other hand, the 
statistical theory gives a maximum in the middle region 
(0.3-0.5 Bev/c), which is in pronounced disagreement 
with the data (4.6 standard deviations). Actually, the 
minimum of the isobar model curve (J,,1+J,,2) occurs 
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in this middle region (at ~,=0.44 Bev/c), but this 
feature does not appear prominently in the histogram, 
since the 0.3-0.5 Bev/c region also includes a part of 
the maximum due to the decay pions (J,,1). 

It can thus be concluded that the isobar model pre- 
dictions are in good agreement with the combined pion 
spectrum for the 1.37-1.50 Bev region, whereas the 
statistical theory is in pronounced disagreement with 
the data. In particular, the statistical theory would 
predict a maximum at intermediate momenta (0.3-0.5 
Bev/c), whereas the data show a maximum at high 
momenta (0.5-0.7. Bev/c), which is satisfactorily 
accounted for by the isobar model. 

In connection with the assumption of isotropic decay 
of the N* in its own rest system, which was made in 
Eq. (2), we note that the spectrum of the recoil pions 
is obviously independent of this assumption. Thus, 
irrespective of the angular distribution of the isobar 
decay products, we expect no effect on the shape of the 
high-energy peak due to the recoil pions. On the other 
hand, the decay pion spectrum would be affected by a 
departure of the angular distribution from isotropic. In 
particular, if the isobar decays preferentially forward 
and backward in the rest system, this would broaden 
the distribution J,,,, with relatively more high- and 
low-energy pions, and fewer pions of intermediate 
energies. 

Crew, Hill, and Lavatelli have applied the isobar 
model to the production of pions in pion-nucleon col- 
lisions at incident energies of 0.93, 1.37, and 1.50 Bev. 
These authors have used the Monte Carlo method to 
obtain the momentum spectra of all pions combined 
from both reactions. Their results are in general similar 
to those presented above, considering the wide mo- 
mentum interval of the groupings and the statistical 
uncertainties present in their Monte Carlo method of 
evaluation. 


Ill. BRANCHING RATIOS FOR VARIOUS REACTIONS 
AND SEPARATE ENERGY SPECTRA OF 
at, x, AND x MESONS 


From the assumption that the pion-nucleon inter- 
actions proceed via formation of a nucleon isobar with 
T=J=3, and using conservation of isotopic spin, one 
can obtain the branching ratios for the various possible 
charge states of the pions and the corresponding pion 
energy spectra. 

We shall consider first the case of incident r~ mesons 
on protons. As is well known, the total *~—p cross 
section is given by 
(14) 


Or —p= 50yt $04, 


where o; and oj are the total cross sections for isotopic 
spin 7=4 and 3, respectively. The same relation holds 
for the elastic part and the inelastic part of the cross 
section separately. For the state T=}, the wave 
function of the final state consisting of the isobar and 


4 Crew, Hill, and Lavatelli, Phys. Rev. 106, 1051 (1957). 
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the recoil pion is given by 


Ve p(T =}) = (3) Y_gm— (4) Y—an0t+ (8) Wana, (15) 


where yw, is the wave function of the isobar with z-com- 
ponent of isotopic spin /,, and 7, is the wave function of 
the recoil pion (m corresponds to mt, etc.). Similarly, 
for the state T=, W is given by 


V,--p(T=3) = — (3) Ym 
— (\ 5) W-ynot (8% 5) Win-1. (16) 


In the decay of the isobar, ¥;, yy, and p_, are 
equivalent to the following: 


Wy= (3) 4 uoXyt (4) tury, (17) 
W—4= (4) uy (F) Moy, (18) 
¥—-y=w-iX_4, (19) 


where u;, and X;, are the wave functions of the decay 


pion and the nucleon, respectively (X;=proton, 
X_,;=neutron). We define p as the ratio: 
p+0}j, inet/ (20%, inel), (20) 


where j, ine: ANd oy, ines are the inelastic (pion produc- 
tion) parts of oj and o, respectively. The normalized 
energy spectra for the decay poins and the recoil pions 
are denoted by J,,; and J,,2, respectively. 

The following reactions can take place for single pion 
production : 


a+ pon +nt+n, (I) 
a +p +2°+ p, (II) 
a+ p29 +n. (III) 


The pion spectra are obtained from the expression for 
| ’.-.,4™ | <H 
| -.~™ | 2= | V,-_,(T= $) —p exp(i¢) 


XW,-_»(T=§) |?, (21) 


where ¢ is the phase difference between the matrix 
elements for pion production in the T=} and T=} 
state. One thus obtains the following pion spectra for 
the three reactions: 


T,-~pP (w-) = (46+ %otayls,1 
+(\%st%s0— 2¢a)Ix,2, (22) 
T,-~p? (wt) = (4 s+ %se— 36a)1 4,1 
+-(144+%p+a)ly,2, (23) 
T,-—p"[) (x-) = (46+ Msp— Wa) x1 
+(4%+1%s5p— 46a)Ix,2, (24) 
T,-—p"? (9°) = (46 +1% 5p— 460) I 4,1 
+(16+Msp— a)ls,2, (25) 
T-—pU (9°) = [36 (1— a) + 34 50 ](Z4,1 4+] ,2); (26) 


where the notation J,-_,“ (w~) means the r~ spectrum 
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from reaction (I), etc. In Eqs. (22)-(26), a is defined as: 
(27) 


The terms containing a represent the interference terms 
between the production in the T=4 and T=3 states. 
The normalization of Eqs. (22)-(26) is such that the 
sum of all the /’s is: 


p ij I,--5 (3?) we (1+ ) (I, itl, 2). 
It may be noted that the sums 


as -_ py? (x7) \+1,-—p'P (x*) ] 
[Ze--p 9? (w-) +147" (¥*) J 


are both proportional to J,,1+/,,2, as is also obvious 
on general grounds, since in each reaction, the numbers 
of recoil pions and isobar decay pions irrespective of 
charge are equal. This feature has been used above in 
Figs. 1-4 [see Eq. (9) ] to obtain momentum spectra 
which are independent of p and ¢. 

From the coefficients of Eqs. (22)-(26) one can 
determine the relative probabilities P,-_,“ of the 
three reactions, resulting from the previously stated 
assumptions of the isobar model. One obtains 


a=2(p/5)! cos¢. 


(28) 


and 


P,--»9= (1+p) “56+ 28% sp+ Ka], (29) 
P,-~p9 = (1+p)- “Wl 36+13 %5p— 56a], (30) 
Py--p™) == (14-p)"[26-+% sp— 36a]. (31) 


For the case of incident x* on protons, only the T= 
state is involved, and the total wave function W for the 
final state is given by 


Wet—p= — (75) Wamt (35) amo. (32) 

The possible reactions are 
r++p— xt+n"+), (IV) 
rt+p— Int+n. (V) 


From Eqs. (17)—(19) and (32), one obtains the following 
energy spectra for the x* and 7° mesons from these two 
reactions : 


Ty+—~p" (wt) = (36) I e,1+ (44 5)L,2, (33) 
Typ"? (w°) = ($4 5) x, 1+ (36) 1,2, (34) 
Ip+~-p? (wt) = (5) Ue, ,,2)- (35) 

The relative ene of the two reactions are 
Pry =18(5; PytpV=H5. (36) 


Thus the isobar model ne that reaction (IV) is 
far more frequent than (V) (by a factor of 6.5). An 
experimental check of this prediction would obviously 
be of considerable value as a test of the present isobar 
model. 

In connection with Eqs. (15), (16), and (32), we note 
that it is not necessary to symmetrize W with respect to 
the wave functions y,, and m2, since the isobar and the 
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recoil pion are different particles in this treatment, and 
the isobar decay is assumed to occur after separation 
of the two particles to a distance beyond the range of 
the interaction of the recoil pion with the isobar decay 
products. 

It is of interest to compare the prediction of the 
isobar model for the ratio P,-_»“?/P,-_,© =R with 
the experimentally observed ratio R.x, of the reactions 
(I) and (II). R is given by 


R= (10+17p—25a)/(25+26p+35a). 


We note that the theoretical value of R can vary over 
a wide range. The maximum possible value of R, Rmx, 
is 2.51, and is obtained for p= 1.093 and ¢= 180°. The 
minimum possible R, Rmin, is 0.044, corresponding to 
p=0.561 and g=0°. 

In order to compare the calculated R with the experi- 
mentally observed ration R,x», one must make some 
assumptions about p [Eq. (20) ]. The comparison will 
first be made at 0.93 Bev. At this energy, the total 
cross sections oj and o; are!®: o,=61 mb, o;=23 mb. 
We shall first assume that the ratio of the inelastic 
parts of oj and o; is given simply by the ratio of the 
tota! cross sections o; and oj: 


(37) 


(38) 


03, inel/@}, inel= 04/0}. 


Equation (38) gives p=0.189. The value of Walker et al.‘ 
from the cloud chamber data at 960 Mev is: 


Rexp= (6.94 2)/(9.542)=0.7340.26. 


Upon inserting R=0.73 and p=0.189 in Eq. (37) and 
solving for a, and then ¢ [Eq. (27) ], one finds g= 116°. 
The extreme values of R,x,: 0.47 and 0.99 correspond 
to g=93° and 135°, respectively. Thus by assuming a 
value of p and using R,xp», one can obtain a crude 
estimate of the phase angle ¢. 

It will now be shown that the value of ¢ thus 
obtained is not very sensitive to the assumptions made 
about p. At 0.93 Bev, of the total ¢,-_,=48 mb, the 
elastic cross section o.; accounts for 20 mb, while the 
inelastic cross section cine: is 28 mb. If one makes the 
extreme assumption that all of o is elastic in order to 
obtain a lower limit for p, one finds @j, inei=42 mb, p=0, 
and R=0.40, which is somewhat below the range of Rexp. 
On the other hand, to obtain an upper limit for p, one 
can consider the case where all of a; is inelastic. Actually 
this extreme case is not physically possible, since there 
is always an appreciable diffraction scattering asso- 
ciated with the inelastic processes. Hence the upper 
limit so obtained is actually an overestimate. With this 
assumption, one finds 3, inei= 23 mb, 0}, inei= 31 mb, so 
that p=0.37. Upon using p=0.37 in Eq. (37), and with 
R.xp=0.73, one obtains g= 109°, which is of the same 
order as the value ¢= 116° found with the estimate of 
p(=0.189) of Eq. (38). 

In order to make a similar comparison at 7,= 1.37 


2 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 
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Bev, we note that!? ,=25 mb, oy=41 mb. With the 
assumption of Eq. (38), one finds p=0.82. In order to 
obtain a lower limit for p, we assume that all of the 
elastic scattering (o..5¢7 mb)® is due to the T=3 
state. This gives p=0.43. Finally, upon assuming that 
all of oy is inelastic, one finds p= 1.34 for an upper limit. 
Experimentally (see Table III of reference 5), there 
are 16 cases of reactions in which p+2~+7° are pro- 
duced, and 6 events which could be either p+2~+-7° or 
pta-+2n°. There are 8 events which are certainly 
nt+n++an-— and 23 cases of either n+a++a~ or 
n+nr++a-+7°. It is likely that most of the doubtful 
cases are actually single production events. If one 
includes all of the doubtful cases, one obtains Rix, 
= 22¢,=0.71+0.20, whereas if only half of these 
cases represent single production, R,x, would be 1%9 
=1+0.3. The errors given above represent estimates 
of the statistical uncertainties of the data. If one 
assumes R.xp=1, Eq. (37) gives g=117.4° for p=0.82. 
This result for ¢ is not sensitive to the assumed value 
of p. Thus for R= 1, one finds g= 122.5° and g=115.8° 
for the extreme values of p=0.43 and 1.34, respectively. 

Walker and Crussard'® have made an investigation 
of m~—n interactions in emulsion. By using charge 
symmetry, the results of Eq. (36) obviously can be 
transformed to apply to ~—n interactions. Thus the 
isobar model predicts a value of 6.5 for the ratio of 
a +72°+n to 2x-+p events. Walker and Crussard” 
have found 10 cases of the latter reaction and 107 cases 
which are either elastic scatterings or n+a~+7° or 
n+n~+2n°. The possibility that of these 107 cases, 
~65 were n+2~+7° events (which is the predicted 
number) seems to be compatible with their results. 

The w~ spectrum of Eq. (22) can be written as 
follows: 


T,-—pP (x-) = Ca 5, 14+ Col x, 2= C2( Els, +1 «, 2), (39) 
where ¢,, C2, and & are defined by 

¢:=43+ 2pta, (40) 

c2= (48) + (845)p— (36)a, (41) 


£=c,/c2= (45+36p+90a)/(5+16p—20a). (42) 
Similarly, the x* spectrum of Eq. (23) becomes 
| (at) =co(I eit és, 2). 


In general, for values of y which are consistent with 
our knowledge of R.x», the resulting values of & are 
appreciably larger than 1. Thus the isobar model 
predicts that in the reaction r~+ p—>2~+2+-+n, the rt 
should be predominantly fast recoil pions, while the x~ 
should be emitted mostly from the isobar decay, with 
correspondingly low c.m. system energies. 

At 0.93 Bev, using the values p=0.189 and y= 116° 
obtained above, one finds ¢=3.20. The resulting rt 
and w~ spectra are shown in Figs. 9 and 10. It is seen 
that the r+ spectrum predicted by the isobar model is 
in better agreement with the data than the statistical 


(43) 
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theory spectrum (dashed curve). Owing to the large 
value of & the calculated + spectrum has only one 
maximum, namely that due to the recoil pions. This 
maximum is in general agreement with the peak of the 
experimental distribution between 0.35 and 0.40 Bev/c. 

For the m~ spectrum at 0.93 Bev (Fig. 10), the main 
maximum of the isobar model curve is due to the 
decay pions (at p,0.25 Bev/c), whereas the smaller 
subsidiary maximum at ),<0.40 Bev/c is due to the 
recoil pions. In agreement with the predictions of the 
isobar model, the experimental distribution is very 
broad and practically flat from 0.2 to 0.4 Bev/c without 
a prominent narrow peak at high momenta, such as is 
observed for x*. 

At 1.37 Bev, the separate x* and x~ spectra have 
been calculated using the values p=0.82 and g=117.4° 
determined above. This gives &=1.60. For the a* 
spectrum shown in Fig. 11, the predictions of the isobar 
model are in disagreement with the data. The expected 
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Fic. 9. Center-of-mass momentum spectrum of 7* mesons from 
the reaction r~4-p—a~+7+-+-n at T,=0.93 Bev. The histogram 
represents the data of Walker et al. (reference 4). The solid curve 
was obtained from the isobar model. The dashed curve gives the 
result of the Fermi statistical theory. 


prominent high-energy maximum due to the recoil 
pions (at p,=0.57 Bev/c) is not observed. Instead 
there is a maximum at low momenta (0.1 te 0.2 Bev/c) 
which is not obtained from the calculations. The cal- 
culated spectrum is very insensitive to the assumptions 
made about p, so that the uncertainty in p cannot be 
responsible for the disagreement. As discussed above, 
if one uses R= 1, one finds that, using the lower limit 
for p=0.43, ¢ is 122.5°, which gives = 1.77. Similarly, 
for the upper limit p= 1.34, ¢ is 115.8°, giving £=1.49. 
These results for & do not differ appreciably from the 
value =1.60 used in obtaining Fig. 11. The value 
R=1 used in these considerations is probably near the 
upper limit of the range of experimental values Rexp. 
If one would use a lower value of R, the resulting & 
would increase, leading to a greater disagreement for 
the x* spectrum. Thus for R=0.71 and using p=0.82, 
Eq. (37) gives ¢= 102.8°, which would lead to = 2.69. 

The very limited statistics may be responsible for 
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Fic. 10. Center-of-mass momentum spectrum of +~ mesons 
from the reaction s~+p—m-+nxt-+n at T,=0.93 Bev. The 
histogram represents the data of Walker et al. (reference 4). The 
solid curve was obtained from the isobar model. The dashed curve 
gives the result of the Fermi statistical theory. 


part of the disagreement for the r+ spectrum at 1.37 
Bev. It is also possible that the maximum of the 
experimental spectrum at low momenta (0.1 to 0.2 
Bev/c) is due in part to the inclusion of some double- 
pion production events n+2++2~+7°. For these cases, 
the average pion momentum is expected to be con- 
siderably lower than for the n+2*+727 events. 

The w~ spectrum at 1.37 Bev is shown in Fig. 12. It 
is seen that the isobar model predictions agree in 
general features with the experimental data. In par- 
ticular, the curve of the isobar model has two maxima 
at approximately the two peaks of the experimental 
distribution (~0.25 and 0.55 Bev/c). 


IV. SUMMARY AND CONCLUSIONS 


We have presented a model of pion production in 
pion-nucleon collisions, based on the idea that the 
incident pion excites the nucleon to the isobaric state 
with T=J=}, which subsequently decays into a 
nucleon and a pion. The conservation of isotopic spin 
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Fic. 11. Center-of-mass momentum spectrum of x* mesons from 
the reaction r~+p—2r~+7*+n at T,=1.37 Bev. The histogram 
represents the data of Eisberg ef al. (reference 5). The solid curve 
was obtained from the isobar model. The dashed curve gives the 
result of the Fermi statistical theory. 
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Fic. 12. Center-of-mass momentum spectrum of 7~ mesons 
from the reaction s~+p—2-+2+-+mn at T,=1.37 Bev. The 
histogram represents the data of Eisberg ef al. (reference 5). The 
solid curve was obtained from the isobar model. The dashed 
curve gives the result of the Fermi statistical theory. 


is assumed both in the production and the decay of the 
isobar. This model is completely analogous to the 
isobar model for single pion production in nucleon- 
nucleon collisions, which has been previously discussed.’ 
In particular, the single production by pions is similar 
to the formation of V*+JN in the nucleon-nucleon case, 
with the unexcited nucleon (NV) being replaced by the 
recoil pion. 

It has been previously shown! that the isobar model 
for pion-nucleon interactions enables one to explain 
why the T=} cross section o; is essentially zero below 
T,~200 Mev and rises rapidly above this energy. 
According to the present model, the pion-nucleon 
interaction can take place in the T=} state only if it 
is possible to form a T= isobar and a separate recoil 
pion. This reaction has a threshold at ~200 Mev. 
Reasonable agreement with the observed energy 
dependence of o; near threshold can be obtained by 
assuming that o; is proportional to /i;"*e;Fdmy,, where 


o, is the r+—p scattering cross section and F is the - 


two-body phase space factor. 

In the isobar model, one expects that the elastic 
scattering in the =} state (cj,.i) is in the nature of a 
diffraction scattering accompanying the inelastic cross 
section, and is therefore a direct consequence of the 
inelastic processes. The smallness of ¢;,-1 below the 
threshold energy and the rapid rise of o;,.; above 200 
Mev are both consistent with this prediction. We note 
that at 0.93 Bev, where o, has its maximum, @j, i has 
reached a value of ~25 mb, whereas at 1.37 Bev, 
beyond the peak of oj, 03,1 has decreased to ~5 mb. 
It thus appears that the energy dependence of ;,.) is 
qualitatively similar to the behavior of the total T=} 
cross section 0}. 

The isobar model has been applied to obtain the 
momentum spectra of the pions and recoil nucleons at 
incident pion energies T7,=0.93 and 1.37 Bev, for 
which experimental data are available. One of the 
characteristic predictions of the present model is the 
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double maximum of the combined momentum dis- 
tribution for both pions from the reaction considered 
(x-+at-+n or x -+72°+p). The high-energy peak 
arises from the recoil pions, whereas the broad maxi- 
mum at low energies is due to the pions from the isobar 
decay. The double peak is especially pronounced at 
1.37 Bev, and has been observed for the reaction 
n-+p—2-+2*+n at this energy.® Moreover, a double 
maximum was found by Walker and Crussard” at 1.5 
Bev for the momentum distributions of the pions both 
from +-—p and w~—n interactions. The predicted 
momentum spectra of the recoil nucleons are in reason- 
able agreement with the data at 0.93 and 1.37 Bev. 
The distribution of the c.m.s. angle 6,, between the 
two pions was calculated at 0.93 Bev, and was found 
to agree reasonably well with the histogram obtained 
by Walker et al.‘ 

The predictions of the statistical theory of Fermi 
have also been obtained. At 0.93 Bev, the statistical 
theory spectrum for the pions generally disagrees with 
the data. The statistical theory fails to explain the 
presence of the peak at high momenta in the experi- 
mental distributions for x* or for both pions combined, 
while the isobar model does explain this feature. The 
same is true for the combined spectrum from the reac- 
tion r-+p—>2-+2++n at 1.37 Bev. For the r-+2°+ p 
events at 1.37 Bev, the statistical theory agrees some- 
what better with experiment than the isobar model. 
However, there are considerable uncertainties in the 
data, so that no definite conclusions can be drawn from 
this result. For the nucleon spectra, the statistical 
theory predicts approximately the same shape as the 
isobar model, and gives reasonable agreement with the 
data. 

The branching ratios for the various reactions in- 
volving single pion production have been obtained, 
together with the corresponding expressions for the 
separate energy spectra of the x*, r°, and m~ mesons. 
These quantities involve the ratio p of the inelastic 
CTOSS SECTIONS 0}, inei ANA 204, ine1, and the phase difference 
¢ between the matrix elements for pion production in 
the T=} and T=} states. Although the total cross 
sections o, and oj, and the fraction of ¢,-_» which is 
elastic, are known throughout the energy range used, 
the value of p can be determined at present only within 
certain limits. However, it has been shown that from 
the experimental ratio R.x, of the r~+7°+ reaction 
to the +-+m*+mn reaction, one can determine the 
phase difference ¢ between the matrix elements for pion 
production. The value of ¢ so obtained (~120°) is 
quite insensitive to the uncertainty in p. 

The isobar model predicts that in the reaction 
x +p—-n-+n++n, the r+ should be predominantly 
fast, being generally the recoil pion, while the r~ should 
be slower on the average, since it is generally the pion 
emitted in the isobar decay. We have therefore obtained 
the separate ++ and w~ spectra at 0.93 and 1.37 Bev, 
in order to compare them with the experimental dis- 
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tributions.*® At 0.93 Bev, the agreement of the calcu- 
lations with the data is reasonably good. The observed 
m~ spectrum has a broad momentum distribution, while 
the r+ spectrum has a maximum at high momenta 
(0.35-0.40 Bev/c), as is expected from the present 
model. However, at 1.37 Bev, the predicted r+ spectrum 
is in diagreement with the data, and there is an indi- 
cation that the fraction of the recoil pions which are r+ 
is smaller than would be obtained from the isobar model. 

It should be mentioned that the particular isobar 
theory proposed here can only be applied directly to 
single pion production in pion-nucleon collisions. At 
energies above ~1.5 Bev, where double production 
becomes important, one would have to consider modi- 
fications of the present treatment of the isobar model. 
One such possibility is that two or more recoil pions 
are coupled to the 7=/=% isobar at these higher 
—- i is also possible that a different isobar having 
T=}, 3, 3s or 3 with the same or different J values is 
involved in cases where double pion production takes 
place. Even at the higher energies (21.5 Bev), where 
double production plays an important role, the single 
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pion production may still proceed primarily via the 
T=J=} state and would then be described by the 
present treatment. However, a different single pro- 
duction isobaric level could become important. 

The predictions of the isobar model are markedly 
different from the results of the statistical theory. 
Therefore, when better experimental data become 
available, it should be relatively simple to discriminate 
between the two models. At 0.93 Bev, although the 
statistics are limited and the momentum intervals of 
the data are rather wide, the over-all pattern of the 
experimental results is in much better agreement with 
the isobar model than with the statistical theory. At 
1.37-1.5 Bev, some of the predictions, notably the 
combined pion spectra, seem to agree reasonably well 
with the data. However, the calculated separate * 
spectrum seems to be in disagreement, but the statistics 
are quite limited for this spectrum. The very limited 
statistics and other errors in the available data at 
1.37-1.5 Bev make it difficult to draw any definite 
conclusions about the general validity of the isobar 
model in this energy range. 
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Interactions of 38- and 61-Mev Positive Pions in Deuterium*+ 


A. M. Sacus, H. Wrnick,f§ anp B. A. Wooren 
Nevis Cyclotron Laberatory, Columbia University, Irvington-on-Hudson, New York 
(Received August 26, 1957) 


Measurements have been made of the reactions (1) r*+d—>1r++d, (2) r*+-d—>x*+n-4 p, and (3) r*+d— 
p+pP at incident pion lab energies of 38 and 61 Mev using a liquid deuterium target and scintillation counters. 
A separation of the three processes is obtained by determining the mass and energy of reaction products using 
a pulse-height analysis technique on the signals from the scintillation counters. Results from process (3) are 
compared with other processes involving two nucleons and a meson and results from processes (1) and (2) are 
compared with impulse approximation calculations. 


I. INTRODUCTION Much of the previous work on the interactions of pions 
in deuterium has been concerned with the measurement 
of the total cross section for all five processes.'~* The 


nonradiative absorption process was the first to be indi- 


HEN positive pions are incident on deuterons the 
following five reactions may proceed : 


w*+d—at+d (elastic scattering), (1) vidually measured,‘ because of its significance in de- 
—rt+n+p (inelastic scattering), (2) termining the spin of the pion. More recently attempts 
+p (nonradiative absorption), (3) have been made to measure the cross sections for ane 
: vidual processes in counter experiments at 119 Mev, 
*m+p+p (charge exchange scattering), (4) 94 and 76 Mev,’ and 45 Mev.* The most complete work 
—y+p+) (radiative absorption). (5) has been done at 85 Mev,’ where cross sections for each 
* This research is supported by the Office of Naval Research and 1 Tsaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 
the U. S. Atomic Energy Commission. 2 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 4136 
t This research was initiated in conjunction with Professor D. (1952). 
Bodansky, U niversity of Washington, who designed much of the 3 Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
equipment and participated in the early stages of the experiment 1104 (1954). 


* Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 

§¢. Cohen, Phys. Rev. 105, 1582 (1957). 

6D. Nagle, Phys. Rev. 97, 480 (1955). 

7H. Stadler, Phys. Rev. 96, 496 (1954). 

* D. Bodansky and A. Sachs, Phys. Rev. 98, 240(A) (1955). 
°K. C. Rogers and L. M. Lederman, Phys. Rev. 105, 247 (1957). 


while he was at Columbia. 

t Submitted by H. Winick in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy in the Faculty of 
Pure Science, Columbia University. 
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York. 











1734 SACHS, 


VACUUM CHAMBER 





_MAGNETIC 
wa CHANNEL 


-38 MEV MESONS 





Uy 








eat (STEERING) MAGNET 








CONCRETE <"| | *, 
, SHIELDING * "| ; 
oo ° “ae 4 #5 
i LIQUIO DEUTERIUM 
Pad TARGET 
oO. om 
05 Nt! 
. s (ANTI- COINCIDENCE) 
4 


Fic. 1. Experimental arrangement for the 38-Mev experiment. 
For the 61-Mev experiment, the arrangement is identical except 
for the absence of the magnetic channel. 


of the five processes were measured in a diffusion cloud 
chamber. 

Theoretical predictions of the individual cross sections 
for processes (1), (2), and (4) are available from impulse 
approximation calculations.!°" These calculations treat 
the r—d interaction phenomenologically in terms of the 
a—n and r— p interactions, the characteristics of which 
are inserted into the theory in the form of the experi- 
mentally determined phase shifts. Also, semiempirical 
analysis of all experiments involving emission and ab- 
sorption of pions by a system of two nucleons has been 
made’*-¥ assuming charge independence and s- and p- 
wave interactions only. Cross sections for process (3) 
may be compared with the results of this treatment. 

This experiment is an attempt to measure the indi- 
vidual cross sections for processes (1), (2), and (3). 
These reactions are detected by observing the scattered 
pion in reactions (1) and (2), and one of the protons in 
reaction (3). In order to separate these processes, the 
mass and energy of reaction products are determined by 
analyzing the pulse heights of signals from three scintil- 
lation counters. 


II. EXPERIMENTAL METHOD 
A. General 


The experimental arrangement used in the 38-Mev 
experiment is shown in Fig. 1. A beam of 421+4 Mev 
pions was extracted directly from the cyclotron by using 
an iron magnetic channel installed just outside the 
cyclotron vacuum chamber. This channel, designed by 


© Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951). 

" R. Rockmore, Phys. Rev. 105, 256 (1957). 

2M. Gell-Mann and K. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4. 

'3 A. Rosenfeld, Phys. Rev. 96, 139 (1954). 
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Koppel ef al.,* decreased the fringing field of the cyclo- 
tron magnet in the region between the magnet coils, 
permitting pions with energy as low as 30 Mev to escape. 
At 63 Mev, the channel is not necessary, and the experi- 
mental arrangement is identical to that of Fig. 1 with 
the channel removed. 

After emerging from a hole in the 8-ft thick iron 
shield, the mesons are analyzed by a double-focusing 
magnet. The beam, defined by counters 1 and 2, is then 
incident on a liquid deuterium target. Reaction products 
emerging from the target are analyzed in a three- 
counter telescope (counters 3, 4, 5). Counter 4, 22$ in. 
from the center of the target, defines the effective solid 
angle. An anticoincidence counter (6’) aids in reducing 
accidental background. Measurements are made at 45°, 
60°, 90°, 113°, 135°, and 150° to the incident beam using 
the following procedure. The system is first calibrated 
by placing the detection telescope in line with the inci- 
dent beam (0°) position. The detection telescope is then 
moved to one of the above angles, and measurements are 
made alternately with target cup full of liquid deu- 
terium and empty. Before measurements are made at a 
different angle the detection telescope is returned to 0° 
to check on the stability of the equipment. 


B. Target 


The scattering chamber consists of a 3.1-in. diameter 
and 0.004 in. thick stainless steel cylindrical cup filled 
with liquid deuterium, or liquid hydrogen, in a metal 
Dewar which has been previously described.’* The deu- 
terium is contained in a closed system and is liquefied by 
being brought into thermal contact with liquid hydro- 
gen. The target cup may be filled from a liquid deu- 
terium reservoir and may be emptied by closing its 
exhaust line and applying heat via a small resistance 
element located at the bottom of the cup. 


C. Counters 


The pertinent facts about the counters are contained 
in Table I. The plastic scintillating material, styrene 
with terphenyl and tetraphenylbutadiene, was poly- 
merized at this laboratory. Considerable care was taken 
to make counters 3, 4, and 5, as uniform as possible, 
since they are used for pulse-height analysis. 


TABLE I. Description of counters. 





Size of plastic 








Counter scintillator Phototubes 
1 3 in. X 2} in.X} in. 2-1P21’s 
2 23 in. X 2} in. X} in. 2-1P21’s 
3 3 in. X6 in. X} in. 2-5819’s 
4 3 in.X6 in. X} in. 2-5819’s 
5 53 in. X8 in. X6 in. 6-5819’s 
6’ 52 in. diam X }# in. thick 1-5819 





4 Koppel, Bingham, and Booth, Rev. Sci. Instr. 28, 645 (1957). 
16 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 
(1954). 
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Counter 5 consists of a large block of plastic scintil- 
lator painted on five faces with a high reflectance white 
paint for diffuse reflection. The 6-in. depth of the plastic 
scintillator of counter 5 is sufficient to stop the most 
energetic pion or proton available in this experiment. 
Each of the six photomultipliers which view counter 5 
from the rear has an individual potentiometer in series 
with its high voltage. These controls are used to 
optimize the uniformity of response by adjusting the 
relative sensitivities of the photomultipliers to compen- 
sate for variation in light collecting efficiency from 
different parts of the plastic scintillator. 

A test of the uniformity of counters 4 and 5 indicated 
that for counter 4 (and presumably also for 3, which is 
identical to 4) the maximum variation of pulse height 
over 4 in. of its 6-in. dimension is +1.5% while for 
counter 5, the maximum variation of the pulse height 
over a 4 in. X6 in. rectangle is +3%. 


D. Electronics 


Figure 2 shows a block diagram of the electronics. 
Positive signals taken in parallel from the photomulti- 
pliers of counters 1 and 2 and negative signals from the 
lower phototubes of counters 3 and 4 are amplified in 
Hewlett Packard wide-band amplifiers. Double coinci- 
dences, with a resolving time of approximately 10-* sec, 
are then made between counters 1 and 2, 3 and 4, and 2 
and 4 in a diode bridge coincidence circuit. These double 
coincidence signals are then fed into an amplifier, dis- 
criminator, and EFP-60 pulse shaper and then into a 
second coincidence circuit where a coincidence of 10-7 
sec resolving time is made among i2-24-34. This coinci- 
dence defines an event, the 24 coincidence being in- 
cluded in order to lower the effective resolving time 
between incident and detecting telescopes to 10~* sec, 
thereby minimizing accidentals. 

The pulse-height system is also indicated on the block 
diagram. The signals from the photomultipliers of 
counters 3, 4, 5, and 6’ are delayed by different amounts 
of cable and fed into a mixing circuit. The output of the 
mixing circuit is then fed into a series of Hewlett 
Packard wide-band amplifiers which were modified for 
operation from a regulated external power supply. The 
output of the last of these amplifiers is fed directly to 
the vertical plates of the cathode ray tube of an 
oscilloscope designed to photograph single traces. The 
output of the 12-24-34 coincidence circuit is used to 
trigger the sweep circuit of the oscilloscope which then 
displays the signals from counters 3, 4, 5, and 6’ on a 
trace at a sweep speed of 0.1 usec/cm. The trace is 
photographed on 35 mm film by a General Radio 
Oscillograph Recorder which has been adapted by re- 
placing its motor drive with an automatic stepping 
switch to advance the film. A Lucite screen with 65 
horizontal parallel lines, each 0.001 in. thick, engraved 
on it, is placed in contact with the face of the cathode 
ray tube. After each trigger, before the film is advanced, 
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Fic. 2. Block diagram of electronics. 


neon bulbs in the screen are flashed, providing a con- 
venient scale for measuring pulse heights on each frame. 
3000 traces are photographed on each 100-foot roll of 
film. 100 000 oscilloscope pictures were taken in this 
experiment, one-half of which were for calibration and 
one-half data. 


E. Pulse-Height Analysis 


In addition to the incident flux, as measured by the 
1-2 scaler, the essential data of the experiment consist 
of the oscilloscope photographs. The film is projected on 
a screen and read by a scanner using a dictaphone to 
record the heights of the signals from counters 3, 4, and 
5. The presence or absence of a properly timed negative 
signal from counter 6’ is also noted. A signal from 
counter 6’ indicates that the particle that went through 
counters 1 and 2 did not interact in the target, and hence 
the coincidence is accidental. The detection of these 
accidentals in this manner is not 100% efficient since, in 
order to minimize counts in 6’ due to recoil protons and 
deuterons, it was set 15 in. behind the center of the 
target cup and thus intercepts only 85% of the beam 
going through 1 and 2. A record of the number of these 
accidental coincidences in each run indicates that there 
is no systematic difference in the efficiency of counter 6’ 
during deuterium and background runs. 

Events that do not have a signal from counter 6’ (i.e., 
real events) may also be rejected if the pulse heights of 
signals from counter 4 or 5 cannot be reliably read due 
to distortion of these pulses caused by the accidental 
overlap of other positive or negative signals. It is im- 
portant that only random overlaps be rejected, so that 
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no systematic error is introduced. An example of a non- 
random overlap would be the small positive signals that 
may appear on the trailing edge of the signals of counter 
5. These are due to muons which come from the pion 
decay in counter 5. A set of criteria is established so that 
only random overlaps are cause for rejection of other- 
wise good data. Approximately 8% of the real events 
were rejected on this basis, and the calculated cross 
sections were adjusted accordingly. 

Events that have not been rejected are transcribed 
from the dictaphone recordings to graphs where the 
pulse height in counter 4 is plotted versus the pulse 
height in counter 5. Counters 3 and 4 are thin and their 
pulse heights are therefore an approximate measure of 
the particle’s specific ionization, dE/dx. Counter 5 is 
thick enough to stop the most energetic particles that 
emerge from the target in this experiment, and hence the 
pulse height of the signal from this counter is pro- 


portional to the total kinetic energy E of the particle. 
Therefore, if the pulse height from counter 3 or 4, 
(dE/dx), is plotted versus the pulse height from counter 
5, (£), the result is a family of curves, approximately 
hyperbolic in shape, each characterized by a different 
value of particle mass m. For this experiment, the result, 
in principle, is a set of two such curves separated from 
each other by an amount determined by the relative 
masses of the pion and proton. Thus a plot of the pulse 
height in counter 4 versus the pulse height in counter 5 
performs the two required functions of separating 
protons from pions and providing an energy determina- 
tion for the pions. 

In Fig. 3 are presented typical graphs of pulse height 
in counter 4 versus pulse height in counter 5 due to 
events recorded at 45°, 90°, and 135° to the incident 
63-Mev beam. The vertical spread of the proton and 
meson bands is caused almost entirely by statistical 
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fluctuations in energy loss in counter 4. Each of these 
graphs represents the data recorded in one hour at one 
angle for 3.6X 10° incident pions, half of which are with 
liquid deuterium in the cup and the other half with the 
cup empty. 

In the indicated regions of the proton bands, the net 
deuterium effect is due to protons from the non- 
radiative absorption process. The median energy of this 
group is observed to decrease as the angle increases 
according to the kinematics of the process. There is no 
statistically significant deuterium effect in the proton 
band on either side of this group. 

The variation of the background with angle may also 
be seen from these graphs. For both mesons and protons 
the background is greatest at 45° and least at 90°. The 
ratio of the net deuterium effect (cup full minus cup 
empty), to the background (cup empty) at 63 Mev is 
presented in Table II for pions and protons at each 


angle. For the protons, the ratio is presented for the 
entire proton band and also for the section of this band 
which is relevant to the nonradiative absorption process. 
The ratio of net deuterium effect to background at 42 
Mev is not shown but is lower by a factor of about 2 in 
all cases due primarily to the smaller deuterium cross 
sections. 

Many of the points that remain in the region between 
meson and proton bands after elimination of the 


TABLE II. Ratio of net deuterium effect to background (61 Mev). 








150° 
1.31 


135° 
2.15 


113° 
2.73 


45° 60° 90° 
0.56 144 3.09 





Mesons 


Protons in 


entire band 0.65 0.48 0.76 1.18 0.83 0.66 


Protons in 
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Fic. 3. Typical graphs of data at 61 Mev (bands drawn are illustrative only). 


accidentals detected by counter 6’ are due to large 
fluctuations of energy loss in counter 4. In these cases, 
an examination of the pulse height from the other thin 
counter, (3), helps to reveal whether the particle was a 
proton or pion. 

From graphs, such as those presented in Fig. 3, 
energy distributions of background protons and pions 
may be obtained at each angle, and analysis of these 
distributions yields information on the origin of the 
background and its possible modification due to the 
presence of the deuterium. 


III. CALIBRATION MEASUREMENTS 
A. Incident Beam Energy and Composition 


The composition, mean energy, and spread in energy 
of both the 42-Mev and 63-Mev incident beams were 


determined from the integral range curves shown in 
Fig. 4. The fraction of muons in the beam may be 
estimated from the height of the plateau between the 
sharp drops in the range curve. A more accurate value 
for the » percentage is then calculated as that which 
makes the resulting momentum distributions of incident 
pions and muons most nearly the same. 

The total beam contaminations (muons plus positrons) 
obtained in this manner are 12.3% for the 42-Mev beam 
and 10.5% for the 63-Mev beam. The 42-Mev beam had 
a 2% positron contamination and the 63-Mev beam had 
less than 1% positrons. After subtracting the mean 
energy loss in counters 1 and 2 and in the target, values 
of 37.6+4 Mev and 60.743 Mev are obtained for the 
mean energies of pions before interaction in the deu- 
terium. 








POSITIVE PIONS IN DEUTERIUM 


B. Scattered Beam Energy 


An energy calibration for scattered mesons is obtained 
by placing the detection telescope in line with the 
incident beam. Photographs are taken of the pulse 
heights produced by this beam and by beams of lower 
energy obtained by slowing down the incident beam in 
various thicknesses of carbon absorber. A plot of pulse 
height in counter 4 versus pulse height in counter 5 is 
then made on the same graph for each of these runs. An 
example of such a graph is given in Fig. 5. Although in 
the runs with no absorber it is not possible to separate 
the z’s and the y’s, upon inserting absorber the ’s are 
preferentially degraded in energy leaving a separation 
between z’s and y’s. The » contamination measured in 
this manner is in agreement with the value obtained 
from the range curve analysis. For the cases in which the 
meson had insufficient range to reach counter 5, a plot of 
pulse height in counter 3 versus pulse height in counter 4 
is used to extend the usable range of the system to lower 
energy. 

After correcting for the beam contamination, the 
median of each of the groups of points in Fig. 5 yields 
the mean pulse height produced in counter 5 by pions of 
known energy. These medians are then used to obtain a 
calibration curve of pion pulse height in counter 5 versus 
mean energy at the center of the target (see Fig. 6). In 
addition to their use in obtaining these energy calibra- 
tions, graphs such as Fig. 5 also serve to delineate the 
entire meson band for the angular runs. 

A proton energy calibration is not essential since only 
nonradiative absorption is being measured. The follow- 
ing check was made however to make certain that the 
pronounced peaks in the proton band came from the 
nonradiative absorption process. With the detection 
telescope at 135° to the incident 42-Mev beam, counter 
6 was moved from its 0° position to — 35° to the incident 
beam in order to count the other emitted proton. 
Ninety-five percent of the net deuterium effect in the 
region of the pronounced peak was observed to be due to 
events which also had a signal from counter 6, the 5% 
loss being consistent with the number of related protons 
calculated to fall outside the solid angle subtended by 6. 

The vertical spread of the meson and proton bands on 
the graphs is due almost entirely to the statistical 
fluctuation in energy loss in the thin counters. This 
problem has been treated theoretically by Symon.’* The 
results of a calculation based on his work for the pre- 
dicted spread in pulse height from a }-in. stilbene 
crystal is indicated in Fig. 5. The curved lines on that 
figure form a band which, according to Symon’s results, 
should contain 80% of the pions. The band does contain 
(724+7%) of the pions indicating that almost all of the 
spread may be accounted for in this way. 

In order for a pion to escape the deuterium cup, pass 


16K. Symon, thesis, Harvard University, 1948 (unpublished). 
Parts of this work appear in B. Rossi, High-Energy Particles 
(Prentice Hall, Inc., New York, 1952). 
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through counter 3, and penetrate far enough into 
counter 4 to be detected (thus triggering the oscilloscope), 
it must have a mean energy of at least 16 Mev after 
scattering. Therefore, pions which are scattered with 
mean energy less than 16 Mev are not recorded in this 
experiment. All of the elastically scattered mesons have 
energies considerably above 16 Mev so that this 
threshold for detection does not affect measuréments of 
the elastic cross section. The lowest energy proton from 
the nonradiative absorption process is the 66-Mev 
proton that emerges at 150° to the incident 42-Mev pion 
beam, and this is higher than the 37-Mev detection 
threshold for protons. 


C. Stability Checks 


Because the pulse height from counter 5 is used 
directly to determine the energy of the scattered pion, 
and the pulse heights from counters 3 and 4 are used to 
separate pions from protons, it is essential to maintain 
stability in the pulse-height system. Meters that moni- 
tor the operation of each of the electronic elements of 
the pulse-height system are read and recorded periodi- 
cally. In addition, a check is made on the gain of the 
system before and after each angular run. This is done 
by placing the detection telescope in line with the inci- 
dent beam, reducing the cyclotron intensity, and photo- 
graphing the pulse heights produced by this beam, as is 
done to obtain the energy calibration. A polaroid 
camera is also used to take a multitrace photograph of 
the oscilloscope. The distribution of pulse heights in 
each of the counters is recorded on this photograph as a 
slight smearing. (See Fig. 7.) The median pulse height in 
the counters ¢an be reliably read from the photograph, 
and if a drift has occurred, it may be corrected before 
the next angular run is started. . 
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to a calculation based on Symon’s theory. 


D. Angular Resolution 


A measure of the angular resolution of the detection 
telescope is obtained by recording the relative counting 
rates as the telescope is rotated through the forward 
angles. For both 42- and 63-Mev beams, the counting 
rate drops by a factor of 2 when the telescope is rotated 
in either direction to 5° from the incident beam. 


IV. EXPERIMENTAL RESULTS 


The uncorrected experimental results are presented in 
Figs. 8 through 11, which give energy distributions of 
the net deuterium effect for emergent mesons and 
protons for both incident beam energies. To obtain the 
net deuterium effect in a given energy interval, a direct 
subtraction is made of background points in this 
interval from points in the same energy interval ob- 


tained with the cup full. Thus these distributions con- 
tain no corrections for possible effects of the deuterium 
on the background. 

The first four intervals of the meson histograms have 
been averaged, because the energy calibration is uncer- 
tain in this region. The vertical scale on each of the 
histograms presented in Figs. 8 through 11 indicates the 
net number of counts due to deuterium in each energy 
interval per 4.1 10° particles passing through the inci- 
dent beam telescope. 


V. CALCULATION OF CROSS SECTIONS 


A. Experimental Parameters 


The experimental results are used to obtain uncor- 
rected laboratory differential cross sections by using the 
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relation 
(do/dQ) ta»=N/ (Qaetp). (6) 


N, the net number of counts from deuterium (cup full 
minus cup empty) per particle passing through the 
incident beam telescope, is obtained directly from the 
experimental data. 02, the solid angle defined by counter 
4, is 0.0344 steradian. a, the fraction of the incident 
beam which is pions, is 0.877 for the 42-Mev beam and 
0.895 for the 63-Mev beam. The efficiency for detecting 
emerging particles, ¢, is computed from a measurement 
of the efficiency for detecting particles which are known 
to pass through the telescope, and an estimate of the 
loss of counts from the meson and proton bands because 
of nuclear interactions in the counters. For mesons 
«= (0.94 and for protons «= 0.96. 

The mean thickness of the deuterium, /, is 6.43 cm and 
was obtained by folding the horizontal beam profile into 
the 3.1 in.-diameter circular target cup. The profile is 
measured at two distances behind the target cup by 
scanning with a }-in. crystal, and an extrapolation is 
used to obtain the beam profile at the target cup. The 
effective density of deuterium, p, is taken as 5.00 10” 
atoms per cc for the meson scattering, and 4.89X 10” 
atoms per cc for the nonradiative absorption. The first 
of these is the density of the liquid’? minus the density 
of gas at 20.5°K. The temperature is estimated from the 
temperature of liquid hydrogen (20.4°K) at atmospheric 
pressure, and the boiling point (20.6°K) of deuterium at 
the measured equilibrium pressure of the deuterium gas 
reservoir. An analysis of a sample of the deuterium used 
in this experiment revealed that it contained 97.7% 
deuterium, with hydrogen constituting the major con- 
tamination. Since the scattering of positive pions from 
hydrogen is similar to that from deuterium, no correc- 
tion was made for the small hydrogen contamination in 
computing the meson scattering cross sections. However, 
the value of p given for nonradiative absorption includes 
this correction. 


B. Corrections from z-u Decay and 
Multiple Scattering 


At the mean velocity after scattering, 10% of the 
‘pions will decay before reaching counter 4. Some of the 
u’s from pion decay will trigger the detection system, 
giving pulse heights similar to those from pions because 
of the small mass difference. Some of the pions however, 
which originally would have been detected will decay 
into muons which will miss the detection telescope, 
resulting in a loss of counts. Other pions, whose original 
scattered direction was not in the angular interval 
defined by the detection system, will decay into muons 
which will trigger the system resulting in a gain in 
counts. A similar loss and gain of counts results from 
multiple scattering of pions and protons in the deuterium 
and in counter 3. The largest multiple scattering effect 


17 Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 
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Fic. 6. Energy calibration curves. These curves are used to 
transform the observed pulse height in counter 5 to energy at the 
center of the target. 


is for pions passing through counter 3, where the mean 
multiple-scattering angle varies from 2° at 50 Mev to 6° 
at 16 Mev. In the 6° case, 7% of the pions that would 
have passed through counter 4 are lost due to multiple 
scattering in counter 3, with correspondingly smaller 
losses for the smaller multiple scattering angles. 

For both the — yz decay and the multiple scattering’ 
calculations indicate that the loss in counts due to 
decays and multiple scatterings out of the detection 
system approximately equals the gain due to decays and 
multiple scatterings into the detection system. There- 
fore no correction for these effects was made on the 
cross sections. Since only 10% or less of the reaction 
products are involved in these effects, if the calculation 
is in error by as much as 20%, at most a 2% error will be 
introduced into the final cross section. 


C. Effect of Deuterium on Background 


To compute the cross section for scattering with final 
pion energy greater than 16 Mev, it is necessary to 
estimate how much of the background is lost because of 
energy loss by ionization in the deuterium when the cup 
is full. The only part of the background which could 
possibly be lost in this manner is the low-energy end 
from 16 Mev to 24 Mev, since the higher energy back- 
ground will have enough energy left to trigger the 
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Fic. 7. Typical polaroid photograph of oscilloscope traces at 0 deg. 


detection system even after passing through the full 
deuterium thickness. 

Energy distributions of the pion background indicate 
that the 16-24 Mev interval contains only a small part 
of the total background. Consideration of the origin of 
the background indicates that no more than one third 
of the background is likely to pass through the deu- 
terium. At 61 Mev, for all angles except 45 degrees, this 
upper limit leads to a correction which would increase 
the scattering cross sections by less than 1%. Therefore, 
no corrections were made for these cross sections. For 45 
degree scattering at 61 Mev and for all scattering angles 
at 38 Mev, a correction was made based on the estimate 
that 20+20% of the background passes through the 
deuterium. The resultant increases at 38 Mev are 
2.742.7% at 60°, 90°, 113°, and 135° and 444% at 
150°. At 45° the large ratio of background to deuterium 
counts makes this correction larger, increasing the cross 
section by 3.6+3.6% at 61 Mev and 33433% at 38 
Mev. The errors due to the lack of precise knowledge of 


these corrections were compounded with the statistical 
errors for the scattering cross sections. The cross sec- 
tions for scattering with final pion energy greater than 
16 Mev are presented in Table III. For the nonradiative 
absorption process no corrections are necessary for the 
effect of deuterium on the background, since the small 
number of background protons are uniformly distrib- 
uted over the entire range of energy detected. The cross 
section results for the nonradiative absorption process 
are presented in Table IV. 


D. Elastic Scattering Cross Sections 


Theoretically, there is a gap of 2.2 Mev (the binding 
energy of the deuteron) between the energy of the 
elastically scattered pions and that of the most energetic 
inelastically scattered pions at any angle. With the 
energy resolution of this experiment this small gap is not 
observed. At 61 Mev the energy distributions of 
scattered pions at 45° and 60° do exhibit a peaking at 


TABLE ITI. Lab cross sections (in mb/sterad) for pion scattering with final energy greater than 16 Mev. 














Lab angl 
Incident aaae arid 45° 60° 90° 113° 135° 150° 
37.6 Mev 0.39-40.15 0.545-40.095 0.635-4-0.082 0.85240.087 0.90-40.10 1.1240.15 
60.7 Mev 1.30+0.15 1.051+0.088 1.398+0.083 1.83 +0.12 2.24+0.12 2.28+0.12 










































































POSITIVE PIONS IN DEUTERIUM 1743 
T | | , . . © ct. =e 8 
5 ‘4. 
4 135 P 
~~ 4 
2 al 
ie al 
; a Es emer 
oe) a ot a J {|_| tf 
w 
we 
uw 
w ee ieee | 
5 ° | 
ra = ‘50° 
. — o w 
Fic. 8. Energy distri- wi r aj 
bution of scattered pions . a >: 
for incident energy of = 
37.6 Mev. Arrows in- 2 “1 
dicate the kinematic = =a 
energy for elastic scat- _ 
tering. > nd 
eo i- “| oo 
- 
eS a 46 = 52 
A ce Se Te ee ey ae ’ 
SCATTERED PION ENERGY AT 
CENTER OF TARGET (MEV) 














“1 22 28 34 40 


the kinetic energy for elastic scattering (see Fig. 9), but 
at the other angles the peak is obscured by the large 
amount of inelastic scattering. Nevertheless, an attempt 
has been made to separate the elastic scattering at all 
angles, using the calculated over-all experimental energy 
resolution. At 38 Mev no attempt was made to extract 





an elastic cross section because of the poor energy 
resolution and statistical accuracy of the data. 

The following factors enter significantly into the 
energy resolution: 

1. The spread in energy of the incident beam, (+4 
Mev at 38 Mev and +3 Mev at 61 Mev). 
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Fic. 10. Energy distribution of emerging protons for incident energy of 37.6 Mev. 


2. The variation of energy loss by ionization in the 
deuterium before and after scattering. For 38-Mev 
incident pions, the spread varies from +1 Mev at 45° 
to +5 Mev at 150°. At 61 Mev, the variation is from 
+0.75 Mev to +3.5 Mev. The spread increases with 
angle since, in the forward direction, the sum of losses 
before and after scattering are approximately constant, 
while in the backward direction, most of those pions 
which lose more energy before scattering also lose more 
after seattering. 
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3. The energy resolution inherent in the detection 
system. This is determined to be approximately +5% 
from the spreads in the photographically recorded pulse 
heights produced in counter 5 by the incident beams of 
42+4 Mev and 6343 Mev. 

The angular resolution of the detection system, r—y 
decay after scattering, and multiple scattering in the 
deuterium and in counter 3 also effect the energy resolu- 
tion, but the contributions of these effects is negligible 
compared to the three major effects mentioned above. 














POSITIVE PIONS 





I 
ie aed i i ne ee oe ee oe ee ee ee 



































uw 
vol 4 
ta 458° 
ee = 
Tr — 
se 4 
6 a) 
se —+ 
D | aad 4 
2k oa 
rs ' “4 
QS Ona = = <vanen as enanas a 
_ ee EB. a er ee ee ae ee ee Oe Ye ee 
¥ | 
2 = ee 8 ee a ee ee “T+ 3 
a § ° 
Boab 7 od 
2 
w 3 
a 
2r- «4 
te 4 
a oa’ “rs oe U ST ie SO a Te ae. ee ae 
: Te idee a Pees eo ZF GLE Re jal ae 
3 
2 
‘ 
° —_——— 
PP Re a TR a RY ee Se ee Ee Cae OP 
45.4 53.7 62 7.2 78.5 86.8 95.1 103.4 1.6 120 126.2 136.5 


PROTON ENERGY AT CENTER OF TARGET (MEV) 


IN DEUTERIUM 
































ies: one hs a ee eek eek a Bi Hi) 
6 
sb 
4e 
3 
2e 
i 
o-=— —— 4 
a4 Lee ee 
9 
8 
& ? 
w 
es 2 
u 
wis 
= * 
2 3 
« 
w 2 
‘= 
= 8 
w 
CO 0 eae oj 4 ee 
“1 Sansa eS SS 
Cee TT eT eo ae ee eo? ee eh ee FP ee 
9 
68 
7 
6 
5 
4 
3 
2 
' 
a eee 
“6 
, a ee ee ee ee 











rs Os ee oe A a ee ee 
45.4 53.7 62 702 70.5 666 95.1 103.4 IG 120 126.2 1365 


Fic. 11. Energy distribution of emerging protons for incident energy of 60.7 Mev. 


The three major contributions to the energy resolu- 
tion were combined analytically to give an over-all 
energy resolution function at each of the six scattering 
angles. The validity of the method used to obtain the 
resolution functions was tested by filling the target cup 
with liquid hydrogen and obtaining energy distributions 
of scattered pions at 60°, 90°, and 135° to the incident 
63-Mev x* beam. Except for the difference in kinematic 
energy after scattering, the effects that determine the 
energy resolution in r— p scattering are identical to 
those in elastic r—d scattering. The 90° and 135° 
energy distributions of pions scattered from hydrogen 
are presented in Fig. 12. The median energy of each 
elastic scattering peak agrees to better than +1 Mev 


TABLE IV. Cross sections (in mb/sterad) 


with the kinematic energy for the process, yielding a 
check of the energy calibration curves presented in 
Fig. 6. The calculated resolution functions, normalized 
to the area under the peaks, are also seen to agree well 
with the observed shapes. The agreement is also good 
for the 60° case, which is not shown here.'* Calculated 
resolution functions also compared well with the peaks 
observed on the proton energy distributions presented in 
Figs. 10 and 11. 

In the extraction of an elastic scattering cross section 
from the deuterium data at 61 Mev, a preliminary 
elastic cross section is first obtained by doubling the net 
deuterium effect on the high side of the kinematic 
energy for elastic scattering, without correcting for the 


for nonradiative absorption (x*+-+-d—p+). 











Lab 
Incident BON we 45° 60° 90° 113° 135° 150° 

37.6 Mev (do/dQ)ia» 0.564+0.048 0.33140.043 0.182+0.027 0.33540.029 0.523+0.040 0.601+0.049 

Gam, 50.5° 67.0° 98° or 82° 120° or 60° 140° or 40° 153° or 27° 

(da/dQ)o.m. 09470+0.040 0.038+0.038  0.184+0.027 0.379+0.032 0.648+0.050 0.775+0.063 

60.7 Mev (do/dQ)ta»  0.73840.046 0.400+0.037 0.286+0.029 0.502+0.046 0.648+0.046 0.811+0.056 
bu. SL7* 68.2° 99.5° or 80.5° 121.6° or 58.4° 142° or 38° 154.5° or 25.5 

(do /dQ)o.m. 9.596+0.037 0.34440.032 0.292+0.029 0.581+0.049 0.834+0.059 1.103+0.076 








18 Differential cross sections obtained for the r++ scattering are 0.63+0.13, 1.26+0.08, and 2.83+0.33 mb/sterad at 70°, 101°, 


and 143°, respectively, in the center-of-mass system. These values 


correction for the attenuation of the background in that experiment, where pulse-height analysis was not used. 


agree well with the results of reference 15, corroborating the 
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Fic 12. Calculated resolution functions compared to r—/p 
scattering results. 


possible overlap of high-energy inelastic scattering. 
Using the resolution function, normalized to this pre- 
liminary elastic cross section, the elastic scattering is 
subtracted out, leaving a preliminary energy distribu- 
tion for inelastic scattering. By using the resolution 
function again, an estimate is made of the amount of 
this inelastic scattering which overlaps into the high 
side of the elastic peak, and after correcting for the 
overlap, the final value of the elastic scattering cross 
section is obtained. 

The corrected elastic scattering results are presented 
in Table V. The errors quoted are obtained by a combi- 
nation in quadrature of the statistical errors, the errors 
based on the uncertainty of the inelastic scattering 
correction, and the errors that would be introduced if 
the energy calibration, used to obtain the position of the 
elastic peaks, were in error by +1 Mev. The 45° result 
includes an additional correction, which raised the cross 
section by 5%, to account for the degradation in energy 
of a considerable fraction of the background due to the 
presence of the deuterium. This degradation is most 
severe at 45° because a large fraction of the high back- 


TABLE V. Elastic scattering cross sections (61 Mev). 


WINICK, 


AND WOOTEN 












































ground at this angle is due to essentially full energy 
scattering from the heavy nuclei in the target and 
counter 2, and a considerable fraction of this back- 
ground passes through the deuterium. 


VI. DISCUSSION OF RESULTS 


A. Nonradiative Absorption Process 
(x+-+d—p+)) 


Since the final state for this reaction contains two 
identical particles, the differential cross section in the 
center-of-mass system must be symmetric about 90°. 
Therefore all of the data may be presented by plotting 
the angular distribution between 0° and 90° in the 
center-of-mass system. (See Fig. 13.) The results are 
seen to lie on curves of the form a+b cos’, indicating 
that only S- and P-wave pions contribute significantly 
to this reaction at these energies. The fact that points on 
these plots, which are interspersed between forward and 
backward laboratory angles, fit on smooth curves, 
constitutes an additional check on. some of the system- 
atics of the measurements. Values of the quantities a 
and 6 are obtained by a least squares treatment of the 
data. The results in millibarns per steradian are 
do/dQ= (0.1724+0.023) + (0.77524-0.069) cos@ and do/dQ 
= (0.244+0.024)+ (0.985+0.079) cos’@ at 38 and 61 
Mev, respectively. These distributions, integrated from 
0° to 180° give total cross sections of 5.41+0.40 and 
7.18+0.44 millibarns, respectively. The angular distri- 
butions presented here are for cross sections for the 
process r++d—p+p, and correspond to } of the 
measured cross section for emission of a proton at a 
certain angle. 

By means of the principle of detailed balancing for 
spin-zero pions the above quoted results for the non- 
radiative absorption process may be used to obtain 
cross sections for the inverse process (p+p—a*++d). 
The cross sections obtained in this manner for the pion 
production process at proton laboratory energies of 355 
Mev and 409 Mev are (0.0153+0.0020)+ (0.0687 
+0.0061) cos*@ and (0.0270+0.0027) +(0.1090+0.0089) 
Xcos’@ mb/sterad, respectively. These integrate to give 
total cross sections of (0.480+0.035) mb and (0.795 
+0.049) mb, respectively. 

References to work on both the production and ab- 
sorption process prior to mid-1954 are contained in Gell- 
Mann and Watson and Rosenfeld. More recent work has 
been done by Cohen,® Stadler,’ Rogers and Lederman,’ 
Meshcheryakov ef al.,!® and Crawford and Stevenson.” 
The results of this experiment for the total cross sections 








Lab angle 45° 60° 


90° 113° 135° 150° 








da /dQ (mb/sterad) 0.84+0.20 0.61+0.19 


0.50+0.17 


1.03+0.23 





0.88+0.28 0.95+0.31 








19 M. G. Meshcheryakov ef al., Doklady Akad. Nauk. U.S. S. R. 109, 677 (1955). 


* F. Crawford and M. Stevenson, Phys. Rev. 97, 1305 (1955). 
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and angular distributions at pion lab energies of 37.6 
Mev and 60.7 Mev fall on smooth curves drawn through 
all other experimental points. 

Gell-Mann and Watson and Rosenfeld have obtained 
a semiempirical expression for the variation of the 
production cross section with energy near threshold. 


da X+cos’6 
4r— ~on+or'( - h 
dQ X+4 








(7) 


where = pion momentum in the center-of-mass system 
in units of uc, and a, 8, and X are parameters assumed 


independent of 7. More recently Lichtenberg,” has sug- - 


gested that a more appropriate formula would be 


do /fo\' X’+cos"0 
Clon)» 
dQ \p X'+4 


where # is the relative proton momentum, fo is the value 
of p at threshold, and a’, 8’, and X’ are again parameters 
assumed independent of ». Equations (7) and (8) 
integrate to give total cross sections: 


o=antfr’, (7’) 
o= (po/p)*[a’n+f'n*]). (8’) 


Crawford and Stevenson”.** have made a least-squares 
fit to both Eqs. (7) and (8), using their experimental 
differential cross-section measurements near threshold 
(i.e., 0.3<9<0.6). They obtained 


a= (0.138+0.015) mb, a= (0.125-40.017) mb, 
B= (1.01+0.08) mb, —8’= (1.404 0.10) mb, 
X =0.082+0.034, X’=0.1340.03. 


Figure 14 is a plot of Eqs. (7’) and (8’) using the above 
values for the parameters. Most of the experimental 
results, including the results of the present experiment, 
have also been plotted on the figure. The curves are 
similar in the region below »=0.6 because the least- 
squares fit was made to data only in this region. Above 
n=0.6 the curves deviate from one another and neither 
agrees with the experimental points. This disagreement 
with experimental values at high values of y is not 
surprising since a, 8, X and a’, 8’, X’ are not expected to 
remain constant far above threshold.!** Lichtenberg 
concludes from a theoretical calculation that 6’ should 
at first slightly decrease and then increase with energy, 
which would improve the agreement of Eq. (8’) with 
experiment. A fit of Eq. (8’) to all of the data below 
n= 1.2 yields a’=0.05, 8’= 1.68 (see the solid curve on 
the figure), although such a fit is quite insensitive to the 
value of a’. Although this curve is a reasonable excita- 
tion function for all the data below n= 1.2, the low value 
of a’ is in apparent contradiction with the value obtained 
by an indirect method by Brueckner, Serber, and 


21 T), B. Lichtenberg, Phys. Rev. 105, 1084 (1957). 
2 F. Crawford and M. Stevenson, Phys. Rev. 107, 331 (1957). 
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Fic. 13. Center-of-mass cross sections for nonradiative absorp- 
tion, (x*++d—p+p). Symmetry about 90° in the center-of-mass 
system is assumed so that points actually obtained in the backward 
hemisphere are here shown in the forward hemisphere. 


Watson.” The resonance or plateau indicated by the 
data at 7~ 1.7 is not predicted by either of the formulas 
(7’) or (8’). 

Disagreement between experimental results and the 
angular distributions predicted by Eqs. (7) and (8) is 
encountered at even lower 7. Equations (7) and (8) may 
be rewritten in the form 


da 
—aA +cos’6, 
dQ 
where 
A=X+(X+4)(a/8)n7 for Eq. (7), 
A=X'+(X'+4)(e’/B’)\n for Eq. (8). 


Both these equations predict that A should decrease 
monatonically with increasing 7, whereas experimentally 
A appears to have a minimum at 7~ 0.8. The results of 
this experiment for A at »=0.721 and n=0.931 are 
(0.223+0.035) and (0.248+0.032), respectively, con- 


TABLE VI. Phase shifts used in calculations (degrees). 











Incident 

energy a as @u ani ais a3 
37 Mev 6.89 —3.81 -—0.285 -—3.81 0.106 3.79 
60.7 Mev 9.33 —5.36 0.098  -—1.76 —1.96 8.13 








*8 Brueckner, Serber, and Watson, Phys. Rev. 81, 575 (1951). 
% See reference 13, Fig. 2, and also reference 5, Fig. 2. 
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Fic. 14. Summary of the experimental data on total cross section for the process + p—x*+d at various energies, including results 


from the inverse process. Data are taken, in the order listed, from references 19; 9; 5 


; this paper; reference 7; Fields, Fox, Kane, Stall- 


wood, and Sutton, Phys. Rev. 95, 638 (1954); R. A. Schluter, Phys. Rev. 96, 734 (1954): reference 4; Clark, Roberts, ’and Wilson, 
Phys. Rev. 83, 649 (1951); Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 91, 677 (1953) ; reference 20; A. H. Schulz, Uni- 
versity of California Radiation Laboratory Report UCRL-1756 (1952). 


firming this trend toward increasing isotropy above 
n=0.8. 


B. Scattering (x++d—-++d and 
at+d—xt+n+)) 


The impulse approximation,”—” originally applied by 
Chew to nd scattering, has been developed and applied 
to wd scattering by several authors.!°".*-* Most re- 
cently Rockmore" has used the pure scattering model of 
Fernbach, Green, and Watson'® to obtain convenient 
expressions for the elastic, and the elastic plus inelastic, 
scattering cross sections including Coulomb effects. 
These expressions contain no corrections for multiple 
scattering, absorption, or binding. We have used this 
formulation to compute impulse approximation pre- 
dictions for the scattering. The pion-nucleon interactions 
are inserted via phase shifts and the results obtained are 
quite sensitive to the choice of these phase shifts. At the 


% G. Chew, Phys. Rev. 80, 196 (1950). 

26 G. Chew and G. Wick, Phys. Rev. 85, 636 (1952). 

27 G. Chew and M. Goldberger, Phys. Rev. 87, 778 (1952). 

28 Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951). 
* J. Blair, Phys. Rev. 83, 1246 (1951). 

* B. Segall, Phys. Rev. 83, 1247 (1951). 

31K. Brueckner, Phys. Rev. 89, 834 (1953). 

® T. Green, Phys. Rev. 90, 161 (1953). 

33K. Brueckner, Phys. Rev. 90, 715 (1953). 

*S. Drell and L. Verlet, Phys. Rev. 99, 849 (1955). 


lower energy, no experimentally determined complete 
set of phase shifts is available, so that an interpolated 
set®® was used to evaluate Rockmore’s equations. At 61 
Mev the phase shifts used were essentially those ob- 
tained in a machine calculation by Fermi, Metropolis, 
and Alei,** based on the experimental results of 
Bodansky, Sachs, and Steinberger.'® Table VI presents 
the phase shifts used at the two energies. The lower 
energy calculation was made at 37 Mev. 

The results of the calculations for the sum of elastic 
plus inelastic scattering are presented in Fig. 15. Also 
indicated for comparison are the sum of the scattering 
cross sections for positive pions on free protons and 
neutrons calculated from the phase shifts in Table VI. 
The points indicated on Fig. 15 are the experimental 
results from Table III for scattering with emergent pion 
energy greater than 16 Mev, and hence are not strictly 
comparable with the theoretical curves. However, at 61 
Mev, the pion energy distributions (see Fig. 9) indicate 
no large inelastic scattering at energies just above our 
detection threshold. Also, theoretical energy distribu- 
tions of inelastic scattering’ of 70-Mev pions at 50° and 
100° indicate that the contribution from the energy 


%H. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on H igh- ee Physics (Interscience Publishers, Inc., 
New York, 1956), P 

% Fermi, ride and Alei, Phys. Rev. 95, 1581 (1954). 
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range below 25 Mev is negligible. Therefore, at 61 Mev, 
it is likely that no substantial addition, to account-for 
inelastic scattering below 16 Mev, needs to be made to 
the experimental points in comparing them with the 
theory. At 38 Mev, the energy interval below the 16- 
Mev threshold constitutes a larger fraction of the 
energy range available for inelastic scattering. The 
energy distributions at 38 Mev indicate that the inelas- 
tic scattering has not fallen appreciably at 16 Mev. (See 
Fig. 8.) Therefore it is difficult to estimate the addition 
that should be made to the experimental points at 38 
Mev to account for inelastic scattering below 16 Mev. 
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Fic. 15. Impulse approximation curves for elastic plus inelastic 
scattering and experimental results for scattering with final pion 
energy greater than 16 Mev. For comparison, the sum of x*+ 
and +*-+m cross sections are also shown. 


The results of an impulse approximation calculation 
for the elastic scattering at 61 Mev are presented in 
Fig. 16, along with the experimental cross sections listed 
in Table V. 

At 61 Mev, both the elastic and elastic plus inelastic 
impulse approximation curves are lower than the experi- 
mental points in the backward direction. In order to 
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Fic. 16. Impulse approximation curve and experimental results 
for elastic scattering at 61 Mev. The large errors are mainly the 


result of an estimate of the systematic errors involved in the 
process of extracting the elastic cross sections. 


explain this discrepancy on the basis of errors in the 
phase shifts used in the 61-Mev impulse approximation 
calculations, it is necessary to change the phase shifts by 
amounts inconsistent with the statistical accuracy of the 
experimental r— data from which these phase shifts 
were obtained. Rockmore" has estimated corrections to 
the impulse approximation for the effects of multiple 
scattering, absorption, and binding at 85 Mev. Although 
the corrections obtained for multiple scattering and 
binding are of the order of 10% at 85 Mev, they are of 
opposite sign so that the net correction is small. 
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Scattering of 37-Mev Positive Pions on Hydrogen* 
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Measurements have been made of the differential scattering cross sections of positive pions on hydrogen at 
37 Mev using a liquid hydrogen target and scintillation counters. Scattered pions are separated from other 
particles in the background by measuring the mass and energy of the particles using a pulse-height analysis 
on the signals from the scintillation counters. A partial wave analysis is made of the experimental results 
assuming S- and P-wave scattering. The results obtained are a3= —4.11+1.09 deg, a3;=3.12+0.79 deg, 


—0.3240.73 deg. 


and a= 





I. INTRODUCTION 


HE scattering of pions by protons has been suc- 
cessfully described within experimental limits 
over a wide range of energies assuming charge inde- 
pendence and S- and P-wave scattering only. Experi- 
mental determinations of the two S-wave phase shifts 
and the four P-wave phase shifts have been made by 
many different observers.! Orear* has shown that most 
of the existing experimental information on r++ and 
a +p scattering can be fit by the assumption that 
@11=013=a3:=0, that a, and a; are linear in pion 
momentum, 7, and that a3 is given by a two parameter 
relation proposed by Chew and Low,’ which at low 
energies reduces to an 7° dependence. 

Most of the experiments have been performed in the 
energy region between 60 Mev and 300 Mev, where the 
P-wave contribution accounts for most of the observed 
scattering. From these experiments, the behavior of a33 
is well established. At 60 Mev,‘ a; and a; are less than 
a33. At energies below 60 Mev one may expect from the 
n dependence that S-wave scattering will become rela- 
tively more important and better information on a; may 
be obtained. 

At energies below 60 Mev, however, the experimental 
difficulties are increased by the decreasing pion-proton 
cross section and the decreasing range of pions in matter. 
Below 40 Mev, all previous experiments® have been 
performed using cloud chambers or nuclear emulsions. 
The lowest-energy counter experiment® in which differ- 
ential cross sections have been measured is a CH;,—C 
difference experiment at 40 Mev. The interpretation of 
low-energy counter experiments is difficult because of 
the uncertainty as to what the introduction of hydrogen 

* This research is supported by the Office of Naval Research and 
the U. S. Atomic Energy Commission. 

+ Submitted by B. A. Wooten in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the Faculty 
of Pure Science, Columbia University. 

1 For a summary of these experiments up to June, 1955, see 
Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955). 

2 J. Orear, Nuovo cimento 4, 856 (1956). This paper contains a 
summary of low-energy pion experiments up to June, 1956. 

3G. Chew and F. Low, Phys. Rev. 101, 1570 (1956). 

‘Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 
(1954). : 

5 See reference 2 for a summary of pon results of these experi- 
ments and a bibliography up to June, 19. 

6 J. P. Perry and C. E. Angell, Phys. Rev. 91, 1289 (1953). 
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into the target does to the background. Experiments 
now in progress at Rochester’ overcome this difficulty 
by using a tightly defined geometry to minimize 
background. 

In this experiment, rather than a radical alteration of 
geometry to eliminate background, an attempt has been 
made to gain more knowledge of the background by 
measuring the mass and energy of detected particles by 
pulse-height analysis. An energy distribution of the 
background mesons is obtained, from which one is able 
to determine the number of mesons with sufficiently low 
energy so that when hydrogen is introduced into the 
target, the additional ionization loss in hydrogen pre- 
vents them from being detected. An estimate of the 
fraction of these mesons that are actually undetected is 
obtained from a detailed study of the energy distribu- 
tions of mesons and a knowledge of the geometry of the 
experiment. In this manner a correction is obtained for 
the uncertainty in the background. 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


The cross sections for 37+4 Mev positive pions 
scattered in hydrogen have been measured at laboratory 
angles of 45°, 60°, 90°, 113°, 135°, and 150° to the 
incident beam. The method used is identical with that 
used in the experiment reported in the preceding paper*® 
on the interactions of positive pions in deuterium. A 
detailed description of the experimental method is given 
in that paper. 

With the detecting scintillation counter telescope at 
each angle, alternate runs are taken with the target 
filled with liquid hydrogen and empty.: Before the 
telescope is moved to a different angle, it is placed at 0° 
to the incident beam, and a calibration run is taken. 
Data are obtained in the form of photographs of 
oscilloscope traces, on each of which are displayed pulsee 
proportional to the energy lost by particles in the thres 
counters of the detecting telescope. The data of the 
experiment consist of these photographs and the inci- 
dent flux measured by a two-counter scintillation tele- 
scope. A total of approximately 25000 oscilloscope 


se and S. W. Barnes, Bull. Am. Phys. Soc. Ser. II, 2, 195 
(1957). 

* Sachs, Winick, and Wooten, Phys. Rev. 109, 1733 (1958), pre- 
ceding paper. 
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Fic. 1. Typical graph 
data taken at 90°. 
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pictures were taken in runs at the six angles, and an 
equal number of calibration runs. 

Figure 1 is a typical example of a graph of these data 
for a 90° run on which the pulse height in counter 4 
(approximately proportional to dE/dx) is plotted versus 
the pulse height in counter 5 (approximately propor- 
tional to Z) for each oscilloscope picture which does not 
show an anticoincidence pulse. The data shown in 
Fig. 1 are for 8.2 10° incident mesons with the target 
filled with liquid hydrogen and for the same incident flux 
with the target empty. 

The solid lines on Fig. 1 that form the boundaries of 
the meson band are obtained approximately from a 
calibration run. Points that lie near the boundaries are 
due to particles that experience a large fluctuation in 
energy loss in counter 4. The identification of such 
points is made more certain by the additional knowledge 
of the pulse height in counter 3, which is an independent 
measurement of dE/dx. 

On the graph, the pulse height in counter 5 corre- 
sponding to the median beam energy is indicated and 
also the pulse height corresponding to the kinematically 


5 PULSE HEIGHT (LA E) 


determined median energy after scattering for the r++ p 
process. At 90°, most of the meson background is of full 
beam energy, principally scattered by the stainless steel 
and aluminum parts of the target, with very little 
background in the pulse-height region corresponding to 
nt+ p scattering. Since mesons of full beam energy (39 
Mev) can lose at most 4 Mev in the full 3.1 in. diameter 
of the hydrogen in the target, the number of particles 
lost from the background upon introduction of the 
hydrogen will be negligible. 

Points lying above the meson band are background 
protons from inelastic processes. The ability of the pulse 
height technique to eliminate protons from the back- 
ground reduces the running time required to obtain the 
desired statistical errors. Points below the meson band 
are mainly accidentals. The anticoincidence counter 
which is intended to eliminate accidentals, intercepts 
only 85% of the meson beam. The number of points 
below the meson band can be entirely accounted for by 
the 15% inefficiency. 

For those particles that do not have sufficient range to 
give a pulse in counter 5, graphs of pulse height in 
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Fic. 2. Energy distributions of positive pions scattered on hydrogen at 45°, 60°, 90°, 113°, 135°, and 150° in the laboratory. The 
ordinate scale is chosen so that at each angle the area of the histogram is proportional to the differential cross section observed at that 


angle. 


counter 3 versus pulse height in counter 4 are made. The 
energy which a pion must have after scattering at the 
center of the target in order to reach 5 is 20 Mev. The 
3 vs 4 graphs extend the low-energy detection threshold 
of the apparatus to 16 Mev. 

The pulse height in counter 5 is calibrated in terms of 
the energy of a pion after it is scattered at the center of 
the target, as described in the preceding paper. The 
histograms shown in Fig. 2 represent the distribution of 
points in the meson band on the graphs. These histo- 
grams are plotted in such a way that the ordinate is 
proportional to the net number of hydrogen scatterings 
per Mev per incident pion. The negative effect observed 
in the nearly elastic energy region of the background at 
all angles can be accounted for by energy degradation in 
hydrogen of those pions in the background which pass 
through the hydrogen before or after scattering in the 
heavy parts of the target. 

On each histogram of Fig. 2 is plotted a predicted 
distribution, which is obtained in the following manner: 
The target is divided into 19 cells of equal volume. The 
emergent energy for a pion of mean beam energy 


scattered in a given cell at a given angle is computed by 
considering the energy loss in hydrogen before scat- 
tering, the kinematic scattered energy, and the energy 
loss in hydrogen after scattering. From a consideration 
of all cells, a predicted emergent energy distribution: is 
obtained for monochromatic incident pions scattered 
through a given angle. This distribution is then folded 
into the known beam energy distribution and a Gaussian 
representing the 6% pulse-height resolution of counter 5 
described in the preceding paper. The energy scale 
adopted for plotting is the energy a pion must have at 
the center of the hydrogen to emerge with the energy 
computed above. 

The calculated distributions obtained in this way fit 
the observed hydrogen effect within the statistical 
errors except at 135°. The 135° histogram is the sum of 
three independent runs, two of which have a smaller 
number of pions giving pulses in counter 5 than the 
distribution predicts, so that the sum of the three does 
not agree with the distribution. The disagreement may 
be attributed to a statistical fluctuation. 

The distributions are used in this experiment to 








SCATTERING OF 37-MEV POSITIVE PIONS ON H 1753 


TABLE I. Cross sections (in mb/sterad) for +++ scattering at 37 Mev. 











lab 45° 60° 90° 223° 135° 150° 
Ge.m. 53° 69° 100° 123° 142° 155° 
Uncorrected (do/dQ);4 Run I 0.24 +0.19 0.49+0.19 0.63+4-0.15 0.89+0.14 1.19+0.19 1.19+0.24 
Run IT 0.11 +0.16 0.33+0.10 0.53+0.10 0.97+0.10 0.70+0.13 0.98+0.15 
Corrected (do/dQ)o.m. Run I 0.19 +0.15 0.42+0.16 0.65+0.15 1.07-0.17 1.63+0.25 1.81+0.37 
4 ‘ Run II 0.085+-0.13 0.28-+0.08 0.54+0.10 1.17+0.12 0.95+0.18 1.49+0.23 
Weighted mean (do/d2)«.m 0.13 +0.10 0.31+0.07 0.57+0.09 1.130.10 1.18+0.15 1.58-+0.20 














compute the fraction of the scattered pions at 135° and 
150° that have energies below the threshold of thé 
telescope and are not detected. 


III. CALCULATION OF CROSS SECTIONS 


A. Experimental Parameters and Laboratory 
Cross Sections 


The laboratory cross sections are computed from the 
experimental results using the relation and the appro- 
priate parameters given in the preceding paper. The 
effective density of hydrogen, p, is taken to be 4.21 X 107? 
atoms per cc, which is the difference between the 
density of the liquid and the vapor in equilibrium with 
the liquid at a pressure of 1 atmosphere. 

This experiment was performed in two runs. In Run I 
no anticoincidence technique was used, and the dis- 
tances between the target, counter 3 and counter 4 were 
adjusted at each angle to reduce the background. 
Therefore in Run I the solid angle differed slightly at 
each angle. In Run II the anticoincidence technique 
was used, and the standard geometry described in the 
deuterium experiment® was used throughout, giving a 
solid angle of 0.0344 steradian. The uncorrected labora- 
tory cross sections for the two runs are given in the first 
two lines of Table I. 


B. Corrections to Cross Sections 
1. Low-Energy Threshold of the Telescope 


In this experiment 5% of the incident pions have 
energies below 33 Mev. Furthermore, at the backward 
scattering angles some pions will penetrate as much as 
0.4 g/cm? of hydrogen, scatter, and then traverse 
another 0.4 g/cm? of hydrogen before emerging from the 
target. The number of pions in the scattered beam which 
are undetected because they have insufficient range 
after leaving the target is computed from the calculated 
distributions described above and shown in Fig. 2. The 
fraction undetected is negligible except at 135°, where 
it is 4.3%, and at 150°, where it is 8.9%. 


2. r—p Decay and Multiple Scatlering 


The discussion of r—y decay given in the preceding 
paper applies equally well to this experiment. The 
correction to the observed counting rate is calculated to 
be negligible. 





In Run I of this experiment counter 3 was placed 
closer to the target at some angles than in Run II, where 
it is kept as close as possible to counter 4. Therefore in 
Run I the effect of multiple scattering must be con- 
sidered. A graphical analysis was made under the 
experimental conditions assuming a Gaussian distribu- 
tion of particles after multiple scattering. The calcula- 
tion indicated that in the worst case (150°) 15% of the 
pions that would have been detected if there were no 
multiple scattering were scattered out of the telescope, 
while an almost equal number of pions that would have 
missed counter 4 were scattered in. The net counting 
rate calculated was 98% of the counting rate that would 
be observed if there were no multiple scattering. In 
view of the small calculated correction and the ap- 
proximations in the calculation, no correction was made. 
The principal effect of multiple scattering was shown to 
be an increase in the width of the angular resolution 
function of the telescope. 


C. Corrected Cross Sections 


The laboratory cross sections have been corrected as 
described above and transformed into the r++ p center- 
of-mass system. The results are given in lines 3 and 4 of 
Table I, together with the statistical errors for Runs I 
and II. The generally smaller statistical errors in Run II 
are due to the use of the anticoincidence technique in 
this run. 

The last line of Table I contains the weighted mean 
differential cross sections in the center-of-mass system. 
In Fig. 3 these cross sections are plotted versus the 
scattering angle in the center-of-mass system. 


IV. DISCUSSION OF RESULTS 


Assuming charge independence and only S- and 
P-wave scattering, the differential cross section for 
at+p scattering in the center-of-mass system is given 
by the relation! 


da 
—= x (x+ Y cosé— 
dQ 





) +2? sin’? , 
1—cos6 

where X is the de Broglie wavelength of the incident 
pion, @ is the scattering angle, a is the phase shift due to 
the Coulomb potential, and at sufficiently low pion 
energies X=az, Y= 2a33+a31, Z=a33—a21. 
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TABLE IT. Phase shifts in degrees for r++ p scattering at 37 Mev. 
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a a33 ast M 
Best fit (+standard deviations) —4.11°+1.09° 3.12°+0.79° —0.32°+0.36° 3.47 
Anderson and Davidon* —3.85° 3.40° —0.73° 3.72 
Best fit with a3: assumed =0 —3.86° 3.43° 0 4.92 
Orear” (a3: assumed = 0) —3.95° 3.56° 0 6.92 

















* H, L. Anderson and W. C. Davidon, Proceedings of the Sixth Annual Rochester Conference on High-Energy Nuclear Physics (Interscience Publishers, Inc., 


New York, 1956). 
b See reference 2. 


A numerical least squares fit of this relation to the 
cross sections in Table I has been made. The resulting 
phase shifts are given in the first line of Table II. For 
this choice of phase shifts, column 4 of Table II gives the 
value of the sum M=)°(6/e)? (which is minimized), 
where 6 is the difference between the observed and 
calculated cross section for a given angle, ¢ is the 
statistical error of the observed cross section and the 
summation is taken over the experimental angles. 
Column 5 is the number of experimental points, P, less 
the number of parameters, NV, used for fitting and is 
equal to the expected mean value of M for a large 
number of experiments. 

In order to make an analysis of the errors, the six 
second partial derivatives of M with respect to the three 
phase shifts were evaluated numerically at the best-fit 
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Fic. 3. Differential cross section in the center-of-mass system 
versus center-of-mass angle for r++ p—x*-+ p at 37 Mev. The solid 
curve represents the theoretical cross section for the best-fit values 
of the phase shifts. 


values of the phase shifts. The inverse matrix is found 
for the symmetrical matrix formed from these partial 
derivatives. The diagonal elements of the inverse matrix 
are the standard deviations given in line 2 of Table II. 
The off-diagonal elements are (a3a33) = 0.835 deg?, (a33a31) 
= — 0.0698 deg’, and (as:03)= — 0.0686 deg’. 

For comparison line 2 contains the phase shifts 
computed from the semiempirical relations for the phase 
shifts given by Anderson and Davidon.’ Line 3 of 
Table II contains the phase shifts obtained from a 
least-squares fit for which a3; was set equal to zero, so 
that only two independent parameters were available 
for fitting. Line 4 contains the phase shifts computed 
from Orear’s extrapolation? in which the same assump- 
tion is made. It may be seen from column 4 of Table II 
that the inclusion of a3; gives a better fit to the results 
of this experiment than can be made using a; and a3; 
alone. It may also be seen from column 4 that Anderson 
and Davidon’s phase shifts give closer agreement with 
this experiment than Orear’s. However, the experi- 
mental errors are sufficiently large that a nonzero value 
of as; is not required and the experiment cannot be 
said to be in disagreement with either set of relations for 
the phase shifts. The curve plotted in Fig. 3 represents 
the differential cross section computed with the best fit 
phase shifts of Table II. 
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Possible Determination of the Spin of A° from Its Large Decay Angular Asymmetry 
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General consideration of the angular distribution of the decay products of a hyperon into a pion and a 
nucleon is carried out for arbitrary values J of the hyperon spin. Limitations on the magnitude of the 
asymmetry in the angular distribution are found. These limitations are formulated ‘in terms of certain test 
functions which when applied to experimental results may lead to an unambiguous determination of the 
value of the hyperon spin. These considerations and the large ‘‘up-down” asymmetry in A° decay reported in 


recent literature suggest that the spin of A° is 4. 





I 


ECENT experiments! have shown that in the decay 
of (partially) polarized A° there is a strong asym- 
metry in the distribution of the momentum of the 
decay x~. We wish to point out in the present note that 
such a strong asymmetry may also serve to rule out high 
values of spin for A°. No nonrelativistic approximation 
on either of the decay products is made in this note. 
We consider a sample § of A°’s in their rest system, 
produced in any process or collection of processes, 
selected in any manner as long as the selection process 
does not involve the angular distribution of the decay 
products of A°. It is well known that the angular distri- 
bution 9 of the decay pion from such a sample $ when 
expanded into spherical harmonics Y ;y involves only 
L values up to 2/, a conclusion that follows from the 
law of invariance under space rotation. Such conclusions 
on the maximum complexity of an angular distribution 
have been widely used to yield information on the spins 
of various systems. An additional type of conclusion, 
which we shall discuss below, is that the coefficients of 
such an expansion in Y;y satisfy certain inequalities, 
which in the case of A° decay can lead also to useful 
information about the spin of A°. To be more specific, 
let 
$9(é)di, (l=E=—1), (1) 
where 


§=cosf, (2) 


be the distribution with respect to cosf. Here ¢ is the 
angle between the decay proton momentum and the z 
axis, which is any direction fixed in any manner (e.g., 
with respect to the production process), but independent 
of the angular distribution of the decay products. As 
examples, one can quote the following two theorems 
(proved in the appendix) : 


Theorem 1 
—1 1 
” eee 


* On leave of absence from Columbia University, New York, 
New York. 

1F, S. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957); L. Leipuner and R. Adair, 
Phys. Rev. 109, 1358 (1958). 





(3) 


where 
J=spin of A° 


and { )=average over the distribution 9. 


Theorem 2 


If one assumes that 9 is linear in ¢; 


9(€)=1+ a8, (4) 
then 

cate -, : 

a7 = Ts (5) 


The experimental results! so far, with a total of 
N~500 cases indicate that [with the +2 axis chosen 
along paX Pin] 

(é)~0.17. (6) 


This large value of the average of £ compared to the 
maxima given by (3) and (4) lends hope that perhaps 
one can narrow down in an unambiguous way, free from 
assumptions (such as K spin=0), the value of the spin 
of A®. 

In the next section the most general conditions on the 
distribution function for J = § and J = are given. These 
lead to certain test functions which when applied to the 
experimental data may give a determination of J. The 
limit of confidence of such tests is also discussed. In the 
appendix we give the general conditions on the distribu- 
tion function for arbitrary J. 


Il 


Since we do not discuss the azimuthal distribution of 
the decay protons, the sample $ can? be considered as an 
incoherent mixture of states each with a definite angular 
momentum m(=J, J—1, «++ or —J) in units of % along 
the z axis. We denote by /,, the statistical weight of the 


2 Any state function y can be decomposed into a coherent 
mixture of such states, but the interference term between the 
states characterized by m and m’#m always have the azimuthal 
distribution (constant) Xe("-™*+complex conjugate, which 
contributes zero when integrated over the azimuthal angle ¢. If 
azimuthal distribution is also studied, more inequalities can be 
derived than those discussed in the present paper. They are how- 
ever of more complicated forms, involving quadratic or higher rank 
forms in the averages of the spherical harmonics. 
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state characterized by m. By definition 


J 
2 a=1, (7) 
and 
Im=0. (8) 
The inequalities that will be derived follow from (8). 
To illustrate the reasoning involved, let us take as an 
example the case J= $. The decay proton and z~ must 
then be in a mixture of ; and d; states. If the ampli- 
tudes of the p and d waves are respectively A and B 
where |A|*+/B|*=1, the final state wave function 
resulting from a A° with spin component m is 


Api, m+ Bd;, m 


One therefore obtains for the incoherent mixture that 
makes up §, 


J 
§= ) Im(A pi, mt Bay, m)'(A Dj, m+ Bad), m). (9) 


m=—J 


We use the notation ( )f( ) to indicate a matrix 
multiplication with respect to the proton spin coordinate 
only. 9 is therefore a function of the proton momentum 
direction. 

It is easy to verify that 


F 4, m= D4, m'D 4, m= 1s, m'di, m, (10) 


G4, m= dy, m'P4, m= Pi, m'dy, m; (11) 
Fy w= Fy—m, (12) 
Gim= —Gy—m. (13) 
One can therefore write (9) in the form 
I= (Lyt+4) Fy pta(Iy—1_4)Gy 3 
+ (Ty +1_4)Fy yta(Ty—14)G,,3, (14) 
where 
a=2 Re(A*B)/(|A|*+|B|?) (15) 


is a real constant between —1 and 1 that characterizes 
an interference between the two final states of different 
parities. The functions F and G can be easily calculated 
from their definitions (10) and (11); 
Fyy=3(1-8), Fy y= 3(1+3%), 
Gyy=3(—E+8), Gyy=F(SE—-9F), 
where ¢=cos ¢ and ¢ is the angle between decay proton 
momentum and the z axis. 
From the intensity formula (14) one can compute the 
various averages (over 9) of the Legendre polynomials 
P L; 


Px(é)= 


(16) 


dg" 


——(f—1)*, 
221! det 


(P,)= —(3/15)(Iy—1_4)a— (1/15) (1;—1_y)a, 
(P2)= — (1g +14) +41, 4+14), 
(Ps)= (3/35) (Iy—I_4)a— (9/35) (1y—I_4)a. 





(17) 
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These equations, together with (7), yield the following 
identities: 
Iy+I_4=3—i(P2), 
Iy+14=3+%(P2), 
a(Iy—I_4) = — (9/2){P1)+ (7/6){Ps), 
a(Iy;—J_4)= —#(P1)— iP). 
The J’s are all positive. Since |a| $1, one must have 


(Im+1_m)= |a(Im—I_m) |. 


(18) 


Hence 
[3—$(P2) J= | — (9/2)(P1)+ (7/6){P3)|, (19) 
(34+5(P2)J=|—HP:)— HP) |. 
Clearly one has also from (14) and (16) ; 
{P,)=0 for L=4. (20) 


Equations (19) and (20) are necessary conditions for 
J=3, for an infinite sample § (for which the determina- 
tion of the averages (P1) is exact). In the absence 
of additional knowledge concerning the sample § and the 
quantity a, these equations also insure the possibility of 
mathematically constructing a sample § of a kind of 
particle of spin } with a suitable mixing of parities in its 
decay so that the decay product has the distribution 9. 
Mathematically speaking (19) and (20) therefore give a 
necessary and sufficient condition for J/=%, provided 
the azimuthal dependence is not considered. 

For higher values of J the generalization of (20) is 
immediate and is well known; (P,)=0 for L=2J+1. 
The generalization of (19) is given in the appendix. The 
explicit form for the case J=$ is listed below 


([$—(25/12)(P2)+§(Ps)] 
= | —5{P1)+ (35/12)(Ps)— (11/30)(Ps)|, 
[$+ (5/12)(P2)— (9/2)(P.) ] 
= | —3(P1)— (49/12){P3)+ (11/6)(Ps)|, 


[3+ (S/3){P2)+3(Ps)] 
= | —(P1)— (7/3){Ps)— (11/3)(Ps) |. 


(21) 


Ill 


To test the inequalities (19) it is convenient to define 
the following four test functions: 


T,5=9P:+5P2—(7/3)Ps, 
Ty,-3= —9P1t+5P2t+ (7/3) Ps, 


22 
T;,j=3P:—SP2+7Ps, (22) 
Ty,-4= —3P1—5P2—7P3. 
The inequalities (19) then reduce to 
(™% Si, m=}, iia —4. (23) 


seni cee tet on 
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Similarly, we define 
74,4 15P1+ (25/4) P2— (35/4) Ps 
— (9/2) Pat (11/10) Ps, 
Ty,-y= —15P,+ (25/4) Pot (35/4) Ps 
— (9/2) Ps— (11/10) Ps, 
T4,4=9P1— (5/4) Pot (49/4) Ps 


+ (27/2)P4—(11/2)Ps, (24) 
1-42 —9P,-— (5/4) P2— (49/4)P3 
+ (27/2) Pat (11/2)Ps, 
Ty, 45=3P1—5P2+7P3—9P4+11Ps, 
Ty, 4 —3P1—SP2—7P3—9P4—11P. 
Eq. (21) now becomes 
(74, m)S1, m=, vie ~§. (25) 


The inequalities (23) and (25), for /=¥ and §, apply to 
infinite samples. For any finite sample § of N cases the 
determination of the average (7) of any function T has 
the standard statistical uncertainty ; 


m=(—5 r) 


erf(ier)-(Gre)] 


where the sums are extended over the finite sample 8. 
By using the various test functions Ty,» in (26), (23), 
and (25) one obtains tests for various values of J 
together with confidence limits. 

The large experimental! value of (P:)=(§)=0.17, 
together with the large positive coefficients of P; in 
T;,, and 75 make these test functions the most 
sensitive ones. Lacking the detailed experimental infor- 
mation, we make the following estimates which, it may 
be hoped, are not too different from the experimental 
data. We assume in calculating the right-hand side of (26) 
that the experimental distribution of N=500 cases 
follows a linear law like (4). We assume also (P;)=0.17. 
The test 

(Ty,)S1 
then becomes 
2.55+0.45S1, 


showing that J = $ is very improbable. For the test 


{T;,)S1 
one obtains 
1.5340.2781, 


which indicates that /=$ may also become unlikely. 
The discussion in the last paragraph is meant only for 
orientation purposes. One sees from the estimate that if 
the sample has a slightly larger value of (§)=(P1), say 
(P,)=0.20, one can conclude that J=} and J=§ are 
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both quite impossible. It may therefore be worthwhile 
to select from the experimental sample those A° pro- 
duced at an angle of production # between, say, 30° and 
150° for which the average polarization is likely to be 
greater than the over-all average, and thereby obtain a 
sample with a larger value for (£). 


APPENDIX 


We give here the formulas for general values of J. 
Derivation of these formulas follows the same line as for 
the case J= 4. The distribution function 9 is expressible 
in terms of the diagonal elements 7, of the density 
matrix of A°; 


j= > Fy, m(Im+1—m)+ } a Gs, m(Im— Ima, 


m>0 m>0 


(Al) 


where a, as before, is a parity mixing parameter® with 
its value between —1 and 1. The functions F and G are 
given by 
Fy,m= DL D(J-3, J—4; J, m,m; L, 0)P1, 
Gy,m=L 1 D(J+4, J—$}; J; m,m; [, 0)P1, 


(A2) 
(A3) 
where 


D(!',1; J,m’,m; L,M) 
= (—1)™’+02)+M+L(27+-1)(2L4-1)(2/-+1)8(2/’+1)! 


yf FL Oe ee 
00 0 M m' -m 


ee <" 
The ( ) and { } symbols are the 37 and 67 symbols 
which are symmetrical versions of the Clebsch-Gordan- 
Wigner coefficients and the Racah coefficients.‘ 
The averages (P ;) are given by 


(P1)= ie Sz(L,m) (In+I_.); (even L), (AS) 
m>0 
(P1)= L Ss(L,m)(Im—I_m)a, (odd L), (A6) 
m>0 
where 
Sa(Lym)=2(—1)—-7t 
X(J,m; J, —m|J,J;L,0)/U 5,1, 
(even L), (A7) 
S 7(L,m) = 2(—1)™-J-1-4 
X(J,m; J, —m|J,J;L,0)/Vs,1, 
(odd L), (A8) 


It is of interest to note that for arbitrary spin value J of A® the 
longitudinal polarization of the decay proton from unpolarized A® 
is always —a. The special case of J = } has been discussed recently. 
T. D. Lee and C. N. Yang, Phys. Rev. 108, 1645 (1957). See also 
R. Gatto, University of California Radiation Laboratory Report 
UCRL-3795 (unpublished). 

4 See, e.g., A. R. Edmonds, Angular M. tum in Quant 
Mechanics (Princeton University Press, Princeton, 1957). 
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and 





cs | ——— 
ia (27—L)! 


(3L)!(3L)'(J-3L—3)! 
x 








A9) 
L\(J+3L+})! 
(casera 
at (2J—L)! 
17 —3)1(AL—4)'(J—-4L)! 
( ( 3) 1¢ ) (A10) 





L\(J+4L)! 


The symbols (J, m; J, —m|J, J; L, 0) are the standard 
Clebsch-Gordan-Wigner coefficients. The inverse of the 
Eqs. (A5) and (A6) are given by 


Im 1_m= 2 Qs(m,L)Pr) (All) 
and 
a(Im—I_m) = > Qs(m,L)(P 1), (A12) 
odd L 
where 
Qs(m,L)=(—1)"-744 
X(J,m;J, —m|J,J;L,0)U 5,1, 
(even L), (A13) 
Qs(m,L)=(—1)"- 7-444 
xX (J, m; J, —m\|J,J;L,0)Vz,1, 
(odd ZL). (A14) 


LEE AND C. N. TANG 


The test functions are 


2J 


Ts,.m= . py (J+43)Qs(m,L)P1, 
=] 
(m=J,J—1,---,—J). (A1S) 
The inequalities are 
m=J,+-+,—J). (A16) 
Equation (A16) together with 
(P,)=0 for L2=2J+1 (A17) 


give a necessary and sufficient condition for the case of 
spin J, in the mathematical sense discussed in Sec. II. 
To prove Theorem 1, one computes from (A8) that 


Sy (1,m)= —m/[2J (J+1)]. 
Thus (A6) shows that 
(P)=— 2 am (In—I-m)/L2I (I+) J 
aml m 


aml m, 
=-k 2I(J-+1) -[z sre Tn} 


Le., (P:) is equal to a weighed average of 
[—am/2J(J+1)] with positive weights. Theorem (1) 
then follows immediately. 

To prove Theorem 2, one computes from (A14) that 


Qs(m,1) = —6m/(J+}). 
Thus if (P;)=0 for L=2, (A15) shows that 
(Ty, sy) =6J(P)). 


(A16) then gives directly Theorem 2. 

We remark that the functions F s,; and G »,; have been 
used before in recent literature.® 

5R. K. Adair, Phys. Rev. 100, 1540 (1955); S. B. Treiman, 


Phys. Rev. 101, 1216 (1956); T. D. Lee and C. N. Yang, Phys. 
Rev. 104, 822 (1956). 
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Polarization Effects in =~ Capture 
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The interaction of very slow, or captured, polarized 2~ hyperons with protons, 2~+p—A°+n, may be used 
to yield information concerning the parity of 2 relative to A, the (2, A) parity. A qualitative distinction 
between even and odd parity depends on whether or not the polarization of the emergent A’s varies with 
angle of emission. In order to determine the parity unambiguously it would furthermore be necessary to 
know whether the reaction proceeds from an initial S or P state. Aside from these questions, the polarization 
of the emergent A’s serves as a detector of the initial 2 polarization. For example, if 2’s produced under given 
circumstances do not show an appreciable up-down asymmetry in decay, the above reaction might help to 
decide whether this is due to negligible polarization of the 2~ in production. 


I, INTRODUCTION 


LARGE up-down asymmetry has recently been 

observed in A decay.' The qualitative implications 
of this result for the weak hyperon-decay interactions 
are well known’; and the actual magnitude of the effect 
is bound to give us more specific information on the 
dynamics of these decays.’ Of course, the effect in 
question tells us that the A’s were produced (in r-—p 
collisions) with a sizable polarization to begin with. 
Thus a new tool for the study of the dynamics of strong 
interactions has now become available: the use, where 
possible, of a strong hyperon-producing reaction as a 
polarizer and a subsequent hyperon decay as an ana- 
lyzer. It is the purpose of this note to show how such a 
situation may be of help in determining the relative 
parity of 2 and A hyperons. 

As is well known, the nonconservation of parity leads 
‘to a loss of information concerning the parity of 2, A, 
and K particles relative to nucleon-pion-photon sys- 
tems. Even so, there are certain relative parities which 
on the one hand are well defined if parity is conserved in 
all strong reactions but which on the other hand have 
not yet been determined unambiguously. As the three 
independent relative parities that are at stake we can 
take for example: 2 relative to A, K relative to A and 
nucleon, and = relative to nucleon. It is the first one that 
will concern us here.‘ We shall call this relative parity 
the (2,A) parity. 


1F. S. Crawford et al., Phys. Rev. 108, 1102 (1957); F. Eisler 
et al., Phys. Rev. 108, 1353 (1957). 

2 See, for example, T. D. Lee ef al., Phys. Rev. 106, 1367 (1957). 

’The asymmetry is expressed by an angular distribution 
1+. cos, where @ is the angle between the direction of the decay 
pion and the direction of A polarization (in the A-rest system). The 
parameter a is found to have absolute value 0.510.15. (This is a 
mean parameter over an energy range of the produced A’s.) The 
intrinsic decay parameter must be larger than a, as the initial 
polarization need not be 100%. In terms of an effective decay 
coupling ¥a(1+rys)~p¢x this means that the number r is of the 
order 10, as r=1 corresnonds to a~v,/c =0.09. It is interesting to 
note that a coupling ¥a(1+-ys)yp¥p0¢r/0x, can be recast in the 
above nonderivative form with r= (Ma+M,). (Ma—M,) 12. 
This would correspond to a=0.85 for 100% polarization. 

‘In the spirit of present views on particle multiplets we assume 


In order to obtain information about this it is sug- 
gested to study the reaction 


2-+p—A'+n, (1) 


where the =~ is polarized and the interaction takes place 
either from a bound (2~,/) state or at very low energies 
in the continuum. For a given initial orbital state, the 
polarization pattern of the emerging A depends in a 
qualitative way on the (2,A) parity. This can be seen as 
follows.® 

If the =~ is bound to the proton in a Bohr orbit, we 
need in practice only be concerned with initial S or P 
states. (There are, of course, various such states, triplet 
or singlet and with appropriate 7 values. A more de- 
tailed consideration which takes due account of this is 
deferred until the next section.) If the reaction occurs 
for low energies in the continuum, the process (1) will 
take place predominantly from an S state. In either case, 
if the initial state is S, then the final state is S(P) for 
even (odd) (2,A) parity®; if the initial state is P then we 
go to P(S) in the even (odd) case. Denote the polariza- 
tion of = and A by pz and pa, respectively (|p|=1 
corresponds to complete polarization). The most general 
relation between these two vector quantities can then be 
summarized as follows: 


(even) SS 
ih. ta @) 
(even) P—-P 
(odd) S—P p treacle ai want 


Here N is the unit vector in the direction of motion of 
the emitted A particle. These equations state the obvi- 
ous fact that a dependence of pa on N cannot occur if the 
final state is an S state. 





throughout that members of a given multiplet have relatively even 
parity. 

5 In what follows, the = and the A spin are taken to be }. 

®It seems reasonable to neglect D admixture to S and F 
admixtures to P. 
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Suppose that we knew the initial orbital state. Then 
if a dependence of A polarization on the angle of emission 
were observed, one would know the (2,A) parity. If pa 
were found to be independent of angle, there would be a 
strong presumption as to this parity, although one would 
not be quite as certain as in the previous case: the 
relative value of the constants a and b depends on 
dynamical details which unfortunately seem for the 
present beyond theoretical reach. A distribution (3) 
with ba could simulate a purely isotropic one. 

In any case, the situation would be very much 
sharpened if we knew from which initial orbital state the 
reaction takes place. Here a comparison of the total 
rates of the reaction (1) and of 


2 +p-2°+n (4) 


may be of interest. The phase space ratio of the proc- 
esses (1) and (4) is as 3:1. Now if the reaction occurs in 
the low-energy continuum we are dealing with an SS 
transition. If the initial system is bound, it is either an 
S—S or a P-P transition.‘ In the latter case it is the 
comparison of the sum total rate of A and 2° production 
from the 2P state with the 2P—1S radiative transition 
rate which decides whether both reactions go pre- 
dominantly from an S or from a P state. If we then 
assume that the A and the 2° couplings involved are of 
comparable strengths and are not strongly isotopic spin 
dependent we have the following possibilities: (1) 
(2°: S—S), (A°: S—S): A° and =° produced in com- 
parable numbers, A° being somewhat favored by phase 
volume. (2) (2°: S—S), (A°: S—p): 2° somewhat 
favored relative to A° production, owing to centrifugal 
barrier effects. (3) (2°: P—P): A® strongly favored rela- 
tive to 2° production, the more so if the (2,A) parity 
is odd. : 

Thus it may be possible to learn from these rates 
which initial state predominates. By elaborating pre- 
cisely this kind of argument it has in fact been sug- 
gested’ on the basis of very limited statistics® that 
production mainly takes place from the S-state con- 
tinuum. If this could be firmly established, the parity 
determination would become quite unambiguous. At 
any rate, one sees that the present methods require, 
from independent considerations, the additional piece of 
information concerning the initial orbital state. 

In this connection, we may note that the reaction (4) 
in itself can in principle be used to provide this extra 
information. The polarization pz: of the 2° emitted in 
reaction (4) is again expressed by equations like (2) and 
(3), but now there are only the two alternatives, SS 
and P—P. Thus if it were possible to determine whether 
or not pz* depends on angle of emission, one could work 
back to the state of production and then one would 
know that this same state is also relevant for the A° 
case. Of course, a determination of ps* amounts to a 

7D. B. Lichtenberg and M. H. Ross, Phys. Rev. 107, 1714 


(1957). 
8 L. W. Alvarez et al., Nuovo cimento 5, 126 (1957). 
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study of the polarization of the A° into which the 2° 
rapidly decays. The secondary A° will have a polariza- 
tion direction opposite to that of the parent 2°, but the 
degree of polarization is cut down by a factor one third. 
Furthermore, owing to kinematic effects, any depend- 
ence of ps on the 2° angle of emission would be reflected 
as a much weaker dependence of pa» on the A° angle. 
The use of the 2° polarization to determine the initial 
orbital state does not therefore seem an easy task. 

Of course, the present proposal hinges on the possi- 
bility of having available a source of polarized =~’s, 
where the latter are to be brought to rest in hydrogen. 
In this connection it is relevant to remark that to date 
no significant up-down asymmetry has been observed in 
=~ decays, for 2~ produced in (x~,p) collisions.' This 
may be due to either or both circumstances that the =~ 
were not produced with appreciable polarization or that 
the intrinsic 2~-decay mechanism does not generate 
appreciable up-down asymmetry. For our present pur- 
poses, the second possibility by itself is, of course, 
entirely irrelevant. Here we are only interested in the 
A° decay as a polarization analyzer and we do know this 
to function well. In fact, we may turn the argument 
around. The measurement of up-down asymmetry of 
A’s produced in reaction (1) can be used to learn about 
the polarization of =~ produced from any source, inde- 
pendent of asymmetries in =~ decay. If the A’s produced 
in (1) were to show appreciable asymmetry while the 
direct decay of the =~ coming from the same source 
showed very little, one would have independent in- 
formation concerning the intrinsic 2~ decay asymmetry. 
Information of this kind would, of course, be highly 
desirable in itself. There is some indication of up-down 
asymmetry in 2 decay for 2’s produced by A~ capture 
on nuclei.’ At the time of writing the evidence does not 
seem conclusive. Clearly, however, 2~ produced in this 
way—if polarized—would be useful for the purposes 
discussed here, since in genera! they are very slow and a 
reasonable fraction would come to rest and interact 
rather than decay. 

Finally, we recall again that even if one can carry out 
experiments of the kind considered here, the results 
could be brought to bear on the question of the (2,A) 
parity only if one could determine, by independent 
means, the initial orbital state. 


II. DETAILS 


This section is devoted to a discussion of the coeffi- 
cients a and 6 occurring in Eqs. (2) and (3) for the four 
types of pairings of initial and final orbital states. In 
each of these cases we deal with an aggregate of transi- 
tions that are further specified by initial and final spins 
and by total angular momentum. The situation is 
summarized in spectroscopic notation in Table I, where 
the column marked “amplitudes” presents the ampli- 
tude symbol assigned to each specific transition. We 


® Quoted by F. S. Crawford et al.; see reference 1, footnote 1. 
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shall express pa in general as follows: 
Rpa=apz+8(pz-N)N, (5) 


where R is the total rate of the reaction in question. 


A. S—S Transitions 


The transition operator T has the form, in the four- 
baryon spin space, 
T=4X (+a2X,, 
where 
X:=4(3+e1-02), X,=}(1—o1-02) 


are the triplet and singlet spin projection operators, 
respectively. That is to say, the transition matrix has 
the form 


4 (3a;+a2) (A,>) (n,p)+ } (a\— a2) (A,o2) ‘ (n,op), 


where each particle symbol denotes the corresponding 
individual spin state. In terms of the parameters defined 
in Eq. (5) we get 


R=}|a1|?+}|a2|*, 
a=}]a,|?+} Rea;*a2, (6) 
B=0. 


Note that @ contains a singlet-triplet interference term. 
This reflects our treatment of the initial triplet and 
singlet states as coherent." This is certainly valid for 
transitions from the continuum. However, if the reac- 
tion takes place from the (lowest) singlet and triplet 
Bohr orbits we can have coherence only when the 
S-state reaction level width is comparable to or greater 
than the singlet-triplet separation. Expressed on a scale 
of time, this separation corresponds to ~10~" sec if the 
splitting is due to the hyperfine effect." On the other 
hand, the very fact that the transition would take place 
from the bound S-states in question would mean that 
the 2P-state reaction time for the process (1) is larger 
than the 2? to 1S radiative transition time. The latter 
time is ~ 10” sec. Now it seems reasonable to suppose 
that the S-state reaction time is not shorter than the 
P-state time by three orders of magnitude. If this is 
indeed true, the triplet and singlet transitions are 
incoherent and it follows from Eqs. (5) and (6) that 
then 
Pa $pz. 


B. S—P Transitions 
Define S and S’ by 
S=3(e.te:), S’=4(e,—¢:). 
In terms of these quantities the transition operator is 


10 We would like to thank Dr. J. Bernstein for a discussion of the 
coherence question. 

1 The Bohr radius in question is ~10-" cm. Thus spin-de- 
pendent (Z~,p) forces may distort the hyperfine separation, but 
probably not too much so. 


TABLE I. Summary of the 2~—>A? transitions. 

















(Z,A) parity Initial state Final state Amplitude 
even 3S; 3S, a1 
1S 1S ae 
3$, sp, bi 
odd LAY 1p, be 
199 +P b 
5p, 3S; C1 
odd 1P; LAY Ce 
3Py 1S Cs 
8P, 3P da 
3p, 3P, dz 
even 3P, IP, d; 
1p, 3P, a 
1p, 1P, ds 
8P 3P, ds 
now 


T= (3)4b,N-S+v3b.N-S’X.+5,N-S’X,. : 
We then find 
R=} b:|?+$| b2|?-+4] b3|?, 
a= — (§)! Reb,*(v3b2+53), (7) 
B= }|b,|?+Re[24bib2*+ (3) *bibs*+ ($)4bab3*]. 


‘The (b1,b2) interference concerns two transitions taking 


place from the same initial state, so there can be no 
question here of incoherence. The (01,53) and (b2,b3) 
interference terms will, however, again vanish under the 
same circumstances discussed in the preceding para- 
graph. Observe also that if the *S—*P, amplitude is 
preponderant, we get the simple expression 


pa~ (pz: N)N, 


which implies zero polarization for A’s emitted perpen- 
dicular to the direction of initial = polarization. 


C. P—S Transitions 


The T operator is evidently similar in form to that for 
S—FP transitions. The only essential difference is that 
the unit vector N is now to be replaced by a unit vector 
n in the direction of the relative >-— » momentum. One 
averages over directions of n in the final expressions. We 
obtain 


R=} [c1|?+3|ce|?+2] ¢3[?, 
a= (12)-4{ (3) 4cx?— Re[64c,*c2+-v2e1*cs—c2*c3 |}, (8) 
B=0. 


As we did for transitions from bound S states, we must 
discuss the question of coherence when the reaction 
takes place from a bound P state. Now if the reaction 
occurs from a bound 2P state, we know the reaction 
time is shorter than ~10-" sec. The periods corre- 
sponding to the expected 2P level splittings are of order 
10-* sec (the fine and hyperfine effects are about 
comparable here). If then the reaction time is larger 
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than about 10-" sec, we would have incoherence and all 
interference terms in Eq. (8) must be set equal to zero. 
In this situation we would have 


Pa pz. 
D. P—P Transitions 


The structure of the 7 operator in this rather com- 
plicated situation is as follows: 


T= (3){3d,[4N-nX,—3iS- (NXn)—n-SN-S] 
+4[iS-(NXn)+n-SN-S] 
+v2iS’- (NXn) (dsX :+d4X,) 
+2d;N -nX,+3d[N-nX,—n-SN-S}}. 


PAIS AND S. 
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to averaging over the orbital magnetic quantum number 
in the initial P state). The final results are 


R= Px{5|di|?+3(|do|?+ |ds|2+ |da|?+ | ds|*)+ |do|*}, 
a=aitas, 
ai=$(2|d,|?—v2 Red2*d3), 
a= (1/24) Re{d,*(2d2+3v2d3+ 2V2d,+ 6ds) 
+d2*(3ds+4ds) + 2d4*(3ds—V2ds)}, (9) 
B=B8,+82, 
Bi=}(—|di|?+|d2|*+v2 Red2*ds), 
B= (1/24) Re{di*(—d2+V2d3+4v2d,+ 2ds) 
—d_* (6v2dy+4d¢) —d3* (6d4+4V2d,) +4d5*ds)}. 


The conditions for incoherence are the same as discussed 





in the previous paragraph. If they are met, then 


a2=B2=0. 


The symbols have previously been defined. At the end 
one averages over the directions of n (this is equivalent 
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Emission of Secondary Neutrons from Nuclei Bombarded by 
High-Energy Neutrons* 


V. I. Gor’pansku,f A. E. IcNaTenKO, A. I. Muxutn, V. S. Pen’krnA, AND V. A. SHKODA-ULYANOV 
Academy of Sciences, Moscow, U.S.S.R. 


(Received July 12, 1957) 


The mean number of secondary neutrons emitted in a single act of absorption of 120- and 380-Mev 
neutrons by Be, C, Al, Fe, Cu, Sn, and Pb nuclei has been determined for secondary neutron energies up 
to ~15-20 Mev; the neutrons are predominantly emitted as a result of evaporation which occurs after an 
intranuclear nucleon cascade. The mean number of secondary neutrons was found to increase monotonically 
from carbon (v=1-1.8) to lead (v=6.6-9.9) and was almost constant when the primary neutron energy was 
varied from 120 to 380 Mev. The experimental results are compared with those obtained by studying star 
formation in nuclear emulsions and also fission of heavy nuclei and the production of neutrons by cosmic rays. 





I. INTRODUCTION 


URING the years following the advent of the first 

relativistic heavy-particle accelerators a number 

of investigations were carried out on star formation 

induced by high-energy nucleons. Two stages of inter- 

_ action between high-energy nucleons and nuclei were 

invoked to explain star formation, namely, an internal 

nucleon cascade in the nucleus and a subsequent process 

of evaporation of nucleons from the heated, excited 
nucleus. 

Agreement between the theoretical predictions and 
experimental results pertaining to the main properties 
of cascade nucleons indicated that the intranuclear 
nucleon cascade model proposed by Goldberger! and 
developed by Bernardini’ satisfactorily described the 


* This work was presented by V. I. Gol’danskii at the Gordon 
Research Conference on Nuclear Chemistry, June, 1957. 

t Now at the P. N. Lebedev Physical Institute, Academy of 
Science, Moscow, U.S.S.R. 

1M. Goldberger, Phys. Rev. 74, 1269 (1948). 

2 Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952) ; 88, 1017 (1952). 


first stage of interaction between nuclei and high-energy 
nucleons. The second step of this interaction was 
theoretically studied in great detail by Le Couteur® on 
the basis of the particle evaporation concept proposed 
by Weisskopf.‘ It has been the object of a large number 
of investigations to check experimentally the theory of 
particle evaporation which is assumed to occur in the 
nuclear interaction of high-energy nucleons. However 
the results of these studies were not completely con- 
vincing since, as a rule, only nuclear emulsions or cloud 
chambers were employed. 

Despite the merits of these methods they possess 
some serious shortcomings which become apparent 
when one uses them to study the dependence of star 
formation on mass number of the bombarding nuclei 
or, to an even greater extent, when they are employed 
in neutron emission studies. In general no systematic 
study of neutron emission in the interaction between 


3K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259, 498 
(1950). 
*'V. Weisskopf, Phys. Rev. 52, 295 (1937). 
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nuclei and high-energy nucleons has been carried out 
up to the present time. However, in order to obtain a 
better idea of the nature of high-energy nuclear re- 
actions it would undoubtedly be of interest to study 
the emission of secondary neutrons from various nuclei. 
We consequently carried out in 1950-1951 some investi- 
gations of this type with the synchrocyclotron which 
belongs now to the Joint Institute for Nuclear Research. 


Il. EXPERIMENTAL METHOD 


We investigated the emission of secondary neutrons 
from Be, C, Al, Fe, Cu, Sn, and Pb nuclei induced by 
high-energy neutron bombardment. 

The neutrons used in the 1950 experiments were 
obtained by stripping 280-Mev deuterons in a 16-mm 
copper target. The average energy of the neutrons thus 
obtained was 120 Mev. In the 1951 experiments the 
neutrons were obtained by charge exchange of 480-Mev 
protons in a 25-mm beryllium target. The peak of the 
neutron spectrum was located at about 380 Mev.® The 
neutron beam employed to bombard the investigated 
samples was collimated by a pipe of square cross section 
(10X 10 cm?) situated in a concrete shield whose thick- 
ness in various experiments varied from 2 to 5 m. 

In order to measure the mean number of secondary 
neutrons produced per absorbed primary neutron, the 
following quantities had to be determined: (1) the flux 
of primary neutrons striking the investigated sample; 
(2) the fraction of the flux absorbed in the sample; (3) 
the yield of secondary neutrons. 

Carbon, activated in the reaction C!*(n,2n)C", was 
uséd to determine the primary neutron flux. The cross 
section of this reaction for 120-Mev neutrons was 
assumed to equal 22 millibarns.* Independent experi- 
ments were performed to determine this cross section 
for 380-Mev neutrons; in this case mp scattering data 
were used and a value of 21 millibarns was obtained.’ 

The counting efficiency of the graphite detectors and 
the magnitude of the effective operating mass depends 
on the self-absorption of the positrons from C" and the 
geometrical conditions during the activity measure- 
ments. The geometrical counting efficiency was found 
by measuring the activity of a uranium standard with 
the aid of a thick-wall mica end-window counter (which 
counted decay 6 particles from UX»). The absorption 
factor for C" positrons in graphite was established by 
comparing the counting rate of samples activated under 
various conditions. For this purpose the thickness of 
the samples or the thickness of the aluminum layers 
surrounding them were varied. It was found in this 
way that the thickness of the effective operating layer 
was (1/u)(1—e7*#'), where / is the total thickness of the 
detector and 1/u=56 mg/cm? for graphite. 


5 V. P. Dzhelepov and Yu. M. Kazarinov, Doklady Akad. Nauk 
S.S.S.R. 99, 939 (1954). 

6 E. McMillan and H. York, Phys. Rev. 73, 262 (1948). 

7K. O. Oganesyan, Report of Institute for Nuclear Problems, 
Acad. Sci. USSR (1953). 
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In the principal experiments the graphite detectors 
were placed directly in front of the blocks (secondary 
neutron sources) and completely covered the irradiated 
surface of these blocks. To check any possible influence 
on the detector of scattered or secondary neutrons 
possessing energies above 20 Mev, we compared the 
graphite detector activity with the response of a de- 
tector possessing a higher threshold, namely, with that 
of an ionization chamber which recorded fission frag- 
ments from bismuth. The comparison was carried out 
under the actual experimental conditions as well as at 
large distances from any possible scatterers. The con- 
clusion which could be drawn was that the carbon 
detectors yielded a correct value (one that was not too 
high) for the primary neutron flux striking the surface 
of the investigated samples. 

The cross sections for inelastic collisions (¢,) of 
120- and 380-Mev neutrons with C, Al, and Pb nuclei 
obtained by direct measurement* were employed to 
determine the fraction of incident primary neutrons 
absorbed in the C, Al, and Pb blocks (secondary 
neutron sources). For other nuclei this fraction was 
determined by interpolation or from the total neutron 
interaction cross sections o; for these nuclei, it being 
assumed that og=}o;. If the flux striking the surface 
of the block (S cm?) is II (#/cm? sec), the number of 
neutrons absorbed per second will be alIS (m/sec), 
where a= 1—e~"/**; here \,=1/Noz is the absorption 
length, N the nuclear density of the block in cm™, and 
h the thickness of the block in am. If Q, secondary 
neutrons are emitted per second, the average number of 
secondary neutrons emitted in the absorption of a 
primary neutron will be v=Q,/(aIIS). The yield of 
secondary neutrons was determined by slowing them 
down and then activating indium or manganese in the 
reactions In"*(n,y)In"® and Mn®**(n,y)Mn**, A com- 
plete diagram of the experiments is shown in Fig. 1 
(the dimensions of the secondary neutron moderator 
are not to scale) and Fig. 2. After traversal of the square 
collimator (channel in concrete wall) the beam entered 
a horizontal 12 12 cm channel directed along the beam 
axis; this channel passed through a cubical tank of 1 
meter (or 1.4 meter) edge. The secondary neutron 
sources made of blocks of the aforementioned substances 
were placed in front of the tank. The area of the front 


MONITOR 
(CARBON DETECTION) 








-—-5m —4 
COLLIMATOR I big. TANK WITH 
Gg KMnQ SOLUTION 
ae 4 COMPARTMENT 
jae 4 
CEM CHANNEL 
Mev PROTONS Mey a... 
PARAFFIN 





CONCRETE SHIELD 
Fic. 1. General diagram of the experimental arrangement. 
§ Gol’danskii, Koval’skii, Pen’kina, and Tarumov, Doklady 


Akad. Nauk S.S.S.R. 106, 219 (1956) [translation : Soviet Phys. 
Doklady 1, 16 (1957) ]. 











1764 





NEUTRON | BEAM 





CONCRETE SHIELD 
(3m THICKNESS) 








TANK 
WITH 


at 


PARAF FIN KMp 0,4 PARAFFIN 
SOLU- 100 cm 
TION (40cm) 








CEN | 
\ 


\ 
INDIUM FOILS 




















7 
COMPARTMENT 











Fic. 2. Arrangement of secondary neutron sources (blocks) 
and detectors. 





wall of the blocks was 100 cm? (10X10 cm) and the 
thickness in most cases was 10 cm. A 20-cm paraffin 
layer surrounded the tank and stopped scattered 
neutrons. The tanks were filled with water which was 
used to slow down the secondary neutrons emerging 
from the blocks of the investigated substances. The 
determination of the number of secondary neutrons 
with the aid of manganese is based on measurement of 
the total activation. No analysis of distribution of the 
activity in the moderator body was required in this 
case. Manganese in the form of potassium permanganate 
(KMnO,) was dissolved in the tank water, up to a 
concentration of about 4 g/liter. Radiative capture 
activation of manganese induced by thermal neutrons 
(c=10.7 barns) involves a Szilard-Chalmers type of 
reaction in which the chemical bonds in the KMnO, 
molecule are ruptured and free manganese atoms are 
liberated. These atoms are then rapidly oxidized and 
insoluble MnO, is formed. Thus it was sufficiently easy 
to filter out samples of the solution which were taken 
from the tank after irradiation and careful mixing of 
the moderator; in this way practically all the Mn*® 
activity (7,=2.59 hr) could be retained on the filter. 
Special experiments showed that only about 1% of the 
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Fic. 3. Slowing-down curves of secondary neutrons from bery]- 
lium, carbon, and aluminum (£,°=380 Mev). 
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activity was in the filtrate. There was no need to 
determine the absolute efficiency of the activity meas- 
urements since all data on manganese and indium 
activation were compared with the results obtained 
under identical geometrical conditions by replacing the 
blocks (secondary neutron sources) with a Ra-Be source 
[1.479g(Ra+MsTh) ] enclosed in a lead cube of 10-cm 
edge. The strength of this source (Qo= 1.2 10" m/sec) 
was specially determined by A. M. Kucher under 
definite standard conditions and was subsequently 
checked with an international calibrated source. 
Obviously the desired quantity equals Q:=Qo(Az/Ao), 
where Ao and A, are activities of identical samples of a 
potassium permanganate solution irradiated under 
identical geometrical conditions with a Ra-Be source 
(enclosed in a 10 10X10 cm lead cube situated at the 
center of the tank) and by secondary neutrons produced 
in the investigated blocks. 
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Fic. 4. Slowing-down curves of secondary neutrons from iron, 
copper, tin, and Ra-Be source (£,°=380 Mev). 


In most measurements of the number of secondary 
neutron performed by activating indium, from 8 to 15 
indium plates of 15 cm? area and approximately 0.1 mm 
in thickness were used. These plates were wrapped in 
cadmium foils so that the indium was activated by 
1.44-ev resonance neutrons. The activity of the isomer 
In"® was recorded (half-life 54 min, peak 6-particle 
energy 0.85 Mev). The indium detectors were arranged 
perpendicularly to the primary neutron beam above 
the block and at distances of 3-5 cm from each other. 
After irradiation, measurement of activities of the 
various detectors, A, and reduction to the standard 
value A,° (min) (corresponding to infinite irradi- 
ation), slowing-down curves of the form ar?= f(r) were 
plotted, where a (cm~? sec~') denotes the standardized 
activity of a unit of the detector surface situated at a 
distance r cm from the center of the neutron source 
(Figs. 3-5). Evidently the integral of the slowing-down 
curve, /o“ar’dr, is proportional to the strength of the 
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neutron source, and hence 


0:=Qo f "aertdr / ; ye Ma 


that is, one can determine the unknown quantity Q, 
from the ratio of the areas under standardized slowing 
down curves for neutrons from a Ra-Be source, and 
from the investigated block.® 

Measurement of the slowing-down curves permits 
one to determine the age of resonance neutrons acti- 
vating the indium and thus to estimate roughly the 
mean energy of the secondary neutrons; in this respect 
this method is more advantageous than that of deter- 
mining the average activity in the moderator volume. 
To determine from the experimental data the age of 
the resonance neutrons which activate the indium, 
Tres (cm*), the following relation may be used: 


ro Krum f ardr | f ar'dr. 
0 0 


For estimation of the mean energy of the investigated 
secondary neutrons, the quantity (tps): should be 
compared with (rrs)o determined under the same 
conditions (that is, in the presence of a pipe passing 
through the tank) for a Ra-Be source. Determination 
of (Tres)o When the latter source was located within a 
continuous moderator mass, yielded the value 45 <m?, 
whereas under the conditions encountered in the experi- 
ments (7rs)o was found to equal 64 cm’. Thus, in 
estimating the mean neutron energy with the aid of 
the curve in Fig. 6 taken from Marshak’s paper,’ we 
increased all values of zy. plotted along the ordinate 
axis by 40%. 

In order to avoid recording secondary neutrons 
produced in the water as a result of interaction of 
primary neutrons elastically scattered from the blocks 
with oxygen nuclei, a compartment having the form of 
a truncated pyramid was made in the front part of the 
tank (with respect to the direction of the beam) and 
in part of the experiment this compartment was not 
filled with water. Comparison of the results obtained 
with empty compartments and with the compartments 
filled with water showed that the effect due to secondary 
neutron formation in the water itself was (within the 
accuracy of the experiments) negligible. This permitted 
us to carry out a few experiments in which the indium 
detectors were arranged not only at angle of 90° above 
the blocks but also in the direction of the primary beam; 
in the latter case the detectors were placed in a box 


®JIn the 120-Mev neutron experiments only one In detector 
was used and its activity was assumed to be proportional to the 
total secondary neutron yield Q,. Subsequent experiments with 
380-Mev neutrons demonstrated the similarity of the slowing 
down curves for various nuclei (neutron sources) and thus con- 
firmed the correctness of reduction of the experimental] data 
obtained with a single detector in the first series of exneriments. 

10 R. E. Marshak, Revs. Modern Phys. 19, 185 (1947). 
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Fic. 5. Slowing down curves of secondary neutrons from lead 
blocks of various dimensions (£,°=380 Mev). 


filled with water and the box was closely mounted next 
to the source which was located in side the square pipe 
running through the tank. The measurements showed 
(Figs. 4, 5) that the slowing-down curves were identical 
in both directions and thus confirmed the validity of 
determining the total secondary neutron yield from 
slowing-down curves obtained at 90°; however, they 
cannot be considered as a proof of isotropy of emission 
of the recorded secondary neutrons (because of smearing 
out of any possible anisotropy during the slowing-down 
process). 

Besides the main experiments some auxiliary back- 
ground measurements were carried out in the absence 
of the blocks (secondary neutron sources). These 
experiments indicated that background activation of 
indium due to neutrons scattered from the walls or 
surroundings and also to incidence of the diverging 
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Fic. 6. Dependence of age of thermal neutrons in water on 
their energy prior to slowing down (after Marshak”). 
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Fic. 7. Activation of indium detectors at various distances 
from beam axis as determined in background and principal 
experiments. 


primary neutron beam on the edges of the pipe or on 
the tank water, was commensurate with the main 
effect only for distances of 25-35 cm from the beam 
(see, for example, Fig. 7). At such distances the product 
ar’ is sufficiently small but ar‘ is only 1.5—2 times smaller 
than its maximal value. The background therefore did 
not considerably affect the accuracy of the neutron 
yield determinations but appreciably lowered the 
accuracy of the age determinations. 

In the maganese experiments, in which the results 
were averaged over the moderator volume, the effect 
due to the background was naturally larger; for this 
reason these experiments (which require shielding of 
the tank with paraffin) could be carried out only by 
using lead blocks (secondary neutron sources) which 
were equivalent to a Ra-Be neutron source strength of 
several curies when the incident neutron flux was 
II= 105 n/cm? sec. Even in these experiments the back- 
ground activation was about half as large as that ob- 
tained in the presence of the blocks. However, in 
experiments with lighter nuclei, when the strength of 
the secondary neutron sources was 0.1-1 curie (10%-10’ 
n/sec), the background activation of manganese was 
too large. The duration of the experiments involving 
irradiation of indium or manganese was 30-80 minutes. 
Absolute values of the activity of the indium detectors 
can be deduced from the ordinates in Fig. 7. The 


TABLE I. Emission of secondary neutrons from various nuclei 
bombarded by 120-Mev neutrons. 
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Total 

excitation 
energy 
Neutron Neutron spent in 
Block binding kinetic neutron 

thickness energy energy evaporation 
Element (cm) , (Mev) (Mev) (Mev) 
bs 10 1.8+1 25 4 30+17 
Al 10 1.5+0.8 17 3 20+10 
Fe 10 1.5+0.8 12 3 15+ 8 
Cu 10 1.8+0.9 15 4 20+10 
Sn 10 4.542 35 9 45+20 
Pb 92 9 +3 65 20 85+28 

Pb (from Mn) 9.2 9.943.3 ve cast iow 
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absolute activities per liter of KMnQ, solution were 
2000-4000 disintegrations/min (A,.°=17 000-35 000 
disintegrations/min) in the experiments with Pb blocks. 
Since the slowing-down curves are valid only for water 
thicknesses of not more than 25-35 cm, it may be 
considered that in our experiments neutrons with 
energies not exceeding ~15-20 Mev were effectively 
slowed down and recorded. These neutrons are similar 
to the protons responsible for the “black” tracks 
observed in photographic emulsions; that is, they are 
mostly evaporation and not cascade neutrons. 

As a matter of fact, the range of 20-Mev neutrons 
in water is 12.6 cm, whereas the collision range for 
hydrogen in water is 38.6 cm. Thus these neutrons 
emerge from the tank with a sufficiently high proba- 
bility after a few collisions. Statistical errors and the 
background are the main factors which affect the accu- 
racy of determination of the relative mean number of 
secondary neutrons emitted from various nuclei (1) 
(referred to the value v of a certain nucleus such as that 
of lead). For the 380-Mev experiments we estimate a 
precision of + 10-20%. The accuracy of determination 
of the absolute values of v also depends on the error in 
determination of the cross section for the C!2(m,2n)C¥ 
reactions and of the strength of the source. The error 
these factors introduce is estimated to be +35-50%. 


III. RESULTS 


A summary of the results is presented in Tables I 
and II. 

All neutron yield data presented in Tables I and II 
(except those which are specially denoted) were ob- 
tained in experiments with indium detectors. In accord 
with Skyrme and Williams," the kinetic energy of the 
neutrons estimated from their age was assumed to lie 
between 2 and 2.5 Mev. All evaporation energy values 
presented in the tables have been rounded off. Since 
the mean energy of evaporated neutrons is proportional 
to che temperature 7, it may be concluded that in the 
neutron evaporation stage the temperatures of light 
and heavy nuclei are approximately the same. This 
corresponds, however, to higher excitation energies (U) 
of heavy nuclei since, according to the Fermi gas model, 
the coefficient a in the relation U=aT? increases with 
mass number; on changing from carbon to lead it 
increases by approximately a factor of five. 

When the primary neutron energy is changed from 
120 to 380 Mev, a decrease of the number of secondary 
neutrons possessing energies up to 15-20 Mev and of 
the energy expended in neutron evaporation is observed 
which apparently does not signify a general decrease 
of the neutron yield; the reason for this is* that the 
yield of secondary high-energy neutrons increases and 
it is these neutrons that are responsible for the tran- 
sition effects observed in neutron absorption measure- 
ments performed with bismuth fission chamber and 


1D. M. Skyrme and W. S. C. Williams, Phil. Mag. 42, 1187 
(1951). 
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TABLE ITI. Emission of secondary neutrons from various nuclei bombarded by 380-Mev neutrons. 
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Neutron Neutron 
Block Age binding kinetic Spent in neutron Total for 
thickness (cm?) energy energy evaporation E,® =400 Mev 
Element (cm) y Tres (Mev) (Mev) (exper.) (calc*) 

Ra-Be source an 64 

Be 10 1.6+0.8 38 12 3 15+ 7 

i 10 1 +0.6 42 18 2 20412 

Al 10 1.6+1.1 39 15 3 18+12 35 

Fe 10 2.341.2 37 20 5 25+13 

Cu 10 2.8+1 39 24 6 30+11 

Br 52 

Ag 52 

Sn 10 4.4+1.8 41 35 10 45+20 

Pb 4.6 6.5+2.4 45 50 15 65+24 94 
Pb (from Mn) 9.2 7.44+2.5 

Pb 9.2 7142.4 49 

Pb 13.8 7.742.6 49 

Pb 20 7.8+2.6 50 











* McManus, Sharp, and Gellman, Phy 


s. Rev, 93, 924 (1954), 


graphite detectors. Rough estimates made on the basis 
of the results obtained previously* and on the assump- 
tion that high-energy neutrons are emitted at an angle 
of 0° lead to the conclusion that absorption of 380-Mev 
neutrons by lead or uranium nuclei involves the emission 
of a single secondary neutron whose energy lies above 
the threshold of the reaction C!*(n,2n)C" (i.e., E,>20 
Mev). About half of such neutrons lead to efficient 
fission of bismuth (£,>50-60 Mev) (it has been 
assumed in the calculations that for neutrons inducing 
fission in bismuth ¢4 se.=@a prim, ANd OF seo, = 304 prim. 
and for neutrons activating carbon Ga sec,=1.5¢@¢ prim. 
and On, 2n sec.=On,2n prim.)- Here the subscripts a, f, and 
n,2n refer to inelastic interaction, fission, and (,2n) 
reactions, and prim. and sec. to primary and secondary 
neutrons. 

The effect due to fast secondary neutrons is manifest 
in Table II by the slight (20%) increase of v with in- 
crease of the lead block thickness. It should be kept in 
mind that it is the errors in the absolute values of v 
which are presented in Table II and as has been pre- 
viously mentioned, these errors are much higher than 
those of the relative secondary neutron yields shown in 
Fig. 8 [dependence v/yp,= f(A) ]. Thus the 20% 
increase of v due to increase of the lead block thickness 
exceeds the experimental errors. It should also be 
mentioned that under the described geometrical con- 
ditions it is certain that not all high-energy secondary 
neutrons could produce new “neutron stars” or (m,2m) 
reactions in the lead blocks. 


IV. DISCUSSION OF RESULTS 


We shall compare the measured values of v with the 
predictions of the statistical model based on the concept 
of particle “evaporation” from excited nuclei. 

The “evaporation” mechanism at high excitation 
energies has been considered most thoroughly by 
Le Couteur.’ The results of his calculations were found 
to be in good agreement with experimental results on 








star formation in photographic emulsions.'*~* There- 
fore, instead of directly comparing our results with 
theory, we shall compare the experimental data on 
neutron emission and the data on emission of charged 
particles. On the basis of his investigation of the relative 
probabilities for proton and neutron emission Le 
Couteur predicted the following peculiarities of the 
evaporation process. There should be a small neutron 
deficiency in the final nucleus, the magnitude of this 
deficiency being independent of the initial excitation 
energy. Owing to the smal! magnitude of the excitation 
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Fic. 8. Dependence of the relative average number of secondary 
neutrons (assuming that y=1 for lead) on mass number of nuclei 
for E,.°=380 Mev. 


12 Meschcheryakov, Grigoriev, Bogachev, and Soroko, Report 
of Institute for Nuclear Problems, Acad. Sci. USSR (1950). 

13 Y. B. Harding, Phil. Mag. 42, 63 (1951). 

4 N. Page, Proc. Phys. Soc. (London) A63, 260 (1950). 

18 P. E. Hodgson, Phil. Mag. 42, 82 (1951). 

16 J. G. Barbour, Phys. Rev. 93, 534 (1954). 
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TaBLE III. Comparison of the experimental data on neutron emission with calculations based on 
experiments performed with nuclear emulsions. 
Computed values 
Number of par- 
ticles with ’ ¥ 
Nucleus t a/H s=1 Ztin Astab. » (120 Mev) (380 Mev) 

Pb 0.20 0.3 4. 74 184 10 9.9+3.3 (6.5+2.4)+1 
Sn 0.25 0.3 3.8 4H 102 7.5 4.542 44+1.8 
Ag 0.27 0.3 3.6 41 93 6 
Br 0.33 0.4 2.9 30 67 5 
Cu 0.40 0.5 2.3 24 53 3 1.8+0.9 2.8+1 












energy the final nucleus should become stable by y-ray 
emission, 8 decay, or K capture. It should also be 
mentioned that investigations performed with electron- 
sensitive plates!* show that most star products are not 
8 active and that they are either stable nuclei or nuclei 
decaying via electron capture. This is the basis of 
Pontecorvo’s'’ method of estimating the number of 
evaporation neutrons by computing the mass number 
of the final nucleus and assuming that the number of 
neutrons corresponds to maximal stability (Asts.). In 
this case the most probable value of the mass number 
A fin, of a final nucleus possessing a charge Z¢in, is close 
to Agtay., Where Astab.=2Z pin [1+ (1/131) Aster! ] and 
Zin. can be found by analyzing the star data presented 
in references 13-16. 

From these data one may derive the approximate 
form of the star prong distribution curve, Q(m)=const 
Xe", where é is a constant, and also information 
relating to the ratio a/H between the number of prongs 
of doubly-charged particles (mostly alphas) and singly 
charged particles (p, d, /). Evidently for an exponential 
prong distribution curve the mean number of prongs 
per star will be i=1+1/. Knowing ¢ and a/H and 
assuming that the mean mass of singly charged particles 
is 1.3 (as d and / are also emitted), it is easy to estimate 
the sum of the charges and masses of all charged 
particles in the stars, that is, to find Zrin, and A fin. 
(taking account of neutrons) and hence v=Afin. 
—Asgtab.. The results of such rough calculations are 
presented in Table III. 

As can be seen from Table III, the experimental 
results agree satisfactorily with the computations based 
on Le Couteur’s work.’ Experimental data from refer- 
ences 13-16, which also agree satisfactorily with Le 
Couteur’s theory, were used in these calculations. The 
conclusion that may be drawn is that our results agree 
with the theory of evaporation of nuclear particles at 
high excitation energies and that the theory is confirmed 
not only for charged particles but for neutral particles 
as well. It should be noted that the energy spent in 
evaporation of neutrons also agrees reasonably well with 
the mean excitation energies of various nuclei bom- 
barded by 400-Mev nucleons. The energy values were 
computed by the Monte Carlo method and are pre- 


17B. M. Pontecorvo and A. E. Ignatenko, Report of Institute 
for Nuclear Problems, Acad. Sci. USSR (1951). 








































sented in Table II. It can be seen from Table I that in 
the case of lead almost all of the energy of 120-Mev 
neutrons is spent in emission of relatively low-energy 
secondary neutrons. Emission of such a neutron requires 
the expenditure of about 10-15 Mev, which is three 
times smaller than the energy expended in the formation 
of a “black” proton track (which is usually accepted 
in the literature to equal 35 Mev). If the energy of the 
incident neutrons is 380 Mev, the residual excitation 
energy of the nucleus which is responsible for neutron 
evaporation is relatively small for all types of nuclei, 
and this signifies that most of the energy is carried 
away from the nucleus already in the first interaction 
stage, that is, in the intranuclear nucleon cascade. 

It would seem to be of interest to compare the results 
obtained in the present work with available data on 
fission of heavy nuclei obtained for excitation energies 
of the order of tens or hundreds of Mev. Beginning in 
1949,'§ many arguments have been presented which 
indicate that this fission is of the emissive type, that is, 
that it is preceded by the emission of a large number 
of neutrons. However, as a rule, the number of neutrons 
emitted prior to fission (vy) has been determined by 
indirect and quite rough methods such as from the 
position of the hump in the fission fragment spec- 
trum!*-* or by analysis of the variation of the fission 
cross section with decreasing atomic number from 
uranium to lighter nuclei (down to tungsten?*) and also 
from the dependence of the ranges of definite fragments 
on the energy of the fission-producing particles.” Only 
recently some papers by Harding*:** have appeared 
which contain convincing proof*® that most of the 
neutrons are emitted prior to fission. This author 


18 R, Goeckermann and I. Perlman, Phys. Rev. 76, 628 (1949). 

19 P. O’Connor and G. Seaborg, Phys. Rev. 74, 1189 (1948). 

® Folger, Stevenson, and Seaborg, Phys. Rev. 98, 107 (1955). 

21 Vinogradov, Alimarin, Baranov, Lavrukhina, Baranova, 
Pavlotskaya, Bragina, and Yakovlev, Proceedings of the Conference 
of the Academy of Sciences of the U.S.S.R. on the Peaceful Uses of 
Atomic Energy, Moscow, July, 1955 (Akademiia Nauk, S. S.S. R., 
Moscow, 1955) [translated by the Consultants Bureau, New York, 
1955], Section of Chemical Sciences. 

2V. I. Gol’danskii, Report, Acad. Sci. USSR (1950); 
Gol’danskii, Pen’kina, and Tarumov, J. Exptl. Theoret. Phys. 
U.S.S.R. 29, 778 (1955) [translation: Soviet Phys. JETP 2, 
677 (1956) ]. 

3 E. Dauthett and D. Templeton, Phys. Rev. 94, 128 (1954). 

% G. N. Harding, Proc. Phys. Soc. (London) A69, 330 (1956). 

2G. N. Harding and F. Farley, Proc. Phys. Soc. (London) 
A69, 853 (1956). 
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studied the angular distribution of neutrons relative 
to the direction of fragment emission and confirmed the 
finding that fission of uranium nuclei induced by 150- 
Mev protons is of the emissive type. According to 
Harding,™ coincidence measurements between bismuth 
uranium fission fragments and fission neutrons indicate 
that in the fission induced by 150-Mev protons the 
mean number of neutrons per fission act is 10.0+2.7 
for bismuth and 13.1+1.6 for uranium (in the latter 
case 2.5+1 neutrons are emitted by the fission frag- 
ments and 10.6+1.9 neutrons are emitted prior to 
fission). 
Our data on the mean number of neutrons emitted 
in the absorption of 120-Mev neutrons by lead nuclei 
(see Table I) agree quite well with Harding’s results 
for bismuth fission. By extrapolating the dependence 
of the mean number of secondary neutrons on the mass 
number to uranium, we also obtain good agreement 
with Harding’s data for uranium fission. 
For a more detailed comparison of neutron emission 
in the fission of heavy nuclei and in any other processes 
of inelastic interaction of high-energy nucleons with 
such nuclei, it would be very desirable to continue 
direct experiments on the measurement of the average 
number of neutrons emitted per fission act. 
It would be even more interesting to investigate (by 
employing the coincidence technique described by 
Diven ef al.** and Hicks ef al.”") the distribution of 
secondary neutrons emitted in fission ard processes of 
inelastic interaction between high-energy nucleons and 
various heavy nuclei. 
In conclusion we shall compare our results with those 
of Cocconi and Cocconi-Tongiorgi?*—” who investigated 
the production by cosmic rays of secondary neutrons 
with energies up to 15 Mev in lead and carbon. It was 
shown in a study of secondary neutron emission co- 
herent with extensive penetrating showers” that from 
30 to 60 secondary neutrons are emitted per primary 
nucleon absorbed in a 5-cm lead block. However, if 
neutrons which were not coherent with extensive 
showers (and were thus produced by particles of 
smaller energy) were investigated,” the number of 
secondary neutrons was found to be much smaller, and 
equaled 8 for lead and 1.6 for carbon. The number of 
secondary neutrons emitted in this way from lead and 
carbon was determined by other authors and found to 
equal 6.5 * and 7.5.3 The mean energy of secondary 
— Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
37 Hicks, Ise, and Pyle, Phys. Rev. 101, 1016 (1956). 
28 V. Cocconi-Tongiorgi, Phys. Rev. 75, 1532 (1949). 
2 V. Cocconi-Tongiorgi, Phys. Rev. 76, 517 (1949). 

(198 a Cocconi and V. Cocconi-Tongiorgi, Phys. Rev. 76, 318 
31 T. Tobey, Phys. Rev. 75, 894 (1949). 


® Simpson, Baldwin, and Molner, Phys. Rev. 77, 751(A) 
(1950). 
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neutrons emitted from lead and carbon has been 
estimated to be 3 Mev.” Their angular distribution 
has not been investigated but it has been shown that 
emission in the forward and backward directions (into 
each hemisphere) is practically the same.*° Besides the 
secondary neutrons with energies below 15 Mev which 
were recorded in the experiments, it is probable that 
high-energy neutrons were also emitted. An indication 
of this is the fact mentioned by Cocconi and Cocconi- 
Tongiorgi,® that with increase of block thickness the 
mean number of secondary neutrons emitted from lead 
per primary particle also increases. The data cited above 
apparently prove that, in contrast with the relatively 
rare processes of the explosion type which are con- 
current with extensive showers, the formation of 
secondary neutrons which are not coherent with ex- 
tensive showers is exactly analogous to that observed 
by us under laboratory conditions. This agreement 
may be regarded as a proof that the main source of 
cosmic-ray neutrons are nuclear disintegrations of the 
usual type produced by nucleons with energies of 
several hundreds of Mev. 


V. CONCLUSIONS 


1. The mean number of secondary neutrons with 
energies up to 15-20 Mev produced by 120- and 380- 
Mev neutrons in Be, C, Al, Fe, Cu, Sn, and Pb nuclei 


‘ has been determined. This number increases from 1-1.8 


for carbon to 6.5 (380 Mev) or 9-10 (120 Mev) for lead. 

2. The mean energy of the observed secondary 
neutrons determined from age measurements (from the 
shape of the showing-down curves) is 2—2.5 Mev. 

3. The number of secondary neutrons possessing 
energies above 15-20 Mev increases with increase of 
the primary neutron energy from 120 Mev to 380 Mev; 
the number of secondary neutrons with energies up to 
15-20 Mev is constant in this case (or even slightly 
decreases). 

4. Comparison of the results of the present investi- 
gation with data pertaining to secondary charged 
particles and hence with the theory of particle evapo- 
ration at high excitation energies, yields satisfactory 
agreement between the theory and experiment. 

5. The average number of secondary neutrons 
emitted by a lead nucleus after absorption of a 120- 
Mev neutron is equal to the average number of neutrons 
emitted in fission of bismuth induced by 150-Mev 
protons.” 

6. Comparison of our results with results on neutron 
production in cosmic rays confirms the conclusion that 
the main neutron-producing component in the cosmic 
radiation consists of nucleons with energies of hundreds 
of Mev. 
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K--Meson Captures by Bound Neutrons* 
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Experimental data are presented for K~-meson captures on bound neutrons and on two bound nucleons. 
K--capture stars of only one prong and of only two prongs which are gray or black were analyzed in an 
effort to understand the basic neutron and 2 nucleon capture reactions. The same model that was used to 
explain the captures on bound protons has been extended to apply to bound neutrons. The average 2- 
hyperon nuclear potential is determined to be 35+10 Mev attractive. This potential, coupled with the 
previously determined Coulomb potential of 102-3 Mev and the momentum of the capture nucleon, causes 
an estimated 78, 78, 60, and 55% of the = hyperons from the reactions 2~x*, 2~x°, D°x-, and 2*x-, respec- 
tively, to be trapped in bound energy states. This high trapping probability leads to a high escape proba- 
bility of 0.80.1 for = hyperons in unbound states and a corresponding 2*+- or 2~-hyperon charge exchange 
cross section of 11_,*? millibarns per neutron or proton respectively in the Ag nucleus. The proton-to-neutron 
K--capture ratio is found to be 4_.**. The fraction of K~ captures on neutrons that leads to the reaction 
A®°x— is 0.00_9.90**"*. The results indicate that most of the K~ mesons are captured in the interior of the 
nucleus. The numbers of multinucleon K~ captures which occur by the reactions 2+n, 2~p, and Zn are 
estimated to be 1.3_99*?*, 0.0_9.o*!-5 and 0.49 ,*!°%, respectively. The data of this experiment are con- 
sistent with the reaction rates of 2:1:14:0:4:4:0 for D-x*, Dta-, Dr, A°r®, Dow, D9, and A°x-, respec- 


tively. 


109, 


NUMBER 5 





I. INTRODUCTION 


[gk serena concerning negative K-meson inter- 
actions with free protons! and with protons bound 
in nuclei is now available.** Recently some information 
on bound neutrons has been reported.‘ In this experi- 
ment the capture of K~ particles on bound neutrons 
is investigated by the study of K~ particles captured 
in the nuclei of nuclear emulsion. 

Conservation of baryons, charge, and strangeness 
suggest the following possible two-body reactions for 
the capture of K~ particles on neutrons®: 


K-+n-A°+2- (1a) 
P+ (1b) 
>" +7", (1c) 
and for captures on two nucleons the reactions 
K-+(pp)2*-+n (2a) 
2+p (2b) 
—A'+p, (2c) 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, 
and Tripp, Nuovo cimento 5, 1026 (1957). L. Alvarez, Proceedings 
of the Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics, Session VI, 1957 (Interscience Publishers, Inc., New 
York, 1957), and A. Rosenfeld, Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics, Session 
VIII, 1957 (Interscience Publishers, Inc., New York, 1957). 

2 Gilbert, Violet, and White, Phys. Rev. 107, 228 (1957), 
hereafter called I. 

3 Richard Capps, Phys. Rev. 107, 239 (1957). 

*C. Dilworth, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, Session VI, 1957 
(Interscience Publishers, Inc., New York, 1957). Recent data on 
K~--meson captures from the K-stack collaboration were reported. 

5 For easy reference these and future equations will be referred 
to by their products as A°r-, 2°x-, Z-7°, etc. 


1770 






























K-+(nn)—-2-+n, (2d) 
K-+(np)-2°+n (2e) 
—A°+n (2f) 
=" +p. (2g) 


Only one charged particle is produced in the final state 
in the reactions A°r-, 2°r-, Z-x°, Stn, Dp, A°p, and 
2-n. They are studied by an analysis of K~ captures 
in nuclear emulsion which give only one prong. Reaction 
2-> is studied by analyzing stars with 2 gray or black 
prongs. Reactions 2°” and A°» which give only neutral 
particles are not investigated in this experiment. The 
attack is analogous to the previous study? of captures 
on protons in nuclei where the analysis was confined to 
stars with a x meson and one other prong. The interpre- 
tation of the one-pronged events, here, is complicated 
by interactions of the secondary particles and by the 
presence of evaporation prongs. 


II. MODEL FOR CAPTURES ON 
BOUND NEUTRONS 


In I? a model was proposed for the capture of K- 
particles on bound protons. In this model the initial 
state consists of a free K~ meson and a moving proton 
which is bound to a core nucleus. The final state 
consists of the core nucleus with an excitation energy, 
Ex, a free  hyperon, and a free meson. Conservation 
of energy between these states is used to find the sum 
of the kinetic energies, T,+7:, of the » meson and 
> hyperon, 

Te+ Ts=Q- (Eext+ Ep). (3) 


Q is the difference in the sums of the K~ particle and 
proton masses and the w meson and 2 hyperon masses. 
E, is the binding energy of the least bound proton in 
the capturing nucleus. From the bound proton experi- 
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ment E,+ Ex was found to be 20_;0+” Mev. The same 
model is expected to work for the reactions A°x~, 2°r-, 
and =~r° where the Q value is calculated from the 
masses of the particles which are appropriate to the 
reaction being investigated. The Q values for reactions 
A°r- and =~7® are 179 and 102 Mev, respectively. A 
Q value of 105 Mev has been adopted for the reaction 
2x. 

As there is only one charged particle in the final 
state, either a m meson or a =~ hyperon, for a K- 
capture on a neutron it is not possible to measure both 
the + meson and hyperon kinetic energies for a given 
reaction by the techniques of this experiment. We 
cannot test each event by Eq. (3) as was done in I but 
instead must work with the + meson and = hyperon 
energy distributions. 

The x meson energy distributions which were ob- 
tained from the model for the reactions A°x~ and 2° 
are shown in Fig. 1. The nucleon momentum distribution 
was taken to be Gaussian: 

dn/dp= p’ exp(— p*/a’), 
with a=170 Mev/c. The hyperon nuclear, meson 
nuclear, charged hyperon Coulomb, and charged 
meson Coulomb potentials were taken to be 35, 40, 
10, and 10 Mev, respectively. The + meson energy 


distribution for the reaction 2°r~ is similar to the distri- 
- butions for the reactions for captures on bound protons?: 


K-+p-2t+9- (4a) 
—r+x"*. (4b) 


However, the condition used in I, that both the = 
hyperon and the + meson are observed, eliminated 
from that experiment the cases where the charged 
hyperon was trapped in the nucleus in a bound state. 
When the hyperon is captured in a bound state, T's is 
negative and the 7 meson energy may exceed the value 
of Q—20 Mev which is obtained from Eq. (3) for 
T:=0. The maximum value of the + meson kinetic 
energy, therefore, is increased from about 80 Mev for 
reactions 2°r-, Ltr, and S~xt, where both the 2 
hyperon and m meson are emitted, to 120 Mev for the 
reactions where only a charged m meson is emitted. 

An important contribution to the meson spectrum 
for the one-pronged events comes from the cases where 
the 2~ hyperons of reaction 2~a* are trapped in bound 
states and are converted into neutral particles via one 


of the reactions 
(Sa) 


(Sb) 


but the z+ mesons escape. These ++ mesons usually 
have high energies in order to satisfy the energy 
conservation expressed by Eq. (3). Consequently, it is 
usually not possible to determine their charge by 
stopping them; therefore they cannot be separated 
from the * mesons which come from the reaction 


+p A’+n 


—2!-+n, 
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Fic. 1. The +-meson energy distributions for one-prong K~ 
capture stars that are expected from the reactions (a) A, 
(b) 2°, and (c) 2~x*t. The distributions were normalized to 
equal areas and then the z-meson attenuations before escape were 
applied to obtain the curves. The cutoff in (c) at the lower energy 
end of the distribution is the +*-meson energy at which the =~ 
will no longer be made in bound states. Below this r*t-meson 
energy the =~ hyperons can also escape and the events will be 
listed under the 2-prong K~-capture stars instead of the 1-prong 
events. 


>°r-. In addition, the 2 hyperons in unbound states 
can interact in flight on their way out of the nucleus; 
in these cases the r+ meson partners have lower energies 
which are similar to the energies of the mesons from 
captures where both particles are emitted.? 

The w-meson spectrum from reaction A°x~ should 
extend up to about 190 Mev with a peak at about 
150 Mev. The predicted + meson energy spectra for 
reactions A°r, 2°r-, and =-a* are shown in Fig. 1. 
Each of the distributions was normalized to the same 
area and then the m-meson interaction cross section 
was applied to obtain the curves of Fig. 1. The mean 
free path for x mesons in nuclear matter was obtained 
from the optical model calculations of Stork.* These 
mean free paths were used to calculate the r-meson 
escape probability as a function of the r-meson energy. 
Since the interaction cross section increases rapidly 
with the x-meson kinetic energy (the mean free path 
for m mesons in nuclear matter at 120 Mev is about 
one-half that at 60 Mev) the number of high-energy 
mesons has been reduced materially relative to the 
low-energy ones on the curves of Fig. 1. In addition to 
the + mesons from the direct two-body reactions, the 
low-energy end of the spectrum is enhanced by 
mesons that scatter inelastically before escaping from 
the nucleus. Previous experiments’ have indicated that 
inelastic scattering of 120- and 135-Mev x mesons 





6 Donald H. Stork, Phys. Rev. 93, 868 (1954). 
- ™G. Goldhaber and S. Goldhaber, Phys. Rev. 91, 467 (1953); 
G. Puppi (private communication), and Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 
Session VIII (Interscience Publishers, Inc., New York, 1957). 
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TABLE I. Calculated energies* of the product particles 
for 2-nucleon K~ capture. 











Reaction twee To leon 
me 89 113 
4 89 114 
A"p 129 148 
K-nn, =-n 87 109 
hen 89 113 
A°n 129 148 
=p 87 109 








* The kinetic energies listed were calculated for E»+Eex =40 Mev and 
for a momentum of the capture nucleon pair equal to zero. 


leads to a peaking of the scattered mesons at about 
40 Mev; however, the inelastically scattered r+ mesons 
are rather uniformly distributed in energy. 

From the single neutron capture reactions A°r, 
D°r-, and =-r° only =-r° contributes directly to the 
heavy-particle energy distribution from one-pronged 
K~ captures; however, A°x~ and 2°x~ may contribute 
to these cases if the + meson is absorbed. Reactions 
tx and =~x* will contribute = hyperons in the cases 
where the x mesons are absorbed without production 
of charged prongs. Evaporation and recoil protons are 
expected from the reactions A°r® and °° as well as 
from reactions 2+#~ and 2-x+ where both the charged 
m meson and > hyperon are absorbed with the subse- 
quent emission of one proton. The two-nucleon capture 
reactions =+n, 2°p, A°p, and =~ each give only one 
single heavy prong. The prorg will have an energy 
which is higher than that for a particle from the 
evaporation process or one-nucleon capture process. 
The kinetic energies of the secondary particles from 
two nucleon captures are given in Table I. For these 
calculations, E..+E, was taken to be 40 Mev (two 
nucleons are removed from the nucleus), the internal 
momentum of the two nucleons to be zero, and the 
masses of the =+, 2°, Z-, and A° hyperons to be 1189, 
1189, 1197, and 1115 Mev, respectively. 

It is possible to estimate the number and modes of 
K~- captures on bound neutrons in nuclei by making 
use of the results for captures on free protons' and 
isotopic spin conservation.* Since no captures have 
been seen which yield as secondaries =+a* or 2-2, 
and since the reactions yielding hyperons plus nucleons 
are rare, it appears as if most of the reactions occur on 
single nucleons. The following assumptions are made: 
(1) Total isotopic spin is conserved in the system of 
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the K~ plus capturing nucleon. (2) The matrix elements 
for each of the production channels are energy inde- 
pendent. (3) The capture nucleus has equal numbers 
of protons and neutrons. (4) The charge exchange 
reaction on a proton to yield a K® is negligible. The 
ratio of the number of captures on protons to the 
number of captures on neutrons may then be expressed 
in terms of the relative yields of the capture modes 
(Z-at, D°9°, Dta-, A°r*) on protons alone: 


) Doat tl 9+ Sta +Ar 
n= ‘ 
2(2-a4t— 25°94 2 t9- + Ar) 





The ratio of A° hyperon to 2 hyperon production from 
captures on neutrons is 


Aon Aon? 
Dg e  Sm-xt— ID Ste 





The ratio of 2 hyperons produced from captures on 
neutrons to total captures on protons is 


2-9 Dont — 229 +2-at 
Doat tl +t +A FF Toate Dp Ste + Ae” 





The ratio of the number of proton captures in the 
isotopic spin-zero state to the number of proton cap- 
tures in the spin-one state is 


(- ‘) 32°%r° 
Ty), owt —23% 4 E+a- + Ae 
It is also noted that the relative numbers of neutral 


pions and neutral = hyperons are independent of the 
proton capture modes, i.e. ; 


a 2° 1 


atte St+E- 2 








In the bubble chamber experiment! the ratio of 2~at 
to Sta is well determined to be 2:1; however, the 
ratio of A°r® reactions to =°r” reactions produced is 


(10-6) / (44-6) =0.23_0.15*°'. 


In order to show the sensitivity of the above ratios 
to the experimental numbers, four different combi- 
nations of numbers for 2°r* and A°r® have been used to 
obtain the values listed in Table II. For example, if 


TABLE II. Isotopic spin calculations. 














Choice No. Aex® Zoxe Zts- z-xt p/n A®x~/(D9e~ 4 E-w®) Tox9/(Z-et + Bef Zte- +A) = (To/T1)p 
1 0.5 1 1 2 1.5 0.5 0.22 2.0 
2 0.25 1 1 2 LZ 0.25 0.24 A 
3 0 1.25 1 2 4.2 0 0.12 io 
4 0 1.45 1 2 22.2 0 0.02 , 
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A°r® is changed from 0.25 to 0, and 2°r° is changed from 
1 to 1.45 the p/n ratio goes from 2 to 22. Choice No. 2 
in Table II has been selected by the bubble chamber 
group' as a best fit to their K~ captures; however, 
choice No. 4 is not inconsistent with the data. In the 
section on results choice No. 3 is taken as a best fit to 
the data of this experiment. 


III. RESULTS 


From 743 K~ captures at rest by emulsion nuclei 
those events with one prong only and those with two 
gray or black prongs only have been selected for 
analysis. The K~ particles were obtained from focused 
beams at 90 deg to the accelerated proton beam and 
from focused and separated beams at 60 deg and 0 deg 
to the proton direction. The exposure data are given in 
Table ITI. 


A. = Mesons 


The energies of the s mesons from the K~ captures 


leading to one-pronged events were determined from 
the meson ranges when the 7 mesons came to rest, and 
by a combination of partial range and ionization using 
the g* method? in the other cases. The normalization 
for the ionization measurements was obtained from 
tracks of mesons of the same momentum as the K~ 
particles which were in the primary focused beam. 
Even though some of the w-meson tracks from K- 
captures were diving steeply through the emulsion, 
most of the g* measurements have an uncertainty of 
less than 10% with a corresponding uncertainty in 
kinetic energy of less than 20%. In some cases the g* 
measurements were taken near the end of the m range 
so that the effect of the uncertainty in g* on the kinetic 
energy of the w at the K~ interaction point was con- 
siderably less. The experimental x-meson energy spec- 
trum is plotted in Fig. 2(b). For those events in which 
the m meson was followed until it came to rest, the 
appropriate sign of the charge is indicated with a + 
or — sign depending on whether the ending was the 
mue decay of the positive + meson or the capture star 
of the negative + meson. Plotted above this spectrum 
in Fig. 2(a), for comparison, is the spectrum of the 
charged x meson partners to the charged = hyperons 
in the two-pronged events of I. It is clear from Fig. 2 
that the energy distribution of + mesons from the 
one-pronged K- captures extends to higher energies 


TABLE III. Exposure data. 











Angle of 

K~ to No. of 

K--particle proton stopped 
Area No. of momentum beam Sepa- x ad 

Stack (in.?) emuisions (Mev/c) (deg) rated found 

B 6X6 112 270-380 90 No 99 
F 6X6 250 285-315 90 No 121 
Ff 6X12 233 400-420 60 Yes 244 
K 6X12 160 250-320 0 Yes 279 








9 P. H. Fowler and D. H. Perkins, Phil. Mag. 46, 587 (1955). 
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Fic. 2. (a) The experimental z-meson energy distribution from 
the reactions 2~x*+ and 2+ which was found in the 2-pronged 
K~-capture stars.? (b) The distribution of x meson energies from 
the 1-pronged K--capture stars. The + mesons in (b) come 
mostly from the reactions 2°r~ and 2-x* where the =~ hyperon 
is trapped in a bound state. The (+) or (—) sign indicates that 
the x meson was followed to its end and its charge was determined. 
The curve appearing in (b) is that expected from the model. 
It has been normalized to the 52 expected x mesons. The r 
mesons appearing below 50 Mev are probably largely inelastically 
scattered w mesons. 


than that from the two-pronged events. This is expected 
from the capture model and is explained by the existence 
of = hyperons in negative-energy states. 

There seems to be an absence of + mesons in the 
region of 150 Mev where the distribution from reaction 
A°r~ is expected to peak. There is, however, one event 
at 185 Mev. The possibility is raised that this event 
could be a K~ decay and not a K~ capture. The g* 
on the prong is correct for a » meson from the most 
abundant K-decay mode, K,2. The K~ meson at the 
capture point has no accompanying recoil or blob but 
was found to be within 200 microns of coming to rest 
at its capture point by integral gap count. Since a 
length of track corresponding to 0.5 of a mean life has 
been followed for K~ mesons in their last 200 microns 
of range, this event could be a decay into a light 
secondary. If it is assumed that this event is a decay, 
nom mesons from the reaction A°x were observed. 
The fraction of A° hyperon production from K~ meson 
captures on neutrons is then 0.00_0.00*°*. Here, as for 
the case of K~ captures on protons,! the probability 
for A°-hyperon production as compared with 2-hyperon 
production is low if not zero. 


B. Heavy Single Prongs 


The events in which one single heavy prong originated 
from a K~ capture have been divided into categories 
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Fic. 3. The energy distribution of all particles from the 1- 
pronged K~ captures except the x mesons and identified = 
hyperons. In order to obtain the energies all particles have been 
treated as protons. The arrows point to the energies that were 
calculated for the reactions listed for Eex+E,=40 Mev and for 
zero internal momentum of the capturing nucleons. The energies 
are distributed around the calculated value because of the internal 
nucleon motion in the nucleus. Because the observable prong 
from the reaction Z~7° would be a Z~ hyperon which made a 0- 
or 1-prong star and thus would appear as a proton in this energy 
distribution, the calculated energy has been shifted to the energy 
where it would appear if treated as a proton. 


according to the ending of the heavy prong. Those 
prongs which did nothing upon stopping, mostly 
protons, are called Hp endings. The particles which 
decay at rest into protons or # mesons or into protons 
in flight are 2+ hyperons and those that decay in flight 
into charged + mesons are either 2+ or =~ hyperons. 
The particles that come to rest and are captured to 
make a star of two or more prongs are =~ hyperons. 
The total number of =~ hyperons that are captured at 
rest may be found by dividing the number which are 
captured to make stars of 2 or more prongs by 0.35 
+0.10. 

The distribution of the energies of the particles with 
Hp endings, treating them all as protons, is shown in 
Fig. 3. The most striking feature of the curve is the 
existence of protons at energies higher than one would 
expect from a simple thermal excitation. From Fig. 3 
it appears that most of the protons above 50 Mev must 
arise from other processes. There is the suggestion that 
events with proton energies above 100 Mev could be 
attributed to the two nucleon reactions A°p and 2°) 
which give a proton as the one observable prong. 
However fast protons can arise from other sources, 
in particular it is estimated from experiments performed 
with fast + mesons in emulsion” that the capture of 
high-energy (~100 Mev) x* mesons will contribute 
many of the fast protons that are observed. Therefore 
the number of high-energy protons, here, cannot be 
used to estimate the number of 2° or A°p reactions. 
The reaction =~ could also produce a prong which 


#0 G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 
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would appear as a proton if the =~ hyperon were 
captured to give a zero-prong star. However, the 
stopping time for a 2 hyperon with an energy greater 
than 100 Mev is more than twice its mean lifetime so 
that few such hyperons should come to rest. For easy 
reference some of the reactions that would lead to a 
single fast proton-like prong are placed on Fig. 3 at 
positions in energy where the centers of the distributions 
for those particular reactions are expected to appear. 
It should be kept in mind that the K~ particles are 
captured on bound nucleons which are moving in the 
nucleus and that rather wide energy distributions for 
the reactions are expected. It has been assumed that 
40 Mev has been consumed in binding and excitation 
energy. This shifts the energies of each of the particles 
down about 20 Mev from the free-particle capture 
values. 

The distribution in energy of the 2 hyperons is given 
in Fig. 4(b). In Fig. 4 the areas of identified 2+ hyperons 
are blank, the areas of =~ hyperons which are captured 
to give stars of 2 or more prongs are cross-hatched and 
the areas of 2+ hyperons that decay into + mesons in 
flight are slant-lined. These latter have about equal 
probability of being 2+ or =~ hyperons. The distribution 
in energy of the hyperons from reaction =+#~ for 
2-pronged events has been included for comparison in 
Fig. 4(a). It can be seen from Fig. 4 that most of the 
+ hyperons probably originated from reaction =+a~ 
where the s~ meson was captured before escape with 
the emission of no additional prongs. However, one of 
the two = hyperons at 90 Mev is likely due to reaction 
tn and the other one, which decayed in flight, is due 
to reaction =+n or to 2~-n. The two 2~ hyperons that 
were captured to give stars of two or more prongs could 
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Fic. 4. The energy distributions of the 2 hyperons from K~ 
captures. (a) The energy distribution of 2+ hyperons from the 
reaction =*x~ in the 2-pronged K~ captures.? (b) The energy 
distribution of the 2 hyperons from the 1-pronged K~ captures 
of this experiment. The arrow points to the energy that was 
calculated for the reactions listed for Eex+E»=40 Mev and for 
zero internal momentum of the capturing nucleons. The blank 
areas in the histogram refer to 2+ hyperons, the cross-hatched to 
=~ hyperons, and the slant-lined to 2*-hyperon decays in flight 
into r* mesons. 
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have originated from reaction 2~7° or from the reaction 
2~a* where the r+ meson was captured before escaping 
to give a capture star with no additional prongs. 
However, the probability that a 7+ meson of 50 to 80 
Mev is captured in flight to give a zero-pronged star 
is small,’° so that most of the =~ hyperons probably 
came from reaction =~. Since the chance that a =~ 
hyperon will make a star with 2 or more prongs is 
0.3520.10,? the total number of =~ hyperons among 
the one-pronged events is approximately (2/0.35)+1 
(decay in flight) =7. 


C. Two Heavy Prongs 


In order to investigate the reaction 2~p, we have 
looked in detail at the K~ captures which involve the 
emission of two heavy prongs; i.e., all cases of two- 
prong emission except those where one of the prongs 
was a m meson. Each of the prongs was followed to its 
end and the endings were examined. No example was 
found of either a 2~ hyperon or a 2* hyperon although 
there were two hyperfragments among the group. It is 
concluded that no examples of the reaction 2~p were 
observed. 


D. Summary of Multinucleon Captures 


There are two events that could be interpreted as 
examples of K~-meson captures on pp pairs by the 
reaction =*+n. The reactions A°» and 2° are not ob- 
servable in this experiment. No definite example of the 
capture on an mn pair was seen although one of the 
high-energy 2+ hyperons which decayed in flight into a 
m* meson could have come from a 2~ hyperon produced 
in the reaction =~n. In each case the hyperon and 
nucleon have energies well above 60 Mev so there is 
no trapping of either particle in bound energy states. 

In order to estimate the fraction of K~-meson cap- 
tures that occur on multiple nucleons it is necessary 
to know the fraction of cases in which the two fast 
baryons escape with no accompanying prongs. The 
mean free path for 90-Mev neutrons in nuclear matter" 
has been used to obtain an escape probability of 0.4 
for each of the fast baryons. This leads to the multi- 
nucleon K~ capture reaction rates tabulated in Table 
IV. Since the fraction of K~ captures on multiple 
nucleons is so low, these captures are neglected in the 
calculations of the next section in which K~ captures 
on bound nucleons are discussed. 


IV. COMPARISON OF THE MODEL 
WITH EXPERIMENT 


In order to compare the model with experiment it is 
necessary to select values for the # meson and 2 
hyperon potentials. V,, was taken as 40 Mev and 
V ex = Vex=10 Mev as determined in I. The momentum 
distribution of nucleons in the nucleus was taken to be 


1 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1353 (1949). 
12 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 
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TABLE IV. Multinucleon K~-capture reaction rates. 











No. of Percentage 
Capture reactions of total K~ 
nucleons Reaction observed captures (%) 
bp Ein 1.5 1.3_o.*#2 
A°p a vero 
=%p a 
pn =p 0 0.0_9.074 
A°n a 0 i 
=n a 
nn =n 0.5 0.49.47!” 








® These reactions are unobservable in this experiment. 


Gaussian with a=170 Mev/c. The x-meson escape 
probabilities described in Sec. II were used. From Eq. 
(3) it can be seen that r-meson energies of greater than 
100 Mev cannot be obtained unless the = hyperons are 
trapped in negative energy states. In order to fit the 
m-meson energy distribution of Fig. 2(b) it was neces- 
sary to use a Z-hyperon potential of Vz,=35+10 Mev. 
One consequence of the high potential is that about 
78% of the =~ hyperons from reaction 2~#° and 2~xt, 
60% of the =° hyperons from 2°r~ and 55% of the =+ 
hyperons from =*a~ are produced in bound states. 
From reaction 2~x* one expects a large number of K~ 
captures with one single r+ meson emitted since about 
60% of the captures of 2~ hyperons lead to zero-pronged 
stars.2 These x+ mesons are at energies of about 100 
Mev and their probability of interaction before escape 
from the nucleus is large. After correcting for this 
attenuation an appreciable number of high-energy ++ 
mesons still remain. A second consequence of the large 
z-hyperon potential is that the 2-hyperon interaction 
probability in flight before escape must be small in 
order to account for the observed number of 2-hyperon, 
m-meson, and two-pronged events observed in I. This 
fact was previously noted by Capps.’ An escape prob- 
ability of 0.80.1 for those hyperons in unbound states 
was selected in order to obtain agreement. Since 2+ or 
> hyperons lose their identity in the nucleus by 
the charge exchange reactions (Z*n, 2°p), (Z*n, A°p), 
(2-p, =m) and (2~p, A°n), the escape probability can 
be used to give an estimate of the charge exchange 
cross section per bound neutron or proton in the 
nucleus. The cross section for charge exchange in 
nuclear matter is obtained from the mean free path 
which in turn is determined from the escape probability 
on the basis of the optical model." For the calculation, 
the following assumptions have been made: (1) The 
2 hyperons. are produced uniformly throughout the 
nucleus. The results of this experiment indicate that 
the K~ mesons are captured inside the boundaries of 
the nucleus. (2) The captures take place on the Ag 
nucleus. Most of the captures on bound nucleons 
observed in I and in this experiment take place on the 
heavy nuclei, Ag and Br. (3) The effect on the escape 
probability of multiple interactions, such as elastic 
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TABLE V. Comparison of model with experiment. 
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Calculated 
number that 
Assumed __ give the Experimental 
Observed Primary No. of observed number 
prongs reaction reactions prongs observed 
r (K-n, 2°r-) 71 12 9 
— += 
(pz) Wt 4 {s }raesoar 
at (K-p, 2-2*) 283 36* 3 
a (K-n, 2-7) 71 6 7_,*8 
= (K-p, 2-2") 283 3 

Zh (K-n, E-#") a O_0** 
zt (K-p,2*e-) 141 5 9_34 
Z-x+ = (K-p, B-w*) (283s 21_,+8 
Stes (K-p, Ete) 1441S 26_s+# 








* Most of these x* mesons have energies of about 100 Mev and do not 
come to rest in the emulsion so that their charges can be determined. 


and inelastic scattering, is negligible. (4) The charge 
exchange cross section for the 2 hyperons observed in 
this experiment is energy independent. The value for 
the 2+- or =~-hyperon charge exchange cross section 
is then found to be 11_¢*’ millibarns per neutron or 
proton, respectively, in the Ag nucleus. This small 
cross section is in agreement with some recent theo- 
retical estimates.” 

In the section on results it was pointed out that the 
ratio of A° hyperon to = hyperon production from K— 
captures on neutrons was 0.00_0.00+°* and for this 
analysis will be considered equal to 0. An estimate of 
the total number of captures on bound neutrons is 
obtained from the 7 single 2- hyperons and the 0 
observed =~ pairs. Of particular interest is the ratio 
>-9°/2-x+ which is a measure of the neutron-to-proton 
capture ratio. The experimental value of the ratio of 
reaction rates may be obtained from the ratio of one- 
pronged =~ events to two-pronged 2~2* events and is 
7/21=0.3_9.2***. Best agreement with these numbers 
is obtained if the ratio of captures of K~ mesons on 
protons and neutrons, p/n, is equal to 4_2**. The upper 
limit is fixed by the a~/x*+ meson ratio. The lower 
limit is fixed by the =-7°/Z-x* ratio. Equal numbers 
of reactions 2°r~ and 2-2° have been assumed as is 
suggested by isotopic spin considerations. As can be seen 
from Table II, it is not possible to satisfy simultane- 
ously isotopic spin conservation, p/n=4, and A°n®/Z~xt 
=0.12. Because there seem to be few if any captures 
on neutrons to give A°”—(A°x—/K-n=0.0_0.0**-*), and 
because the bubble chamber result is also compatible 
with no A°r(A°%/K~p=0.057_0.0344°"™), we have taken 
the view point that no A° hyperons are produced from 
K- captures on either protons or neutrons. In view of 
the above arguments, a possible choice of reaction rates 
for the model is Do#t:Dtw~:D%:A%%: 2-29: D%r-: 

13D). B. Lichtenberg and M. H. Ross, Phys. Rev. 107, 1714 
(1957). 
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A®n—: :2:1:13:0:3:4:0. This corresponds to line 3 of 
Table II, which has a p/n ratio of 4.2 and a ratio of 
7.5 for isotopic spin state zero to spin state one in 
proton captures. 

The comparison of the model with the results of the 
experiment are shown in Table V. The first column 
gives the observed products in one- and two-prong 
capture stars. The second column lists the primary 
reactions that can lead to the observed prongs. The 
third column contains the number of reactions that are 
assumed to go via the primary reaction in column two. 
This number was obtained by dividing the 743 events 
in the ratios given above. (The negligible multinucleon 
captures of K~ mesons have been omitted.) The next 
to the last column gives the predicted number of 
observed prongs in the category listed in column one. 
This predicted number is the product of the number of 
assumed primary reactions and the probability that 
the reaction products will appropriately escape or be 
captured to give only the correct prongs listed in 
column one. This estimate is, of necessity, rather 
uncertain as the properties of the hyperon captures, with 
the exception of =~ hyperons at rest,? are not well 
known. The last column lists the observed number of 
K~ captures that give only the prongs listed in column 
one. 

It was pointed out in Sec. III A, that most of the a* 
mesons should be emitted at high energies (around 
100 Mev). The experimental x~/x* ratio is then greatly 
biased in favor of w~ mesons as the lower energy 2~ 
mesons have shorter ranges and thus higher proba- 
bilities of being followed to rest so that their charges 
can be determined. The variation of the r~/x* ratio 
with energy is demonstrated in Fig. 5. The data for 
this graph were taken from all charged x mesons which 
occurred in the one- and two-pronged K~ captures. 
For these events an effort has been made to follow all 
of the x mesons until they ended at rest, interacted in 
flight, or left the stack. These events should be repre- 
sentative of all K~ captures on bound protons and 
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Fic. 5. The x~/x* meson ratio for mesons from K~ captures 
on protons and neutrons. This experimental data came from the 
K~ captures which gave 1- and 2-pronged stars. The curve that 
appears here is the ratio that is predicted from the model of K~ 
captures. 














K-~-MESON CAPTURES BY BOUND NEUTRONS 


neutrons that produce charged x mesons. The experi- 
mental ratio is falling with increasing meson energy 
and is consistent with the curve which is plotted on 
Fig. 5 of the x~/x* ratio as a function of the r-meson 
energy that is predicted from the model.* No correction 
has been applied to the theoretical curve for inelastic 
scatters which lower the meson energies. The inelasti- 
cally scattered ~ mesons tend to peak in the region of 
40 Mev while the inelastic ** mesons are more uni- 
formly distributed.’ This effect will raise the curve 
upward in the region of 40 Mev and give better agree- 
ment between the model and the data. 

The proposed distribution of ‘charge states is based 
upon the assumption that isotopic spin rules for free 
nucleons also apply to the nucleons bound in emulsion 
nuclei. As is shown in line 3 of Table II, the results of 
this paper for captures of K~ mesons on bound neutrons 
are not in disagreement with the predictions based on 
measurements of K~ captures on bound protons.’ If, 
however, these isotopic spin rules are not valid for K~ 
captures on bound nucleons, it may be possible to fit 
the data with modifications of the present model. If 
>-a+/Z+e- were 1 in nuclei instead of 2 as is found for 
free proton captures, and if V.y and V., were 5 Mev in- 
stead of 10 Mev as was found in I, the present data could 
probably be explained. With a large Vz, the -meson 
energy distribution would be correctly described. With 
fewer 2~x* reactions, the predicted #~/x* ratio from 
1-pronged events would be up and the 2~x+/Z*a~ ratio 
from 2-pronged events would be down to the experi- 
mental values. 

A comment can be made concerning the mechanism 
for K~ capture on nuclei. If the K~ mesons were 
captured from Bohr orbits well out of the dense nuclear 
region, and if the neutron density were higher than the 
proton density at the edge of the nucleus because of 
the Coulomb barrier, then one might expect most of 
the K~ particles to be captured on neutrons. As the 
produced = hyperons and + mesons would be made in 
dilute matter, only those particles which go in the 
direction of the dense core of the nucleus should 
interact. As a consequence a large fraction of the 2 
hyperons and x mesons should escape from the capture 
nucleus. In addition, if the captures were at the fringe 
of the nucleus, the effects of Coulomb and nuclear 
potentials should be reduced. Experimentally most of 
these effects are found not to be true. The p/n ratio is 
high, the fraction of r mesons that escape is low and 
detailed effects of Coulomb and nuclear potentials were 


4 Tt was recently pointed out that x* mesons from K,y2* decays 
may have a larger interaction cross section than has previously 
been measured for x mesons [C. O’Ceallaigh, Proceedings of the 
Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics, Session VIII, 1957 (Interscience Publishers, Inc., New 
York, 1957) ]. If the x* mesons in the K~-capture reaction have a 
larger interaction cross section than x~ mesons, i.e., a larger 
interaction inside the nucleus and also in flight after leaving the 
nucleus, the theoretical curve will underestimate the experimental 
x /x* ratio. 
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TABLE VI. Comparison of results of captures on neutrons. 











No. of 
=~ ob- 
served 2 ~x°/EZ-xt (L%%~+A%Q~)/Z-x* p/n fy™ 
K-stack 99 0.6 0.9 1.4 0.5 
collaboration 
experiment 
This experiment> 0.3_9.2*03 0.309.273 4..% 0.4+0.1¢ 








* f* is the ratio of the number of + hyperons that escape the nucleus 


to the number of 2*x~ reactions. 

> These results for the ratios are only valid in the framework of the 
model presented. It was pointed out in the text that the results could be 
explained, with slightly different ratios than above, if isotopic spin rules 
for K~ captures by free nucleons do not apply to the captures by bound 
nucleons. 

¢ This value is the product of the fraction of 2+ hyperons produced in 
unbound states, 0.45, and a 2+ hyperon escape probability, 0.8. 


found to be measurable and large. However, the escape 
probability for 2 hyperons in flight is large. The 
magnitude of the escape probability of 2 hyperons in 
unbound states that gives a best fit to the data, 0.8, is 
not too surprising when one considers that the only 
way that charged 2 hyperons can lose their identity is 
by the strange-particle reactions which give a A° or a 
=° hyperon. The frequency of these strange-particle 
reactions may well be low compared to the scattering 
reactions, as seems to be the case for high-energy K~- 
meson captures and scattering events in flight on free 
protons.'® From the experimental data, we then con- 
clude that the K--meson captures are taking place 
inside the nucleus. 

At the recent Rochester Conference an estimate of 
the number of K--meson captures on neutrons was 
given. A comparison of the results of the K-stack 
collaboration with the results of this experiment, which 
are presented in Table VI, seems to present a real 
difference which must be explained. The source of the 
difference seems to lie in the number of =~ hyperons 
observed by the two groups. Some of the difficulties 
of =~ hyperon identification have previously been 
emphasized.?!® We have overcome the =~-hyperon 
identification problem by demanding that an identified 
2 hyperon must make a capture star of 2 or more 
prongs. The total number of =~ hyperons which come 
to rest is then found by dividing the number of 2-or- 
more-prong 2~-capture stars by 0.35+0.10. (See I.) 
The K-stack collaboration group, on the other hand, 
has chosen to take the results of K~ captures on free 
protons! for the reaction rates inside the nucleus and 
to determine an efficiency factor for 2--hyperon 
detection from the two-pronged events. This efficiency 
factor is then applied to the multipronged events. There 
is still the possibility that the detection efficiency factor 
might be a function of the number of prongs in the 
K--meson capture stars. Among the multiple-prong 
stars there are many more prongs that might have 

15M. Ceccarelli, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, Session VI, 1957 
(Interscience Publishers, Inc., New York, 1957). 

16R. S. White, Proceedings of the Seventh Annual Rochester 


Conference on High-Energy Nuclear Physics, Session VI, 1957 
(Interscience Publishers, Inc., New York, 1957). 
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scattering events or background blobs at their ends and 
thus simulate 2~ hyperons than there are among the 
=x events. Coupled with the detection efficiency ques- 
tion is the extreme sensitivity of the quantities listed 
in Table VI to the observed number of =~ hyperons. 
For example, the numbers listed in row 1 will change 
to the numbers listed in row 2 if the number of =~ 
hyperons in column 1 is changed from 99 to 77 and all 
other numbers in the calculation are left unchanged. 

It is worth pointing out that the ratio of external =- 
to + hyperons is the same, ~0.9, for nucleon captures 
leading to either one- or two-prong K~ captures. It is 
then concluded that the 2~/Z* ratio from all K- 
captures on emulsion nuclei is 0.90.25. This number 
is at variance with previously published ratios.!” How- 
ever, in these experiments, if the total number of =~ 
hyperons captured at rest had been obtained by 
dividing the number of =~ hyperons that are captured 
to give stars of 2 or more prongs by 0.35+0.10, the 
>-/=+ hyperon ratio would have been in good agree- 
ment with the value 0.9 given above. 


Vv. CONCLUSIONS 


1. A model that was proposed in I has been extended 
for the capture 6f K~ mesons on bound neutrons. 
Within the framework of the model it was found neces- 
sary to use a Y-hyperon nuclear attractive potential of 
35410 Mev in order to fit the r-meson energy distri- 
bution from the K~ captures giving rise to one-prong 
stars. This potential coupled with the previously found 
Coulomb potential of 10+3 Mev causes 0.78, 0.78, 
0.60, and 0.55 of the hyperons from the reactions 
D-4t, D-w®, D°x-, and Eta, respectively, to be trapped 
in bound states of the nucleus. The escape probability 
for = hyperons in flight was then required to be 0.80.1 
in order to fit the observed number of 2~a* and 2+ 
pairs. This value corresponds to a + or 2~ hyperon 
charge exchange cross section of 11_,*’ millibarns per 
neutron or proton, respectively, in the Ag nucleus. 

17 Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 950 (1955) ; 
Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 107, 257 
(1987). They give 3-/E*=1.840.4. 
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2. The ratio of 2~ hyperon production from neutrons 
to 2~ hyperon production from protons is 0.3_0,2**. 

3. Within the limitations of the model, the ratio of 
captures on protons to neutrons is 4_»**, 

4. No clearly defined +~ mesons from the reaction 
A°r- were observed. The fraction of A°® hyperon pro- 
duction from K~ captures on neutrons is found to be 
0.0_0.00*°". 

5. The experimental x~/x* ratio as a function of the 
m-meson energy that was obtained from the one- and 
two-pronged K~ captures on protons and neutrons is 
in agreement with the values predicted by the K-- 
capture model. 

6. The large p/n ratio, the small fraction of r mesons 
that escape from the nucleus, the effects of the Coulomb 
and nuclear potentials on the experimental data, when 
considered within the framework of the model, all 
seem to indicate that the K~ mesons are captured in 
the interior of the nucleus. 

7. From the number of fast hyperons observed, the 
percentages of multinucleon AK~ captures to yield 
Xtn, 2p and =-n are estimated to be 1.3_09t??%, 
0.0_0.07 8%, and 0.40.4*!°%, respectively. 
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New data are presented on the high-energy fragmentation and fission of U, Ag, and Br in nuclear emul- 


sions. The method of investigation is described. 


The nature of triple-pronged events involving fission of U with 560-660 Mev protons is discussed. 
Data are given concerning fission of U with 300-Mev + mesons. The cross section for the fission of Ag 


with high-energy protons is determined. 





1. METHOD OF INVESTIGATION 


E have used a photographic method for the 
recording of nuclear disintegrations. The plates 
necessary for our experiment have been produced in 
our laboratory. We have found a method! of obtaining 
extremely fine-grained emulsions of any sensitivity. 
These emulsions are capable of registering multicharged 
particles of fission-fragment type as well as relativistic 
electrons with a developed grain density along the track, 
on the average, of 60 grains per 100 uw of the particle 
range for particles with minimum ionization. 

The appropriate sensitivity of the emulsion is 
determined by the phenomenon which is under investi- 
gation. Sometimes it is not necessary to detect all the 
particles which take part in a nuclear reaction. For 
instance, during the study of fission reactions produced 
by high-energy particles, it is sometimes not necessary 
to detect incident protons when their direction is known. 
If they were registered, the time of irradiation would 
have to be greatly decreased and the number of fission 
events per unit of surface of the photographic plate 
would thus decrease. For the present experiments we 
have prepared photographic plates capable of detecting 
protons with energy not higher than 50 Mev. Such 
sensitivity permits the detection of practically all the 
charged particles emitted during the nuclear reaction, 
except the protons with energy higher than 50 Mev. 
These protons are usually not numerous and may be 
detected in a special experiment in which the photo- 
graphic plates are used to detect any charged particles 
with any energy. 

Because of the tiny size of the microcrystals (from 
0.04 to 0.08 u), photographic plates prepared with such 
emulsions have excellent discrimination and permit, 
for instance, the visual differentiation of alpha-particle 
tracks from proton tracks over a wide energy range; in 
addition the measurement of photographic density 
permits the discrimination of particles with 3 or more 
units of charge. Emulsions of similar properties have 
been produced by Demers? in Canada. 

Curves illustrating the discriminating power of our 


* This work was presented by N. A. Perfilov at the Gordon 
Research Conference on Nuclear Chemistry, June, 1957. 

1 Perfilov, Novikova, and Prokoffieva (to be published). 

2 P. Demers, Can. J. Phys. 8, 538 (1954). 


emulsions are shown in Fig. 1(a), in which is plotted 
the change of photographic density along the tracks of 
the fragments produced in the fission of uranium with 
slow neutrons. Curve ZL is for light fragments, curve H 
is for heavy ones. Comparison of the two curves shows 
that, on a track produced by two fission fragments 
travelling away from each other, the point at which the 
fission event has taken place is characterized by a 
sudden change of photographic density. Figure 1(b) 
shows the dependence of photographic density on 
residual range for mesons, alpha particles, and ions of 
Li, B, and N. If the range of the particles in the emul- 
sion is more than 5 y, the particles are identified by the 
measurement of the photographic density. 
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Fic. 1. (a) Dependence of optical density on residual range of 
fission fragments. Z—light fragments; H—heavy fragments. 
(b) Dependence of optical density on residual range of various 
types of particles. 
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Fic. 2. Photomicrograph of 60-Mev nitrogen ion tracks 
recorded in P-9 emulsion. 


A photomicrograph of tracks of nitrogen ions with 
60-Mev energy is shown in Fig. 2. The variation of 
photographic density along the particle track is easily 
observed because of the fine grain. 

However, it follows from the given relationships that 
it is difficult to discriminate visually between the ion 
tracks of Li and the alpha-particle tracks. The ions of 
Li® are an exception since, after their transformation 
into Be’, they disintegrate into two alpha particles and 
are detected in the emulsion as “hammer” tracks. 

It is noteworthy that our emulsions are transparent 
for the long-wavelength part of the spectrum of visible 
light. This property of the emulsion permits us in 
principle to make measurements without fixation and 
consequently without space distortion of the observed 
tracks. 

A photomicrograph with relativistic electron tracks 
is shown in Fig. 3. As has already been mentioned, the 
grain density along the track amounts to 60 grains per 
100 u of the range of a particle with minimum ionization. 

We have developed a method of loading the emulsion 
with the elements U, Bi, and W for the investigation 
of interactions between high-energy particles and heavy 
nuclei. For this purpose the plates are immersed in 
aqueous salt solutions: NaUO,(C2H;02)3, BiCsH.O;, 
and Na:WO,. In this way it is possible to load into 1 
cm? of 100 uw thick emulsion about 0.5 mg of uranium, 
0.3 mg of bismuth, and 1 mg of W, or from 1 to 1.5% 





Fic. 3. Photomicrograph of relativistic electron tracks 
recorded in PR emulsion. 
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of the total number of nuclei constituting the emulsion. 
By loading the plates with the above-mentioned 
elements, we can observe interactions between the 
particles and the elements as a function of the atomic 
number (Z) in the interval from Z=92 to Z=74. By 
this method we have previously investigated the 
interaction of slow #~ mesons with heavy nuclei and 
the fission of U, Bi, and W with high-energy protons. 
The results of these investigations have already been 
published.’ 

In addition to the heavy elements, emulsion nuclei 
are, of course, always present, and interactions with 
medium-weight (Ag and Br) and light nuclei (C, N, 
and QO) are therefore also observed in our investigations. 

The identification of the interactions with one of the 
above-mentioned nuclei is nearly unmistakable when 
the interaction is accompanied by fission, as the tracks 
of the fission fragments differ greatly from the tracks 
of other charged particles. This is particularly true for 
the interactions with the nuclei of uranium and bismuth, 
the fission cross section of uranium and bismuth being 
much greater than the fission cross section of silver. 

We classify the fission events of high-energy particles 
by groups according to the value of the excitation 
energy of the residual nuclei (the nuclei appearing 
after the emission of cascade particles). The excitation 
energy for individual events is estimated from the 
angles‘ formed by the fission fragment tracks with 
respect to the direction of the incident particles. 


2. MECHANISM OF TRIPLE-PRONGED EVENTS 
DURING THE FISSION OF U BY 
560-660 MEV PROTONS 


During the examination of photographic plates loaded 
with uranium and irradiated by high-energy protons, 
disintegrations with the emission of three multicharged 
particles, often accompanied by protons and alpha 
particles, are observed. [See Figs. 4(a) and 4(b).] We 
have begun the investigation of such disintegrations 
with the emission of three multicharged particles 
(triple-pronged events). 

Up to the present time we have obtained the following 
experimental data: Triple-pronged events may be sub- 
divided into two types. To the first type belong the 
triple events in which all three particles have com- 
parable ranges and charges [Fig. 4(a) ]. To the second 
type belong the triple events in which one of the three 
multicharged particles possesses much greater range 
than the other two, and accordingly much smaller 
charge and mass. The yield of triple events of the 
second type is about 5-6 times greater than the yield 


3 Perfilov, Ivanova, Lozhkin, Ostroumov, and Shamov, Pro- 
ceedings of the Conference of the Academy of Sciences of the U.S.S.R. 
on the Peaceful Uses of Atomic Energy, Moscow, July 1-5, 1955 
(Akademiia Nauk, S.S.S.R., Moscow, 1955) [translation: Con- 
sultants Bureau, New York: U. S. Atomic Energy Commission 
Report TR-2435, 1956]. 
ies T. Ostroumov, Doklady Akad. Nauk S.S.S.R. 103, 409 
(1955). 
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of the first type. We have studied the second type of 
triple events in greater detail and shall discuss them 
here. The following results have been obtained. 


(a) The yield of triple events increases with in- 
creasing proton energy. The increase of proton energy 
from 560 to 660 Mev gives an increase of triple-event 
yield by a factor of 1.5—from 1/300 to 1/200 of the 
binary fission yield. 

(b) The light multicharged fragments of triple events 
usually travel forward in the direction of the incident 
proton. The forward/backward ratio is about 5. 


i? 





Fic. 4. Disintegration of uranium nucleus by 660-Mev proton 
with emission of three multicharged particles, protons, and alpha 
particles. 
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Fic. 5. Energy dependence of cross sections for production 
of multicharged particles in silver by protons. 


(c) The charge of the light fragments was estimated 
for 10 triple events. We can identify with our method 
the charge of the fragments within +1 in the interval 
4<¢Z< 10 and very roughly estimate larger charges. 

The results of the measurements of Z are listed in 
Table I. In this table, the average value is Z=7. 

The above-mentioned results permit us to make the 
deduction that the triple events of the second type were 
the result of the superposition of two independent 
processes: the emission of the fragment by the nucleus 
and the nuclear fission. In fact, if we compare the results 
obtained with the results of our previous study of Ag 
fragmentation by protons of similar energy, we shall 
see that the results are nearly alike. For silver frag- 
mentation we also found: (a) The fragment yield 
increases with increase of energy (Fig. 5). (b) The 
distribution in Z of fragments from Ag does not differ 
essentially from the distribution in Z of the third light 
fragments in triple events obtained with uranium (the 
average value in the silver case was Z=6). (c) The 
angular distribution of the fragments is also very 
anisotropic. The forward/backward ratio is about 3. 

If we accept the assumption that the mechanism of 
triple-event formation is the result of the superposition 
of two processes (emission of the fragment and sub- 
sequent fission), then from the number of triple-pronged 
events we shall be able to evaluate the cross section for 
fragmentation of uranium, o7,(U), or the ratio o;,(U)/ 
gin(U), and compare the result with the corresponding 


TABLE I. Distribution of charge of light fragments 
for 10 triple events. 








Number of events fl 2 1 3 2 i 





Charge (Z) of light fragment 4 5 6 Or 








5Q. V. Lozhkin and N. A. Perfilov, J. Exptl. Theoret. Phys. 
isne 31, 913 (1956) [translation: Soviet Phys. JETP 4, 790 
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ratio for Ag. 


o#e(U) Ne Jin (At) 
ox =N; f ( N 
Cin (U) Ninteract OF (At) 





Tin —) 
Shelled 

or(U) 

Here Nr=number of triple events (13 for E,=660 
Mev) observed for a number Nr of binary fissions 
(2500), or(U)=fission cross section for uranium® (1.1 
barns, cin(U)=cross section of inelastic interaction for 
uranium’ (=0.96 geometrical cross section, or 2.2 
barns), or(At) and oj,(At) are the fission and total 
inelastic cross sections, respectively, of At, the element 
resulting from the emission of a fragment with Z=7. 
For counting purposes we have taken or(At) equal to 
0.4 barn, assuming that in the interval from U to Bi 
for which® ¢p(Bi)=0.2 barn the cross section changes 
proportionally to the decrease of Z. 

We find that (o¢r/ Cin) v=0.01= (o%,/oin) ag; i.e., for 
equal energies of protons the ratio of fragmentation 
cross section to total inelastic cross section is the same 
for U and Ag. This result, apparently, supports the 
above-mentioned assumption concerning the mechan- 
ism of triple-event formation in uranium. 

However, not all the experimental data are clear 
concerning the assumption of the already mentioned 
superposition of the two processes. Table II shows 
kinetic energies of the light fragments in the emulsion 
(Exp), estimated from a range-energy relation, and 
calculated values of the Coulomb barrier (Zc) for the 
nuclear charge Z= Ztarget— (Za+AZ), where AZ is the 
average charge change connected with the emission of 
protons and alpha particles. All the values of E.x» are 
smaller than Ec with the exception of one case. For 
fragments from Ag the values E,x, are grouped around 
the value determined by the Coulomb barrier, though 
with considerable scatter. The reason for this discrep- 
ancy is not yet clear. 

If in reality the energy of the light fragment in triple 
events of uranium is nearly always lower than the 
Coulomb barrier, then it could indicate the simul- 
taneous formation of all three multicharged fragments. 
For more detailed study of the phenomenon it would 


TABLE II. Estimate of fragment energy E.x, and 
Coulomb barrier Ec. 











Zz 4 5 6 7 10 
Ec(Mev) 46.1 56.6 65.7 76.6 104.6 
Eexp(Mev) 34 65 

36 48 39 
25 54 

55 
78 








®N. S. Ivanova, J. Exptl. Theoret. Phys. U.S.S.R. 31, 413 
(1956) [translation : Soviet Phys. JETP 4, 365 (1957) ]. 

7 V. T. Moskalev and B. V. Gavrilovskii, Doklady Akad. Nauk 
110, 972 (1956) [translation : Soviet Phys. Doklady 1, 607 (1957) J. 

8 L. G. Jodra and N. Sugarman, Phys. Rev. 99, 1470 (1955). 
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Fic. 6. (a) Range distribution of uranium fission fragments. 
(b) Distribution of projected angles between particles accom- 
panying fission. 


be very valuable to obtain new data on fragmentation 
of uranium without fission (stars with fragment 
emission) .°-° 


3. FISSION OF URANIUM WITH 
300-Mev «+ MESONS 


We have begun the study of fission reactions induced 
by high-energy mesons in our laboratory. Up to the 
present time some experimental results have been 
obtained on the fission reactions of uranium with «+ 
mesons. 


® Radiochemical-yield investigation of radioactive products 
(formed in bombardments by 340- and 420-Mev protons) give 
another relation—the yield decreases with increase of mass 
number. See, for example, L. Marquez and I. Perlman, Phys. 
Rev. 81, 453 (1951). 

10N. A. Perfilov and N. S. Ivanova, J. Exptl. Theoret. Phys. 
U.S.S.R. 28, 732 (1955) [translation: Soviet Phys. JETP 1, 585 
(1955) ]; J. Exptl. Theoret. Phys. 29, 551 (1955) feikctien 
Soviet Phys. JETP 2, 433 (1956) ]. Perfilov, Lozhkin, and Shamov, 
. Exptl. Theoret. Phys. 28, 655 (1955) [translation : Soviet Phys. 
JETP 1, 439 (1955). 
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FISSION 


The photographic plates were impregnated with 
uranium by the method mentioned before and were 
exposed to 300-Mev x* mesons. The main experimental 
data (fragment range distribution, angular distribution 
of the particles accompanying the fission) were obtained 
by means of photographic plates sensitive to protons 
of energy up to about 55 Mev. 

For the estimation of the effective cross section for 
fission by mesons, the meson flux was determined by 
using photographic plates registering the incident 300- 
Mev mesons. In all the experiments plates impregnated 
with uranium were placed simultaneously outside the 
m+-meson beam for the estimation of fission events 
induced by other particles. 

The main results at present are as follows: 


(a) The fission cross section of uranium (the natural 
isotope mixture) with 300-Mev x* mesons is equal to 
about 1 barn. 

(b) The fragment range distribution has one maxi- 
mum [Fig. 6(a)], the same as for fission with other 
high-energy particles (protons, deuterons). 

(c) For the understanding of the interaction of r* 
mesons with U nuclei, the distribution of projected 
angles between the pairs of charged particles accom- 
panying fission in 2-prong and 3-prong stars has been 
studied. This distribution is shown in Fig. 6(b). 


The angular distribution for the fission events under 
meson action, as is seen, is anisotropic, with higher 
values occurring for projected angles from 150° to 180° 
and for small angles than for angles near 90°. Such a 
type of distribution may indicate frequent cases of fast 
at-meson interaction with a pair of nucleons (m,p) in 
the nucleus, which must scatter at an angle near to 
180°. If such a mechanism is accepted, fission induced 
by fast x*+ mesons (as well as with slow + mesons") 
occurs through the action of a pair of fast nucleons. 

The dotted line in Fig. 6 shows the distribution o¢ 
angles (in projection) for fission events in uranium unde, 
the action of 450- and 660-Mev protons and also for 
2-prong and 3-prong stars. Here the charged particles 
are mostly the results of the evaporation, and the 
distribution is nearly isotropic. In fact, it is isotropic, 
These measurements were considered as control ones. 


TABLE III. Yield of pairs of multicharged particles as a 
function of the ratio of the ranges. 











Range ratio Vield % 
/ CN (pairs) =45] 

1-1.15 42 
1.15-1.30 14 
1.30-1.45 11 
1.45-1.60 9 
1.60-1.75 13 
1.75-1.90 5 
1.90-2.05 6 
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Fic. 7. Fission of silver induced by high-energy protons. 


The average number of charged particles per fission 
event under the action of r+ mesons is equal to 1.03 as 
compared to 0.56 for 350-Mev proton fission. This 
increase in the number of charged particles per fission 
event seems natural, if in the absorption of a x+ meson 
a pair of protons appears. The angular distribution of 
charged particles must be more nearly isotropic in the 
above-mentioned mechanism. The experiment proves 
this. The forward/backward ratio is equal to 1.25 
instead of 1.6 for 350-Mev protons. 


4. FISSION OF Ag AND Br NUCLEI BY 
HIGH-ENERGY PROTONS 


During the interaction of high-energy protons with 
nuclei of the emulsion, the following events have been 
observed: stars with tracks formed by protons and 
alpha particles, stars with multicharged ion-fragments, 
and stars with a pair of multicharged particles of com- 
parable range (Fig. 7). 

Such pairs of multicharged particles are apparently 
the result of nuclear fission of Ag and Br under sufficient 
activating energy. The yield of such pairs decreases 
with an increase from 1 to 2 in the ratio of light- 
fragment to heavy-fragment ranges. (See Table III.) 
From this table we see that only fission events where 
1,/lu & 2 were considered. All the pairs with large range 
ratios were not taken into consideration. It was as- 
sumed that the latter occurred during the process of 
fragmentation with the formation of nuclear recoil. 

The experimental results for the action of protons 
of different energies on Ag and Br are listed in Table IV. 
In this table, E,=proton energy, N,=number of 
protons passing through the plate area S=3.14 cm? 
(collimator portal), W -= number of fissions per S= 3.14 
cm?, Nag sr=number of Ag and Br nuclei per unit of 
emulsion surface, o¢=cross section, N.,,=average 
number of charged particles per fission event, and 
I,/lu=average value of ratio of light-fragment to 
heavy-fragment ranges. 
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TABLE IV. 
E N. Nas: 
Mev ? (S=3.14 cm?) (S =1 cm? h =100 y) or X10% a l/l 
660 2.14 108 15+4 3.5+0.9 6.5 8.4/6.6=1.27 
500 2.22 108 1243.5 2x 10” 2.7+0.8 5.7 9.3/6.7 =1.38 
300 2 108 13+3.6 3.340.9 6.3 8.4/6.6=1.27 
180 2 108 542.2 1.3+0.5 6.4 9.8/6.8=1.35 








Analysis of Table IV shows the following: 


(a) The fission cross section (at any rate, in the 
energy interval from 300-660 Mev) depends very little 
on the energy, whereas, as we have seen before, a strong 
dependence on energy is found in the process of Ag 
fragmentation. This fact confirms the assumption that 
the events described in this section are in the nature of 
fission processes. 

(b) If the given pairs are the result of nuclear fission, 
the distribution (in mass) of the fragments from the 
fission of Ag and Br does not differ perceptibly from the 


distribution in mass from the fission of heavy nuclei 
with high-energy particles. A preponderance of sym- 
metrical fission into two fragments with nearly identical 
masses is found, similar to the case of fission of heavy 
nuclei by high-energy particles. 

We have mentioned at the beginning of this report 
that all our data are preliminary and are being improved 
at our laboratory at present. However, we hope that 
the majority of our conclusions will not change greatly 
and that our further investigations will result in new 
reliable details of the described phenomena. 
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Total Cross Sections for 190-Mev Positively Charged K Mesons in Complex Nuclei* 


Leroy T. Kertu, THADpDEuUs F. Kycia, AnD Lupwic vAN Rossumt 
Radiation Laboratory, University of California, Berkeiey, California 
(Received November 14, 1957) 


The total attenuation cross section and the differential-scattering cross section in one angular interval 
were measured for K*+ mesons of 190-Mev kinetic energy. The targets were carbon, aluminum, copper, 


silver, and lead. 


The cross sections were analyzed in terms of the optical model to determine the parameters of the complex 
square-well potential. The average real potential was found to be 24.4+2.3 Mev. The mean free path in 
nuclear matter was determined to be consistent with an average K*+-nucleon scattering cross section of about 
10 millibarns. Some evidence was found for an increase of the mean free path in nuclear matter with Z. 


INTRODUCTION 


XPERIMENTS on the properties of K mesons 
have indicated an almost complete degeneracy be- 
tween K+ mesons with various decay modes. Widgoff et 
al. have shown that to a good approximation K+ mesons 
of different decay modes have the same scattering cross 
sections. Several measurements of the K+ meson total 
cross section in nuclear emulsion and the K+-hydrogen 
cross section have been carried out for energies from 0 
to 200 Mev.’ In this energy range the nuclear potential 
for K*+ mesons was found to be repulsive and of the 
order of 10 to 20 Mev. In addition, the experiments 
have shown that the interaction cross section per 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+ Supported in part by the National Academy of Sciences. 

1 Widgoff, Shapiro, Schluter, Ritson, Pevsner, and Henri, Phys. 
Rev. 104, 811 (1956). 

2 See for instance, Proceedings of the International Conference on 
Elementary Particles, Pisa, 1955, Suppl. Nuovo cimento 4, No. 2 
(1956). 


nucleon in the complex nuclei is smaller than the K- 
hydrogen cross section. The work presented here 
extends the scattering and interaction cross-section 
data for 190-Mev K+ mesons to several pure elements. 


MEASUREMENT OF THE CROSS SECTIONS 


The particles emerging from the Bevatron target 
were momentum-analyzed and focused on the scattering 
target. Velocity-sensitive counters were used to dis- 
tinguish between the heavy mesons and the other 
particles in the beam. Counters placed behind the 
scattering target indicate the absorption or scattering 
of a K particle. The nuclei chosen for the measurement 
were carbon, aluminum, copper, silver, and lead. 


K+ Beam 


The arrangement of the K* beam is shown in Fig. 1. 
The K mesons were produced by the 6.2-Bev protons 
striking either a carbon or a polyethylene target. 
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Fic. 1. The K* beam. Particles leaving the production target parallel to the incident beam were bent by the magnetic 
field of the Bevatron, focused, and then analyzed to improve the momentum selection. The heavy concrete shielding 


that surrounded the entire apparatus is not shown. 


(These target materials were chosen with regard to the 
requirements of an antiproton experiment using the 
same target.) The particles of momentum 475 Mev/c 
produced at 0° were bent through approximately 45° 
in the magnetic field of the Bevatron, and then left 
the vacuum through a 0.020-inch-thick Dural window. 
A three-element magnetic-quadrupole strong-focusing 
lens* was placed as close as possible to the window. An 
analyzing magnet, immediately after the magnetic 
lens, was used to select the desired momentum. 

The quadrupole lens and analyzing magnet together 
form a “strong-focusing spectrometer.’””:* This spec- 
trometer used as objects the virtual images of the 
target produced by the Bevatron field, and formed a 
set of real images at the counter array. This experi- 
mental arrangement gave a beam of 190-Mev kinetic 
energy at the scattering target with a spread of +25 
Mev and an angular divergence of +3°. The flux was 
10 K particles per square inch per 10" protons incident 
on the production target. 

The function of the counters was threefold; (a) to 


3 Courant, Livingston, and Snyder, Phys. Rev. 88, 1190 (1952). 
‘Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99, 641(A) (1955). 


define the direction of the particles, (b) to select from 
the momentum-analyzed beam those particles with the 
proper velocity to have the mass of a K meson, and 
(c) to determine the fraction of these particles that 
scattered or interacted in the target. Figure 2 shows 
the counter array. Angular definition of the particles 
was provided by two scintillation counters D; and Dz, 
1.25 inches in diameter and 0.25 inch thick in the beam 
direction. These were placed approximately 2 ft apart 
to define the direction of the incident particles to cone 
of 3° half-angle. 

Two Cerenkov counters were used to define the 
velocity of the particles. C, is a Cerenkov counter using 
as a radiator Fluoro-chemical 0-75 manufactured by 
Minnesota Mining and Manufacturing Company. It 
is a clear liquid with an index of refraction of 1.276. 
The photomultiplier tube detects Cerenkov radiation 
emitted in all directions; thus, the counter is sensitive 
to all particles with 8>0.784. 

The Cerenkov counter C2, was placed directly behind 
the first defining counter. It used a radiator of carbon 
disulfide contained in a glass cylinder with a transparent 
window at the downstream end. The index of refraction 
of CS, is 1.625, so that only particles with B>0.615 
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Fic. 2. Counter array. Counters D; and D; define the beam size and direction. C: is a Cerenkov counter that counts particles 
of 8>0.77 and is used in anticoincidence to eliminate + mesons. C2 is also a Cerenkov counter that detects particles of 0.62<B 
<0.78 and thus counts K mesons. P and A; are scintillation counters. Only the sensitive region of the counters is shown. 


produce radiation. Light emitted at an angle greater 
than arcsin(1/m) is internally reflected at the rear 
window of the counter and does not strike the photo- 
multiplier tube. Thus the counter is insensitive to 
particles of a velocity greater than 8, given by 


Bu=1/(n cos 6), 


where 6,=arc sin (1/n), m=index of refraction. This 
counter was first described by Fitch.® K particles were 
identified by a coincidence between the C2, D;, and D; 
counters in anticoincidence with the C, counter. When 
such an event occurred the height of the pulses from 
the defining counters was recorded and used as a 
further measure of the velocity. 

The scintillation counter P (Fig. 2) was used in 
conjunction with the absorber to determine, by range, 
the energy of the incident beam and to check for 
contamination in the K selection system. 

The scattering targets were placed either just behind 
the P counter or behind the C; counter. The latter 
position was used for the “target-out” measurement 
(whick is described more fully below). The counters A; 
and A: were scintillation counters, 11.5 and 6.75 in. in 
diameter, respectively. The half-angles subtended by 
these counters at the center of the target were 41.3° 
and 22.1°. 


Electronics and Data Recording 


The counters P and A: used one and four RCA 1P21 
photomultipliers respectively. All of the other counters 
used one RCA 6810 photomultiplier each. The C; 
counter and the two defining counters were wired so 
that a positive signal was available from the last 
dynode as well as a negative one from the anode. The 
anode signals from the C,, C2, D;, De, and P counters 
were amplified by Hewlett-Packard 460A distributive 
amplifiers and connected to a six-channel coincidence 


5 V. Fitch and R. Motley, Phys. Rev. 101, 496 (1956). 








circuit. This-circuit is similar to that described by 
Garwin.’ It allows one to mix any combination of the 
six inputs into two separate coincidence circuits. An 
anticoincidence between the outputs of the two circuits 
is made without destroying either of the two coincidence 
signals. Because particularly short resolution times 
were not needed, no attempt was made to obtain 
maximum resolution of the circuit. Measurements 
taken during the run indicated a resolving time of 
about 20 millimicroseconds (musec). 

The output of the anticoincidence circuit was used 
to trigger the sweep of a Tektronix 517 oscilloscope. 
The dynode pulses from the counters C2, D,, and Ds, 
together with the pulses from the counters A; and A: 
were mixed after suitable delays and displayed on the 
screen of the oscilloscope. The sweeps were recorded 
photographically by means of a DuMont 35-mm 
moving-film camera. The photographic record allowed 
pulse-height and timing measurements to be made on 
each sweep. 

The outputs of the coincidence circuits were moni- 
tored with Hewlett-Packard prescalers (about 0.1 usec 
resolution time for CW) foliowed by conventional 1-ysec 
scalers. The anticoincidence circuit was monitored 
directly with a 1-usec scaler. 


Pion and Proton Contamination 


The composition of the momentum-analyzed beam 
was approximately 4000 pions, 2000 protons, and 10 K 
mesons per beam pulse. The K+ attenuation cross sec- 
tions are a small fraction of the pion or proton cross 
sections. Therefore, it was necessary for the counters 
to identify K particles with less than 1% contamination 
of pions and protons. 

The contamination of pions was measured by varying 


® Radiation Laboratory Counting Handbook, University of 
California Radiation Laboratory UCRL-3307, January 1956 
(unpublished). 

7 Richard L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 
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the thickness of the copper absorber in front of the P 
counter and observing the coincidence rate between the 
P counter and the K-meson selection system. Because 
the range of pions is much greater than the range of 
heavy mesons of the same momentum, we expect the 
coincidence rate to drop sharply at an absorber thick- 
ness equal to the range of the K mesons. From these 


data (Fig. 3) it was determined that the contamination 


due to pions was less than 1% of the K flux. 

A small contamination resulted from a coincidence 
between a proton in the defining counters and a random 
count in the C: counter. This contamination was dis- 
covered from the pulse-height spectra of the two 
defining counters. By accepting only particles that 
excited the C2 counter, did not excite the C; counter, 
and gave pulse heights in the two defining counters 
within the proper limits, we selected K particles with 
less than 1% contamination by other particles. 


Procedure 


A target was. placed in the K beam directly behind 
the P counter. Several thousand oscilloscope traces 
were recorded, and another target was substituted. 

The main source of “target-out” attenuation events 
was the decay in flight of K particles between the P 
counter and the A» counter. Using a mean life of 1.3 
X10-® sec,’ we find that about 6% of the K particles 
decay between these counters. Because the fraction of 
particles that interact in the target is about 3%, the 
background measurement should be as exact as possible. 
The fraction of the K particles that decay between the 
P counter and the A» counter is a function of their 
velocity. For the “‘target-out’’ measurements, the K 
particles should have the same velocity at corresponding 
points between the P and A, counters as for the “‘target- 
in”? measurement. ia 

For the “target-out”’ measurement, therefore, the tar- 
get was placed behind the C, counter. Thus the particle 
velocity in the region from the back end of the 
target to the A counters was the same as for the 
“target-in” measurement. Only a small correction was 
then necessary to account for the difference in particle 
velocity in the region between the P counter and the 
back of the target. It was sufficient to perform the 
“target-out” measurement for one target only, because 
the thickness of the various targets was chosen such 
that they all would have the same stopping power. 


Reduction of the Data 


The pulse height from the two defining counters was 
calibrated in arbitrary units, by using a microfilm 
reader. This calibration was repeated at various times, 
to check for any drift in gain of the photomultiplier 


§ Alvarez, Crawford, Good, and Stevenson, in Proceedings of 
the Sixth Annual Rochester Conference on High-Energy Physics, 
1956 (Interscience Publishers, Inc., New York, 1956). 
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momentum when the stopping power of the counters is included 
is 555 Mev/c incident on the first counter. 


tubes or amplifiers. It was found that the system was 
quite stable. 

After limits on the proper pulse height for K particles 
had been determined, a chart was made up showing 
these limits and the expected position in time of each 
pulse on the sweep. The timing of a pulse could be read 
with an accuracy of approximately 5X10~ sec. Thus 
the time criteria imposed during the film reading im- 
proved the resolving time. Each sweep, as viewed with 
the microfilm reader was compared with the chart, 
and the scanner quickly determined from the pulses of 
the counters C2, D;, and D2 whether or not the event 
was caused by a K particle. Sweeps due to K mesons 
were examined for the absence of pulses from the A, 
and A» counters. The sweeps were then classified as 
one of the following: 


X—Events that did not fit the pulse height or time 
criteria. 

Ko—Events that fit the criteria for a K meson but 
did not have a count in either the A; or A counter. 

K,—Events that fit the criteria and triggered the A, 
counter. 

K,—Events that fit the criteria and triggered both 
the A; and A, counters. 

F—Events that fit the criteria and triggered only the 
A; counter. 


The last four of these are of interest. A Ko sweep 
results from an event giving no charged particle within 
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41.3° of the beam direction. A K, event results from a 
scattering into the angular interval between 22.1° and 
41.3°. The K» events result from particles that are 
scattered less than 22.1° with respect to the beam. 
The F gives a measure of the accidental rate of the 
large counters A, and A» because an F event can occur 
only by an accidental coincidence between a K scat- 
tering event and a random count from the A» counter. 

When a length of film was scanned, the number of 
events in each class were recorded along with the film 
number. A total of about 200 000 traces divided into 
117 groups was observed. The scanners were not told 
to which target a particular film corresponded. The 
data from each group was reduced to a cross section as 
described in the next section. These cross sections were 
then compared, and the deviation between them was 
found to be compatible with the statistical accuracy of 
each. Thus, it was felt that the scanners were not 
introducing subjective errors. 


Calculation of the Cross Sections 


From the various numbers recorded during the film 
reading, three cross sections can be calculated; o; for 
22.1° geometry; 2 for 41.3° geometry, and Ac, the 
average differential cross section between 22.1° and 
41.3°. These cross sections are given by 


o:= '[In(No/N1)—In(No'/N) J, 
o2= [In(No/N2)—In(No'/N2’) J, (1) 
Ao=n[In(N1/N2)—In(Ny'/N2’)], 
where No=Kot+Kit+K:2, Ni=K2, N2=Ki—K:, Ko 


=number of Ko events in a given run, K;=number of 
K, events in a given run, K2=number of K» events in 
a given run, primes denote “target-out” data, and 
n= thickness of the target in atoms/cm?. 
The statistical standard deviation on the cross section 
7; is equal to 
eit See 1 \? 


No’ Ni 


No Ni 
CORRECTIONS 
Decay in Flight 


The fraction of K particles that decay was greater 
for the “target-out” case than the “target-in” case due 
to the inequality of the velocity between the P counter 
and the back of the target. The correction was calcu- 
lated numerically and applied to the data. It accounted 
for an increase in o; of 1.6% and for an increase in o2 
of 1.9%. 

A further correction must be applied to account for 
m- and yw-meson contamination arising from K,2 and 
K,2 particles that decay between the last defining 
counter and the target, and trigger the P counter. The 
fraction of decay products emitted in a direction such 
as to strike the A counters depends again on the 
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momentum. The secondary particles that do strike the 
A counters have passed through the target and inter- 
acted with cross sections different from that for K 
particles. These corrections amount to an increase in 
a; and g¢ cross sections of 1.8% and 5.5%, respectively. 
The total corrections arising from decay in flight then 
become 3.4% for o; and 7.4% for oz. 


Multiple Scattering 


The root-mean-square scattering angle for multiple 
Coulomb scattering for the lead target was 5°. Because 
the smallest angular resolution used was 22.1°, the 
contribution from multiple scattering was less than 
0.2%. 


CROSS SECTIONS 


The measured cross sections are given in the first 
three rows in Table I. The quantities used in the 
analysis which follows, are ¢/o,, where ¢,=7R?® and 
R is the radius of the nucleus. R was assumed to be 
given by 7oA!, with ro>=1.41X10-" cm. The initial 
state will be assumed to be represented by a plane 
wave. A correction to allow for the suppression of the 
wave at the nucleus by the Coulomb potential can be 
calculated using the classical expressions for the orbits. 
The trajectories that just strike the edge of the 
nucleus of radius R define a cylinder of cross-sectional 
area +b’. We find that b?=R?/(1+V./T), where V. 
=(Ze*)/R is the Coulomb potential at the radius R, 
and T is the kinetic energy of the incident particle. 
The values of rb? are given in Table I, as well as the 
cross sections divided by 76’. 


COMPLEX SQUARE-WELL ANALYSIS 
Formulation of the Problem 


The measured cross sections 0, o2, and Ao are 
actually combinations of the scattering and interaction 
cross sections. Thus, we can write 


o1=a,0,+ 6,071, 
o2=a20.+B201, (2) 
Ao = Aag,+ Afeor, 


where ¢, is the total coherent or elastic scattering cross 
section and g; is the total incoherent scattering cross 
section. The latter includes all processes—such as 
charge exchange and inelastic scattering—that remove 
particles from the incident plane wave. The a’s and f’s 
are the fractions of the total elastic and total inelastic 
scattering cross sections included in the measurement. 

We now assume that the force between the K meson 
and the nucleus may be represented by a potential 
function given by 


V(r)=Vitil. 
V(r)=0 


for r<ro, 


(3) 


t>rTo, 
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TaBLeE I. The measured cross sections from Eq. (1) for K+ mesons in the several! nuclei (in millibarns) 


and the values corrected for suppression of the incident wave by the Coulomb field. 











Target c cl Cu Ag Pb 

v1 96.5+8.5 208+ 13 505+28 578438 1081+86 
o2 83 +6 148+11 384+ 20 451+29 749+62 
Ao 13.0+3.0 51+5 123412 125+15 340+45 
ab? 324 543 939 1320 2190 
o/h 0.298+0.026 0.38340.024 0.538+0.030 0.438+0.029 0.495+0.039 
o2/rb? 0.256+0.019 0.272+40.020 0.408+0.021 0.342+0.022 0.342+0.028 
Ao/rb? 0.040+0.009 0.094+0.009 0.132+0.013 0.095+0.012 0.155+0.021 











where V; and V; are real and independent of r. Experi- 
ments with nuclear emulsion have indicated only con- 
structive interference between the nuclear and the 
Coulomb-scattering amplitudes.’ Thus, no attempt was 
made to fit the data with a negative value of V;. 

If we assume that the initial state is given by a plane 
wave and use the Schrédinger wave equation, the exact 
phase shifts can be calculated”; however, such calcu- 
lations are quite laborious and are beyond the scope of 
this paper. The analysis proceeds as follows: The 
complex potential well is represented by two optical 
constants, k; and K, described below. Using the optical 
model of Fernbach, Serber, and Taylor, we can calcu- 
late the numbers aj, a2, Aa, o,, and a7 of Eq. (2) as 
functions of k; and K. The value of 8 can be determined 
from previous experiments. Values of &; and K that 
fit the experimental data are then found. 


Optical Model 


The optical model gives approximate solutions valid 
for small reflection and refraction at the boundary of 
the potential. 

The wave number inside the potential well is given by 


=k, +k=k(1+V,/B)}, (4) 


where k is the wave number outside the well (k= P/*) 
and V; is the real part of the potential given in Ex. (3). 
If we consider the optical analogy to the above problem, 
k, corresponds to the real part of the index of refraction. 
The imaginary part of the interaction is represented 
by the absorption coefficient K. Fernbach, Serber, and 
Taylor obtain, for o;/R? and o,/rR’, 


o1/mR?= {1—[1—(1+2x) exp2x ]/22°}, (5) 
and 
o,/mR?=1+$2°([1 — (1+2x) exp(—2x) ] 
— Chetty TAC") 
+exp(—x)[2y(42°+y")+ xy] sin2y 
—exp(—x)[(}a°—y*)+-x(42°+y*)] cos2y}, (6) 


where x= KR, y=kiR. 


*D. Fournet Davis, University of Rochester (to be published) ; 
Joseph E. Lannutti, University ; of Florida (private communi- 
cation). 

10 Leonard I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1949). 

1 N.C. Francisand K. M. Watson, Am. J. Phys. 21, 659!(1953) ; 
Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949 ). 


In addition to Eqs. (5) and (6) the optical model 
gives, for the scattering amplitude, 


41+4<kR 


f@= me (2/+-1) (1—e*##01) P,(cosé), (7) 


where 


si=[#R?— (1+-4)*/k. 


Equation (7) is also obtained by treating the complex 
square well in WKB approximation. 


The Fractions a; 


Using the results of the optical model, we now write 


be (2) sina ms ou / f (=) sin 640, (8) 
so f° (22) snaio / [' (22) sinaa, 0 


where do(@)/dQ is the differential scattering cross sec- 
tion. Using do(6)/dQ= | f(@)|?, we calculated a; and Aa 
and found them to be nearly independent of KR and 
k,R and a function of kR only. It has been pointed out 
that such a conclusion is reasonable, because we expect 
the shape of f(@) to depend most strongly on the 
number of partial waves included in the scattering.” 
In the first Born approximation, we find that the shape 
of f(@) is completely independent of k; and K. 

After final values for k; and K had been obtained, 
new a’s and Aa’s were calculated and were found to 
differ from the previous values by less than 1%. 

The above analysis is in the framework of Schrédinger 
wave mechanics, and is therefore not relativistic; 
however, relativistic kinematics were used. 











Effect of the Coulomb Potential 


In the analysis thus far, the Coulomb field has been 
neglected. If the first Born approximation is used, the 
scattering amplitude is given by 


f.(0) = f°(0)F (8), (10) 
where f.°(@) is the scattering amplitude derived from a 


Donald H. Stork, Phys. Rev. 93, 868 (1954). 
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TABLE IT. Values of &: and K derived from the measured cross section (in units of 10% cm~). 











c Al Cu Ag Pb 
—k, 0.078+0.062 0.191+0.029 0.240+0.050 0.146+0.030 0.185+-0.046 
K 0.087+0.003 0.077+0.012 0.077+0.009 0.060+0.008 0.058+-0.009 








point scatter and F(@) is the nuclear form factor. For 
a uniform charge distribution of radius R, F (@) becomes® 


F(6)=4rR*[sin gR—gR cos gR]/(gR)*. — (11) 


Equations (10) and (11) give the scattering amplitude 
as calculated in the Born approximation. It is well 
known that the magnitude of f(@) derived from the 
Born approximation is nearly exact ; however, the phase 
is not correct. To estimate the maximum effect, the 
phase of f.(6) was arbitrarily taken to be the same as 
the phase of f(@) given by Eq. (7) for the square well. 
For all values of K and k, that were of interest in this 
problem, the maximum possible Coulomb effect was 
found to be negligible. 


Values of the Fractions 6; 


A K meson that is inelastically scattered may still 
have sufficient energy to reach the A counters, or may 
give a star prong of sufficient range to count. The 
fraction of K particles giving rise to such events is 
(1—8). The values of 8 calculated from nuclear emulsion 
data™ are : 

Bi=0.91, 62=0.81, 


Aég=0.10. (12) 


The statistical accuracy of these numbers is about 5% 
for 8; and 82, and about 30% for Ag. 

Justification for the use of results from nuclear 
emulsions for the lighter elements is dubious because 
the value of 8 might well depend on the size of the 

















Fic. 4. Determination of K and &: for aluminum. 


13 Leonard I. Schiff, Phys. Rev. 92, 988 (1953); M. 
Phys. Rev. 73, 279 (1948). 
4 Joseph E. Lannutti (private communication). 
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nucleus. The effect of a variation in 8 on the determi- 
nation of K and k;, is discussed below. 


Values of the Complex Square-Well Parameters 


From the Eqs. (2), (5), and (6), and the values of a 
and 8, one can determine K and &; pairs that fit each 
measured cross section. Thus, for each target, one may 
construct three curves that give the values of K and 
k, appropriate to each of the measured cross sections. 
Figure 4 gives a typical set of these curves. The dotted 
lines indicate the uncertainty in the various curves 
because of the statistical errors on the measured cross 
sections. As is expected, 0; and a2 are nearly inde- 
pendent of k,, whereas Ao depends on both K and A. 

The values of K and k; for each target as determined 
from the intersection of these curves are given in 
Table II. The errors shown reflect only the statistical 
inaccuracy in the measured cross sections. The system- 
atic errors of the analysis may be larger. The uncer- 
tainty of extending to lower Z the value of 6 deter- 
mined for nuclear emulsion has practically no effect 
on K; however it certainly affects k;. The values of k, 
in Table II should be reliable to about +50%. The 
values of K must be taken in the spirit of the square- 
well approximation and considered as only a first 
approximation to the real physical potential. 

From the values of &; given in Table II, the real 
potential can be calculated from Eq. (4) (Fig. 5). The 
average potential is found to be 24.2+2.3 Mev. 
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Fic. 5. Experimental values of the real potential V1. 
Statistical errors are shown. 











TFOTAE CROSS SECTIONS 


Mean Free Path for Interaction in 
Nuclear Matter 


The problem of deriving the cross section for indi- 
vidual K-nucleon interactions from the mean free path 
in nuclear matter is a difficult one. In the simplest 
picture, one assumes that each nucleon within the 
nucleus can interact with the K particle independently 
of the other nucleons. Thus we may express the mean 
free path within the nucleus as 


A=K7*= (om), (13) 


where K is the absorption constant as before, go is the 
K-nucleon cross section, and p is the nuclear density. 
For R=rA}, p is given by 


p=i(are). (14) 

The values of oo were computed from Eqs. (13) and 
(14) for the values of K given in Table II. 

Sternheimer has pointed out that the cross section in 
complex nuclei is suppressed because of the Pauli 
exclusion principle operating between identical nucleons 
in the nucleus.'® If we assume a Fermi energy of 25 
Mev, the average free K-nucleon cross section ay is 
given by o0/0.884. The dotted points in Fig. 6 show a, 
as derived from the values of oo, computed above. 


DISCUSSION 
Real Potential 


The real potentials shown in Fig. 5 may be compared 
with results from experiments with nuclear emulsion®:!® 
for K+ mesons of lower energy. The values at low energy 
are about 10 to 15 Mev. Thus the values here are 
significantly larger, indicating an increase of the real 
potential with increasing K energy. The results here 
are in reasonable agreement with preliminary nuclear 
emulsion results at similar energies." 


Absorption Constant 


The average cross section per nucleon in complex 
nuclei from Fig. 6 is lower than the K-proton cross 
section given by other experiments. The decrease in o, 
with increasing A is too large to be explained by the 


15R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). 
16D). H. Perkins and H. H. Wills, Physical Laboratory, Uni- 
versity of Bristol, Bristol, England (private communication). 
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Fic. 6. The average cross section per nucleon for the various 
nuclei, These were calculated by using the experimental cross 
sections and assuming the independent-particle model. The 
values have been corrected for the effect of the Pauli exclusion 
principle. 


neutron excess even if the K-neutron cross section is 
as small as one-half the K-proton cross section (as 
small as is allowed by the conservation of isotopic spin). 
A failure of the simple model used for the nucleus may 
account for the decrease. Calculations using a more 
realistic nuclear density distribution will be carried 
out in the future. 
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A multiplate cloud chamber containing two large plastic scintillators capable of selecting nuclear inter- 
actions is described. Forty-three interactions, attributed to energetic 4 mesons, have been observed in the 
chamber and the following cross sections for interactions in carbon obtained: (5.61.1) KX 10~” cm*/nucleon 
for all interactions involving energy transfers >50 Mev and (1.7+0.6)X10-" cm*/nucleon for shower 
production. It is shown that several aspects of the interactions can be reasonably accounted for with the 
aid of the semiclassical Williams-Weizsicker method and the results are used to infer photon interaction 
cross sections in carbon for photon energies up to about 10 Bev. The u-meson cross sections reported here are 
in agreement with those found by George and Evans using emulsion techniques, but some of the details of the 
interactions differ and it is suggested that an appreciable fraction of the stars observed in an emulsion ex- 
posed underground may be due to x mesons or protons. 





INTRODUCTION 


UCLEAR interactions produced in photographic 

emulsions exposed underground were first re- 
ported by George and Evans.! Since the » meson is the 
only known particle capable of penetrating to appre- 
ciable depths underground, George and Evans attrib- 
uted all 1p stars and showers to these particles and 
found that the measured cross sections could be under- 
stood with the aid of the Williams-Weizsicker virtual 
photon method and the experimentally known (at 
low energies) photon cross section. Other than the work 
of these authors only a small number of observations 
have been reported on the nuclear interactions of fast 
u mesons. A few underground multiplate cloud chamber 
experiments?“ have detected showers presumably pro- 
duced by uw mesons and have given cross sections falling 
in the range (0.5 to 3.2) 10-* cm*/nucleon. On the 
other hand, the lower energy interactions not involving 
m-meson production have been observed only in 
photographic emulsions. Furthermore, it has not been 
shown directly, in either the emulsion or the cloud 
chamber work, that the particles responsible for the 
interactions were in fact ~ mesons. 

The purpose of the experiment reported here was to 
examine in some detail and by a different method 
interactions produced by fast particles most of which 
could be shown to be uw mesons. Since the interactions 
were studied in a cloud chamber and since the u-meson 
cross section is rather small (10*-10* times smaller 
than for + mesons) it was necessary to employ an 
efficient selection system biased strongly against un- 
wanted events; for this purpose a Geiger telescope in 
coincidence with a combination of two scintillators was 


1E. P. George and J. Evans, Proc. Phys. Soc. (London) A63, 
1248 (1950) ; A68, 829 (1955); E. P. George, in Progress in Cosmic 
Ray Physics, edited by J. G. Wilson (North Holland Publishing 
Company, Amsterdam, 1952), Vol 1, Chap. VII. 
as Mura, Succi, and Tagliaferri, Nuovo cimento 10, 1201 

53). 

*H. J. J. Braddick and B. Leontic, Phil. Mag. 45, 1287 (1954). 

‘Higashi, Oshio, Shibata, Watanabe, and Watase, Nuovo 
cimento 5, 592 (1957). 


used. This arrangement with slight modifications could 
be used to select other “rare” events. 


EXPERIMENTAL METHOD 


The experiment was performed under a 90-cm thick 
lead absorber at sea level. The cloud chamber, of inside 
dimensions 705030 cm, contained nine 1.27-cm 
lead plates and two 3.18-cm thick plastic scintillators ; 
the arrangement is shown schematically in Fig. 1. The 
chamber itself was of relatively simple construction 
consisting of a central box-like casting open on four 
sides. Two sides were closed with plate glass through 
which the chamber was illuminated and photographs 
taken. The piston formed the third side and the fourth 
was a metal plate through which passed two light pipes 
from the scintillators and on which photomultipliers 
were mounted. The chamber was illuminated by two 
flash tubes mounted behind cylindrical lenses on one 
side of the chamber. A mirror on the opposite side 


WLLL 


10 CM LEAD 
UNTER TRAY A 


, 


C————3<+— COUNTER TRAY C poocco 
SCINTILLATORS 
CA 6372 
PHOTO - 
MULTIPLIERS 


LIGHT PIPES 


CHAMBER 
CONTAINING 
9, 1.27 CM 
LEAD PLATES 


N 
N 








AAW 

































HHA 





_—) 
Oo W 20 CM 


Fic. 1. Experimental arrangement. 
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reflected the light back on itself and thin aluminum 
sheets fixed to the surface of the plates improved the 
uniformity of illumination. 

Photographs were taken with two cameras, one 
mounted centrally on the axis of the chamber and one 
15° off the axis. The camera assembly was mounted 
rigidly on a steel plate which could be positioned 
accurately and moved easily. Photographs were re- 
projected with the original cameras through a glass 
plate identical to the front glass of the chamber. The 
film was repositioned in the cameras by means of 
fiduciary marks imaged on the film at the time of 
exposure. The reprojection procedure was similar to 
the method described by Hodson ef al. in which two 
orthogonal projections of each event are drawn. Spatial 
reconstruction of average tracks in this way was 
accurate to about +1 mm for the depth coordinate 
and slightly better than this for the other two coordi- 
nates. Projected angles of scattering in the lead plates 
were used for momentum estimates and these were 
measured using the photograph taken with the centrally 
mounted camera by projecting the track on a rotatable 
screen as described previously.* The measured “noise 
level” scattering’ was 0.35 degree corresponding to a 
maximum detectable momentum, as defined by Annis 
et al.’ of 3.5 Bev. 

The plastic (polyvinyltoluene) scintillators, of di- 
mensions 30.5X19X3.18 cm, served three purposes. 
They were used as carbon targets, as part of the 
selection system, and to estimate energies of low-energy 
protons. The scintillator thickness was chosen so that a 
20-Mev proton stopping in the scintillator gave a pulse 
approximately twice that of a relativistic particle 
passing vertically through. The scintillators were 
mounted in the chamber in a gas tight aluminum case 
of thickness 34 in. and light pipes (also polyvinyl- 
toluene) of constant cross-sectional area attached to 
one end carried the light to RCA 6372 photomultipliers 
mounted outside the chamber (Fig. 1). The 6372 has a 
side photo cathode with area approximately equal to 
the cross-sectional area of a scintillator. This condition, 
as well as others discussed in detail by Brini ef a/.8 must 
be satisfied if a reasonable light yield and a maximum 
uniformity of response with position are to be obtained 
with a large scintillator. The response of the scintillators 
as a function of position was determined by scanning 
the surface with a pencil beam of y rays and measuring 
the photomultiplier current with a galvanometer. Lines 
of equal response were drawn for each scintillator and 
these were used to correct pulses due to particles whose 
position could be determined from the cloud chamber 
photographs. The maximum variation with position 
was approximately +13% and this considerably 

5 Hodson, Ballam, Arnold, Harris, Rau, Reynolds, and Treiman, 
Phys. Rev. 96, 1089 (1954). 

6]. B. McDiarmid, Phil. Mag. 45, 933 (1954). 

7 Annis, Bridge, and Olbert, Phys. Rev. 89, 1216 (1953). 


8 Brini, Peli, Rimondi, and Veronesi, Nuovo cimento 2, 10 
(1955). 
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broadened the pulse-height distribution for relativistic 
particles. The pulse-height distribution is given in Fig. 
2 for near-vertical «4 mesons incident uniformly over the 
surface of the scintillator and the width of the distri- 
bution is about twice that expected from Symon’s 
theory’ owing to ionization fluctuations. Most of the 
additional spread can be attributed to the variation of 
response with position, but an appreciable contribution 
to the number of large pulses also comes from knock-on 
electrons from the lead absorber accompanying the 
u mesons. 

Since the response of plastic scintillators to non- 
relativistic particles is nonlinear it was necessary to 
carry out a calibration before proton energies could be 
estimated from the pulse heights. Birks’ theory” for 
organic scintillators relates dV/dr, the light output/ 
(g/cm?) to dE/dr, the specific ionization of the particle 
by means of the expression 


dV C(dE/dr) a) 
be ek a ai lt Pa 1 
dr 1+KB(dE/dr) 


where C is a constant and KB a parameter depending 
on the scintillator. In the limit of low ionization 
(electrons) Eq. (1) predicts a light output proportional 
to the energy of the particle (or to the energy loss if 
the particle passes through) while for high specific 
ionization the light output is proportional to the range 
of the particle in the scintillator. These relations have 
been checked for the scintillators used here and the 


®*K. R. Symon, quoted in B. Rossi, High-Energy Particles 
(Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1952), p. 32. 

10 J. B. Birks, Scintillation Counters (Pergamon Press Ltd., 
London, 1953), p. 93. 
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Fic. 3. Pulse-height distribution for Po a particles (residual 
range in scintillator=3.7 mg/cm*) and Compton Electrons pro- 
duced by a Zn® y-ray source (maximum Compton energy =0.90 
Mev). 


value of KB determined. An identical plastic scintil- 
lator, in the form of a cylinder of diameter 2 in. and 
height 1} in., was mounted on the end of an RCA 5819 
phototube and a 20-channel pulse-height analyser was 
used to determine pulse-height distributions for the 
Compton electrons produced by several y-ray sources. 
Distributions were also obtained for Po a particles 
corresponding to different residual ranges in the 
scintillator. Two typical distributions are given in Fig. 
3 where the numbers affixed to the arrows give the 
maximum Compton energy of the electrons and the 
residual range of the a particles, the positions of the 
arrows indicate the pulse-height associated with the 
corresponding energy or range. In Fig. 4 pulse heights 
are plotted against maximum Compton energy for the 
electrons and against range in the scintillator for the 
a particles, quite a good linear relationship being ob- 
tained in each case. The parameter KB, characteristic 
of the scintillators used here, is equal to the ratio of the 
slopes of the electron and a-particle lines drawn in Fig. 
4 and was found to be 12.641.6 (mg/cm?)/Mev. This 
value of KB was used in Eq. (1), along with calculated 
values of dE/dr," to estimate proton energies. 

The schematic diagram in Fig. 5 shows the com- 
ponents of the selection system and the method of 
recording the scintillator pulse heights. During the 
operating time the scaler continuously recorded the 
number of acceptable 4 mesons which passed through 
the apparatus. The bias settings on discriminators 1, 2, 
3, and 4 were 28, 9, 9, and 38 volts, respectively (most 
probable pulse of a vertical « meson was 6 volts, Fig. 2). 
The cloud chamber was expanded and the pulses 
recorded when either of two selection criteria was 
satisfied ; the first of these was 


A+C+[(T+B>28v)+(T or B<9v)], 
where 7 and B refer to pulse size from top and bottom 
scintillator. This selected, among other things, events 


1H. A. Bethe, in Experimental Nuclear Physics, edited by 
E. Segré (John Wiley and Sons, Inc., New York, 1953), Vol. I, 
Part IT. 
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in which a » meson passed through both scintillators 
and produced a nuclear interaction in one giving a pulse 
216 volts, provided none of the secondaries entered 
the other scintillator. Hence, events in which energetic 
= mesons were produced were efficiently selected only 
if they occurred in the bottom scintillator while lower 
energy events occurring in both scintillators were 
detected. The selection efficiency for different events 
is discussed more fully below. 

Other events selected included » mesons stopping, 
particularly in the top scintillator, and electronic events 
most of which consisted of two or three electrons which 
accompanied the ~ meson and stopped in the top 
scintillator. These latter events made up approximately 
60% of all those selected with this system. With the 
arrangement shown in Fig. 1 the rate of acceptable 
u mesons through the apparatus was 495/hr while the 
rate at which pictures were taken was 0.5/hr. The 
fraction of useful pictures obtained was therefore 
increased by approximately a factor 1000 compared 
to a selection system consisting of a simple Geiger 
telescope. 

The second selection criterion was 


A+C+ (B>38v). 


Events selected by this system and not by the first 
included large interactions in the top scintillator, large 
interactions from the lead above the chamber, and yu 
mesons accompanied by at least 5 or 6 electrons which 
penetrated both scintillators. Again, these latter events 
made up about 90% of the total. The photography rate 
for this system was also 0.5/hr giving an over-all rate 
of ~1/hr. 

If the bias is set at 22 volts instead of 38 volts, the 
second selection system accepts the same interactions 
occurring in the bottom scintillator as does the first 
system. However, the rate corresponding to such a 
selection is about six times that of the first system, the 
additional events being mostly 4 mesons accompanied 
by 2 or 3 electrons which penetrate both scintillators. 
Therefore, the fraction of useful pictures obtained with 
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Fic. 4. Pulse heights plotted against range for a particles and 
against maximum energy for Compton electrons produced by 
C87, Zn®, and Co y-ray sources. 














the first selection system was approximately six times 
that obtained with a system consisting of a Geiger 
telescope and one scintillator biased to select the same 
events. 


RESULTS 
a. Classification of Events 


5178 photographs have been taken corresponding to 
1.9X 10° traversals, by charged particles, of the Geiger 
telescope and both scintillators. Those photographs 
were selected in which a single unaccompanied particle 
at minimum ionization entered the chamber and pro- 
duced a pulse in one scintillator 220 volts (approxi- 
mately the minimum requirements of the first selection 
system). In all cases, what appeared to be the original 
particle was present after the interaction and pene- 
trated several lead plates. Most of the events were 
cases in which the incident particle produced electrons 
in one of the scintillators; the remainder of those 
selected could be classified as follows: 


(1) Fifteen events in which at least one penetrating 
secondary (penetrated more than two plates without 
multiplying) was produced by the incident particle in 
one of the scintillators [Fig. 6(a), 6(b) ] or the top lead 
plate [Fig. 6(c) ]. These were obvious cases of nuclear 
interactions. 

(2) Fifteen events in which at least one heavily 
ionizing particle and no secondary penetrating particles 
emerged from the scintillator [Fig. 6(d) ]. These were 
either nuclear interactions or elastic Coulomb collisions 
between the incident particle and a hydrogen nucleus 
in the scintillator. 

(3) Eighty-two events in which no visible secondaries 
emerged from the scintillators. These were either 
nuclear interactions, elastic collisions with hydrogen, 
or electronic events in which the electrons did not 
emerge from the scintillator. 


All the above events were reprojected to determine 
the spatial angles of the particles after the interaction 
with respect to the primary direction and the distances 
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Fic. 5. Schematic diagram of the circuits. 
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Fic. 6. Examples of nuclear interactions produced by u mesons. 
(a) Interaction in the top scintillator in which one charged and 
one neutral + meson are produced. The charged meson interacts 
in the eighth plate. The third charged particle coming from the 
top scintillator is an electron, presumably a knock-on. (b) Inter- 
action in the bottom scintillator in which at least one charged 
and two neutral mesons are produced. The energy in the electron 
showers ~9 Bev. (c) Interaction in the top plate in which one 
a meson and several protons are emitted, one proton enters the 
bottom scintillator. (d) Interaction in the bottom scintillator in 
which a single proton emerges. 


travelled in the scintillators by the emerging particles. 
The position at which events occurred in the scintillator 
was noted and the pulse height corrected using the 
response vs position measurements referred to above. 
Momentum estimates were made either from the range 
of particles stopping in the plates or from the rms 
scattering angle when this could be measured. 

Upper and lower limits to the energy of the heavily 
ionizing particles in group (2), assumed to be protons, 
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Fic. 7. Pulse-height distribution in the bottom scintillator for 
events in which the primary particle was not scattered and no 
secondary particles emerged from the scintillator. The smooth 
curve is the measured distribution for events which could be 
identified as electronic. 


could usually be determined from the distance travelled 
in the target scintillator and the fact that generally 
they stopped either in the other scintillator or the first 
plate. The energy of the secondary could also be esti- 
mated from the pulse height ; if the two estimates were 
inconsistent it was assumed that other secondary 
ionizing particles stopped in the scintillator. In all but 
five cases the range and pulse-height measurements 
were inconsistent with the production of a single 
secondary particle, hence these could not be elastic 
‘collisions with hydrogen. The five remaining cases were 
shown to be inconsistent with the dynamics of a u—p 
collision and therefore all events in group (2) were 
assumed to be nuclear interactions. 

Events in group (3) were used in the analysis only 
if the large pulse occurred in the bottom scintillator, 
this was because small distortions sometimes occurred 
in the chamber above the top scintillator making angle 
measurements rather uncertain. These events were 
further divided into two groups; 27 in which there was 
no measurable scattering of the incident particle in the 
bottom scintillator and 14 in which a deflection 21.5° 
occurred. If the events in which the incident particle 
was not scattered were electronic (the others obviously 
were not) it is likely that they were cases in which one 
or more electrons (knock-on’s or electron pairs) were 
produced in the upper case of the bottom scintillator. 
Therefore, the pulse height distribution for these, given 
by the histogram in Fig. 7, should be the same as that 
for electrons entering the bottom scintillator from the 
lower case of the top. Also, the number of events should 
be approximately equal to the number of cases in which 
electrons from the case of the top scintillator enter the 
bottom but do not emerge from it. The smooth curve 
in Fig. 7 is the pulse-height distribution, in the bottom 
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scintillator, for 70 cases in which electrons were pro- 
duced in the lower case of the top scintillator, nor- 
malized to represent the same number of events as the 
histogram. Out of the 70 events there was none with a 
pulse height >29 volts and it is evident from Fig. 7 
that the agreement between the two distributions is 
reasonable up to 29 volts. Hence it was assumed that 
the 23 events in this group with pulse height <30 volts 
were electronic and that the remaining 4 were non- 
electronic. In 18 of the 70 cases in which electrons were 
produced in the case of the top scintillator, no electrons 
emerged from the bottom scintillator; this number 
agrees well with the above estimated number of elec- 
tronic events in group (3). 

In 13 of the 18 nonelectronic events in group (3) the 
measurements of pulse height, angle of deflection and 
momentum of the incident particle were inconsistent 
with the dynamics of an elastic u—> collision and in 
3 cases they were inconclusive. In 2 cases the measure- 
ments were consistent with an elastic collision and since 
this is approximately the number expected from the 
Rutherford formula (in which the proton receives an 
energy >20 Mev) it was assumed that the remaining 
16 events were nuclear interactions. 

From the foregoing the total number of nuclear 
interactions recorded, not counting those in group (3) 
occurring in the top scintillator, was 46, of which 9 
occurred in the top scintillator, 32 in the bottom and 
5 in the first lead plate [these were selected if a proton 
was emitted backwards from the plate to the scintillator, 
Fig. 6(c)]. The requirements of the first selection 
system set a lower limit of approximately 20 Mev for 
single protons emitted in an interaction and a slightly 
higher limit if more than one proton or one or more 
a particles were emitted. Assuming that neutrons carry 
away an equal amount of energy it was estimated that 
only interactions in which the energy transfer to the 
nucleus was 250 Mev were detected. 

For cross-section determinations only interactions 
occurring in the bottom scintillator were used and 
generally it was possible to use the pulse in the top 
scintillator as an additional check that only a single 
relativistic particle entered the chamber. The require- 
ments of the first selection system meant that inter- 
actions were missed if the primary was accompanied 
by a knock-on electron or if a proton from an inter- 
action in the bottom scintillator entered the top. An 
upper limit of 14% for the inefficiency caused by these 
effects was obtained from the area above 9 volts in the 
pulse-height distribution in Fig. 2 and from the number 
of interactions detected in the top plate in which a 
proton was emitted back to the bottom scintillator. 
Hence it was assumed that interactions in the bottom 
scintillator corresponding to energy transfers > 50 Mev 
were detected with an efficiency of approximately 90%. 
Events involving the emission of a single x meson not 
accompanied by a break-up of the carbon nucleus would 
also be missed, this being particularly true of r° emis- 
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sion. If an inefficiency arises due to this it likely applies 
only to a fairly small range of energy transfers; i.e., 
150 to perhaps 300 Mev. 


b. u-Meson Cross Sections 


It was assumed that the interactions were produced 
by a mixture of u mesons and 7 mesons and the number 
of x mesons determined from the number of interactions 
produced by the primary on traversing the lead plates. 
For interactions in groups (2) and (3) there was only 
one penetrating particle and this was assumed to be the 
primary. For interactions in group (1) there were at 
least two penetrating particles; the primary after the 
interaction was taken to be the one making the smallest 
angle with the incident direction, this being a reasonable 
assumption for the case of u-meson induced interactions. 
If the identification of the primary after the interaction 
is incorrect then the number of incident + mesons will 
be over estimated and the u-meson cross section under 
estimated. In the 46 nuclear interactions observed in 
the scintillators or the first plate a total of 4850 (g/cm?) 
of lead was traversed by the primary after the inter- 
action ; in three cases in group (3) the particle produced 
a second interaction in one of the plates and in no case 
was a large-angle scattering event observed. If one 
assumes that the three interactions were due to x 
mesons, the ratio of r-induced to y-induced interactions 
in the scintillators was NV A,,/t, where N;=3, t=4850 
g/cm?, and A,» is the interaction length (interactions 
and large angle scatter) for mesons in lead, taken to 
be 174 g/cm*."* This gave a ratio of 10+6%; hence it 
was concluded that if the 3 cases in which the primary 
produced a second interaction in the plates were 
omitted, more than 95% of the remaining nuclear 
interactions were produced by u mesons. 

An alternative way to see the effect of s mesons and 
also determine the y-meson cross section is given by 
the following relations: 
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where NV, N2, N; are the numbers of interactions pro- 
duced by primaries in the bottom scintillator (32), in 
the first plate (5) and in the remaining plates (3), 
respectively. V, and N, are the numbers of incident 
m mesons and zw mesons, respectively. (N,+N,) 
=1.9X 10°. A,, and A,» are the interaction lengths for 
@ mesons in the scintillator (81 g/cm?) and in the lead 


12M. S. Sinha and N. C. Das, Phys. Rev. 105, 1587 (1957). 
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(174 g/cm?).!” \, is the interaction length for « mesons. 
t, and ¢, are the thicknesses of the scintillator and case 
(5.05 g/cm?) and one lead plate (14.4 g/cm’). é, is the 
average thickness of lead traversed by a primary after 
an interaction (107 g/cm’). ¢ is the detection efficiency 
in the bottom scintillator (0.9). F is the fraction of all 
the interactions in the first plate in which a proton is 
emitted back into the bottom scintillator. The factor 
0.6 in Eq. (4) is the efficiency of the top scintillator 
relative to the bottom for detecting nuclear interactions, 
determined from the ratio of the numbers observed in 
each. 

An upper limit for V, of 570 is obtained if it is as- 
sumed that all the interactions in the bottom scintillator 
were produced by x mesons while a lower limit for A, 
of 2.7X 10° g/cm? is given by assuming all interactions 
were produced by yu mesons. Therefore, V, can be set 
equal to 1.910 and the term proportional to 1/A,? 
in Eq. (4) can be neglected. Solving for V,, A,, and F 
gives N,=53+30, o,=1/(NA,)=(5.6+1.1)K10-° 
cm?/nucleon, (V = Avogadro’s number) F~0.06. From 
the fraction of cases in which x mesons were produced 
a cross section of (1.7+0.6)10-* cm?*/nucleon is 
obtained for this process, this value being in good agree- 
ment with that found by George and Evans.! As dis- 
cussed above, the value of F was taken as an upper 
limit for the fraction of interactions missed in the 
bottom scintillator because a proton was emitted back 
into the top scintillator. 

From the preceding it is concluded that the single 
unaccompanied particles emerging from a 90-cm lead 
absorber at sea level include a small fraction of x 
mesons, the ratio of * mesons to uw mesons being 
(2.8+1.6)X10->. However, this small fraction of + 
mesons still accounts for approximately 10% of all the 
nuclear interactions produced by these particles. 

It is also of interest to determine the fraction of all 
particles (not just unaccompanied particles) emerging 
from the absorber that are + mesons or protons. A 
lower limit can be obtained from the number of such 
shower particles observed to come from the absorber; 
these events were detected by the second selection 
system with an efficiency considerably less than 100%. 
The lower limit found was V,/N,>19X10-°. If the 
observed showers were initiated by y» mesons, this 
limit would also apply to the particles detected in a 
nuclear emulsion exposed underground. However, the 
sea level flux contains a small fraction of protons® and 
it is estimated that approximately 3} of the showers 
were due to these particles. Another estimate of V,/N,, 
applicable to the underground flux, as well as the ratio 
of z-induced to yu-induced interactions expected in an 
emulsion exposed underground can be obtained as 
follows: the number P of charged x mesons produced 
per g/cm” by au meson ~ 2X 10~*, determined from the 
17 charged shower particles (not counting 4 mesons) 


13M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 404 (1951). 

















1798 ¥ 


in the interactions in the bottom scintillator. Neglecting 
decay and ionization loss V,/N,= Pd. ab, where Ax ab is 
the x-meson absorption length in the ground, and the 
ratio of x-induced to yu-induced interactions expected 
in an emulsion= PA, abA,/Axe Where A, is the r-meson 
interaction length in an emulsion. Setting A, ab=A+re 
and using the previously determined value of A, gives 
a ratio ~0.6. This value applies to a depth of a few 
m-meson absorption lengths underground, if the u-meson 
cross section increases slowly with energy, as it probably 
does, then the above ratio will increase with depth. 
Hence, it is concluded that an appreciable fraction of 
the interactions observed underground by George and 
Evans! and attributed to u mesons were probably due to 
mesons, this conclusion being in agreement with 
recent calculations of Kitamura and Oda." 


c. Nature of the Interactions 


The nuclear interactions observed in the present 
experiment and attributed to ~ mesons can now be 
examined in more detail. The charged shower particles 
in the interactions in group (1) (omitting the least 
scattered particle) traversed a total of 1610 g/cm? of 
lead and produced 5 nuclear interactions and 3 large 
angle scatters. This gives an interaction length 200+ 70 
g/cm? which is consistent with these being 7 mesons. 
The least scattered particles traversed a thickness of 
1590 g/cm? of lead and no interactions or large angle 
scatters were observed this being consistent with the 
assumption that these were the original » mesons. The 


ratio of neutral to charged mesons in the shower- 


particles was 0.22 which is expected to be a lower limit 
since the probability of missing a x° meson of energy 
<300 Mev is rather large. It was possible to estimate 
the energy of 25 out of the 38 charged and neutral 
shower particles observed and a mean value of about 
1 Bev was found. 

Since » mesons are not strongly coupled to nucleons, 
it was suggested by George and Evans! that nuclear 
interactions produced by energetic « mesons could be 
accounted for with the aid of the well-known Williams- 
Weizsicker'® (W-W) method. This procedure associates 
the following virtual photon spectrum with the field 
of a charged particle of energy E and mass m 


Ehc 
Kmcb,», 





2a dK 
N(E,K)dK=— —In -0.39| (5) 


where K is the virtual photon energy, @ is the fine 
structure constant, and 4, is the minimum distance 
for which the field of the particle is effective in a given 
process, taken equal to the proton “radius”,!* 0.77 


“T. Kitamura and M. Oda, Progr. Theoret. Phys. Japan 16, 
250 (1956). 

18 E. J. Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 13, 4 (1935); K. F. Weizsacker, Z. Physik 88, 612 (1934). 
(ues E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
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<10-* cm in this work. Equation (5) was averaged 
over the seal level u-meson spectrum" under 90 cm of 
lead to give the average virtual photon spectrum N(K) 
per » meson. The y-meson cross section for this spectrum 
and for an energy transfer K is then given by 


o,(K)dK =on,(K)N(K)dK, (6) 


where o,n(K) is the photon cross section at energy K 
for the process in question. If o,,(K) is known, Eq. 
(6) can be integrated over K to give the total u-meson 
cross section. Recently Kessler and Kessler'* have 
discussed the validity of the W-W method and have 
confirmed the applicability of the method to the prob- 
lem of the nuclear interactions of ~ mesons. These 
authors also discuss the expected angular deviation of 
the w meson in a nuclear interaction and show that a 
uw meson of energy & transferring an energy K in an 
interaction has a rather broad scattering angle dis- 
tribution with mean angle 6=(K/E) In“'(E/m). For 
large w-meson energies this expression predicts rather 
small angular deviations; however, this is in accord 
with the W-W method which shows that the virtual 
photons travel mainly in the direction of the 1 meson 
and hence interactions involving large traverse energy 
transfers are unlikely. An approximate theoretical 
angular distribution, applicable to the present results, 
has been obtained by combining the expression for 6 
with an energy transfer distribution obtained from 
Eq. (5) (assuming op, constant) and then averaging 
this distribution over the u-meson spectrum. In Fig. 8 
the angular distribution obtained in this way is com- 
pared with the measured distribution. The histogram 
in Fig. 8(a) refers to all the nuclear interactions 
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Fic. 8. Distribution of the angular deflections of ~ mesons 
producing nuclear interactions. (a) All interactions. (b) Inter- 
actions not involving r-meson production. 


17B. G. Owen and J. G. Wilson, Proc. Phys. Soc. (London) 
A68, 409 (1955). 
18D. Kessler and P. Kessler, Nuovo cimento 4, 601 (1956). 
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attributed to » mesons while Fig. 8(b) refers to those 
not involving x-meson production; in both cases the 
curves have been normalized to represent the number 
of events in the histograms. Evidently the agreement 
between the theoretical and measured distributions is 
reasonable and this is taken as a further indication that 
the interactions can be accounted for in terms of the 
W-W theory. 

Another quantity which can be measured and whose 
distribution can be compared with that expected from 
the W-W theory is the energy transfer in an interaction. 
Again, for this purpose only interactions occurring in 
the bottom scintillator could be used. The energy 
transfer for interactions not involving -meson pro- 
duction was estimated from the pulse height and the 
range of the secondary particles (if they emerged from 
the scintillator). Twice the energy thus obtained was 
taken as the energy transfer since it was assumed that 
half the energy was given to neutrons. For interactions 
involving m-meson production the energy transfer was 
taken as the sum of the energies of the charged and 
neutral x mesons. In some cases the charged # mesons 
left the chamber before traversing enough plates to 
allow a measurement of the mean scattering angle and 
for these the mean energy of 1 Bev mentioned above 
was assumed. The estimated energy transfers are very 
approximate, the best cases involving uncertainties of 
+30%; however, it is unlikely that they have been 
appreciably overestimated since errors due to secondary 
particles escaping detection in the high-energy: events 
or to a particles contributing to the pulses in the low- 
energy events will tend to underestimate the energy. 
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Fic. 10. Total photon interaction cross section as a function 
of energy in carbon. 


The energy transfers were grouped into five energy 
intervals and the number occurring in each was divided 
by the width of the interval in Bev; the results are 
shown in Fig. 9 where the points represent the average 
number/Bev in the energy intervals indicated by the 
horizontal lines. The curve in Fig. 9 is N(K) normalized 
to the point at 0.1 Bev this being the energy transfer 
distribution expected from the W-W method assuming 
Oph is independent of energy. Again it is evident that 
the measurements are consistent with the predictions 
of the W-W theory if it is assumed that op» is nearly 
constant. 

George' used the energy release as measured in an 
emulsion along with the scattering angle of the primary 
to estimate the energy of the primary in type 19 stars. 
It was assumed that the incident particle suffered an 
elastic collision with a proton which on recoiling caused 
the parent nucleus to evaporate. From this and the 
conservation of energy and momentum a spectrum of 
the primaries was obtained which agreed with the 
known spectrum of » mesons underground. The as- 
sumption of an elastic collision with a single proton and 
the application of the conservation laws is inconsistent 
with an explanation of the interactions in terms of the 
W-W method. The fact that agreement was found with 
the u-meson spectrum means that scattering angles 
larger than expected from the W-W method were 
present and, as pointed out by Kessler and Kessler,'* 
this suggests the presence of x mesons or protons among 
the star primaries. The same analysis as used by George 
was applied to the interactions (not involving 7-meson 
production) observed in the cloud chamber; the results 
are shown in Table I in which the number of primary 
particles found at different energies is compared with 
the results of George. It can be seen that the two 
distributions disagree, and in fact the u-meson spectrum 
thus obtained for the present experiment differs greatly 
from the known sea-level spectrum. These results 
indicate first, that the lower energy interactions do not 
involve an elastic process and secondly that an appre- 
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TABLE I. u-meson energy spectra obtained from the assumptions of George* (see text). 
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#- meson 
energy 
Bev 0-2 2-4 4-6 6-8 810 10-12 12-14 14-16 16-18 18-20 20-22 22-24 >24 
Present 
experiment 1 6 4 1 1 1 1 1 10 
Number 
George’s 
results 9 3.5 2.8 2.6 1.6 1.6 0.8 0.8 0.8 0.8 0.4 0.4 








* See reference 1. 


ciable fraction of the 1p stars observed in an emulsion 
underground is due to x mesons or protons, in agreement 
with the conclusion reached above. 


d. Photon Cross Sections 


The measured energy transfer distribution given in 
Fig. 9 can be used along with the W-W procedure to 
infer photon interaction cross sections in carbon for 
photon energies in the range 0.1 to 10 Bev. Equation (6) 
can be used for this purpose and the results are shown 
in Fig. 10 where the points represent average values of 
the photon cross section over energy intervals indicated 
by the horizontal lines. 

Photon cross sections have been measured in light 
nuclei up to bremsstrahlung energies of about 450 Mev. 
For energies well above the giant resonance region the 
Levinger ‘“quasi-deuteron” model appears to account 

- for the interactions not involving z-meson production,” 
the photodisintegration cross section per nucleon being 
approximately 1.6 times higher in oxygen than in 
deuterium.” The curve marked D in Fig. 10 is 121.6 
times the measured photodisintegration cross section 
per nucleon in deuterium.” Also drawn for comparison 
in Fig. 10 are the curves marked 7; the broken curve 
is 12 times the single neutral r-meson photoproduction 
cross section from hydrogen” while the solid curve is 6 
times the single charged 7-meson photoproduction cross 


#? Odian, Stein, Wattenberg, Feld, and Weinstein, Phys. Rev. 
102, 837 (1956). 
*” J. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956). 
21 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2, pp. 150-171. 





section from hydrogen,” the nuclei in carbon being as- 
sumed to be roughly half as effective as free nucleons 
for charged production.”! 

When one considers the rather poor statistics in the 
present experiment, the agreement between the two 
low-energy points and the curves in Fig. 10 is as good 
as could be expected. As already mentioned, at least 
two factors could effect the accuracy of these two points; 
first, the detection efficiency for events in which a 
single meson of energy <300 Mev is produced may 
be rather low, particularly for x° production ; secondly, 
the estimated energy transfer (the abscissa in Fig. 10) 
may be low in some cases, shifting some of the events 
to the lower energy group. From the two high-energy 
points in Fig. 10 (the one at 7 Bev is based on 8 events) 
it is concluded that the photon interaction cross section 
at least does not decrease with energy and may increase 
for photon energies in the region of 7 Bev. This is 
in rough agreement with the work of Barrett e/ al.” 
who used a counter arrangement to detect high-energy 
interactions produced by u mesons 1600 meters water 
equivalent underground. These authors inferred a 
photon interaction cross section ~10~*? cm?/nucleon 
for photon energies above 5 Bev. 


ACKNOWLEDGMENTS 


The author wishes to thank Dr. D. C. Rose for his 
interest in this work and for his help in designing the 
electronic circuits. Mr. J. P. Bernier, of the University 
of Ottawa, assisted in the scintillator calibrations. 


2 Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 

















-onareaaae 


PHYSICAL REVIEW VOLUME 


109, NUMBER 5 


MARCH 1, 1958 


Yield and Angular Distribution of Fast Photoneutrons from Deuterium and Carbon 


P. S. Baranov, V. I. Gor’pANskn, AND V. S. ROGANOV 
P. N. Lebedev Physical Institute, Academy of Sciences, Moscow, U.S.S.R. 


(Received July 12, 1957) 


The yield and angular distribution of fast photoneutrons (with energies >20.6 Mev) from carbon and 
deuterium nuclei have been investigated at the 265-Mev synchrotron of the P. N. Lebedev Physical Institute 
(Academy of Sciences, Moscow). The experimental results obtained at photon energies belowas well as above 
the threshold for meson production are discussed from the viewpoint of the two-nucleon model. 





I. INTRODUCTION 


HOTODISINTEGRATION of deuterium is the 
simplest type of interaction between y rays and 
nuclei. 

Earlier investigations of this reaction near its thresh- 
old yielded some important information on the inter- 
action of protons with neutrons and established the 
role of two types of dipole absorption of quanta— 
photoelectric and photomagnetic absorption. 

In recent years photodisintegration of the deuteron 
induced by high-energy photons near or above the 
meson production threshold has been especially in- 
tensively studied since it would be interesting to 
ascertain whether significant changes in the mode of 
y-ray absorption occurs in this energy region or not. 
However, at present no single theory exists which is 
capable of completely explaining the experimental data 
on the photodisintegration of deuterium by photons of 
50-Mev or higher energy. 

Investigation of the photodissociation of deuterons 
induced by high-energy photons is also required for 
analysis of the interaction of y rays with complex nuclei. 
According to the two-nucleon model! this interaction 
is due to y-ray absorption by nucleon pairs in the 
nuclei and especially by proton-neutron pairs (quasi- 
deuterons). 

A large number of experimental investigations of 
photodisintegration of deuterium have been performed 
at photon energies lying near the threshold of the 
reaction y-+d=n-+ p and up to approximately 450 Mev. 

In all studies of deuteron disintegrations induced by 
high-energy photons it was the protons emitted in the 
disintegration that were recorded. Information on 
photoneutron emission can be used to check these 
experiments. 

Another way of checking the two-nucleon model 
would be to compare the yield and angular distribution 
of fast neutrons emitted from complex nuclei by photons 
with energies below and above the meson threshold. 


II. EXPERIMENTAL PROCEDURE 


In the present work, which was performed at the 
265-Mev synchrotron of the P. N. Lebedev Physical 


1J. S. Levinger, Phys. Rev. 84, 43 (1951). 
? Yu. K. Khokhlov, J. Exptl. Theoret. Phys. U.S.S.R. 23, No. 2 
(1952). 


Institute (Academy of Sciences, Moscow), we investi- 
gated the photodisintegration of deuterons induced by 
photons possessing energies above 50 Mev. The geo- 
metrical arrangement of the experiment is shown in 
Fig. 1. Neutrons were recorded by a high-threshold 
scintillation neutron detector. The detector employs 
the reaction C(,2n)C" (threshold energy 20.6 Mev) 
occurring in a liquid phosphor. The C" activity was 
measured by recording scintillations produced by the 
decay positrons. For this purpose two photomultipliers 
(type 19M) connected in coincidence (r~3X10- sec) 
were used. 

To increase the counting efficiency for C" positrons, 
special experiments were performed to ascertain the 
dependence of this efficiency on the shape and volume 
of the scintillation counter vessel and on the voltage 
applied to the photomultiplier. 

As a result of this investigation we employed in the 
principal experiments a 3.5-g/1 solution of terpheny] in 
xylene in a 500-cm® spherical vessel. The photomulti- 
plier voltage was approximately 2100 v. Under these 
conditions the number of effective carbon atoms in the 
scintillator was N=7X10* which permitted neutron 
fluxes of 20 n/cm? sec to be detected (for high-energy 
neutrons this corresponds to a tolerance dose). The 
accuracy of this value was ~6% if the activation was 
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Fic. 1. Geometry of the experiments. 1—Synchrotron target; 
2, 3—carbon monitors of photon beam; 4, 5—lead shield ; 6—col- 
limator of diameter 40 mm; 7—D.0 or H,0 target; 8—neutron 
detectors. 


3 P. S. Baranov and V. I. Gol’danskii, J. Exptl. Theoret. Phys. 
U.S.S.R. 28, 621 (1955) [translation: Soviet Phys. JETP 1, 576 
(1955) ]; Baranov, Gol’danskii, and Roganov, Rev. Sci. Instr. 28, 
1029 (1957). 
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produced by neutrons during a 30-minute period and 
the scintillation counting time was 40 min. 

The detector was used to investigate the yield and 
angular distribution of photoneutrons from deuterium 
produced by irradiating the latter with bremsstrahlung 
of 255-Mev energy. In this case the difference of the 
yields, DXO—H,0, was measured. 

The neutron sources, D,O and H,O, were kept in 
cubic containers made of 15-» copper foil walls and 
located in the center of the y-ray beam. The mass of 
the irradiated liquid was ~200 g. The thickness in 
this case did not exceed ~0.2 radiation unit or ~0.1 of 
the inelastic scattering ranges of 30-Mev neutrons. 
Targets of such dimensions did not distort appreciably 
the neutron angular distribution or shape of the ex- 
citation function. 

The liquid organic scintillator employed in the 
neutron detector was located in five vessels (2X5X10 
cm*) and during irradiation it was directed at a certain 
azimuthal direction with respect to the photon beam. 
Use of several vessels improved the statistical accuracy 
and did not impair the angular resolution, which in our 
experiments was +6°. 

The y-ray beam was passed through a lead collimator 
of 4-cm diameter. The thickness of the lead shield of 
the detector was 40 cm (on the side closest to the 
synchrotron target). In addition, the whole apparatus 
was surrounded by 20-cm lead shields. 

In order to exclude possible activation due to the 
reactions C"(p,pn)C" and C®(y,n)C" induced by 
particles emerging from the target, the neutron de- 
tectors were additionally shielded from all sides by 
1-cm lead layers. It was found that with increasing 
shield thickness up to about several millimeters, 
activation of the detectors rapidly decreased and that 
further increase of the thickness had practically no 
effect. Thus, at the indicated thickness the activation 
was due to neutrons. 

The absolute magnitude of the photon flux was 
determined from the activity of the graphite plates 
(0.2X3X6 cm*) produced in the reaction C?(y,2)C". 
The accuracy of absolute measurement of the photo- 
neutron flux was ~15% and was determined chiefly 
by the precision of the cross-section determinations of 
the reaction* C(n,2n)C"™ for neutron energies from 30 
to 60 Mev. 


III. EXPERIMENTAL RESULTS 


We obtained the angular distribution of photo- 
neutrons emitted from the deuteron for maximal 
bremsstrahlung energies E,,=170 Mev and E,_=255 
Mev, and also the dependence of the photoneutron 
yield on maximal photon energy at an angle of 75° in 
the laboratory flab) system which, in the indicated 
energy interval, approximately corresponds to an angle 
of 90° in the center-of-mass (c.m.) system. This de- 
pendence is represented in Fig. 2. In the same figure 
we have also plotted a curve obtained by recalculating 
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neutron yields from the results of recent work on photo- 
disintegration of the deuteron.” The recalculation 
was carried out as follows. The differential cross sections 
for emission of photoprotons in deuteron disintegration 
in the c.m. system were recalculated to the lab system 
by substituting r—@ for @ (transition from protons to 
neutrons) ; the cross sections were then integrated over 
the bremsstrahlung spectrum with account being taken 
of the energy dependence of the C"(,2m)C" reaction. 
It can be seen from Fig. 2 that our data for ~ 200-Mev 
photons agree satisfactorily with the aforementioned 
investigations. 

The neutron yield increased sharply when the 
photon energy exceeded 200 Mev. This increase is 
related to meson production in the photodisintegration 
of deuterium. An analysis of the photoproduction of 
mesons from deuterons carried out in the impulse 
approximation shows that in our range of photon 
energies only two reactions can lead to the formation 
of neutrons of energy of >20.6 Mev, these being 
photoproduction of x°® mesons on neutrons and of at 
mesons on protons. 

In the impulse approximation the photoproduction 
of x® mesons on protons of deuterium does not lead to 
the formation of fast neutrons. 

Emission of nucleons of energy 2 20 Mev at an angle 
40° is impossible if mesons are produced on nucleons at 
rest by photons with energies up to 255 Mev. However, 
already for a nucleon energy in deuterium of 12 Mev, 
emission of 20-Mev neutrons at angles up to 90° (lab) 
becomes possible if EZ,,=255 Mev, and emission at 
angles up to 75° is possible if E,,=200 Mev. 
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Fic. 2. Dependence of yield of fast photoneutrons emitted 
from deuterium at 75° in the l.s. on the peak bremsstrahlung 
energy. Solid curve—results from references 4-10 recalculated 
for neutrons. @—fast neutron yield from deuterium; O—fast 
neutron yield from carbon. The carbon neutron yields are nor- 
malized with respect to total cross section to the deuteron data 
assuming oc =9ep. 


4E. Whalin, Phys. Rev. 95, 1362 (1954). 

5 J. C. Keck and R. M. Littauer, Phys. Rev. 93, 827 (1954). 

6 L. Allen and A. Hanson, Phys. Rev. 95, 629 (1954). 

7L. Allen, Phys. Rev. 98, 705 (1955). 

8 Tollestrup, Keck, and Smythe, Phys. Rev. 96, 850(A) (1954) ; 
C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956). 

§ Whalin, Schriever, and Hanson, Phys. Rev. 101, 377 (1956). 
10 Aleksandrov, Delone, Slovokhotov, Sokol, and Shtarkov, 
J. Exptl. Theoret. Phys. U.S.S.R. (to be published). 
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The angular distribution of neutrons in the lab system 
obtained by us for E,,=170 Mev is represented in 
Fig. 3. The upper curve (E,m=255 Mev) is a plot of 
the data from references 4-10 (recalculated for neu- 
trons); in the c.m. system the following curve is 
obtained : 


a(6)= (A+B sin’@)(1—C cosé), 


where @ is the angle of neutron emission in the c.m. 
system and A=4.5X10-" cm?/sterad, B=3.8X10-* 
cm?/sterad, C=0.35. As can be seen from Fig. 3, our 
data for E,m=170 Mev agree, within the accuracy of 
the experiments, with the results of these investigations. 

Our angular distribution for E,,=255 Mev (Fig. 3) 
sharply differs from the results of recalculation of the 
data pertaining to the photodisintegration of deuterons 
occurring below the meson production threshold (curve 
2). It is apparent that photomeson production should 
lead to an appreciable increase of the total yield of fast 
photoneutrons from deuterium and to a pronounced 
change in shape of their angular distribution curve 
as well as to the appearance of an auxiliary group of 
neutrons predominantly moving in the forward direc- 
tion. It should be noted that we applied the difference 
method which gives the difference between the yields 
of fast neutrons from deuterium and hydrogen (and 
not the yield for deuterium alone); however, the 
hydrogen yield is appreciable only for angles <~40°— 
the contribution for an angle of 30° is 25% of the yield 
of neutrons from deuterium at 30°. After integration 
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Fic. 3. Angular distributions of >20.6-Mev photoneutrons 
from deuterium produced by bremsstrahlung of 170- and 255-Mev 
peak energy. The upper and lower solid curves represent the 
experimental results obtained in references 4-10 recalculated for 
neutrons with Eym=170 Mev and Ey_=255 Mev, respectively. 
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over the angles the hydrogen yield comprises 5% of the 
total yield. 

The integral yield of neutrons of energy >20 Mev 
from deuterium produced in processes involving +* 
and x meson production can be determined as the 
difference between the total neutron yield from deu- 
terium measured by us and the deuterium neutron yield 
cited in the literature for processes not involving 
photomeson production. The magnitude of this differ- 
ence is 8X10- cm*/sterad. Within the limits of the 
experimental errors this value agrees with the neutron 
yield from deuterium in reactions involving r+ and 7° 
meson formation obtained by recalculating the data in 
the literature’ on photoproduction of mesons on 
nucleons. 

It would be especially interesting to compare on the 
basis of the quasi-deuteron model! our fast-neutron 
yield and angular distribution data for deuterium with 
similar data obtained previously by the same method 
for complex nuclei. Qualitative confirmation of the two- 
nucleon model has been obtained in direct n-p coinci- 
dence measurements!“ of photonucleons from com- 
plex nuclei. It was shown in these experiments that the 
angular correlation between photoneutrons and an 
appreciable number of protons emitted from the nuclei 
is just what would be expected in the case of photo- 
disintegration of the deuteron. 

The angular distribution of fast neutrons from carbon 
previously obtained by us for a peak photon energy 
Eym=255 Mev'* and our data for carbon at Eym=170 
Mev are depicted in Fig. 4. The neutron yields from 
deuterons for the same peak photon energies are also 
represented in Fig. 4. The carbon and deuterium data 
are normalized with respect to total cross sections. 

It can be seen from the figure that the neutron 
angular distributions for carbon and deuterium are 
similar at E,,=170 Mev as well as at E,,=255 Mev. 
Some discrepancy can be detected only for an angle of 
30° and E,m= 255 Mev. It is possible that this difference 
may be partially related to the Pauli principle which 
permits only those processes of quasi-deuteron disinte- 
gration and meson production on quasi-deuterons in 
which the energy of both nucleons exceeds the critical 
Fermi energy (20 Mev). 

Some differences in nucleon emission at small angles 
from deuterium and other nuclei have been noted also 
by Odian et al."* These authors investigated the correla- 


1H. Bethe, and F. de Hoffmann, Mesons and Fields (Row 
Peterson and Company, Evanston, 1955), Vol. 2, ‘“Mesons.” 

12M. Barton and J. Smith, Phys. Rev. 95, 573 (1954); H. 
Myers and A. Odian, Phys. Rev. 95. 576 (1954). 

13 Odian, Stein, Wattenberg, Feld, and Weinstein, Phys. Rev. 
102, 837 (1956). 

4 Wattenberg, Odian, Stein, Wilson, and Weinstein, Phys. Rev. 
104, 1710 (1956). 

15 P. S. Baranov and V. I. Gol’danskii, J. Exptl. Theoret. Phys. 
U.S.S.R. 28, 746 (1955) [translation: Soviet Phys. JETP 1, 
613 (1955) ]. The data in reference 15 have been decreased by 10% 
as a result of more precise measurement of the photon beam in- 
tensity and its absorption in the target. 
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Fic. 4. Angular distributions of >20.6-Mev neutrons from 
carbon and deuterium at Eym=170 and 255 Mev. ¢—neutron 
yield from carbon at Eym=255 Mev and Eym=170 Mev. 
@—neutron yield from deuterium for Eym=255 Mev. Solid 
curve—angular distribution of neutrons from deuterium for 
Eym=170 Mev, obtained by recalculating the results of references 
4-10 for neutrons. The absolute deuterium neutron yields are 
normalized with respect to total cross sections to the carbon data. 


tion between neutron and proton emission from lithium, 
oxygen, and deuterium. 

In Table I we present the total fast-neutron yields 
from carbon and deuterium at E,,=170 Mev and 
Eym=255 Mev and also data from the literature on 
photodisintegration of deuterium not accompanied by 
meson production. As can be seen from Table I, the 
ratio of the fast-neutron yields from carbon and 
deuterium has the same value at E,,=170 Mev, for 
which deuteron disintegration not accompanied by 
meson creation is the sole process, as at E,,=255 Mev, 
when processes of meson production are important. 


IV. DISCUSSION OF RESULTS 


The relation between emission of photonucleons from 
complex nuclei and deuterium is usually described 
within the framework of Levinger’s two-nucleon theory.! 

According to this theory, the cross section a, for 
the photodisintegration of a nucleus of mass number A 
and the cross section for the photodisintegration of 
deuterium, cp, are related by the equation 


o4=6A4(NZ/A)op, (1) 


where Z is the number of protons and N=A—Z the 
number of neutrons in the nucleus. In the paper of 
Odian et al., it was assumed that the quasi-deuteron 
is in a *S, state and that the nuclear radius R=1.2A! 
X10-* cm (instead of R=1.44!X10-* cm!), and the 
Hulthén deuteron wave function was used; the fol- 
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lowing relation was obtained: 
74=3.8(NZ/A)op. (2) 


The two-nucleon model has been confirmed in a 
number of experiments in which the emission of high- 
energy photoprotons and the angular correlation of 
photoprotons and photoneutrons were studied. How- 
ever, in all of these investigations the experimental 
conditions were such that only two-nucleon disinte- 
gration processes not involving meson creation were 
recorded. 

A verification of the predictions of the two-nucleon 
model was therefore obtained by comparing the results 
for complex nuclei with the data on photodisintegration 
of deuterium into protons and neutrons proceeding 
without the meson production. It was possible in the 
present work to compare the total cross sections and 
neutron angular distributions for the photodisintegra- 
tion of complex nuclei and deuterium proceeding with- 
out as well as with the meson photoproduction. As can 
be seen from Table I, the relation o¢=3(NZ/A)eop is 
valid for carbon at photon energies lying below the 
meson threshold as well as at higher energies. This 
relation agrees satisfactorily with the calculations and 
experimental data™ obtained for processes not involving 
meson effects. 

For interpretation of the results it will be convenient 
to employ the concepts of Wilson'*’ regarding the 
disintegration of deuterium induced by 40-500 Mev 
photons and to extend them to the disintegration of 
quasi-deuterons. According to Wilson, photodisso- 
ciation of the deuteron results not only from disinte- 
gration unaccompanied by meson effects but also by 
reabsorption of virtual or real mesons. Under the effect 
of a y quantum on deuterium a virtual or real + meson 
is created on one of the two nucleons. If a second 
nucleon is located at a short distance (rSh/uc) from 
the first nucleon, the meson will be reabsorbed with a 
probability very close to unity and the photodisinte- 
gration of deuterium will occur without meson pro- 
duction (the probability of re-emission of a meson in 
the disintegration is very small). The larger the distance 
between the nucleons, the lower will be the probability 
that a meson created on one of the nucleons will be 


TABLE I. Yield of >20-Mev photoneutrons from 
deuterium and carbon. 








Deuterium yield 
(below meson 





threshold) Total yield Total yield 
according to from deuterium from carbon 
Eym data from the op X10% oc X10%8 
(Mev) literature* cm?/Q cm?/Q oc/ep 
170 0.82 0.84+0.07 7.2+0.25 8.58+0.66 
255 1,27 2.06+0.06 18.941.35 9.1841.44 








® See references 4-10. 


16 R. R. Wilson, Phys. Rev. 86, 125 (1952). 
17 R. R. Wilson, Phys. Rev. 104, 218 (1956). 
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TABLE II. Probability of meson reabsorption in deuterium and in quasi-deuterons of carbon nuclei. 














Ey (Mev) 160 180 200 220 240 260 280 300 320 360 400 450 
wp 0.39 024 O17 0.13 O11 0.09 0.07 0.053 0.041 0.039 0.039 0.038 
we $ 0.74 068 O64 O61 O58 O55 0.52 0.49 0.47 0.47 0.49 0.50 











reabsorbed by the second one and the higher will be 
the probability of photoproduction of a meson (on the 
condition, of course, that it is allowed by conservation 
laws). 

For the sake of simplicity we shall assume that if 
the distance between two nucleons is smaller than 
r&x(h/uc) the probability for reabsorption will equal 
one; if, on the other hand, r>x(h/uc) no reabsorption 
will be assumed to occur. In this case the probability 
for reabsorption, w, can be identified with the proba- 
bility of the deuteron nucleons being separated by a 
distance r<x«(h/uc). 

The cross section for photodissociation of a deuteron 
or quasi-deuteron not involving real meson formation 
can be written in the form 


(3) 


where o; is the cross section for absorption of y rays 
involving the production of r*, ~, or x mesons on the 
deuteron or quasi-deuteron proton and neutron; 2 is 
the cross section for photodisintegration of a deuteron 
or quasi-deuteron not connected with meson processes. 
The cross section for photodisintegration involving the 
production of real mesons can then be written in the 
form 


Tnp— awt+o2, 


or=03(1 —w), (4) 
and the total cross section will be 
O1=Onptor. (5) 


From relations 3, 4, and 5 it follows that wQon,/o; and 
1—w2<a,/o;. This inequality is strengthened for com- 
plex nuclei, since the experimental value of ¢, may be 
below the true value due to meson reabsorption by 
other nucleons of the nucleus. 

The upper limits of the probability of meson re- 
absorption in deuterium (w=wp) and in quasi-deuterons 
of a carbon nucleus (w=wc) can be estimated on the 
basis of our experimental data and those of other 
authors. They are listed in Table II. The values in 
Table II were obtained by using the following data: 
the cross section for photodisintegration of deuterium 
not involving real meson creation*; the cross sections 
for photoproduction of mesons"; the values o,+ 
=7.3¢yps2t+n for Eym=310 Mev,'® and o7°= 12¢yp52%p 
for Eym=256 Mev,” for estimating the meson produc- 
tion cross section on carbon; and finally our data on 


18R. M. Littauer, and D. Walker, Phys. Rev. 86, 838 (1952). 
19Govorkov, Gol’danskii, Karpukhin, Kutsenko, and 


Pavlovskaia, Doklady Akad. Nauk S.S.S.R. 112 37 (1957) 
[translation : Soviet Phys. Doklady 2, 4 (1957) ]. 


the relation between the total cross sections for carbon 
and deuterium, oc=9op. 

It can be seen from the table that for photon energies 
close to 250 Mev, wp is close to the value computed by 
Austern” from the isobaric model (wp=0.11). This 
corresponds to a value r=0.7(h/uc) (for a Hulthén 
wave function). 

For quasi-deuterons in a carbon nucleus we is much 
smaller than unity. This indicates that for mesons 
produced in a carbon nucleus the probability of re- 
absorption in the same quasi-deuteron in which they 
were created is quite small. 

A qualitative indication that the values of wc should 
be even smaller than the maximal values presented in 
Table II is the similarity between the deuterium and 
carbon photoneutron angular distributions observed in 
our experiments. 

In connection with this interpretation of the experi- 
mental results, it should be mentioned that the increase 
in yields of fast photoneutrons which is observed on 
changing from carbon to lead and which has the form 
~A*® for Eym=255 Mev," and also a slight increase 
in the fraction of neutrons emitted by heavy nuclei 
(e.g., lead) at large angles, should apparently be 
ascribed to secondary processes (‘‘sticking”’ of nucleons 
and absorption of mesons in nuclei) which are re- 
sponsible for the formation of stars accompanied by 
fast-neutron emission. 


Vv. CONCLUSION 


1. An efficient scintillation detector of fast neutrons 
based on the C(m,2n)C" reaction (threshold 20.6 
Mev) ina liquid scintillator was employed to investigate 
the yield and angular distribution of fast photoneutrons 
emitted by deuterium and carbon nuclei irradiated 
with 170- and 255-Mev peak-energy bremsstrahlung 
y rays. 

2. The deuterium data obtained with 170-Mev peak 
energy rays agree with the data obtained by recording 
protons from photodisintegrating deuterium. For 255- 
Mev peak energy y rays, the angular distribution of 
fast photoneutrons from deuterium sharply changes; 
this is due to the appearance of an appreciable number 
of photoneutrons moving in the forward direction which 
are created in meson photoproduction processes. 

3. The same ratio of the total yields, 


oc/op=3(NZ/A) =9, 


was found to exist for a peak y-ray energy of 170 Mev 
when the detector was insensitive to neutrons connected 


2” W. Austern, Phys. Rev. 100, 1522 (1955). 
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with meson production as well as at a peak energy of 
255 Mev when meson production processes were 
appreciable. Despite the strong energy dependence of 
the fast-photoneutron angular distributions for carbon 
and deuterium, they are similar to each other at both 
values of the peak energy. 

4. The upper limit of the probability that a meson 
produced on one of the nucleons of a deuteron or quasi- 
deuteron of a carbon nucleus will be reabsorbed by the 


BARANOV, GOL'DANSKII, 


AND ROGANOV 





second nucleon, can be estimated by comparing our 
results with the data on photoproduction of mesons on 
deuterium and carbon. In the range of energies at 250 
Mev and higher, this probability is <0.1 for deuterium 
and is apparently appreciably smaller than 0.5 for 
carbon. 

In conclusion we wish to express our appreciation to 
A. M. Baldin and V. A. Petrunkin for participation in 
the discussion of the results obtained in this paper. 


& 
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Outgoing Boundary Condition in Rearrangement Collisions* 
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The boundary condition on the solution to the nonrelativistic time-independent Schrédinger equation 
for arbitrarily complicated rearrangements of spinless particles is carefully examined. For real energies E 
it is shown that the outgoing boundary condition on the scattered wave ¢ need not imply that ¢ is ‘‘every- 
where outgoing.” This and similar considerations make apparent the fact remarked by Foldy and Tobocman, 
namely that the Lippmann-Schwinger integral equation need not have a unique solution for real energies. 
The relationship of this result to the added fact that solutions to the Lippmann-Schwinger integral equation 
are unique for complex energies E+ie, e>0 is discussed, as is also the relationship of the usual operator 





manipulations to the outgoing boundary condition. 


I. INTRODUCTION AND SUMMARY 


LDY and Tobocman! have remarked recenily 

that the Lippmann-Schwinger integral equation’ 
need not have a unique solution. This observation, 
which has been discussed by Epstein,* is based on 
Lippmann’s‘ reformulation of the integral equation for 
rearrangement collisions. Similar reformulations in 
more specific cases also have been given by Altshuler® 
and Wu.® 

In this paper we examine carefully the boundary con- 
dition on the solution to the nonrelativistic Schrédinger 
equation (H—£)¥=0 for an arbitrarily complex colli- 
sion of a system of n particles. The main conclusions, 
subject to certain limitations which are amplified in 
the text, are as follows: 

1. The usual condition that the scattered wave ¢ be 
“everywhere outgoing” means qualitatively that ¢ 
behaves asymptoticaliy like the outgoing Green’s 
function G for the total Hamiltonian, and implies the 
vanishing of an integral 3(G,¢)= /dSv-W[G,¢] [see 
Eqs. (1.3) and (2.3c) below] integrated over the 
surface at infinity in the 3n-dimensional space of all 
the particles. Conversely, the requirement that 9 vanish 


* Supported by the Office of Naval Research. 

1L. L. Foldy and W. Tobocman, Phys. Rev. 105, 1099 (1957). 

2B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

3 Saul T. Epstein, Phys. Rev. 106, 598 (1957). 

4B. A. Lippmann, Phys. Rev. 102, 264 (1956). 

5S. Altshuler, Phys. Rev. 91, 1167 (1953). 

®Ta-You Wu, Can. J. Phys. 34, 179 (1956). See also H. E. 
Moses, Phys. Rev. 91, 185 (1953). 


is a formal statement of the boundary condition since 
9(G,g) vanishes for at most one solution to the 
Schrédinger equation. However the requirement that 
9 be zero does not necessarily imply that ¢ behaves 
asymptotically like G. The Lippmann-Schwinger and 
other integral equations imply the vanishing of surface 
integrals similar to but not identical with 9(G,¢). These 
considerations make it apparent that for real energies 
E the Lippmann-Schwinger integral equation need not 
have a unique solution. 

2. For complex energies E+ie, no boundary condi- 
tions are required and the solution to the Lippmann- 
Schwinger integral equation is unique. Since the surface 
integral 9(G,¢) is automatically zero when e>0, the 
only possible boundary condition making the solution 
for real E consistent with the limit e—-0 is 9(G,¢)=0. 
In general, results proved by operator techniques will 
apply to the solution of (H—£)W=0 satisfying this 
boundary condition, but will not apply to an arbitrary 
solution ¥ of the Lippmann-Schwinger integral equation 
for real energy E. 

To avoid extra elaborations we take the particles to 
be distinguishable and spinless; the angular momentum 
of any aggregate’ in its center-of-mass system is not 
restricted however, and may be nonvanishing. Dis- 


7By “particle’ we mean always a spinless “fundamental” 
particle having no internal degrees of freedom. The somewhat 
unesthetic term “aggregate” denotes either a single particle or a 
collection of particles; in the latter event the particles are pre- 
sumed bound in a specified eigenstate of negative energy (in the 
rest system of the aggregate). 














tinguishability is not a serious limitation, since it is 
well known*® that with indistinguishable particles, 
though the cross sections are given by squares of linear 
combinations of ordinary and exchange amplitudes, the 
amplitudes continue to be computed as if the particles 
were distinguishable. The nontrivial modifications 
produced by particle spin and some less evident con- 
comitants of particle indistinguishability are left to a 
future communication. Our procedures have not been 
extended to relativistic or time-dependent problems, 
nor to collisions involving particle creation or annihi- 
lation. 


1. Mathematical Preliminaries 


In this section, to make our subsequent discussion 
less disjointed, we introduce our notation and summar- 
ize our mathematical contentions. We are concerned 
mostly with reactions of the type 


a+b—c+d, (1.1a) 


where the aggregates c, d are a rearrangement of the 
particles contained in the aggregates a, b. Our results 
pertain also to more complex collisions however, e.g., 
of type 


a+b—c+d+e. 


Subscripts i and f, designate, respectively initial and 
final reaction channels. Unbarred symbols refer to the 
laboratory system ; German characters, barred symbols, 
or symbols with the superscript °, refer to the center-of- 
mass system.’ The superscript (+) distinguishes solu- 
tions satisfying the boundary condition 9(G,¢)=0. 
For the reaction channels of Eq. (1.1a) the total 
Hamiltonian in the laboratory system H=T+V is 
partitioned into 


H=H,+V.=H;+V,, 
V=VotVit Va= Vit Vat Vea, 


(1.2a) 
(1.2b) 


where T represents kinetic energy, V potential energy ; 
V, is the sum of the interactions between the particles 
composing the aggregate a; V.»=V, for the reaction 
(1.1a) is the interaction between the aggregates a, b. 
To illustrate, if particles 1, 2 form a, particles 3, 4 form 
b, V_= V ie, Va= Vist Viet Vost V 04. The eigen- 
functions of @ in its own rest system aré ,(8,; Eq) 
satisfying (T.+V.—£.)u.=0; 8, are the set of internal 
coordinates of aggregate a. 

The coordinates of the m particles comprising the 
system are rj=rjn;, j7=1, --+, m, measured relative to 
a fixed origin in the laboratory system; r, is the location 
in the laboratory system of the center-of-mass of a; 
je=Tk—1j; Ya2=T5—Ta. The entire set m, «++, tn will 


8 See, e.g., L. I. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1955), second edition, Sec. 34. 

9 We apologize for this proliferation, forced by the requirements 
of the printer and of further theoretical treatment in preparation. 
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(1.1b) ° 


1807 


be symbolized by r=rn, which can be regarded as a 
vector in the 3n-dimensional combined coordinate space 
with coordinates r;= (21,y1,2:) along unit vectors in, ji, 
k;, «++, coordinates ta=(%n,Vn2n) along in, jn, Kn; 
r=|r|=(ri2+---+r1,”)! is the magnitude of r; in the 
center of-mass system the coordinates form a 3(n—1)- 
dimensional vector symbolized by the German r=rn. 
Each direction n in the laboratory system corresponds 
to possible formation of a definite class of aggregates. 
Along most directions n the separation 7; of each pair 
of particles becomes infinite as r— ; these are the 
directions corresponding to complete dissociation of all 
the aggregates. There also are special directions m, 
corresponding for instance to possible formation of ¢ 
aggregates a, b, ---, along which the separations r.. 
of each pair of aggregates become infinite as r—, but 
along which the distances |faj—far!, «++, |foj—Toxl, 
--+, between pairs of particles belonging to the same 
aggregate remain finite. Directions n in the center-of- 
mass system are classified similarly. 

Integration by parts in the many-dimensional r space 
yields 


f dr[XTY—YTX]=— f dSv-W[X,Y], (1.3a) 


where the integral on the right is over the surface 
bounding the closed volume of integration on the left; 
v is the outward drawn normal to the surface element 
dS; X and Y are any two functions of r which are well 
behaved in the integration volume; W=W,, ---, W, 
is a 3n-dimensional vector; and the components of W; 
(along the same unit vectors 1,, j;, k; as the components 
of r;) are defined by 


i? 


W,=—(Xv,¥—-Yv;%). 1.3b 
a al iX) (1.3b) 


We term Eqs. (1.3) Green’s theorem. 

For complex \ there are unique Green’s functions 
G, G;, G;, Gr in the laboratory system. The Green’s 
functions are analytic functions of A, are exponentially 
decreasing as the space coordinates become infinite, 
and are defined by 


(H—\)G()=], (1.4a) 
(Hi—\)G:=1, (1.4b) 
(H,;—\)G;=1, (1.4c) 

(T-\)Gr =I, (1.4d) 


with /=6(r—r’)=6(r;—1’)- - -6(t,—1,’) the unit oper- 
ator in r space. Each of these Green’s functions is 
symmetric; G(r; r’;\)=G(r’; r; A). Their limits as e—0 
with A=E+ie, e>O are the corresponding outgoing 
Green’s functions G(Z), G,(E), etc. These assertions 
have a rigorous mathematical basis for the case of a 

















1808 


single one-dimensional particle.!° In more complicated 
cases for reasonably well-behaved interactions it may 
be presumed that the Hamiltonian is a self-adjoint 
operator in Hilbert space, although the precise require- 
ments on the potentials to assure H is self-adjoint are 
not known." We infer’? that G fails to exist only at the 
point eigenvalues of H; elsewhere, although unique, 
G may not be a single-valued function” of \. The Green’s 
functions satisfy" 


G=G6;—G;V G=G;—GV Gi, (1.5a) 
G=G;s—G;V 7G=G,;—GV sG;, (1.5b) 
G=Gr”™—Gr™VG=Gr™—GVGr™. (1.5c) 


Equations (1.5) are consistent with the usual operator 
formalism in implying integration over the entire range 
of the suppressed intermediate variables, i.e., since 
V (r,r’) = V(r)d(r—r’) is a point operator 


GrVG)e= f ae’Ge(e5 eV (ENGI). (1.6) 


We claim that the asymptotic limits of G(E), G;(£), 

- at large rn, excepting terms which become negligibly 
small, represent propagation of the particles in the 
aggregates corresponding to n. Moreover, where the 
asymptotic limit of G; for instance is non-negligible, 
V,G;~G; and |G;|*dS is finite and independent of r 
in Eqs. (1.3). It follows that in considering integrals 
9(G,¢), 9(Gi,¢), --- we need be concerned only with 
surface elements dS at infinity along directions n 
corresponding to energetically open channels, provided 
the Green’s functions G, G;, --- in question actually 
permit propagation in these channels. We remark that 
all interactions V., are omitted from Hs, so that Ga, 
can propagate only in bound or dissociated states of 
a, 6, but cannot propagate in a true rearrangement of 


See B. Friedman, Principles and Techniques of Applied 
Mathematics (John Wiley and Sons, Inc., New York, 1956), 
especially Chaps. 3 and 4. The relevance of this mathematical 
theory to quantum mechanical scattering problems has been 
discussed by B. Friedman and E. Gerjuoy, [New York University, 
Washington Square, Mathematics Research Group, Research 
Report No. CX-4, 1952 (unpublished) ]. Other mathematically 
more difficult references bearing on the one-particle one-dimen- 
sional case are: E. C. Titchmarsh, Eigenfunction Expansions 
(Clarendon Press, Oxford, 1946); F. Rellich, New York Uni- 
versity, Institute for Mathematics and Mechanics lectures, 1951 
(unpublished); E. A. Coddington and N. Levinson, Theory of 
Ordinary Differential Equations (McGraw-Hill Book Company, 
Inc., New York, 1955), Chap. 9. 

1 T. Kato, [Trans. Am. Math. Soc. 70, 195 (1951) ] has proved 
the Hamiltonian is self-adjoint when the total potential is a sum 
of two-body Coulomb potentials. Consequently H is self-adjoint 
for any system of particles interacting via two-body potentials 
which decrease no less rapidly than |r;—r,|~! at infinity and are 
not more singular than |r;—r,|~! at r;=r;. See also T. Kato, 
Comm. Pure Appl. Math. 10, 151 (1957). 

12M. H. Stone, Linear Transformations é: in Hilbert Space (Amer- 
ican Mathematical Society, New York, 1932), Chap. 4, especially 
theorems 4.12 and 4.18. See also R. G. Cooke, Linear Operators 
(Macmillan and Company, Ltd. London, 1953), Chaps. 5 and 6. 

13 These relations are derived and discussed briefly in - 
Appendix to this paper. The relation G;ViG=GV.G, has b 
discussed briefly by B. A. Lippmann, Ann. Phys. 1, 113 (1957). 
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the particles in a and b. The assertions of this paragraph 
are crucial and can be made plausible," but we are not 
prepared to prove them rigorously; they are consistent 
with the behavior of the n-particle system free space 
Green’s function Gr‘, which can be written in closed 
form, as well as with what is known about the behavior 
of the Green’s function in a channel containing two 
aggregates only. 

To avoid mathematical difficulties which in the main 
are irrelevant to our purpose, we assume explicitly that 
whenever a channel specified by bound states of the 
aforementioned ¢ aggregates a, }, is open, the 
interaction V.» between each pair of these aggregates 
decreases more rapidly than r,,! as their separation 
Yas. This assumption rules out open channels con- 
taining two charged aggregates a and 8, but it seems 
clear that in such channels our subsequent analysis is 
modified only by the replacement of plane waves in ra, 
by Coulomb functions. In the event that three or more 
outgoing aggregates actually are charged, the appro- 
priate modification of the theory is not even surmised, 
since the asymptotic behavior of the Green’s functions 
for three or more interacting charged particles is not 
known. 


II. REAL ENERGIES 
1. Specification of Solution 


We proceed to specify the solution in the laboratory 
system. As will be seen a laboratory system formulation 
is equivalent to and algebraically somewhat simpler 
than a formulation ad initio in the center-of-mass 
system. The primary motive for our procedure is frankly 
pedagogic however; the laboratory system offers the 
most obvious illustration of the fact that the scattered 
waves satisfying the boundary condition need not be 
“everywhere outgoing.”’ We stress that all statements 
in this Section II pertain to real energies only. 

The Schrédinger equation in the laboratory system, 


(H—E)¥=0, (2.1a) 
is supposed to have a solution ¥; of the form 
VP =P gi. (2.1b) 


We intend to make precise the boundary condition on 
gi. The incident wave y; is a solution of 


(H;—E)\yi= (2.1c) 

Equations (2.1) imply that 
(H—-E) gi=—Vii, (2.2a) 
(7;—E) g=—VN™. (2.2b) 


Multiply Eq. (2.2a) on the left by the outgoing Green’s 
function G(r; r’; E); Eq. (1.4a) (with A=E) on the 
left by ¢i(r); subtract; integrate over all r space; and 


14 E. Gerjuoy (to be published). 
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use Green’s theorem.’® There results 
¢i(r’)=— farce r’)V5(r)y.(r) 


+f dsv WEGt; r’),¢s(r)] (2.3a) 


integrated over the surface at infinity in r space. It is 
convenient to rewrite Eq. (2.3a) in the conditional 
form: 


¢:(r) = - f rece; r’)Vi(r’)y.(r’), (2.3b) 
provided'* that, for all r’, 
4(G,e) = f dSv-W[G(r;¥”),g:(t)]=0, (2.3¢) 


integrated over the surface at infinity in r space. In 
Eq. (2.3b) we have used the fact that G is symmetric. 
Similarly, multiplying Eq. (2.2b) on the left by the 
outgoing G,(r;r’; E), Eq. (1.4b) on the left by ¢,(r), 
we obtain 


¢i(r)= ~ f rev r)V (rv (r), (2.4a) 
provided" that, for all r’’, 
g (Gi, ¢3) = fase WLGse; r’),¢s(r) | =(. (2.4b) 


Equations (2.3b) and (2.4a) combine with Eqs. (2.1) 
to give the well-known?” formal solution, 


VV=y,-GV mH, (2.5a) 
and the integral equation, 
WP=y¥,-GVN™. (2.5b) 


The more customary notation replaces Eqs. (2.5) by 


¥P=y,- Vii, (2.6a) 


H—E-—ie 


VO=y,- (2.6b) 





—V a, 
H;— E—ie 


18 Strictly speaking, with X =G in Eq. (1.3a), we must integrate 
only over a volume exterior to the singularity of G at r=r’. By 
equally strict definition of G however, the contribution to the 
right side of Eq. (1.3a) from an infinitesimal surface surrounding 
r=r’ then equals Y (r’). Thus it can be seen that this more careful 
procedure is equivalent to integrating over all space and evaluating 
the surface integral in Eq. (1.3a) at infinity only. 

16 Our subsequent discussion of Eqs. (2.3) is made less awkward 
by our insistence on integrating over the unprimed variable in 
Eq. (2.3c). It is obvious from Eq. (2.3a) that adding to the right 
side of Eq. (2.3b) the surface integral of Eq. (2.3c) evaluated at 
r’=r yields an expression for g;(r) which is correct whether or 
not Eq. (2.3c) holds for all r’’. In the same way Eq. (2.4a) is 
made strictly correct by adding to its right side the surface integral 
of Eq. (2.4b). The same remark pertains to other similar pairs of 
equations, e.g., Eqs. (2.15). 

17M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 
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Presumably the asymptotic behavior of the outgoing 
Green’s function G(E£) is consistent with intuitive 
expectation, namely that at large distances in any open 
channel the aggregates should be moving not. toward 
but away from each other and the origin. The demand 
that the scattered wave ¢; be “everywhere outgoing” 
expresses the conviction that at large distances ¢; 
should behave like G. If ¢; and G behave similarly at 
infinity, W,[G,¢;] will decrease more rapidly than the 
product ¢,G, since GV ;¢; and ¢;¥V ,G will tend to cancel ; 
as a result, in view of the assertions in Sec. I.1, 9(G, ¢,) 
of Eq. (2.3c) will vanish because each surface element 
dS makes a negligible contribution to the integral. For 
these reasons the boundary condition on ¢; is restated 
precisely as the requirement that Eq. (2.3c) hold, 
thereby guaranteeing Eqs. (2.3b) and (2.5a). This 
requirement we say makes ¢,; “outgoing” but not 
necessarily “everywhere outgoing,” because Eq. (2.3b) 
may hold even though ¢; behaves differently from G 
along some directions n; there may be cancellations 
between non-negligible contributions from differeat 
surface elements in Eq. (2.3c). Correspondingly, Eq. 
(2.5a) may yield solutions ¥;* whose scattered parts 
Ww, —y, are not everywhere outgoing. 

Equation (2.3a) is an integral equation of a sort for 
¢i; the class of solutions ¥ to Eq. (2.1a) yield a class 
of scattered waves p=W—y, and a corresponding class 
of functions f(r)=9(G,¢). Conversely, to any given 
f(r) there corresponds at most one ¢ (there may be 
none) in the class ¥—y,, since Eq. (2.3a) then yields 
the explicit formula g= —GV ¥,+ f. In particular, there 
exists always a unique solution to Eq. (2.1a), namely the 
function ¥; defined by Eq. (2.5a), having the prop- 
erty that g,=V,;~—y; satisfies 9(G,¢;)=0; whether 
or not ¢; of Eq. (2.3b) proves to be “everywhere 
outgoing,” it follows from Eq. (1.4a) that ¢; necessarily 
satisfies Eq. (2.2a) and therefore, making use of Eq. 
(1.3a), also satisfies the boundary condition (2.3c). 
With ¥,;™ defined by Eq. (2.5a), it can be shown that 
¢: of Eq. (2.4a) satisfies 9(G;,¢;)=0; also Eq. (2.5b) 
can have at most one solution V=W,@ for which 
g=V—y; satisfies 9(G,¢)=0. On the other hand, the 
boundary condition 9(G;,¢)=0 yields not an explicit 
formula for ¢ but an integral equation (2.5b). Conse- 
quently we are not able to conclude immediately, as 
we did conclude for Eq. (2.3c), that the boundary 
condition (2.4b) will specify the solution uniquely. 

We now observe that because H commutes with pp, 
ie., conserves the total momentum in the laboratory 
system, we know on physical grounds that an incident 
wave ¥:=y; exp(iK-R) must yield a scattered wave 
¢i= g: exp(iK-R), ¢; independent of R. In other 
words, the solutions ¥;™ with which we are concerned 
never have everywhere outgoing scattered parts ¢; in 
the laboratory system, although Eq. (2.5a) does specify 
Vv, in terms of the laboratory system outgoing Green’s 
function G; in fact there are no channels in which ¢; 
behaves asymptotically like G. Formulating the scat- 
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tering problem in the center-of-mass system, we infer, 
as in the laboratory system, that 
a=—-GVi¥; 


provided'* that, for all r’’, 


(2.7a) 


f dSv°s WG (cr; vr”), a(t) ]=0, (2.7b) 


integrated over the surface at infinity in r space. In 
Eq. (2.7a) integration over the suppressed variables r’ 
is implied, consistent with our practice in the laboratory 
system. The 3(m—1)-dimensional vector W° of Eq. 
(2.7b) is defined by 


f dt[_XTY-YTX]=- f dSv°sW°L X,Y]. (2.8) 


Using the coordinate set t=f2, ---, f,, with tj=r,—n, 





we have 
pr 1 
T=D —+— Li, (2.9a) 
i 2; 2M, ik 
qh? 
W°;=—(XV°;¥—Yv°;X) 
2p; 
i? 
+— ¥ (Xv°.¥—Yv°.X), (2.9b) 
2M, ki 


where p;= —ih¥°;; uj is the reduced mass of the pair 
of particles 1 and j; and'* W°; are the components of 
W° along the same unit vectors as the components of tj. 

Of course the formulation in the laboratory system, 
after removing the factor exp(iK-R), is identical with 
the formulation in the center-of-mass system. Specifi- 
cally it can be proved" that the validity of Eq. (2.7b) 
guarantees the validity of Eq. (2.3c) and vice versa, 
and that integrating over R’ in Eq. (2.3b) yields Eq. 
(2.7a). Henceforth, unless there is some special point 
to be made, we shall not distinguish between formu- 
lations in the center-of-mass and laboratory systems; 
the unqualified phrase “everywhere outgoing” shall 
mean “everywhere outgoing in the center-of-mass 
system.” 


2. Integral Equations. Uniqueness of Solution 


In this section we first explain how it comes about 
that expressions like GVW; or G;VW, involving out- 
going Green’s functions, do not necessarily behave 
asymptotically like G or G;. We then go on to relate 


18 The terms proportional to M@,~ in Eq. (2.9a), well known in 
atomic spectroscopy [D. S. Hughes and C. Eckart, Phys. Rev. 
36, 694 (1930) ], produce the corresponding complicating terms 
proportional to 1"! in Eq. (2.9b). By an appropriate change of 
variables, the quadratic form (2.9a) can be diagonalized and W° 
of Eq. (2.9b) accordingly simplified. The new diagonalizing 
coordinates are not readily interpretable physically however. 
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this explanation to the fact that the integral equation 
(2.5b) does not have a unique solution. 

The field G(r; r’) produced by a source at r’ is not 
necessarily outgoing at large r if r’ becomes infinite 
along with r. This obvious remark shows that unless 
the integral of Eq. (2.3b) converges so rapidly that for 
large r there are negligible contributions from large r’, 
¢i(r) need not behave like the limit of G(r;r’) as r 
becomes infinite and r’ is held constant," i.e., need not 
be everywhere outgoing in the laboratory system. In 
actuality, because V,(r’) is independent of R’, —GV y, 
does not converge rapidly along all directions n’ in 
r’ space, and consequently ¢,(r)= %,;(r) exp(iK- R) 
instead of behaving like G(r; r’). With two incident 
aggregates a, b, we have 


¥i=exp[i(ka-rat+ky- 1) }ua(Sa)uo(Ss), (2.10a) 
Vi= exp[i (M .k.— Mik.) . Tab/M }uats 
=exp(ikas:Tas)Maty. (2.10b) 


From Eq. (2.40b) and our having assumed that V;i= Va» 
decreases faster than r,,~', it appears that Eq. (2.7a) 
does make %, behave asymptotically like G, in other 
words everywhere outgoing. With three incident aggre- 
gates, however, e.g., c, d, e incident in Eq. (1.1b), even 
in the center-of-mass system the scattered wave 
a J yyy , 7 ys 4 

¢=—GV'p,’ is not everywhere outgoing. Here 


vi’ = utuau, exp[i(k,-r.+ka-rat+k,-4.) |} 
=y,' exp(iK-R), 


and V,/=VeatVeetVae; hence the integral GV api’ 
for instance, in which Va(r-a’) is independent of r,.’, 
has the wrong asymptotic dependence on r,.. This 
difficulty with three incident aggregates is related to 
some complications which arise when the cross section 
for the reaction (1.1b) is computed.‘ For the purposes 
of the remainder of this paper we can and do confine 
our attention to collisions of the type (1.1a). 

The arguments of the preceding paragraph show also 
that unless —G;V;W converges sufficiently rapidly, 
functions VY formally satisfying Eq. (2.5b) need not 
have everywhere outgoing scattered parts. To under- 
stand this comment, note that an arbitrary solution 
V(r’) of Eq. (2.1a), unlike ¥;(r’) of Eq. (2.10a), does 
not decrease exponentially as r’ goes to infinity along 
directions n’ corresponding to channels other than the 
incident channel. Furthermore V;(r’) generally remains 
finite as r’ approaches infinity along directions n’ 
corresponding to true rearrangements (not merely 
breakup) of i=a, b. In Eq. (1.1a) for example, at least 
one pair of particles which are not in the same aggregate 
of i will be contained in a single aggregate c or d; 
calling this pair 1 and 2, V;(r), which includes Vi2(112"), 


(2.11) 


19 More precisely, as r becomes infinite along a direction n 
corresponding to formation of ¢ aggregates, ¢(r) = —GV i; need 
not behave like the corresponding limit of G(r;r’) holding r’ 
constant unless r*yg(r) converges uniformly as a function of r, 
where a= (3t—1)/2. 











OUTGOING BOUNDARY CONDITION 


does not diminish as r’ approaches infinity along 
directions nq’ corresponding to formation of c, d. Let 
us suppose the f=c, d channel is open, and denote by 
V;Y=yY;+¢, the solution to Eq. (2.1a) with gy, 
everywhere outgoing and y¥,; an incoming plane wave 
in channel f. Then, replacing VY, in Eq. (2.4a) by 
v=V,;~%+W, causes the integral to be slowly con- 
vergent along directions ny’ and makes g=—G,;VW 
incoming in the f channel. 

Although g= —G;V wv is incoming in the f channel, 
we can prove that V=V,;+W,“ is an alternative (to 
V;) solution of Eq. (2.5b); in other words Eq. (2.5b) 
does not have a unique solution. Our assertions about 
the asymptotic behavior of the Green’s functions mean 
v- W[G,, git ¢,] is negligible at infinity, where ¢; 
=-—GVwy; and ¢;=—GV ly each are everywhere 
outgoing. Moreover, because G; does not propagate in 
true rearrangements of i, we have 


I (Gis) = f dSv-W(G, (1; r”’),/(t)]=0. (2.12) 


Thus ge ¥—Y,=V/P+V, —y, satisfies 9(G;,¢)=0, 
implying, referring to Eqs. (2.4), that W is a solution of 
Eq. (2.5b). At this juncture the significant distinction 
between the boundary conditions (2.3c) and (2.4b) 
becomes manifest. G propagates in every channel, so 
that 9(G,¢) is not zero unless y= ¢; is everywhere 
outgoing; on the other hand, 9(G;,¢)=0 puts no 
restrictions on the asymptotic behavior of ¢ in channels 
other than the incident channel. We add that by virtue 
of Eqs. (1.3a) and (1.4b), whenever V solves Eq. (2.5b) 
g=—G VW satisfies (H-—E)e=—VWN® and 3(G,,¢) 
=(, thereby demonstrating that every solution V of 
Eq. (2.5b) is a solution of Eq. (2.1a) of form.(2.1b) 
and satisfying the boundary condition (2.4b). 

With the aid of Green’s theorem, Eqs. (1.4) and 
(2.1a) yield 


vn)= f ds WEG; r’) W(r) ]=9(GY), (2.13a) 
¥=— Gat fasv- WIG r’),W(r)},  (2.13b) 


¥=—GyV 0+ f dsv-WLG rr r’)W(r)], (2.13c) 


where the surface integrals are evaluated at r’’=r, and 
W is an arbitrary solution of Eq. (2.1a). When V=V,“ 
of Eq. (2.1b), Eqs. (2.3c) and (2.13a) imply that 


V(n= f dSv- W(G(r; 1”), Wilt) ]=9(Gyi)  (2.14a) 


evaluated at r’=r; also Eqs. (2.5b) and (2.13b) imply 
that 


¥i(r) =Jg (Gi¥) =J9 (G,,¥;). (2.14b) 
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Because ¢; is everywhere outgoing, 9(G;,¢;)=0 and 
Eq. (2.13c) implies 

VOY =—-—G,V¥;, (2.15a) 


provided" that, for all r’”’, 
I(G;W) = f dSv- W(Gj(r; Wilt) J=0. (2.15b) 


Equation (2.15b) holds when f=c, d is a true rearrange- 
ment of i=a, b, under which circumstance Gy; does not 
propagate in the 7 channel. For final channels corre- 
sponding not to rearrangement (or dissociation), but to 


‘ scattering of a, b with or without excitation, e.g., the 


elastic channel, V;= V.1= Vi, Gs=Gas=Gi, Eq. (2.15b) 
is inconsistent with Eq. (2.14b), and Eq. (2.15a) is 
inconsistent with Eq. (2.5b). 

Interchanging i and f in Eqs. (2.15) [i.e., we suppose 
the arrow points to the left in Eq. (1.1a) ], we infer that 


VP =—-GVso (2.16) 


provided Eq. (2.12) holds. As has been amply argued, 
Eq. (2.12) is satisfied when i=a, b is a rearrangement 
of f=c, d. This line of reasoning! makes it obvious that 
the inhomogeneous equation (2.5b) generally has no 
unique solution, since if ¥;* solves Eq. (2.5b) so does 
V=V,;~+WV,™. Evidently the right side of Eq. (2.15a) 
cannot be everywhere outgoing, since it must yield the 
incoming part ; of ¥,; ; equally evidently —G,V ;¥,*’ 
does not converge rapidly as r’ approaches infinity 
along directions n’ corresponding to formation of 
aggregates a,b. We scarcely need mention that Eq. 
(2.15a) does not have unique solutions; for given 
f=c, d, the incident wave y,; can be furnished in any 
channel 7 which is a rearrangement of ¢, d. 


Ill. COMPLEX ENERGIES 


The usual operator techniques typically involve 
Green’s functions for complex energies \= E+e, e.g., 
Eqs. (2.6). As we have explained in Sec. I-1, the 
Green’s functions G(A), Gi(A), «+: are exponentially 
decreasing at infinity, so that all surface integrals at 
infinity of the type we have been considering automati- 
cally are zero. Hence, for given ¥; and every e>0, we 
have 9(G,y;)=0, where here G=G(E+ie) and ¢; 
= 9,(E+ie) =V; (E+iec)—y; equals —G(E+ie) Vy; 
according to Eq. (2.6a). If we believe, as this writer 
does, that the physical situation is represented by the 
limit «0 of V,;“ (E+), and expect to represent the 
same physical situation by a solution of the Schrédinger 
equation (H—E)¥=0 for real energy £, then the 
boundary conditions specifying the solution at «=0 
must be consistent with the behavior of 9;(E+7e) for 
very small ¢. From this point of view, therefore, the 
only possible boundary condition at real energies e=0, 
in the class of boundary conditions 9(G,¢;)= f, is f=0, 
the boundary condition to which we were led in Sec. 
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II-1 by the qualitative consideration that thes cattered 
wave should propagate like the outgoing Green’s 
function. The same consistency requirement suggests 
that other surface integrals which vanish for the 
correctly specified solution V,;(£) of Eq. (2.5a), for 
instance 9(G;,y,) of Eq. (2.15b) when f is a rearrange- 
ment of i, are neglected implicitly (though justifiably) 
in the routine operator manipulations. On the other 
hand, such surface integrals need not vanish for an 
arbitrary solution W(Z) at real energies. Similarly, 
because the Green’s functions are exponentially de- 
creasing, it usually (not necessarily always) should be 
legitimate to invert the order of integration of repeated 
integrals when the energy is complex, and we anticipate 
that it will be equally legitimate to perform the same 
operation for the correctly specified solution ¥,‘ (Z) 
when e=0; the operation need not be legitimate for an 
arbitrary solution ¥(Z), however. We note also that 
the integrals and other expressions which occur need 
not converge uniformly as e—0, meaning that we 
cannot assume that results proved for finite though 
arbitrarily small ¢ necessarily hold at e=0. Failure to 
recognize these implications of the operator manipu- 
lations can lead to erroneous conclusions when, as is 
frequently the case, the results are applied to solutions 
of the Schrédinger equation for real energy £. 

We shall expand and illustrate these remarks by 
comparing results for the pair of Eqs. (2.6) with 
the results obtained in previous sections for Eqs. (2.5). 
The reader is reminded that Eqs. (2.5) were derived 
for real energies, G=G(E), G;=G;(E), while in Eqs. 
(2.6) (H—E-ie)(=G(E+ie), (Hi —E—ie) 1=G6,(E 
+ie). By routine operator algebra, solutions to either 
of Eqs. (2.6) are seen to satisfy 

(H—E-ie) VP = —iah,, 
in which y; still satisfies Eq. (2.1c). Since the Green’s 
function G(A) is unique for complex A, or alternatively 
since the homogeneous equation (H—A)¥=0 has no 
bounded solutions for complex A, Eq. (3.1a) has a 
unique solution : 


(3.1a) 


ie 
¥O=- aaah 3nt TR a 


—" ip" oe 


(3.1b) 


and no boundary conditions are required. Hence, for 
arbitrarily small e>0 the integral equation (2.6b) has 
a unique solution ¥,;“ given by Eq. (2.6a) or equiva- 
lently by Eq. (3.1b). At e=0, on the other hand, the 
dependence on the incident wave y; disappears from 
Eq. (3.1a), making the equation homogeneous instead 
of inhomogeneous; consequently the solution to the 
Schrédinger equation (H—£)¥=0 is not unique and 
requires a boundary condition. 

To make the connection between solutions of Eqs. 
(2.5) and (2.6) more apparent, let us derive Eqs. (2.6) 
from Eq. (3.1a) by strict mathematical procedures 
rather than by operator techniques. Using Eqs. (2.1b) 
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and (2.1c) in Eq. (3.1a) yields 
(H— E—ie) ¢;= Oy Vai, 
(H,— E—ie) QQ =- VV™, 


(3.2a) 
(3.2b) 


in complete analogy with Eqs. (2.2); of course ¢; 
= ¢;(E+ie) in Eqs. (3.2). Multiply Eq. (3.2a) on the 
left by G(E+ie), Eq. (1.4a) for A= E+ie by ¢;(E+ie), 
and use Green’s theorem. We integrate not over all 
r space, however, but only over a finite volume, say a 
3n-dimensional sphere of radius p centered at r=r’; in 
this way we avoid the problem that the integral over 
all space is itself defined as the limit of the sequence of 
integrals p>, which sequence need not converge 
uniformly as a function of e. Thereby we find that 


g(r’) = - f acer r’; E+ie)V;(r)y,(r) 
e 
+ f dSv-W(G(s; "'; E+ie), ¢:(t)}, (3.3a) 
e : 
edhe f drG.(r; 1; E+ig VY (0) 


+ f dSv-W[Gi(r; r’; Et+ie), :(x)], (3.3b) 


wherein the first terms on the right are integrated over 
the interior’® of the sphere of radius p, and the second 
terms over the surface bounding this sphere; Eqs. (3.3) 
involve no infinite integrals. Letting p> for constant 
e>0O causes the surface integrals to vanish and yields 
Eqs. (2.6); whereas letting « approach and equal zero 
holding p constant and then letting p> yields the 
previously deduced Eqs. (2.3) and (2.4). With suffici- 
ently rapidly decreasing potentials, the sequence of 
volume integrals p— in Eq. (3.3a) should converge 
uniformly as a function of ¢ in the center-of-mass 
system (not in the laboratory system). Consequently, 
recalling that we could have formulated the scattering 
problem ab initio in the center-of-mass system (in 
which event all quantities in Eq. (3.3a) would be 
replaced by their corresponding center-of-mass quanti- 
ties, e.g. G(r; r’) by G(r; r’), W by W®, etc.), we are 
entitled to assume that lim¢,(Z+ie) as e—0, which 
limit we term ¢;"’(E), is found by first letting p> in 
Eq. (3.3a) and then putting e=0 under the integral 
sign, in other words that ¢,’(E)=—G(E)Vq; inte- 
grated over all space. The consistency requirement 
implies immediately that we must use the boundary 
condition (2.7b), or equivalently (2.3c). Equation 
(3.3a) is an integral equation for 2;(r; E+7e) ; although 
it has a unique solution ¢;(E+ie)=—G(E+ie) Vivi 
for every e>O and although ¢;(E+ie) converges uni- 
formly, there is no reason to suppose that the equation 
which is the limit of Eq. (3.3a) as «0 has a unique 
solution. Similar comments pertain to Eqs. (2.4) and 
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(3.3b); in particular, although for every e>0O the 
Lippmann-Schwinger integral equation (2.6b) has a 
unique solution, it is not necessarily true that there is a 
unique solution to Eq. (2.5b), the limit as «0 of the 
sequence of integral equations (2.6b). 

Suppose V(£+7ie) is any solution of Eq. (2.6b). We 
shall demonstrate explicitly, as we already know from 
Eq. (3.1b), that W necessarily is identical with ¥; of 
Eq. (2.6a). Using Eq. (2.6b) to eliminate y; in Eq. 
(2.6a), we find that 


VY=V04+G6VN—GVAV+GVMN},- (3.4) 


or 
VP =V+{G,-G—GV GJVN, (3.4b) 
implying, according to Eq. (1.5a), that W(E+ie) 
=W,(E+ie). Putting e=0, we might conclude that 
the solution to Eq. (2.5b) is unique and identical with 
W,; of Eq. (2.5a), in contradiction to the results of 
Sec. II. The apparent inconsistency arises because in 
going from Eq. (3.4a) to (3.4b) we have inverted the 
order of a repeated integral, which operation is not 
permissible when e=0. Specifically, we have assumed 
that 
GVAGV HY} ={GVGJVN, (3.5a) 


ie., 


farce: r’) vace)| face; eyvae'yece')} 


= far" farce r)Var)Gue's4”)| 


XV’) (er). (3.5b) 


For real E, however, with ¥ an arbitrary solution of 
Eq. (2.5b), we can define y=—G;V., use Green’s 
theorem, and note that 9(G,,¢)=0 [see added remark 
preceding Eqs. (2.13) ]; we then have 


(GV G3VN 
={Gi-G)V¥= —{Gi—G} (H.— BE) o(r") 


= — (LAr) — EG; 2”) —G(r; 2") } (er) 
+ [as’v" WIG.-6, g(r’) ] 


Ren f de’V(r\G(e"; tol”) — 9 (G,e). (3.6a) 


In Eq. (3.6a) braces imply integration as in Eqs. (3.5), 
but brackets do not ; the dependence on the coordinates 
is indicated only where necessary for clarity and is 
consistent with Eqs. (3.5); we have used 


(H;— E)(G;-G)=VG 


BOUNDARY 
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from Eqs. (1.4). Equation (3.6a) means that 
GV{G VM} > {GV Gi} Vv 


+ f dSv-W[G(r; r”), o(r)], (3.6b) 


instead of Eqs. (3.5), the surface integral being evalu- 
ated at r’=r. Returning to Eqs. (3.4) we see that for 
real £, inverting the order of integration is not justified 
and hence V¥¥; unless 9(G,¢)=0, in complete 
agreement with Sec. IT. 

As a final example, we rewrite Eq. (2.17a) in the form 





(H,— E-ie) VP = —iehi—- VV,  (3.7a) 
from which we infer** that 
¥Y= —idG;(E+ieyi—G;(E+i%e) Vie 
—te 1 
as “pi Vay. (3.7b) 
H,;— E—ie H,;—E-te 


In Eq. (3.7b) the inhomogeneous term disappears at 
e=0, from which we seemingly obtain the integral 
equation (2.15a) conditions on the surface integral of 
Eq. (2.13c). Using Green’s theorem and integrating 
over a sphere of radius p as in Eqs. (3.3), we find, 
however, that letting e—0 and then letting p> yields 
precisely Eq. (2.13c). Alternatively, substituting Eq. 
(1.5b) for G in Eq. (2.6b) and using Eq. (2.6a) to 
eliminate GV w, yields 


VO=YP;—GVitGyV GV ax (3.8a) 
=¥i—G;(Vi— Vi -GyV 0. (3.8b) 


But G;(Vi-—V )Wi=Gy(Hy—HdVi=G/(H;— Ei. 80 
that, in Eq. (3.8b), 


¥i—G;(V;— Vivi 


le 
(iy Ei. ——--_—He 


-—_—_— (3.9) 
H;—E-—te s—E—ie 


= 


Thus Eq. (3.8b) is equivalent to Eq. (3.7b), as it should 
be since for e>0 the solution ¥,~(E+ie) is unique. 
From Eq. (3.9) we might infer that for real energies 
¥i—G;(Vi—V)¥:=0, and therewith from Eq. (3.8b) 
once more conclude that the integral equation (2.15a) 
holds without auxiliary conditions. Actually for real 
energies, using Green’s theorem, we have 


Vi-— Gy(Hy— E)pi= 9 (Gy). (3.10a) 


Furthermore, in obtaining Eq. (3.8a) we have assumed 
that {G;V ;G} V.¥i=G/V {GV y.} whereas, by manipu- 
lations similar to Eq. (3.6a), for real E we obtain 

{GV G}VHi=GV GV H}+9(Gy,¢;), (3.10b) 


with 9;= —GV w,. As we know, 9(G;,¥;) = 9(G;,¢;) =0 
when the f channel is a rearrangement of i and when 
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¢; is everywhere outgoing, providing a good illustration 
of our assertion that the operator manipulations neglect 
implicitly (though for complex energies justifiably) 
the same surface integrals which we neglected explicitly 
in Chap. II. Without assumptions about 9(G;,,) and 
9(Gy;,¢;), and using Eq. (3.10b) to go from Eq. (3.8a) 
to (3.8b), we again arrive at Eq. (2.13c). 

Sections II and III amplify and extend results 
obtained by Foldy and Tobocman! and other authors.*~* 
Comparison with Lippmann’s purely operational treat- 
ment is recommended. 


APPENDIX 


Equations (1.5) usually are derived by operator 
techniques. We wish to deduce them by more rigorous 
procedures, so as to understand their applicability at 
real energies. We prove first that the Green’s functions 
are symmetric. From Eq. (1.4a), we have 


[H (r)—A G(r; 1’; \)=4(r—-r’), (A.1a) 
[H(r)—\ JG(r; r”;A)=5(r—r’”). (A.1b) 


Multiply Eq. (A.la) by G(r;r”;), Eq. (A.1b) by 
G(r; 1’; A), integrate, and use Green’s theorem. Then 


G(r’; r";d)—G(r"; r’;A) 
=— | dSv-W(G(r;r’;A),G(r; r’;A)]. (A.2) 


@ 


The right side of Eq. (A.2) vanishes for all complex A, 
so that for all «>0, G(r’; r’; Et+ie)=G(r"; 1’; E+i%e). 
Taking the limit of this symmetry relation as e—0 and 
recalling that the outgoing Green’s function G(£) is by 
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definition the limit of G(E+ie) as e—0, we infer that 
G(E£) is symmetric for real E. Knowing this, we can 
start from Eqs. (A.1) with A=£Z, again use Green’s 
theorem, and thereby conclude that the right side of 
Eq. (A.2) is zero at e=0 for all r’, r’’. 

In the same way, from Eqs. (1.4a) and (1.4b) we find 


G(r’; r”;\)—G(r"; 1’; A) 


= farce; r’;r)V.(r)G(r; r’; A) 


— f ase WLGi(r5 #"5N),G0E57'39)] (A.3) 


Again for all complex \ the surface integral vanishes. 
Thus, since the Green’s functions are symmetric, re- 
writing the right side of Eq. (A.3) to be consistent with 
the notation (1.6) for the r’,r’ element, and inter- 
changing r” and r’ in G; on the left side of Eq. (A.3), 
yields the first equality of (1.5a); interchanging r’ and 
r” in G on the left side of Eq. (A.3) and rewriting the 
right side to be consistent with the notation for the 
r’,r”’ element yields the second equality of (1.5a). 
This proves Eq. (1.5a) for all complex A. Taking the 
limit as e—0, we shall conclude that Eq. (1.5a) holds 
at e=0 provided the integral G;V ,G converges uniformly 
as a function of €; G;V,G should converge uniformly 
for sufficiently rapidly decreasing potentials. Starting 
with Eqs. (1.4), at real energies we infer that if Eq. 
(1.5a) holds, then 9(G,G;) vanishes at real energies 
and conversely; i.e., the validity of Eqs. (1.5) for real 
E is tied to our assertions in Sec. I.1 concerning the 
ways in which the Green’s functions propagate. 
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The Einstein model of the universe is treated by a method that accentuates its structure in-the-large, 
and indicates several ways of establishing homomorphism of the associated group of space-time trans- 
formations with the Lorentz group. It is also shown that there exists a subgroup of the entire space-time 


group which is isomorphic with the Lorentz group. 





N the following we present the foundations of the 

theory of relativity in non-Euclidean elliptic and 
spherical space from a new point of view. We use—and 
interpret geometrically so that they can be visualized 
and used in applications—different coordinates from 
those used by Einstein and others' and achieve as a 
principal result that the group of space-time trans- 
formations that govern this model of the universe is 
homomorphic to the Lorentz group. In fact, a set of 
coordinates can be constructed which is directly subject 
to the Lorentz group and at the same time induces 
transformations of the spherical and elliptic space plus 
time. This has not been noticed before, probably 
because of the use of spatial spherical polar coordinates 
which tend to obscure group structures in spaces. That 
the Lorentz group should thus extend into general 
relativity seems noteworthy. 

We add a remark: the designation “static spherical 
and elliptic space” is given preference in the title, and 
Einstein’s name mentioned in parentheses, because we 
intend this communication to be followed by another, 
on the stationary model. 

It is well known that a sphere Sz of radius R in a 
four-dimensional Euclidean space Ey with Cartesian 
coordinates (21,%2,%3,%4) is equivalent to a_ three- 
dimensional space R; of constant curvature 6/R?.? The 
equation for Spr is x°+x+x;+«¢=R*. Any para- 
metric representation of this must be in terms of three 
independent variables: we choose two representations’: 


w= RX'/\/A; y= R/V/A; 41) 
A=R+ (X)P+ (X24 (X92 = RX 
The second is 
4 = 2R*x/(R?+1’) ; 
ato = 2R*y/(R?+1°) ; 


where 


x%3>= 2R?z/ (R?+?°) ; 


a= R(R?—?*)/(R?+7°’), (2) 


raattytee, 


1A. Einstein, Berliner Ber. 142 (1917); Ann. Physik 55, 241 
(1918). C. Mgller, The Theory of Relativity (Oxford University 
Press, New York, 1955), pp. 356-362. L. Landau and E. Lifshitz, 
The Classical Theory of Fields (Addison Wesley Press, Cambridge, 
1951), p. 304 ff, and p. 336 ff. 

2R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Oxford University Press, New York, 1934), p. 338. 

Greek subscripts run 1 through 3; Latin 1 through 4. We use 
vector notation and operations as abbreviations for the spatial 


It is immediately verified that either of these repre- 
sentations fulfills the equation for the sphere Spr 
identically. The first is called a radial projection of Sp 
from the four-dimensional space (x,;) into the three- 
dimensional elliptic space ¢; with (contravariant) 
coordinates (X‘). The second is called a stereographic 
projection of Sr upon the three-dimensional space 
E;“ with Cartesian coordinates (%,y,z) in ordinary 
space, but with the proviso that this space is closed at 
infinity by a single point. This simply means that this 
space is subject to the three-dimensional inversion 
group, i.e., that group of (nonlinear) transformations 
which transforms the set of all spheres and planes into 
the same set. We shall be concerned with a subgroup 
of this which has somewhat simpler properties. This is 
described briefly below. 

If the x; are eliminated between (1) and (2), we get 


X'=2R'x/(R’—r); X?=2R*y(R?—7*); (3) 
X*= 2R’z/(R’—r*) ; 
and we add (for later use) 
X‘=d¢1, (4) 


where ¢ is called coordinate time. As usual, c represents 
light velocity and is assumed constant. 

The reason we use the two coordinate systems X‘ 
and (x,y,z) is that the latter are ordinary Cartesian 
coordinates in the three-space in which (we believe) 
we live and events take place, and which we can there- 
fore visualize; the former is easier for conducting 
mathematical manipulations because it is (as will be 
outlined below) subject to a (fractional) linear group of 
transformations while the (x,y,z) space is subject to a 
group of quadratic transformations. 

Einstein himself used the same (x,y,z) space, but 
employed spherical polar coordinates by using the 
formulas‘ 

%1=R(1—r/R*)!; x3=r sind cosd; 
%4=r sind sing; (5) 


Pat yte?, 


X2=Pr cosé; 


coordinates wherever convenient, but note that they are subject 
to a more extensive group than the three-dimensional orthogonal 
one under which scalar and vector products are invariant. 

‘See, e.g., A. Einstein, Out of my Later Years (Philosophical 
Library, New York, 1950), p. 94, or L. Landau and E. Lifshitz, 
reference 1, p. 334. 
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The coordinates x; written here are the same as those 
used for E, to represent the sphere Sz. The spherical 
polar coordinates are sufficient if one does not wish 
to go beyond the static spherical space, but it is difficult 
to see what happens in E;“, the (x,y,z) space, when its 
counterpart, the sphere Sz in E, is subjected to a four- 
dimensional rotation, an operation of the group under 
which it is invariant. 

On the other hand, Eqs. (3) easily reveal the structure 
of E;"*: if, e.g., X' is held constant, the first Eq. (3) is 
seen to represent a sphere 


R 2 
nists += | —0R4 (20) , © 


with center at += —R’*/X' and radius equal to the 
quantity in curved brackets on the right. Similar 
remarks apply to the other two equations of (3). 
Consequently the coordinate planes X'=constant in 
elliptic space €; are in one-to-one correlation with the 
spheres in £;“ which pass through a circle of radius R 
lying in the yz plane and with center on the x axis. A 
cross section of E;“ through the origin at right angles 
to the z axis is shown in Fig. 1. Obviously, analogous 
remarks apply to X? and X*. It is therefore natural to 
use these spheres as coordinate planes and their inter- 
sections as coordinates for elliptic space. The way in 
which the center of the coordinate sphere (i.e., the 
quantity —R®/X') changes suggests without difficulty 
that the coordinates X‘ have the properties of tangent 
functions, so that we put X‘=tana‘ and this relation- 
ship is clearly illustrated in Fig. 1. For example, when 
X!—+ & the sphere of Eq. (6) goes into the sphere 2: 
x°+"+2?= R® shown there, and hence the entire space 


[x A x? ]=[Tan «| TaN «?] 











ZR 


Fic. 1. Cross section through spherical space, showing circular 
coordinates. The inside of Zz represents elliptic space; inside and 
outside represent spherical space. 
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E; is swept out when the angles a‘ traverse the range 
0 to x/2. For a‘=0 we have the Cartesian coordinate 
planes, and for a‘=2/2 the outer sphere Dz. The latter 
therefore corresponds to the “infinitely distant” plane 
in elliptic space ¢3; but since (as will be seen below, also 
is well known) there are no infinite distances in elliptic 
and spherical spaces, we call Zp the “‘inaccessible 
plane” as far as elliptic space ¢; is concerned. It is clear 
that ¢3 is entirely covered by the inside of the sphere 
zr, and when the outside is considered, it represents a 
second covering of the same space. Thus, pairs of points 
outside and inside Zp must be identified to avoid 
ambiguity for operations in ¢;. Among such identical 
pairs of points are those of Zz lying on opposite ends 
of a diameter. The others are those which lie on a 
Euclidean straight line through, and separated by the 
origin 0, and so that the product of their Euclidean 
distances from 0 equals R®. Such pairs of points are 
called diameiral pairs of points, in analogy with pairs of 
points of Zz lying on the ends of diameters. 

It is now seen that motions in £;‘*) must transform 
the set of all spheres and planes into itself, and in 
addition preserve the property of diametral points. 
The entire (x,y,z) space is used; the one single point 
closing the space at infinity having as its diametral 
point the origin. Thus the group controlling this space 
is a subgroup of the full inversion group which we call 
the diametral group. When diametral point pairs are 
considered as a single point, the elliptic space ¢€; results. 
The space E;“) is the spherical space [which accounts 
for the superscript (s) ]. All subsequent operations will 
be conducted in ¢3, but we use the models in E;“, so 
that for us, planes will be spheres that pass through 
great circles on Lp; straight lines will be intersections 
of any two of these, and hence circles through dia- 
metrically opposite points on Zz. This will simplify the 
formulas and at the same time make events visible. It 
will be shown later that these “straight lines” are also 
the straightest in E;“, i.e., that they are geodesics. 

When a rotation of Spr in E, occurs, it induces in e¢; 
by virtue of (1) the fractional linear transformations 
on X*: 

X*  ay,.X"+42,X"+03,X"+a4R (7) 
ats 7 
R 044 X" +X” + a54X" +ay4R 





where A=|a,| is a four-row and -column orthogonal 
matrix, and R is the same quantity on both sides. By 
using (3), the diametral group can be constructed, and 
it is easy to see that it is quadratic, and isomorphic to 
the quaternary orthogonal group. Its existence accounts 
for the possibility of visualizing events in ¢; by the aid 
of spheres and circles in E;. 

In order to study the behavior of a moving mass 
point in ¢3;, we require analytical expressions for dis- 
tances and velocities. For the latter we revert to E, 
and the sphere Spr, and note that an infinitesimal 
rotation of Sp during a time di is given by the matrix 








RELATIVITY IN 
equation 
dx=Qxdt, (8) 
where 2 is the skew symmetric matrix 2= —0*¥ = |w;x|, 


the asterisk denoting transposition of rows and columns. 
The matrix @ is four-row and -column matrix, and x is 
the column vector (%1,%2,%3,%4) of (1) above. We write 
© in full and in a special way for reasons that follow: 





0 —W3 +we —wy! 
_|tws 0 —w, —ws'|_ | 
“in —w, Tw: 0 omg eee (9) 
+w:' +w2' +0; 0 


The dual to @ is Q’= |wim|, where /m arises from ik so 
that iklm represents an even permutation of 1, 2, 3, 4. 
Thus 2 results from 2 by exchanging w’ and w. 

In E, the sphere Sz is invariant under the quaternary 
real (proper) orthogonal transformation x’= Ax, where 
A is the same matrix used in (7) above. When such an 
operation is carried out on Sz it induces on 2 an oper- 
ation of a subgroup of the symplectic group® which can 
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be constructed without difficulty by observing that 2 
is a (covariant) tensor of second rank: 


5 | 1dnm | 
Whk = i | |@lm; 
i,m | Api2km| 


(l<m), (10) 


where the a,, in the two row and column determinants 
are again the elements of the matrix A. These trans- 
formations may be easily shown to constitute a group 
governing the w. 

We digress briefly from our objective of setting up 
expressions for velocities in order to make a statement 
upon which rests the correlation with the Lorentz group 
announced above and developed in the following: When 
in (10) the following equality subsists (wy’ we’ ws’) 
= + (w1,we,w3), or also: w’ =-+w, then the transforma- 
tion coefficients of the w; in (10) become pairwise equal 
in such a manner that @ is transformed by a three- 
dimensional orthogonal transformation. We write this 
out in full because of its importance: 


















































d210% 22023 | — 
= w@4— | 

431034 432033 431033" 

! 

2114 44| 412013 411013 
w.*= @1— 

431034 432033 431033 

@11014 | @i2d13 411413 
ws" = ~ w1— 

21024 422023 421423 





The plus and minus signs between the determinants 
belong to the corresponding signs of the preceding 
and w’. The coefficients on the right may be verified to 
constitute an orthogonal matrix, and therefore in this 
case there exists a rotation of w for every four-dimen- 
sional rotation of Sz in Ey. In the matrix 2 we have 
then w12=W34; @13= —W24; W14= 23. 

The property of every four-dimensional orthogonal 
matrix given here, namely that any two complementary 
two-by-two determinants taken from such a matrix are 
equal, and that the sums and differences of the nine 
possible pairs of such determinants (employing all 16 
quantities a,,) constitute a three-dimensional orthogo- 
nal matrix, was first enunciated by Study.® That the 
correlation is a homomorphism and not a mere corre- 
spondence may be verified without difficulty. 

If we rewrite (8) in the form x’=x+Qxd1, and insert 
its matrix 1+Qdt in (7), we get to first order in dt 


R(dX/dt) = R’w’ + (X-@’)X+R(o@XX), (12) 

5H. Weyl, ye Groups (Princeton University Press, 
Princeton, 1946), p. 1 

®E. Study, Am. J. rath. 29, 101 (1906). In Appendix I we 
give a different demonstration of the homomorphic mapping of 
the four-dimensional orthogonal group upon the three-diinen- 
sional, which makes it easy to see the group preservation of the 
map. 





@2| | Gai 23024 
| jo +{ | = Ws, 
yg ont @31032| | @g3@s4 
| @y4012 |@i1@y2| — | 213014) 
| Jost | W3, (11) 
434032 | 231032 | 233034 
414012) | [@11@12| | 13014] 
3. 
424022! | | 21429 23024 




















where the usual scalar and vector product notations 
have been employed. 
From (12) the following results follow: 


(i) When w’=0, (12) represents a velocity of rotation 
about the axis w. 

(ii) When w=0, we call (12) a pseudorotation ve- 
locity, and say that its axis of pseudorotation is ’. It 
may be shown that this motion is that of points in 
E; along transverse generator circles of the pencil of 
toruses that intersect the sphere Zz orthogonally and 
that have w’ as axis. In Fig. 2, T represents such an 
axis; C,; and C, are examples of trajectories of points. 
The points of space move around points of the equator 
of Zz whose trace is the pair of points BB’: the motion 
is positive if counterclockwise around B’ (and therefore 
clockwise around B) and the points of the axis ! move 
in the direction of the arrow shown. The motion is that 
of a smoke ring and has been described by the author 
on other occasions.’ 

In general, mass points in the elliptic space e; have 

7J. Kronsbein, Proceedings of the International Congress of 
Mathematicians (American Mathematical Society, Providence, 
Rhode Island, 1952), Vol. I, p. 496; Proc. Indiana Acad. Sci. 60, 
280 (1950) ; “Proceedings of the Midwestern Conference on Solid 
and Fluid Mechanics,” Purdue Univ. Eng. Bull., Research Ser. 


128, 315 (1956). (The last paper contains an application to 
hydrodynamics.) 
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Fic. 2. C: and C2 are transverse generators of a torus of radius 
n which is generated when the figure is spun around the axis I. 
When the spin velocity is the same as the increase of the angle 
shown, a Clifford translation results. Points then move along 
circles intersecting Dz in diametrically opposite points. 


velocities given by (12) in which w and @o’ are not 
equal; that is to say, rotation and pseudorotation axes 
have neither the same direction nor magnitude. The 
corresponding trajectories are visible in £;“ as com- 
binations of rotations and pseudorotations. Thus, a 
velocity in ¢; involves 6 constants, w and w’: the 
former are angular velocity components of the ordinary 
kind known from Euclidean space ; the latter are angular 
velocity components of points around a circle which 
lies in a plane whose normal has direction cosines pro- 
portional to a’. 

When w= +a’, the rotation and pseudorotation axes 
coincide, and the angular velocities of rotation and 
pseudorotation are equal in magnitude. There is then 
simultaneous rotation about the axis T at angular 
velocity w= (w;’+w2*+w;*)!, and pseudorotation at the 
same angular velocity (in Fig. 2 this is A) about a circle 
of radius R with center on and at right angles to ’. The 
result is motion of points at elliptic velocities 


R(dX/dt) = R’w+ (X-@)X+R(@XX). (12a) 


It is easy to show (and will be seen in another way 
below) that the points of E;“ move along elliptic 
straight lines which are also oblique generator circles 
of the already mentioned pencil of toruses with axis I’. 
One way to do this is to let @ coincide with the X* axis 
by taking w= (0,0,w;) and integrating the system of 
first order differential equations (12a). According as 
the upper or lower sign in the last term is chosen, a 
different set of generators is obtained, inclined at 
different angles to the X'X* plane: we speak of “right” 
and “left” generators in the following. A few “left” 
generators are shown in Fig. 3, and the axis is the 
limiting line. Since no two generators of one set inter- 
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Fic. 3. View of several Clifford parallels with axis shown. When 
the axis is oriented so its upper end points upwards, the circles 
shown represent left Clifford parallels. The equator also represents 
one of the pencil of parallels to the axis. A complete representation 
involves doubling of all Clifford lines, with opposite orientation, 
but this is not necessary for the present investigation. 


sect, and again no two generators of the other, the 
motion is entirely determined by the direction of the 
axis and the specification “right” or ‘left’? generator 
lines, and since furthermore all these are elliptic straight 
lines, the motion resembles in many ways the displace- 
ment of points of Euclidean space along a pencil of 
parallel lines—a motion that is usually called ‘“trans- 
lation”: it is therefore suggestive to denote the motion 
determined by (12a) as Clifford translation in honor of 
the English mathematician of the 19th century 
(1845-79) who first studied analogous motions.® 
By way of example, we write out (12a) explicitly, 

taking w= (0,003), and with X“ and X* lying (rea- 
sonably) close together : 

XY = X'+[(X1X*F RX*)/R jwsdl, 

X” = X°+-[(X?X*4RX!)/R wed, 

X¥ = X3+ {[ R°+ (X3)?]/R} wad. 
The resemblance to an ordinary translation is obvious. 
We say that this motion is a “Clifford translation 
parallel to the w; axis.” Thus (12a) is a Clifford trans- 
lation velocity parallel to the axis w, and we specify 


“right” or “left” according as the upper or lower sign 
in front of the vector product is chosen. It may be 


(12b) 


8 The motions studied by Clifford were those of points in 
Euclidean space along one or the other set of reguli of a pencil of 
hyperboloids of revolution of one sheet: a sort of screw motion 
which has become known as Clifford translation in geometry. In 
our case the trajectories are closed lines which are straight in the 
elliptic sense, but circular in the view of the Euclidean observer 
in spherical space. The lines can also be shown to be “equidistant” 
in elliptic measure, and therefore parallel in a deeper sense. The 
motion with which we are concerned is a true non-Euclidean 
translation. Hence the name. 
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shown (and this has been done by the author’) that all 
motions of ¢; and E£;“) may be obtained by suitable 
composition of Clifford translations. 

The manner in which points move during a Clifford 
translation may also be seen intuitively by examining 
Fig. 3. The sphere Zz is shown, and some Clifford 
parallels from a pencil are: the equator circle of Zz; 
the set of oblique circles which were mentioned above 
as lying on a torus and also penetrate Lz in diametri- 
cally opposite points; also the axis I itself, which is 
shown as a straight vertical wire. If this is oriented so 
as to point upward, these “parallels” are easily seen 
to be “left” in the usually accepted sense of anticlock- 
wise spin about I’. When all the points of ¢; or E;‘ 
are subjected to Clifford translation, they move 
simultaneously along these circles and the axis I. In 
€3 points move either only within Zz, at most from one 
end of an elliptic straight line starting on Zp to the 
other, and then reappear at the diametrically opposite 
point; or they move only outside 2z; as an alternative, 
pairs of points move in this manner. In £;“ on the 
other hand, the points describe the entire circles, which 
are thus closed orbits. 

A suggestive method to clarify the physical meaning 
of pseudorotations is given by examining the group of 
motions in the limit R— » when the Einstein universe 
becomes flat. For this purpose the use of the quaternion 
calculus mentioned in Appendix I is especially appro- 
priate. The relation (1) is equivalent to ears +2 





\ 
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where x stands for the real quaternion ix;+ jx2+kxs 
+2, The rotation «’=pxp induces the rotation 
X’= PXP for all R. This correspondence remains valid 
for R— . The full orthogonal group of E, is obtained 
by combining these rotations with the pseudorotations 
QXQ.° If we put Q=1+a/2R (or also Q=exp[a/2R)) 
we find in the limit, using (1A), 


LimX — X+a, 


which is a translation. Thus a pseudorotation corre- 
sponds to translations in a flat space E; (not to be 
confused with £;“). This correspondence is not an iso- 
morphy for finite R. The fractional linear transformation 
(7) in €; therefore corresponds to the Euclidean motions: 
rotation plus translation in £;. Since Clifford translations 
are obtained by successive rotations and pseudorotations 
with the same axis and angle, i.e., with Q=P or O=P, 
according as left or right translations are desired, they 
correspond to helicoidal motions in £3. In this limit, 
Clifford lines, or elliptic straight lines, become Euclidean 
straight lines. For large R they can then be visualized 
as helices along which the mass particle turns through 
an angle |a|/R as it undergoes a translation a, because 
for finite R the angle of rotation or pseudorotation is 
given by tan3\= —|al/2R. 

We proceed to compute the metric tensor gi; for the 
space X‘ and X‘=ct from (1), using conventional 
methods. This enables us to give distance measure in 
e; and EE; and to show that during Clifford trans- 


wus Mee (1A) lation points moving along Clifford parallels cover 
114+X/R| equal elliptic distances in equal times. It is found that 
[fa~ GPF} —xx —X1X: 0 
R) -Xx? [4a-(X)"]) -xx 0 
ga | =—| ° ; (13) 
A) -xixX —X*X* [A—(X°*)*] 0 
| 0 0 0 —A?/R? 


and g=—R*/A‘; every member of the matrix being 
multiplied by R?/A? as indicated. 

It is immediately inferred from the vanishing 
elements in the fourth row and column of (13) that the 
elliptic X* space is static; the same applies to the 
spherical space E;“* in (x,y,2). 

The spatial line element is 


do? = R°[ AdX?— (X-dX)?]/A?, 
and the interval in the associated space-time is 
—ds*=do?—d(X*)?=de?—cd?’. 
The contravariant tensor to (13) is given by 
gh =[R+(X9*]A/RY, gt =AXXYRY, 
(tx), g4*=0, g4¥=—1. 


With these quantities we are enabled to compute the 


(14) 





quantities I'y,; and T'y:'. We omit the former as they 
are not required for our immediate purposes; the 
latter are 

r,t=—2X'/A, Tyf=—X'/A, Tut=0, (c¥x), 
and all others are zero. 

Thus we may write down the differential equations 
for the geodesics in X‘ space by setting equal to zero 
the covariant second derivatives with respect to an 
arbitrary (not null) parameter ): 


(15) 

















DX: @X* 2 ap aX 
Dh idl. hhh. a. « 
(16) 
DX! @X! 
(eincsoing 
dy dy? 


9 See, e.g., J. Kronsbein; Proc. Indiana Acad. Sci. 60, 280 (1950). 
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They are satisfied by all proper and improper 
(inaccessible) straight lines of elliptic X‘ space, that 
is to say, all those circles in E;“ or (x,y,z) that intersect 
Ye in diametrically opposite points, and all its great 
circles. 

We write down explicitly an integral of (16) which 
also represents a modification of so-called toroidal 
coordinates, and for simplicity here assume R=1: 








- sinhu cos(g+6) sinhy sin(gd+6) 
cos(ghk+e) cos(gh+e) 
cosh?u 


X*=tan(gd+€); 17) 


ee; 
cos*(gd+e) 

(x *) g cosh*y sin(gd+e) 
an) cos*(g\+ ) ; 





These satisfy (16) as functions of \, where g is inde- 
pendent of A, and it may be shown that a fixed yu 
determines a torus of radius n=1/sinhy (Fig. 2). In 
X‘-space \ has a range —2/2 to +2/2; with fixed 6 
and ¢ this determines an oblique generator circle of the 
torus, or a Clifford line as shown in Fig. 3. The quantity 
5 gives the position of such a circle relative to the 
x-axis in E;“) or relative to the X1-axis in elliptic ¢;. 
In terms of the spherical space variables these 
equations become the following, which are useful in 
applications although they are not orthogonal : 








sinhu cos(g+6) sinhy sin(gd+6) 
coshu+cos(gA-+ e) - coshu+cos(gd+ e) 18) 
sin(g\+e) coshu—cos(gd+e) 








2= ; f= ’ 
coshu+cos(g+ e) coshu-+cos(gd+e) 


Integration of the line element do along a geodesic, 
or elliptic straight line then yields the distance between 
two points X‘ and Y‘, in vector notation X and Y: 


((XXY)?+?(X—Y)?} 

R+(X-Y) 
This shows that the length of a straight line in ¢; is +R, 
but in EZ; is 27R, and all straight lines have the same 
length. 


The interval in the four-space X‘, that is, elliptic 
space plus time, is now found from (12a) to be 


ds=cdt{ 1 — R**/e}}=cdty. 





d=R arctan (19) 


(20) 


The factor y in (20) is a Lorentz invariant, with Ro 
representing a velocity, or Rw a speed, in a well-defined 
Clifford direction, and ds/c=dr is the differential of 
eigentime of a moving particle, while dt is that of 
coordinate time and world time.” Comparison of (12a) 


10 Landau and Lifshitz, reference 1, p. 274. 


JOHN KRONSBEIN 







































with (17) [or (18)] now shows that the parameter \ 
may be identified (but for an additive constant) with 
wt = tLw?+w2?+w;? }}. 

When the angular velocity @ is constant (in direction 
and magnitude), we have the analog in elliptic space es 
or spherical space EZ; of an inertial system in ordinary 
Euclidean space. We may exemplify this as follows: 
Suppose there is in e; or EZ; an observer A at rest 
relative to a coordinate system X‘, and another B at 
rest relative to a coordinate system X‘ which has its 
X? axis parallel to the X*-axis and also that the second 
system is undergoing a Clifford translation at constant 
velocity w in the Clifford direction w;, say, and where it 
must be specified whether the direction is right- or 
left-handed: then A may describe an event in terms of 
\,t while B will describe the same event in terms of 
\’,t’, and these are related by 


RN =(RA—Rot hy; U=[1-—Red/Ay. = (21) 


The factor R derives from the distance relation (19) 
and is the same on both sides of the equation. These 
values may be used in (17) or (18), and in turn in (12b) 
to describe events in ¢; or E;. 

A set of coordinates which transforms under the full 
(proper) Lorentz group is that of ray space plus time. 
The set of direction cosines of I multiplied into the 
Clifford angle \ of simultaneous rotation about I and 
pseudorotation about the equator of 2, orthogonal 
thereto, with BB’ as trace in Fig. 2, namely 
(A,m\,nd; cl) represents an explicit set. Furthermore, 
whenever the velocity four-vector (Rw,y/c; iy) under- 
goes a transformation associated with the Lorentz 
group, the corresponding four-vector of Clifford 
velocity plus coordinate time has a transformation 
induced upon it by virtue of the relations derived here. 
This completes the foundations as announced, since a 
rotation of the spatial axes (J,m,n) together with a 
special Lorentz transformation generates the full 
Lorentz group." 

The procedure is by no means unique. An especially 
simple example is furnished by choosing from the 
transformation group represented by (7) that subgroup 
for which ad44=1, a4,=a,4=0, and combining this with 
the special Lorentz transformation. This subgroup is 
clearly a rotation on X‘ which leaves invariant the 
spatial line element formed with the elements g,, from 
(13), as well as the interval formed with the entire 
tensor. Thus the Lorentz invariant again arises since 
the subgroup also leaves invariant dX’—cdé. The 
correspondence between the rotation group thus set 
up, and the entire group on ¢; is seen to be even an 
endomorphism on the full space-time group ¢3 plus 
time.” 

A general method for generating the Lorentz group 

1 L. F. Thomas, Phil. Mag. 3, 1 (1927). 


12 See, e.g., Van der Waerden, Modern Algebra (Frederick Ungar 
Publishing Company, New York, 1943), Vol. 1, p. 31. 
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from any event subject to the three-dimensional 
rotation group is relegated to Appendix IT. 

The most vivid demonstration of these connections 
is probably obtained in the following manner, using 
(17). Making the constant g=1, and substituting 
A—A+A1, induces a Clifford translation in the X*- 


direction, since 
X' cosd\;— X? sind, 











X*/R= : 
— X* sin\;+-R cosa 
x} sin\;— X? COSA, 
X*/R= ; (22) 
— xX sin\i+R COSA, 
X® cos\i +R sind; 
X*/R= q 
— X* sinki +R cosv; 


This is, however, simply the transformation (7) with 
matrix 


cosA; —SsinA; 0 0 

sind; COSA, 0 0 , 
0 0 COSA; sind, . (23) 
0 0 —sind; COsA; 


which in turn is the quaternion operation x’ =Qx with 
Q=k sind\;+cosd,, hence a left translation. The axis T 
has direction cosines (0,0,1), and the Clifford angle (of 
rotation plus pseudorotation) is \;. The coordinates y, 
5, \ are given the name Clifford coordinates because of 
their significance with respect to Clifford translations 
and parallels. Now determine the line element measured 
along an elliptic line in the X*-direction, keeping u and 
6 constant, and inserting in do® the expressions (using 
once more the factor R) 


R sinhy sin(6— )dd 








dX! 
cos?(A+e) 
R sinhy cos(6— e)dd 
dX?= ; (24) 
cos*(A+e) 
Rd 
Wid stiencishinesboes, 
cos?(A+ e) 
The result is 
do? = R*{ AdX?— (X-dX)* ]/A?= R*dd’, (25) 


and the interval turns out to be the Lorentz invariant 
—ds=d?— R*dn’. (26) 
This expression is invariant under the Lorentz 
transformation 
Rd\= RN cosh¢+ct’ sinh¢, 
ct= RX’ sinh¢+cl’ cosh¢, 
where cosh¢=y=1/[(1—R’w*/c*) }! and Rw is the 


Clifford velocity in the X*-direction in the Clifford 
sense, of the primed relative to the unprimed system. 


(27) 





IN SPHERICAL AND ELLIPTIC SPACE 
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Substituting these expressions in (17) yields the trans- 
formations induced on X‘, namely, of the general form 


X= Fi(X1,X3,X3,X6; @). (28) 


If another operation is carried out, with angle W say, 
the result is 


Xi F(X XX X™:- WV), (29) 


where the F’ are the same functions of the X*‘ as were 
the F‘ of the X‘, and hence 


X**i= Fi(X1,X?,X4,X4; ¢+-W), (30) 


Thus the transformations (28) and (29) are equivalent 
to the single transformation (30), and the entire set is 
a one-parameter Lie group isomorphic to the Lorentz 
group.” To the identity corresponds the parameter 
value ¢=0, i.e., the identical operation of the special 
Lorentz group (27). It need hardly be elaborated how 
the argument continues to obtain the following state- 
ment: 

The group of transformations on static spherical or 
elliptic space-time X*, or also, the group on the Einstein 
universe, has a subgroup which is simply isomorphic to the 
special Lorentz group; furthermore, a more extensive 
subgroup exists which is simply isomorphic to the full 
(proper, and future-preserving'*) Lorentz group. 

The last part of the statement is easily seen when 
combining (27) with a rotation group on the spatial 
axes as first noted by Thomas,” and at the same time 
combining (28) with an isomorphic rotation group on 
XxX 

It will be clear that (27) induces infinitely many 
transformation subgroups of spherical space-plus-time 
(the Einstein universe), of which one may be chosen 
at will by specification of the Clifford axis and left or 
right sense of Clifford translation. 


APPENDIX I 


The group of four-dimensional rotations may be 
represented by the composition of unit quaternions: 
if ixj+ jxet+kx3+x%4=% is a variable quaternion, and 
igtjgtkgstga=Q and ipitjpoetkpstps=P are 
fixed unit quaternions, that is to say, have unit norms, 
the most general quaternary orthogonal transformation 
of the x; is given by 

x’ =QxP, 


where the usual quaternion operations are involved. 


18Tt should not occasion any surprise that the transformations 
thus induced on elliptic space-time variables X* are not simple 
linear functions: a glance at Fig. 3 makes it evident that it will 
be advantageous to use the Clifford coordinates yu, 6, 4, when 
studying relativistic events in the Einstein universe. 

The future-preserving property is assured by cosh¢>1 in 
(27); this (together with certain functional relations) is the 
mathematical expression of the principle of causality which is thus 
nothing more than a restriction to one coefficient-continuum (out 
of four) of the complete Lorentz group. See, e.g., F. Murnaghan, 
The Theory of Group Representations (The John Hopkins Press, 
Baltimore, 1938), p. 352 ff. 
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Now the ternary (three-dimensional) orthogonal trans- 
formations are given by 


x’ =Qx0), 


where Q is the conjugate quaternion. Hence 
x’ =QxQ0P=QxQB, (Al) 


where B is another quaternion. The operations y’ = yB 
are called right translations, and may be shown to be 
the representatives of the Clifford translations described 
in the text. They clearly have group property. In (A1) 
each right translation of the quaternary rotation group 
is mapped upon the entire ternary rotation group, so 
that we have a homomorphic map of the quaternary 
rotation group upon the ternary rotation group. It can 
be shown (and has been done by the author in the 
publications mentioned) that every motion in ¢3 or 
E; may be composed of a left Clifford followed by a 
right Clifford translation. 

Similar remarks apply to the left translations of 
quaternions and their associated motions in ¢; or E;“*. 
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APPENDIX II 


It has been known for a considerable time’ that 
Lorentz transformations can be constructed easily by 
the aid of spinors. We show here how pseudorotations 
may be used to construct proper, future-preserving 
Lorentz transformations; it will be seen that these 
considerations may be extended without difficulty to 
include the four separate continuous coefficient mani- 
folds of the Lorentz group. 

Suppose we have given an event subject to a given 
rotation matrix with axis having direction cosines 
(l,m,n) and rotation angle \. Its matrix is determined 
by setting up the quaternion Q=il sin}\+jm sin}\ 
+kn sin}\+cos}\ and then forming QxQ. Any ternary 
rotation matrix may be put into this form and it is 
written in 4X4 matrix form with the fourth row and 
column elements a4, and a,4 zero and a44=1. The asso- 
ciated pseudorotation matrix is obtained by forming 
QxQ. The result is the matrix 


1—2P sin*3X —2imsin*3\ —2nsin33\ —lsind 

—2lm sin?3) 1—2m?sin?4\ —2mnsin*3\ —m sind 

—2in sin*3) —2mnsin*4\ 1—2n?sin*%4. —mnsind}" 

+/ sind +m sind +n sind cos\ 
If in this matrix the angle \ of pseudorotation is changed to the purely imaginary angle id, the result is the Lorentz 
matrix 
1+2P sinh*4@ 2m sinh*34¢ 2In sinh*34@ —il sinh¢ 
eas 2im sinh*}¢ 1+2m’sinh*3@ 2mnsinh*4¢ —imsinhd (31) 
~ | 2In sinh? 2mn sinh*4@ 1+2n*?sinh*4@ —in sinhd@|’ 
| +l sinh¢ +im sinh¢ +in sinhd cosh¢ 


which operates on the variables x, y, 2, ict. The purely 
imaginary angle ¢ of pseudorotation is easily identified 
by their relation tanh¢=v/c, where v is the relative 
velocity of observer and observed. The special Lorentz 
transformation (27) used in the text is obtained by 
choosing the direction cosines (/,m,n)=(0,0,1). The 
procedure is similar to Weyl’s “unitary trick” on 
spinors, but it is simpler. No difficulty is encountered 
when expanding this matrix to that of the full (proper 
and future-preserving) Lorentz group by combining 
with a ternary rotation matrix written as indicated 
above in 4X4 form. The result is the Lorentz trans- 
formation depending upon 6 independent parameters. 
An infinite number of Lorentz transformations corre- 





sponds to a single pseudorotation because the range 
of ¢ is zero to infinity, while that of is 0 to 27.!6 

The above pseudorotation matrix is obtained from 
its associated rotation matrix by means of a rotation 
through 90° about any axis orthogonal to (/,m,n), and 
then executing a 90° pseudorotation with axis orthogo- 
nal to both the preceding. Thus group properties are 
seen to be preserved when going over to the Lorentz 


group. 


167. L. Synge, Relativity: The Special Theory (Interscience 
Publishers, Inc., New York, 1956), pp. 103-110; F. Murnaghan, 
reference 14, pp. 352-362. 

16 Murnaghan, reference 14, contains a full discussion of this 
phase of the subject. 
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A general expression for the elastic scattering amplitude of two systems of arbitrary spins is derived in 
terms of the particle spin operators and momenta. Invariance under space and time translations and space 
rotation is assumed. Time-reversal and space-rotation invariances are shown to require certain terms of the 

. derived expression to be zero. Two cases are considered; the scattering of two systems of finite mass, and the 
scattering of a massless particle from a system of finite mass. 





I, INTRODUCTION 


T is desirable to know to what extent the scattering 
matrix describing any particular scattering situa- 
tion is determined by general symmetry principles. 
Various authors have discussed the implications of 
invariance to space rotations and reflections and time 
reversal for the elastic scattering of two particles of 
particular spin values.' (The spin values most often 
considered are 0, 4, and 1.) In this paper, a similar 
investigation is made for the elastic scattering of two 
systems of arbitrary spins. The purpose of this inves- 
tigation is twofold. First, systems with spin values 
higher than those ordinarily considered exist in nature; 
examples of such systems are certain complex nuclei. 
The importance of scattering experiments involving 
systems of various spin values has increased in recent 
years because of the improvement of experimental 
techniques for producing and detecting polarized 
systems. The theorems presented here apply to all 
such elastic scattering experiments. The second purpose 
of this paper is to help clarify the basic role of the above- 
mentioned symmetry principles in scattering problems. 
In Secs. II and III, the scattering amplitude is 
expressed in terms of variables of the center-of-mass 
system. Invariance of the amplitude to space and time 
translations, and space rotation, is assumed throughout 
the paper. The implications of invariance with respect 
to space reflections and time reversal are discussed in 
Secs. IIB, IIC, and III. Some remarks concerning the 
transformation of the scattering amplitude to Lorentz 
systems other than the center-of-mass system are given 
in Sec. IV. 

Two general cases are considered: the scattering of 
two systems of finite mass (Sec. II), and the scattering 
of a massless particle from a system of finite mass 
(Sec. III). The assumption that the theory is invariant 
to the group of proper, inhomogeneous Lorentz trans- 
formations requires that these two cases be treated 
differently. In Sec. IIIB, a more thorough treatment is 
given of the special case in which the incident particle 
is a massless particle of spin one, i.e., a photon. 


1 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952); R. H. 
Dalitz, Proc. Phys. Soc. (London) A65, 175 (1952); Henry P. 
Stapp, Phys. Rev. 107, 607 (1957). 


Il. SCATTERING AMPLITUDE FOR TWO SYSTEMS 
OF FINITE REST MASS 


A. Amplitude Not Invariant under Time 
Reversal and Space Reflection 


We shall consider the elastic scattering of a system A 
of spin a from a system B of spin 8, where a and £ are 
non-negative integers or half-odd-integers. The spin 
operators of the systems A and B are denoted by A 
and B. These operators satisfy the well-known equations, 


A 3A 7 A 4A 4 1A 10 jk; 
B;B,.-— B,B;= 1B 6 jx1, 


A P+A e+A =a(at 1), 
ByY+ B+ B?=B(B+ 1), 


where the quantity # has been set equal to unity. In 
this section the systems A and B are considered to have 
finite rest mass. They may be either fundamental 
particles or bound systems of particles. 

For convenience we consider the elastic scattering 
amplitude in the center-of-mass system. The amplitude 
may be expressed as a function of the spin operators 
A and B and the initial and final momenta, i.e., 
T=T(A,B,k,,k,). It is understood, of course, that the 
amplitude is to be computed by taking the matrix 
element of the operator J between the appropriate 
spin states of the systems A and B. The amplitude T is 
assumed to be invariant under translations in space and 
time and space rotations. In this section no symmetry 
with respect to time reversal or space reflections is 
assumed. 

For any values of the initial and final momenta 
(other than those satisfying one of the relations 
k,=+k,) three normalized, orthogonal vectors (u,v,w) 
may be defined in the following manner: 


(1) 


(2) 








k;Xk, 
u= : (3a) 
[k2—(ki-k,)*}! 
k,+k; 
me (3b) 
[2(k2®+k;-ky) }* 
k,—k; 
: (3c) 





w= ; 
[2(k?—k;-ky) }! 
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In these equations, and throughout the paper, the sub- 
scripts 7 and f denote initial and final values of the 
variables in question. When not used as a subscript, 
the symbol 7 has the conventional meaning i= (— 1)}!. 
The theorem to be proved is that the scattering am- 
plitude may be expressed in the following form: 


Ds fnrsng,-+-ng (Ri? Ks ky) 
M1, N2,+++nE 
XE ep (¢A-u)™(A-v)™(7A-w)"*] 
XX p (iB-u)™(B-v)™(iB-w)"*], (4) 
where the exponents m; (j=1 to 6) are non-negative 
integers. The sum over the n’s is to be taken over all 


values of the six indices ; which satisfy the following 
four conditions: 


T= 


m=0 or 1, (I) 
ny+not+n3S 2a, (II) 
ns=0 or 1, (III) 
natnst+ngS 26. (IV) 


The quantities fnj---n¢ are complex functions of k;-k, 
and k;*= k,*, and depend on the indices n;. The matrices 
in spin space corresponding to different values of n; are 
linearly independent, so that the functions fn; are 
uniquely defined. The symbol > p denotes a sum over 
all distinct permutations of the spin operators. These 
permutation sums, and the factors 7, are included in 
Eq. (4) so that the quantities in square brackets are 
Hermitean. It may be seen from the arguments given 
below that the theorem would be equally valid if only 
one term in each permutation sum were included. 

As a first step in proving the theorem, we consider 
k; and k;, to be fixed, but not parallel or antiparallel. 
(The special cases of scattering in the forward and 
backward directions are considered in Sec. IIC.) We 
represent the components of the vector operators A and 
B along the three directions (u,v,w) by the symbols, 
Ax, Av, Aw, Bu, By, and By. For fixed values of k; and 
k,, Eq. (4) may be written 


T= > Fny---ne Tny,n9,n34 XK Tng,ng.ne", (5) 
ni++-n6 


where the Fn;---ng are complex numbers, and r4 and 7? 
are matrices in the spin spaces of systems A and B, 
defined by the equations, 


Tn ,n2,ng4 =) Pp A eA .™@AL™, 


(6) 
Tna,n5,ne" = yp B,™B,"™B,™. 


The products 74X 7? in Eq. (5) are the direct products 
of r4 and 7, 

The number of terms in Eq. (5) may be calculated 
easily. From the conditions, Eqs. (I) and (II), it is seen 
that the number N (a) of different +4 matrices in Eq. (5) 


RICHARD H. CAPPS 


is given by the following triple sum, 


1 2a—m1 2a—m1—2 
W@=> 2 2 Ut (7) 
2 n=O nom n3=0 


The sums in Eq. (7) may be carried out in a straight- 
forward manner, yielding the result, N (@)=(2a+1)?. 
Similarly the number of different +? matrices is given 
by NV (8) = (26+1)*. Since the restrictions on m,, m2, and 
nz [Eqs. (I) and (II) ] are independent of those on mu, 
ns, and me [Eqs. (III) and (IV) ], the number J of 
different product matrices in Eq. (5) is given by the ex- 
pression, V = N (a)N (8) = (2a+1)?(28+-1)*. Since there 
are (2a+1) possible spin orientations for the system A 
and (28+-1) orientations for the spin B, (2a+1)?(28+1)? 
linearly independent matrices form a complete set in 
spin space. Therefore, it is sufficient to prove that the 
matrices in Eq. (5) are linearly independent in order to 
prove the theorem for fixed k; and ky. These matrices 
are direct products of the matrices r4 and 7%. Since the 
conditions on m,, #2, and m3 are identical in form to 
those on m4, 5, and m,, we need only show that the 
(2a+1)? matrices rni,non34 are linearly independent 
for all values of a. 

In order to prove the linear independence of the 74, 
it is convenient to work in a representation in which A, 
is diagonal. The basic vectors in this representation are 
the spin functions &”, which satisfy the well-known 
relations,’ 


Auga™= Mia", 
(AptiAw)Ea™=CEa™™ if m<a, 
=0 : if m=a, (8) 
(A,—tAw)ta"= (C™™)*E.”"' if m>—a, 
=0 if m=-—a, 


where the C™ are nonzero, complex constants, the value 
of which is not important for our purposes. We shall 
construct (2a+1)? linearly independent matrices, each 
of which has only one nonzero element in the representa- 
tion defined by the &.”. These matrices we denote by 
Qmys,m;, where m,; and my are the initial and final m 
values of the nonzero element. The proof (for fixed k; 
and ky) will then be completed by expressing the 
@my,m; as linear combinations of the 74. 

If ms=m;, Qms,m; may be expressed as the following 
product : 


a — (ms —mi) 


Gmgmi=[(AvtiAw)™™]X[C TI  (Au—s)]. (9a) 


s=—a, sm 


The index s in the product factor involving A, runs 
through all (integral or half-odd-integral) values from 
—a to a— (m;—m,) except the value m,. 

It may be seen from Eqs. (8) that the above equation 
has the desired properties. The operator J], (Au—s) 


2E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), p. 48. 

















FORM OF SCATTERING AMPLITUDE 


annihilates £,” unless either m== m,; or m>a— (m;—m,). 
The operator (A,+iA,)"~™ then annihilates £,” if 
m>a—(m;—m;) and raises £." to a constant cimes 
f.™. Thus the @my,m; defined in Eq. (9a) are of the 
desired form. The corresponding operator for the case 
m;> my is 


Qmy m= [(A,— iA ov} 


st 


xC oH 


s= —a-+(mi—my) 
smi 


(Au—s)]. (9b) 


It is obvious from the form of the matrices @my,m; in 
the £.” representation that they are a set of (2a+1)? 
linearly independent operators. It is seen from Eqs. (9a) 
and (9b) that each @ is a polynomial of degree 2a in 
A,, A», and A,. In each term of each polynomial the 
operators A, which occur are grouped together on the 
right. If each pair of A, operators is replaced by the 
operator a(a—1)—A,?—A,,? [see Eq. (2) ], the result- 
ing terms are of either zero or first order in A,. The 
numbers of times the operators A,, A», and A» occur 
in each term of each @m;,m; are now identical to the 
numbers of times they occur in some one of the oper- 
ators tnj.non34. One only has to reorder that A; 
(j=, 2, w) in order to express the @ as linear combina- 
tions of the 74. Because of the nonzero commutation 
relation [A ,, Ax ]=7A bjx1, the reordering is not trivial, 
but it may be done in the following manner : One chooses 
any of the operators @my,m; and considers first any 
term of this operator that is of degree 2a in the Ax, A,, 
and A,. This term is then split into n’ equal parts 
[ie., X= (1/n’)X+(1/n’)X+---] where mn’ is the 
number of distinct permutations of the operators A ; in 
the term. The operators 4; in the n’ parts are then 
reordered to the order in the n’ parts of the appropriate 
matrix 7n,n2,n34, by commuting the various A ;. This 
process is repeated for all terms of the @ that are of 
degree 2a. The commutation may introduce more terms 
into the @, but these terms are of degree (2a—1), as 
may be seen from the commutation relation, Eq. (1). 
Therefore, at the end of this step, the operators @my,m; 
are expressed as linear combinations of the r4 plus 
polynomials of degree (2a—1) in the A;. Some of the 
terms in these polynomials may now be quadratic in 
_ A,. If so, one commutes the A, factors to the extreme 
right and replaces them by a(a—1)—A,?—A,,?. Then 
the factors in all the terms of degree (2a—1) may be 
reordered to the order of the appropriate 74 by the 
same method used for the terms of degree 2a. This 
process is continued, the degree of the terms considered 
decreasing by one at each step, until all the terms of 
the @my,m; are exhausted. By this method the (2e+1)? 
linearly independent matrices @ may be expressed as 
linear combinations of the (2a+1)? matrices +4. There- 
for the matrices 74 are also independent. 

This completes the proof for the case of fixed k; and 
k, and shows that the theorem would be true in general 
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if the functions fn,--- of Eq. (4) were arbitrary func- 
tions of k; and ky. It is an obvious consequence of 
translational and rotational invariance, however, that 
the functional dependence of the fn;--- is of the form 
given in Eq. (4). This completes the proof. 
Expressions similar to Eq. (4) have been derived 
for certain cases of low spins by several authors.’ 
Occasionally there has been some confusion about 
choosing a set of linear independent matrices, for it is 
not immediately obvious that such operators as (A-B)" 
are linearly dependent upon the matrices r4 given here. 


B. Amplitude Invariant under Time Reversal 
and Space Reflection 


Further invariance properties of the scattering am- 
plitude lead to further restrictions on the terms in 
Eq. (4). The spins and momenta transform under time 
reversal* according to the relations A>—A, B>—B, 
and k->—k,. From these relations it is seen that the 
operators (A-w) and (B-w) are odd under time 
reversal. Thus, invariance of the scattering amplitude 
under time reversal implies that a function f of Eq. (4) 
may be nonzero only if the indices satisfy the further 
condition, 

(V) 


The spins and momenta transform under space 
reflection according to the relations AA, B-B, 
k— —k,, and k->—k,. Therefore, the operators 
(A-v), (B-v), (A-w), and (B-w) are all odd under 
space reflection, and reflection invariance of the ampli- 
tude is equivalent to the restriction 


n3+ne= even integer. 


n2+ns5+n3+nNo= even integer. (VI) 


If conditions (V) and (VI) both apply, condition (VI) 
may be replaced by the simpler condition, 


(VI’) 


Equation (4), with the possible values of the indices 
restricted by the conditions (I) through (VI), is a 
general expression for the amplitude for the elastic 
scattering of a system of spin a from a system of spin 8, 
if the amplitude is invariant under time reversal and 
spatial reflections as well as space and time translations 
and space rotations, As is the case in Sec. ITA, the func- 
tions fn,--- (k?,k;-ky) are uniquely defined. 

The expression for the number of possible con- 
tributing terms in the sum over n; of Eq. (4) or Eq. (5) 
is not as simple in this case as in the case of Sec. ITA. 
It is seen from the form of the six conditions, Eqs. (I) 
through (V), and (VI’), that this number (denoted by 
N’) may be expressed as the following sextuple sum: 


no+ns5= even integer. 


1 2a—m 2a—m2—m 1 28—m 28—m—ny 


ods MD ERE ane? SiR ae * 


n=O n= n3=0 ng n5=0 ne=0 


gL1+ (—1)*™e B14 (—1) 2], 
3E. P. Wigner, Géttingen Nachr. 546 (1932). 


(10) 
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The factor 3[{1+(—1)"*"*] in this expression 
represents the condition, Eq. (V), and the factor 
3[1+(—1)*"*] represents the condition of Eq. (VI’). 

The evaluation of these sums is straightforward, 
though somewhat tedious, if use is made of the follow- 
ing algebraic identities: 


¥ j= tmnt), (11a) 
¥ F=dn(nt1)2n+1), (1b) 
E Pade nt0), (1c) 
E (—t= a+ (-1)"), (114) 


S j(-1)'=4n(—1)44[(-1)"-1]. (Ae) 
F foo) 


The result of carrying out the summations in 
Eg. (10) is 


N’=}(2a+1)?(26+1)?+3(2a+ 1) (26+1) 
+HeL1+ (—1)%+ (—1)%4 (— 1), 


One may also specify the scattering amplitude in a 
representation in which the orbital angular momentum 
L, the total spin angular momentum 5S, the total angular 
momentum J, and the component M of the total 
angular momentum along some axis are diagonal. As 
before, we use the subscripts i and f to designate initial 
and final values of these quantum numbers. Invariance 
to spatial rotations implies that the amplitude 7 is 
independent of M; and that a matrix element of T may 
be nonzero only if M;= M; and J;=J;. Thus the matrix 
elements of T which may be nonzero and different from 
each other in a rotationally invariant theory may be 
specified by the five indices, J, L;, S;, Ly, and S;, where 
the possible sets of values of these indices are limited 
by the well-known vector addition theorems of angular 
momenta, i.e., 


(12) 


la—B| S$S;Sat8, 

la—6| SS;SatP, 
|\L.—S;| SJ SL:4+Si, 
|Ly,—S,;| SJ SL,/4+Sy. 


We denote these matrix elements, which are functions 
of the energy E, by the symbol 7y,z;,s;,1;,8;(E). In- 
variance with respect to space reflections implies that 
an element 7y,1;,s;,1;,8; may be nonzero only if 
|L;—L,| is an even integer. Invariance with respect to 
time reversal imples that T J7,11,81,L2,82= T 7,L2,89,11,51. 
We consider the matrix elements of T which corre- 
spond to a fixed energy and a fixed value Jo of the total 
angular momentum that satisfies the inequality 
Jo2>a+f. It may be shown by algebraic methods 
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similar to those used above that the number of matrix 
elements 7yo,1;,87,L;,8; Which may be nonzero and dis- 
tinct from each other in a theory invariant to space 
rotations and reflection and time reversal is equal to the 
number N’ of Eq. (12). This illustrates the connection 
between the angular momentum representation and the 
linear momentum representation. For convenience we 
have counted the terms corresponding to a fixed J; 
the results would have been the same, however, if we 
had let J vary and counted the terms corresponding to 
a fixed, sufficiently large, value of L;+Z,. The fact 
that the total number of possible values of J, or of 
L,+Ly, is infinite corresponds to the fact that in the 
momentum representation expression, Eq. (4), each 
function fn;--- may be expanded in an infinite series of 
Legendre polynomials or associated Legendre poly- 
nomials in (k;-k,/k,?). 


C. Scattering in the Forward and 
Backward Directions 


If k;=k, the directions of the “transverse” vectors u 
and w are indeterminate. Similarly, if k;=—ky,, the 
directions of u and v are indeterminate. Therefore, 
scattering in the forward and backward directions must 
be treated as special cases. Since the two cases are quite 
similar, we limit the present discussion to scattering in 
the forward direction. 

The forward scattering amplitude may be defined as 
the limit of the amplitude as ky approaches k,. The 
amplitude must be continuous, so that this limit must 
be independent of the azimuthal angle at which k, is 
allowed to approach k,. This continuity condition is 
equivalent to the more familiar statement that the 
forward amplitude must be invariant to rotations about 
the direction of the incident beam. The significance of 
this condition is that for k;=k,, the functions f of 
Eq. (4) may not be arbitrary, but must satisfy certain 
additional requirements. These requirements are dis- 
cussed here only in the case of invariance under time 
reversal and space rotations, since this case is of the 
most practical importance. 

One restriction on the functions f at k;=k,; may be 
seen from the following argument. The “time-reversal 
condition,” Eq. (V), implies that the forward scattering 
amplitude is an even function of A, and B,. Because of 
the continuity condition, the forward amplitude must 
also be an even function of the components of A and B 
in the other transverse direction, A, and B,. Hence, 
if m+-nm4=1, fni---ng(k,?, k;-ky) vanishes for k;=ky. 

Since the conditions, Eqs. (I) through (IV), are not 
symmetric with respect to the two directions which are 
transverse for forward scattering, these conditions are 
not the most appropriate for forward scattering. It 
is more convenient to allow every component of A and 
of B to appear with degrees higher than the first. We 
state without proof that, if the interactions have the 
invariance properties of Sec. IIB, the forward, elastic 
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scattering amplitude may be written in the form 
T (k:=k,) => 2 8+1,82,83(R;*) 
#1,82,83 
XLS p Av" B,?(A-B)*], 


where the complex functions gs;,s2,s3 are uniquely de- 
fined and the indices s;, s2, and s3 are non-negative 
integers which satisfy the following conditions: 


Sitss < 2a, 
Sot+53 S28, 
Si +52 = even integer. 


The functions fny---ne(ki?, ki=ky) of Eq. (4) may be 
expressed in terms of the gs1,s2,*3(k,”), if the spin matrix 
parts of Eq. (13) are expressed in terms of the spin 
matrices of Eq. (4). This may be done by the same 
method used in Sec. IIA to express the @my,m; matrices 
in terms of the 74 matrices. 

Similar considerations apply to the case k;=—ky. 
In this case, however, it is the vector w which is parallel 
to the incident beam direction. 


(13) 


III. SCATTERING OF A MASSLESS PARTICLE 
FROM A SYSTEM OF FINITE MASS 


A. Massless Particle of Arbitrary Spin 


If the system A is a massless pariicle of spin greater 
than 3, the requirement that the particle field trans- 
forms as a representation of the inhomogeneous Lorentz 
group implies a restriction on the possible spin orienta- 
tions of the particie.* The number of allowed, orthogonal 
spin states corresponding to a particular orbital state 
is two, rather than (2a+1). For such a case the theorems 
of Secs. ITA and IIB must be modified. The necessary 
modifications may be made in a simple manner by 
replacing the condition, Eq. (II), by the condition, 


my+ne+n3 <1. (II’) 


If this condition is applied, only four matrices of the 
type Tn1,n2.n34 are allowed, the matrices A,, A», A», and 
the unit matrix 1. It is clear that four matrices are a 
sufficient number, since the space of allowed spin func- 
tions of the particle A is two dimensional. The fact that 
these four matrices are linearly independent, when 
operating between allowed spin states, (for scattering 
angles other than zero or 180°) may be seen from the 
results in the last part of this section. 

It should be emphasized that the operators in Eq. (4) 
must be taken between allowed spin states of the mass- 
less particle A. We shall express the restrictions im- 
posed by Lorentz invariance on the possible spin states 
of A in a form which is applicable to particles of arbi- 
trary spin. Although the only known strongly interact- 





‘ Discussions of the properties of massless particles of arbitrary 
spins have been given by several authors. See, for example, 
Fierz, Helv. Phys. Acta 12, 3 (1939) ; E. P. Wigner, Revs. Modern 
on. 255 (1957); Sidney Bludman, Phys. Rev. 107, 1163 
(1957). 
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ing, massless particle is the photon, a formalism valid 
only for spin-one particles is not well suited to a study of 
the general properties of “masslessness,” and Lorentz 
invariance. The restriction on the possible spin states 
of particle A may be stated in the following manner: 
The spin wave function for particle A in a state of 
linear momentum k must be a linear combination of 
two functions representing the spin parallel and anti- 
parallel to the momentum.‘ (For a photon these two 
functions are referred to as representing right and left 
circularly polarized light.) 

Since we are concerned with spin functions quantized 
along different axes, we introduce the following nota- 
tion: If v is any definite vector, the symbol A, repre- 
sents the operator corresponding to the component of 
the spin angular momentum of the system A in the 
direction of v, and the symbol y,” represents a normal- 
ized spin function satisfying the operator equations, 
Aw,™=myp,™ and A*,"=a(at+1)y,™. If the axis of 
quantization is parallel to either k,; or k;, the symbols 
Yicy™ and Yecy)™ will be abbreviated to y," and yy”. 
In this notation, the spin functions representing spins 
parallel and antiparallel to k; and k, [printed &(i) and 
k(f) in subscripts] are the functions y** and y,*2, 
which satisfy the equations 


A npit*= tap **, 
Anh **= tayp/**. 


The matrix elements of the operators I and A in Eq. (4) 
must be taken between one of the two initial spin states 
y** and one of the two final spin states y,;**. 

The values of the matrix elements of 1 and A between 
the allowed spin states depend upon the spin a. In 
order to compute these values we define two sets of 
normalized, mutually orthogonal vectors. The first set 
is a right-handed, space-fixed set of unit vectors 
(x,y,z), aligned so that z is parallel to k;. The second set 
consists of the vectors (u,v;,w;), where u is defined by 
Eq. (3a), and v; and w, are defined by the relations 
v,=k,/ki, wi=uXv,. The transformation equations 
between these two sets of vectors are 


(14) 


V;=Z, 
w,=X cos¢+y sing, 
u=-—x sing+y¥ cos¢, 


(15) 


where ¢ is the azimuth angle corresponding to the final 
momentum ky. 

In order to compute the matrix element of 1 and A 
in a form applicable to polarization experiments, one 
must make an unambiguous specification of the relative 
phases of the different spin states. In this paper the 
relative phase of ¥;~* and y;* is defined by the require- 
ment that the number p in the operator equation given 
below is a positive, real number, 


(A,—iAy)*Yi2= pp. (16) 
In order to define the phases of the ¥;** relative to the 
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¥**, we make use of the fact that the angular momen- 
tum operator generates a rotation in space.* If a posi- 
tive, infinitesimal rotation dé of a vector v around an 
axis n changes v to v’, the spin functions y,” and y,-™ 
may be related by the operator equation, 

dy,” 


vr"—yp™ ‘ 
——_——_=—_-=-~iA,y,". 
d@ dé 


(17) 


The vector ky may be generated from k; by a positive 
rotation through the angle @ around the u axis, where u 
is defined in Eq. (3a) and 6 is the angle between 0 and x 
satisfying the relation k;-k;=k,? cos#. Therefore the 
y,;** may be defined by the operator equation, 


o/*= exp(— tA pt. (18) 


This definition fails if k;= —k,, but the scattering am- 
plitude for this case may be defined as the limit of the 
amplitude as ky approaches (—k;,). 

If the spin functions for the massless particle A are 
defined by Eqs. (14), (16), and (18), the matrix ele- 
ments in the spin space of A of the operators 1 and A 
may be computed by methods discussed in the ap- 
pendix. The evaluated elements, expressed in terms of 
the spin a, the azimuthal angle ¢, and the unit vectors 
v;=k,/k,; and v;=k,/k,, are given by the equations, 


Wy | Ly =W-*|1\¥i-9)=Blt+vi-v)]* (19a) 
F*| 1 | pte)= (F1)et29[3 (1—v,-vy) ]*, (19b) 
Wee|Alyte)=[tvitvtivix vy] 

Xze[3(1+vi-vy) Je, 
WW jF*| Al yt) = (F 1)*e+?06[ + viFv,—iviX Vy] 
X ga[3(1—v,-v,) Jo. 


(19c) 


(19d) 


Equations (19b), (19c), and (19d) represent two equa- 
tions apiece, one corresponding to the upper sign of the 
+ and the +, the other corresponding to the lower sign. 
If the exponents a and a—1 are half-odd-integral, the 
positive root of the quantity is to be taken. 

It may be shown from Eqs. (19a) through (19d) that, 
for fixed values of v,; and v; other than those related by 
v,;=+vy, the four matrices 1, A,, A,, and A,, are linearly 
independent when operating between the initial spin 
states y** and the final spin states ¥**. The amplitudes 
for scattering in the forward and backward directions 
may be defined as the limits of the amplitude as v, 
approaches v,; and (—v,). 


5 Rigorous discussions of the relation of the angular momentum 
operators to space rotations are given by Hermann Weyl, The 
Theory of Groups and Quantum Mechanics, translated by H. P. 
Robertson (Dover Publications, New York, 1931), pp. 185-191; 
and by B. L. Van der Waerden, Die Gruppentheoretische Methode in 
der Quantenmechanik (Verlag Julius Springer, Berlin, 1932), 


pp. 62-68. 
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B. Relation to Linear Polarization 
Representation for Photons 


If a is set equal to one in Eqs. (19a) through (19d), 
these equations refer to a massless particle of spin one 
(the photon). In this case, however, it is more common 
to use a representation in which the basic vectors repre- 
sent states of linear polarization. In order to write the 
transformation equations relating such a representation 
to the circular polarization representation used in 
Sec. IIIA, we define the symbols x;,, and x;,, to repre- 
sent spin states of photons of linear momenta k; and ky, 
with the electric vector linearly polarized in the direc- 
tion of the vector v. The phase relation specified in 
Eq. (16) is such that spin functions representing inci- 
dent photons linearly polarized in the x and y direc- 
tions are related to the circular polarization functions 
by the equations,® 

Xi, 2= (1/V2)(—¥it+¥7), 

Xi y= (t/V2)Yet+yr). 
If a definite value of v;=k,/k; is considered, it is con- 
venient to use spin functions representing linear polar- 
ization of the incident and scattered photons parallel, 
and perpendicular, to the scattering plane. Two ap- 
propriate, orthogonal spin functions for such a repre- 
sentation of the incident photon are the functions 
Xi, w(t) and x,,. where the vectors w, [printed w(i) in 
subscripts] and u are those of Eq. (15). Appropriate 
spin functions for a similar representation of the 
scattered photon are xy, wy) and xy, 1, where the vector 
w, [printed w(/) in subscripts ] is defined by the equa- 
tion W/=uX vy. 

The transformation coefficients relating the pairs of 
spin functions (Xj, w(i),Xi,u) and (xi, 2,X;,y) are identical 
to the transformation coefficients given for the corre- 
sponding unit vectors in Eq. (15). If use is made of 
these coefficients and of Eq. (20), the spin functions 
Xi, wi) and x;,, may be written in the form 


Xi, w¢iy = (1/V2)(— e+e), 

Xi, w= (i/V2) (e+e). 
The rotation operator e~‘4“’ transforms the spin 
functions x;, (i) and x;,~ into the functions xy, »y) and 
xy,u» Hence the xs, wi) and x,,~ are related to the y,*! 

by the analogs of Eqs. (21), i-e., 

xs, wis) = (1/V2)(— e+e), 

xs, u= (i/V2) (ep +e). 
The matrix elements of 1 and A in the linear-polariza- 


tion representation may be written in the simple and 
well-known form, 


(20) 


(21) 


(22) 


(xn) xs, #(4)) = @;-@, 
(xs, «en |Al xs, cm) =t(exX ey), 


®See J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), Appen- 
dices A and B. The spin function part of Eq. (5.1) of Appendix B 
of this reference is equivalent to Eq. (20) of this paper. 


(23) 
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where the vector e; represents either w, or u, and the 
vector ey represents either wy or u. One may verify 
Eq. (23) by using Eqs. (21) and (22) to write the 
Xs, «y) and x;,.() in terms of the circular-polarization- 
representation, and then evaluating the matrix ele- 
ments by setting a=1 in Eqs. (19a) through (19d). 


IV. LORENTZ TRANSFORMATION OF THE 
SCATTERING AMPLITUDE 


In Eq. (4) the scattering amplitude is expressed in 
terms of variables of the center-of-mass system. One 
may express the theorems of Secs. II and III in terms 
of any other Lorentz system, either by direct Lorentz 
transformation of Eq. (4), or by constructing three 
mutually orthogonal vectors from the particle momenta 
in the second system, and proceeding in the manner of 
Secs. II and III. 

In order to transform Eq. (4) to a different Lorentz 
system, one must transform the particle momenta and 
spin operators. In general, the transformation of the 
spin operators is quite complicated.’ However, if the 
transformation is nonrelativistic in the sense that the 
velocity v of one Lorentz system as observed from the 
other is small compared to the velocity of light, the 
spin operators may be transformed to order o/c in a 
simple manner. If the system A is a massless particle, 
the Lorentz transformation of the operators A is sim- 
plified because of the fact that a state in which the spin 
of A is parallel (or antiparallel) to the momentum trans- 
forms into a parallel (or antiparallel) state under any 
Lorentz transformation that does not involve a space 
reflection.‘ 
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APPENDIX. CALCULATION OF MATRIX ELEMENTS 
FOR MASSLESS PARTICLES 


In this appendix the matrix element equations, Eqs. 
(19a) through (19d), are proved by explicit calculation. 
In order to facilitate this calculation we define a com- 
plete set of normalized spin functions, quantized along 
the axis v;. These functions are denoted by y,", and 
satisfy the operator equations’ 


Ay;"= my;™, 
(A.+iA,Wi"=[(a—m) (a+-m+1) yr, 
(A,—iAy)yi"=[(a—m+1) (a+m) Jy". 

As in Sec. III the quantum number a, which represents 


the magnitude of the spin, is suppressed. If m= ta, the 
spin functions ¥,+* defined by these equations are 


(Al) 





7 See, for example, R. H. Capps and Gyo Takeda, Phys. Rev. 
103, 1877 (1956), Eq. (5.4). 
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identical to the functions defined by Eqs. (14) and (16) 
of Sec. III. 

Any of the matrix elements to be computed may be 
expressed in the form, 


IM = yy, | Oy), (A2) 


where m;= -ta, m;=-ta, and the operator O represents 
either 1, Az, Ay, or A;z. If the expression for y,” of 
Eq. (18) is substituted into Eq. (A2), and use is made 
of the Hermitean property of the operators O, 31 may 
be written 


m= (emit my | Oy,)= (yim | Oe-i4 why m)*, 


If the complex conjugate of this equation is taken, and 
the matrix product is expanded in terms of the set ¥,”, 
one obtains 


SME = Pim Wi | Opi) eA), (AB) 


The matrix elements of the operators O may easily 
be determined from Eqs. (A1) and the obvious relation 
(wi | 1p") =6m;,m2. Formulas for the matrix elements 
of the rotation operator exp(—iA,) are listed by 
several authors.* This operator generates a rotation by 
the angle @ around the axis u, defined by the relation 
u= —x sin¢+y cos@ [Eq. (15) ]. The relations between 
the angles @ and ¢ and the Euler angles (a,6,7) used in 
reference 9 are 0=8 and ¢=a=—y. If these relations 
are used to express the rotation in terms of 6 and ¢, 
the formula of reference 9 for the matrix elements of 
exp(—iA,6) may be written in the form 


(Wi | eA) 
= etd (m—™) (a+ my) !(a— my) !(at+-m) !(a—m) |} 
ed) 
. omtiena) !(a-+my—x) !(k-+m— my) x ! 


x (cosye=tor-=-(—sinjo) mors 





(A4) 


The matrix elements SM may now be evaluated from 
Eqs. (A3), (A4), and the elements of 1, A;, Ay, and A,. 
These elements may then be expressed in terms of cosé 
by means of the identities cos(3@)=[4(1+-cos@) ]! and 
sin (36) = [3 (1—cos@) ]}. In order to show the equivalence 
between the results and Eqs. (19a)—(19d) of Sec. III, 
one need only express the latter equation in terms of 
6, @, and the unit vectors (x,y,z) by making use of the 
further relations, 


V;=Z, 
Vs;=z cos#+ x sin@ cos@+-y sind sing. 


SE. P. Wigner, Gruppentheorie und ihre Andwending auf den 
Quantenmechanik der Atomspektren (Friedrich Vierweg and Sohn, 
Braunschweig, 1931), pp. 180 and 232. 

9M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley and Sons, Inc., New York, 1957), pp. 48-54. The phase 
relations between the different spin functions in this reference are 
the same as in this appendix. 
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Variational principles are designed for the solution of the Schrédinger equation when a point source is 
placed in the presence of an inhomogeneous, absorbing medium represented by an arbitrary complex 
poteritial function. When the point source is allowed to recede to infinity, these stationary structures 
reduce to variational principles for the wave function in the standard scattering problem, namely the 
outgoing solution to the Schrédinger equation for an incident plane wave. Finally in the asymptotic region, 
the well-known bifunctional variational principles for the transition amplitudes arise automatically from 
the stationary forms for the wave function describing the standard scattering problem. A few examples 
leading to variationally improved wave functions are discussed. 





INTRODUCTION 


HE object of the present report is to draw atten- 

tion to the fact that variational principles may 
be constructed for the solution to the point source 
scattering problem. Then, by allowing the point source 
to recede to infinity, these stationary structures become 
variational principles for the wave function describing 
the general propagation problems defined by a plane 
wave incident upon an inhomogeneous medium. Fur- 
thermore, upon selecting the observation point in the 
asymptotic region, the variational principles for the 
wave function reduce, as they should, to the well-known 
bifunctional variational principles for the transition 
amplitude. 

In Sec. I, two variational principles for the point 
source problem are discussed while Sec. II develops 
stationary expressions for the wave function in the 
ordinary scattering problem. A few simple applications 
are given in Sec. III. Although these variational prin- 
ciples need not in principle be restricted to single- 
particle scattering, this study will be limited to poten- 
tial scattering where the potential may be nonspherical 
as well as complex. 


I. POINT-SOURCE VARIATIONAL PRINCIPLE 
The point-source problem is defined by the equation 
(V?+k?— U(r) ¥(p,r)=4(r—p). (1) 


Upon including the outgoing boundary condition, the 
integral equation for the symmetric function YV(p,r) 
may be written as 


¥(p,1)=G(1,p)+ f G(r,r)U(r)¥(p,r)dr’, (2) 


where G(r,r’) is the free-wave Green’s function 
G(r,r’) =e%*lt-8'1/—4r|r—1'|. (3) 


Thus (2) represents the problem of a point source at p 
in the presence of the medium described by the complex 
potential function U(r), and behaves asymptotically 
like the following outgoing wave: 
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eikr 
lim ¥(p,r) = Jewrs fur u(erevar| 
ro rn r 
etkr 
= (—k/p). (4) 
—4rr 


Here, k is a vector of magnitude k pointing in the direc- 
tion r, and ¥(—k| p) is the wave function evaluated at 
the source point p which describes the motion of a plane 
wave incident in the negative k direction and scattered 
by U(r). We note in passing that (4) contains the 
statement of reciprocity, namely, 
_ ¥(p,r) 
lim ——— 
™* G(r,p) 
which states that the relative magnitude of the field 
due to a point source placed at p when observed along 
the k direction in the far-field region is the same as the 
magnitude of the field observed at the near-field point 
p when a plane wave of unit amplitude is incident upon 
the scattering center in the —k direction. 

The following expression defines a variational prin- 
ciple for the point-source problem: 


Si(r,p) og 2 (r,p) 


“ f V(r, p)LV?+8—U(e) Wr n)dr’. (6) 


=|¥(—k|p)|, (5) 








For exact, ¥(r,r’), S,; reduces to ¥(r,p), while for 
arbitrary variation 5V(r,p), 


6S, (1,p) = 25¥ (1,p) — f 5¥(r’,p)[V?+H—U(r')] 


xw(r)dr'— f ¥r,p) 
K(V2+2—U(r') ov (r',r’)dr’ (7) 


im| f [vena (1) 
= lim{ — r,t 
_ 4 TP Or’ 


0 
—- bY (r’,r)—V ( r’,p) jes | 
Or’ 














The surface term vanishes in virtue of the outgoing 
radiation condition upon ¥(r’,p), a condition which is 
also imposed upon the trial functions. 

A second variational principle for ¥(r,p) is given by 


So(r,p) = (r,p) 
, f V(r’ ,p)(V?+2— U(r’) W (9 r)dr’ 
V(r,p) 





Xexp 





Again, S.=(r,p) for exact V(r’,r) and the stationary 
character of S,; may be easily demonstrated by taking 
arbitrary variations about the true solution. 


II. VARIATION PRINCIPLES FOR THE WAVE 
FUNCTION IN THE STANDARD 
SCATTERING PROBLEM 


The standard scattering problem is defined as the 
outgoing solution of the Schrédinger equation for an 
incident plane wave. Let us imagine that the plane 
wave moves from left to right in the direction fixed by 
the wave number vector ko. If the source point p in (2) 
is now allowed to recede to the left into the direction 
—ko, then (2) becomes 


e'*p 





ert (G(rrU() 


lim ¥(r,p) > 
re —4ar, 


XV (r',p)dr’=Ny(ko|r), (9) 


where ¥(ko|r) is the wave function for the standard 
scattering problem and JN is an uninteresting amplitude 
factor (—4ar,)~ exp(ikr,). 

When this limiting process is applied to the stationary 
expression for 5, the result is 


§ 
= 24(o| 1) J W(ko| 1)[V2+8— U(r) W(r' dr’, 


1 
N 
(10) 
and by partial integration 


Si 
<= 24(ko|1)— f¥(e,)LV"+H— Ue) Wk r’)dr’ 
N 
re] 
-f { (kal) —¥ 
8’ Or’ 


re) 
~(r',1)—W(ko| r’) | a5’. (11) 
Or’ 


But it is shown in Appendix I that the surface integral 
is exactly y|ko| r). Therefore, 


Pa k U(r PL V2-+R— U(r 
a4 ale)- f (r)(V2+H—-U(2)] 
Xv (ko| r’)dr’ 


is the variational principle for the wave function 


(12) 
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¥(ko|r). Now, it is to be noted that the bifunctional 
character of this new principle has arisen quite naturally 
from (6). That is, Eq. (12) is stationary for arbitrary, 
independent variations of two wave functions, namely 
W(r’,r), the solution to the point source problem with 
the source point placed at r, and ¥(Ko|r), which de- 
scribes the standard scatter problem. Thus, performing 
variations about the true solutions 


[V?-+k?— U(r) (ko| r)=0, 
and Eq. (1), it follows as in (7) that 


(13) 


rr’ 


te) 
6Y,= im— f |¥(0)—- (ko) 
8’ dr’ 
CF) 
—i4(ko|f)}—¥( 1's) |ds'=0. (14) 
Or’ 
The surface term again vanishes as a result of the 
outgoing radiation condition since 


eit’ 


ikr’ 
im By (kel) =a( e+) =——ay. (15) 
re r’ , 


r 


A second variational principle for ¥(ko|r) follows 
from (8) by means of the same limiting procedure which 
led to Y, in (12). The result is given by 


Y2=(Kko| r) exp(— fecentr+e—0(0)] 


XV (hel rae? /' Yh »). (16) 


Another stationary form for ¥(Ko|r) follows by 
eliminating the Schrédinger operator V?+k?—U/(r). 
Thus, after replacing ¥(Ko| r) by its equivalent from the 
integral equation 


Vike =e H+ fE(r,x)UCWle)dr, (17) 
Y; in (12) is transformed to 


vemetert [ G(r,r)U (EW hol Pde 
‘ f U(r’) (v)etko-r'dy’ 
— f ve, NU Ce) ¥ | r’)dr’ 


+f frenuareer ve 


Xv(Kol|r’)dr'dr”’. (18) 
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The term e***-* may be dropped so that what remains 
is a variational principle for the scattered part of 
¥(ko|r).1 This is the near-field analog to Schwinger’s 
variational principle? for the transition amplitude while 
(12) is analogous to Kohn’s principle.’ Both transition 
amplitude principles follow immediately by allowing 
the observation point r to become infinitely large. For 
example, in the stationary form (12), the incident plane 
wave may be first subtracted off and what remains is a 
variational principle for the scattered wave. Then, in 
the asymptotic region, it follows after employing (4), 
that 


eikr 
—F (kp—k) = lim (Y,—e‘*e'*) 
r kre 
eikr eikr 
=—f(kek)— | ——¥(-k |r) 
. —A4Anr 
X[V2+8— U (1) W(ko| r’)ar’, 

or 


4arF (kok) = 4r f (Kok) + f ¥(—k|r’) 
X[V2+2— U(r’) Wko| r’)dr’. 
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This is the Kohn* bifunctional variational principle for 


' the amplitude F for scattering into the direction given 


by the unit vector &. 

It is desirable to find amplitude-independent sta- 
tionary forms. In the case of (12), the Kohn-type vari- 
ational principle, we follow the method employed by 
Moe‘ in finding an amplitude-independent form for the 
Kohn variational principle on the scattering amplitude. 
The two wave functions y(ko| r) and V(r’,r) are divided 
into perturbed and unperturbed parts, 


W(ko| r) =e *+A®(r), 
and 


WV (r',r)=G(r',r)+ BW (r',n), 


where A and B are constants. These are then substituted 
into (12) and the requirement 


aCb(e)}_ aL(r)) 
ee aie 





’ 


where 
[(r) ] os Yi-— etko *, 


leads easily to the following stationary form for [@(r) ]: 


fewnuc ear [wee,nuyerrar 


[o(e)}= f ote U(e)e™ ar + 3 
f W (r’,x)[V?2+2—U(r') }0(r')dr’ 


The amplitude independent form constructed from the 
various integrals appearing in (18) may be written 
down at once by analogy with Schwinger’s well-known 


fee rwdee|ryar' fre nucyear 





(19) 


amplitude independent variational principle for the 
transition or scattering amplitude. That is, the follow- 
ing expression for the scattered wave is also stationary: 





‘b(r)’= 


Ill. ILLUSTRATIONS OF VARIATIONAL PRINCIPLES 
FOR THE WAVE FUNCTION 


The first example applying a variational principle for 
the wave function will concern the rather trivial one- 
dimensional scattering for a delta-function interaction. 
It is amusing to see how the exact solution follows prac- 
tically by inspection if the stationary form (20) is 
chosen. Thus, if U(x)=2gé(x), then since G(x,x’) 


1A near-field variational principle equivalent to (18) has been 
derived for the surface scattering problem by Harold Levine. It 
appears in “Lectures by H. Levine, Variational Methods for 
Solving Electromagnetic Boundary Value Problems,” September 
1, 1954 (unpublished), prepared by L. Mower, Sylvania Electric 
Products, Inc., Mountain View, California. 

? B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 

3 W. Kohn, Phys. Rev. 74, 1763 (1948). 
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= (21k) exp(ik|x— x’ | ), the scattered wave from (20) 
is 





(g/ik)e‘*!=|(2 ) eikizl 
&(x)= : es : (21) 
2g—(2g)?/2ik ik(1—g/ik) 
Therefore, : 
v(x) =e! +(x) = e*# +—___—__., (22) 
ik(1—g/ik) 


the exact solution. 

A more realistic example is the general three-dimen- 
sional propagation problem which will now be con- 
sidered in connection with Y2 in (16). After choosing 
the undisturbed solutions exp(iko-r) and G(r,r’) for 


4M. M. Moe, thesis, 1956, University of California at Los 
Angeles (unpublished). 
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¥(ko|r) and W(r’,r), respectively, it follows that the 
improved wave function is given by 


Y2(r)=exp(iko- r) 
—1 
xew(— 
4dr 


where p= r—r’. The integral in (23) may be evaluated 
in terms of an expansion in reciprocal powers of k by a 
stationary phase method which is based upon the ob- 
servation that most of the contribution to its value 
arises for small angles between ko and o. For excep- 
tionally large k, one obtains® 


xp(ikp—iko: 
— a vou), (23) 


p 


e7 tke 4 x eike 
——5(ko—p)—6(Ro+p)—}, (24) 
p p 


2ri 
exp(— iko: 0) = Hy 





where py and are unit vectors. Thus, the leading term 
for the integral may be written down at once. It is 


—4 « 


Consequently, contributions from the other regions in 
the space of @ give rise to nonclassical or diffraction 
effects which is, of course, correlated with higher order 
terms in powers of k since the leading term is simply 
the well-known solution of the Hamilton Jacobi or 
eikonal equation along a straight line trajectory. Schiff® 
has evaluated the O(k~*) term and has indicated a 
procedure for further integration. The approximate 
wave function in (23) is not new. It has already been 
used, although derived in a different way, by Obukhov.’ 
His method is essentially equivalent to that of Rytov® 
who substitutes a semiclassical-type wave function 


—iw(r) 
¥(ko| r) =exp(iko- r) exp(———_) (25) 
exp (iko- r) 


into the wave equation to deduce the following exact 
nonlinear equation for w(r) : 


(V?+-k?)w(r)=iU (r) exp(iko-r) 
+i exp(iky-r){V[w exp(—iko-r) ]}*. (26) 


Upon dropping the nonlinear term, the solution for 
w(r) leads to (23). 

It is now interesting to. develop an approximate 
solution to the point source problem which parallels 
(23). Therefore, the free-space Green’s function is 


5 L. I. Schiff, Phys. Rev. 103, 443 (1956). 

6 F. Gerjuoy and D. S. Saxon, Phys. Rev. 94, 1445 (1954). 

7A. M. Obukhov, Izvestica, Geophysical Series No. 2, 155 
(1953) (translation by M. D. Friedman). 

87) Rytov, Izvestica, AN: U.S.S.R. Physica Series No. 2 
(1937). 


chosen as trial solution in (8), with the result that 


G(r',p)U(r')G(r’, 
Sa(x,p)=G(+,p) exp( f _ - “ ~ "w). (27) 


The leading term in & of this integral is evalu- 
ated in Appendix II. Thus the approximate solution of 
the point-source problem for high energies and slowly 
varying potential functions is the WKB solution’: 





exp(ik| r—p|) 
S2(r,p Sh yen genepete 
—4nr|r—p| 


—% |r—p| 
xemn(— f U(o+4s)d), (28) 


where ¥ is a unit vector in the direction r—p. As one 
would expect, the free-wave Green’s function is merely 
corrected eikonal-wise for phase change along straight- 
line trajectories connecting the points p and r, just as 
in the case previously discussed in relation to (23). 

As further examples, the WKB solutions for ¥(r,r’) 
and (ko! r) can be used as trial solutions in (12), (16), 
(18), or (20), and lead to a variety of variationally 
improved wave functions. Of course, the stationary 
forms (18) and (20) have the advantage that the trial 
solutions need only be meaningful in regions of space 
where the potential is important since the potential 
limits the domain of integration in each term. Thus, the 
WKB trial solution 


i” ; 
¥(pel1)=exp|tho-r-— f U(e—ksyas|, (29) 


which is a sensible approximation at finite distances 
from the scattering center is best employed in connec- 
tion with (18) and (20). 

It is, however, important to point out that (29) 
does not produce any difficulty as a trial solution for 
the stationary expressions containing the operator 
V?+k’— U(r), although at first sight it would appear 
erroneous on the basis of the radiation condition (15) 
which is sufficient for the requirement that the surface 
term in (14) vanish. It is demonstrated in Appendix ITI 
that this surface term does in fact vanish when the 
trial solution (29) is employed. Consequently, this trial 
solution is also valid for the stationary forms (12) and 
(16). The plane wave e*™** as trial solution produces 
no difficulty since 6f in (15) is in this case the exact f 
and the surface term automatically vanishes. 


ACKNOWLEDGMENTS 


The author wishes to thank Dr. M. M. Moe for 
several profitable discussions and for making her un- 


® This WKB solution also appears in I. I. Gol’dman and A. B. 
Migdal, J. Exptl. Theoret. Phys. U.S.S.R. 28, 394 (1954) [trans- 
lation: Soviet Phys. JETP 1, 304 (1955) ]. 














1834 


published thesis available. Her derivation of an expo- 
nential-type variational principle for the scattering 
amplitude furnished the motivation for the extension to 
the exponential-type stationary forms in the present 
report. The writer is also grateful to Dr. D. S. Saxon 
and Dr. P. Molmud for valuable discussion, and is es- 
pecially indebted to Dr. C. L. Dolph for his keen inter- 
est and helpful collaboration during a preliminary stage 
of this investigation. 


APPENDIX I 


We wish to evaluate the surface integral 
0 0 
tim f | vole) —¥(e,2)-¥(r,)—v(hel las, 
rie J's, ar’ ar’ 
where the asymptotic forms for large r’ are given by 


kr’ 


V(Ko| r’)~e%*0-"' + f (Ko, RF’) 





yr’ 
and 
ikr’ 


V(r’ ,r)~—_-9(— kf’ |r). 
—4nr’ 


Here, ?’ is a unit vector taken in the direction of obser- 
vation in the asymptotic region. 

The outgoing part of ¥(ko| r’) may be omitted at once 
since the integrand vanishes exactly for this term. 
Then, upon employment of (24) for e*°*’ as r=, 
there remains 





aa ri eikr’ e7 thr’ 
f [st -)-aeo+09] 
k gil r’ 


1 eikr’ eikr’ 
X——4(—k?"| 1) -——(— ke?’ |r) 
—4nr’ —4rr’ 
ikeitr’ ike-itr’ 
x | #)+——a (bot | 
r 


r’ 


rd?’ 





—2ni 


2ik 
: f (+e) ater one | r)d? 


= +y(ko| r). 





APPENDIX II 


In order to evaluate” the leading term (order k") of 
the integral 





[r—r”||r"—r'| 4 


(Al) 


10 The basic idea employed in the analysis of this integral 
follows Schiff* in his reduction of the integral in Eq. (23) of the 
present report. 


Lp I (errr | r— 9 | dr” 
1=-— f 
4 
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we first eliminate r by the transformation p=r—r’. 
Next, the variable of integration is eliminated by 
transforming to y=r’’—r’. Thus, 





Pee f expik|e—y| —th(o—#) Ut uly (a2) 
4 


lo-ulu 


For large & and slowly varying U in a length (k~"), the 
principal contribution to the integral arising from the 
integration over the angles of w occurs when the phase 
is stationary. Therefore, for the main contribution 
o-u~1 and for such small angles @, one has 


|o—w| — (o—n) = [p*+u?— 2up(1 — 46°) }#— (p—n) 


up & 
=+(p—n)(1 — )—(p—»). 
+(p »)( vee) (o—n) 


Here, the positive sign holds when u<p and the 
negative sign is required for u>p. 

We first consider the case u<p for which the phase 
term is then [2(p—x) }-\up6?. Hence, for small 6 








sik —p) U(r’ d 
a uw) JU (r+) ¥ (a3) 
4dr 


u(p—n) 


But du=y? sinddédodu=y"*dud (6"/2)dp, and partial in- 
tegration over @ can be done at once yielding 


j d(6/2) exp( rossi ) 
2(p—n) 
XU (x’+ sind cos¢, y+ sind sing, ’+-4 cos6) 
(o—) exp[3ikup6*/(p—n) ]U|? 
tkup 


’ ( voted )urawy 
ae ex Ps : 
ikup . 2(p—n) 














0 





The integral on the right is to be dropped since it is of 
order (kup) relative to the first term since another 
partial integration will introduce an additional power 
of (kup) in the denominator. Furthermore, the upper 
limit in the first term contains the rapidly oscillating 
factor kup and is small compared with the lower limit. 
Hence the leading term in (&~') is given by 


1 id -—ire 
1-— f{ Uy, ¢+u)du=— f U(r'+pu)du, 
2ik 0 2k 0 
(A4) 


where # is a unit vector in the direction o. When p>p, 
up \P 
lo—w| —(p—n) = —2(o—»)— (—)- 
p—u/ 2 


and it now follows that the final integral over » which 
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remains after the angular integration is 


1 © 
yes 4 eke U7 (9, A 2’+n)dp, 
2ik J, < 


and yields, therefore, terms of order (k~*) and higher. 
Consequently, the leading term arises from the domain 
u<p and is given by (A4). It is to be mentioned that no 
difficulty relative to the angular integration can occur 
for u=p. In this case, for small angles, 


|e—wu| — (p—n) nd, 


with the result that the leading term of the integral 
over angles is now 


— dau eU(r'+y)|* 














—u eikub 
ret f U(r'+y)u*edéde = 
4dr T°) thy 


1 
—U(z'y’, z’+n), 
2ik 
as before. 
APPENDIX III 
We wish to demonstrate here that the wave function 


W(ko| r) on etko-rta(r) | 
where 


—4 a 
a=— J U (r—hos)ds, 


can be used as a trial solution in connection with the 
variational principles for ¥(ko|r) which contain the 
Schrédinger operator V*+k?—U(r). Of course, the 
associated trial solution for the point source problem is 
everywhere outgoing. Therefore, it is required to prove 
that the surface integral 


0 0 
f | ¥(4,2’)—B (ko 2”) — 39 (ko| 2”) (1,0) las” (AS) 
s’ Or’ Or’ 


vanishes in the limit r’—>0o when 


lim 6y(ko| r’) = lim[trial y(ko| r’) —exacty(ko| r’) ] 





etkr’ 
= piko-r’+a(r’) iko -r’ p! 
eis (« + (heb) ) 
eikr’ 
= eiko-r’ (ga(r’) — 1) — f (Kok?) —, 
Tr 


and when 
eikr’ 





lim Y(1,r’)~——A (?’,r). 


r’ 


As indicated in (4), A(?’,r)=~(—k?’|r) when V(r,r’) 
is exact. 
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The second term in dy, the standard radiation con- 
dition, may be omitted at once. Thus, the problem 
reduces to evaluating 


lim f A(?’,r) 
r+ s 


eikr’ 
/ 





—— etko-r’ (ga(r’) — 1) 
Fe, , 


r 


ett (ene — yin [ar (A6) 
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[ee or 1)—e‘ko:’ 
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= Him f A(?’,r) 
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ikr’ 


e 0 
+f A (#2) —ethe-#’—_eatt')y"Gp’, (A7) 
s’ r’ Or’ 


Let us first consider the integral on the left. The term 
in brackets, after incorporating the asymptotic form 
for e**°'®’ is 


ikr’ 


—s(ko— 4) +5(bo+ 
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—2ri 





tere» 1)ik 











e~ thre etkr e7 tkr’ 
X————(ho— #’) +5 (ho +?) | 
r’ r’ yr’ 
ikr’ 
= +495 (bo+#’)—(e")—1), 
ta 


and upon performing the integration over angles, the 
result for this part of the surface integral is 


4A (—ho,r){exp[a(—hor’)]—1}. (A8) 
But, 


-f 


a(—ke’)=—- J U (—hor' — kos) ds 


—1 wv 
-—f U(0,0,)dt=0 in the limit r=. 


Hence, (A8) vanishes. 
The integral on the right in (A7), when handled in 
a similar manner, reduces easily to 


Qari 0 
lim “4 (Ro,r)ei*’ expla (bor’)}-—a(ker’) 
r/—0 r’ 


0 
—A(—hp,r) expla(—her)}a( kw’) | 
T 
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However, 


0 -i0 
—a(che’)=— — f U(ahkor —hos)ds 


0 


-id pr 


2k Or’ J_. 


U(0,0,2)dt, 


ALTSHULER 





where we have chosen z’ in the direction ko. Therefore, 


C) —i 

—a(+hor’) =—U (0, 0, +7’), 

Or’ 2k 

and vanishes in the limit r+ for bounded potentials. 
This concludes the proof that (A1) vanishes asymp- 
totically. 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 5 MARCH 1, 1958 


Phonon-Polaron Problem* 


Francis R. HALPERNT 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received October 30, 1957) 


The method of moments is employed to determine the ground state of the phonon-polaron system. The 
trial function employed in this calculation is a bare-electron wave function. It appears that the method is 
convergent for this problem. Although the energy is in general a complicated function of the parameter and 
must be determined numerically, it is possible to formally construct a power series expansion for the energy 
about the unperturbed energy in powers of the coupling constant. The first term in this series has been 
determined and agrees with the result of conventional perturbation theory. The second term has not yet 
been evaluated to all orders but it appears that it will have the opposite sign from the corresponding term 
in perturbation theory. The second and higher terms in some orders of approximation are singular for 


small values of the cutoff. 


I. INTRODUCTION 


Te phonon-polaron problem has been extensively 
studied both because of its intrinsic physical 
interest and because it is one of the simplest models of 
a field theory. Physically the system represents the 
interaction of the longitudinal optical mode of a polar 
crystal with an electron. The derivation of an appro- 
priate Hamiltonian has been discussed at length! and in 
the present work the primary concern will be the 
mathematical discussion of this operator. 

There are several quantities which it is of interest 
to calculate in this model. The simplest are the energy 
level and structure of the ground state. More com- 
plicated quantities are the scattering cross sections and 
the structure of the excited states. The description of 
the ground state has been carried out at considerable 
length and quite successfully by several authors.!: 
The purpose of the present work is to describe an 
alternate method of approach. The results obtained are 
not quite as strong as some previously attained; how- 
ever, it seems likely that the present method can be 


* This work was supported by the Office of Naval Research and 
the U. S. Atomic Energy Commission. 

+A portion of this work was carried out while the author was 
employed at the Radiation Laboratory, University of California, 
Berkeley, California. 

1H. Fréhlichin, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 325. 

2 Lee, Low, and Pines, Phys. Rev. 90, 297 (1953); M. Gurari, 
Phil. Mag. 44, 392 (1953); T. D. Lee and D. Pines, Phys. Rev. 
92, 883 (1953); E. Haga, Progr. Theoret. Phys. (Japan) 11, 449 
(1954) ; R. P. Feynman, Phys. Rev. 97, 660 (1955). 








extended to improve them. There also is an interesting 
suggestion on the existence of the power series ex- 
pansion. 

The Hamiltonian! is 


n=? 405 


2m k 


y*au +d (ayV pe***+-a,*V y*e-*™*), 
k 


The sums are cut off for k>K. The first two terms in 
this expression represent the energy of the noninter- 
acting systems, p*/2m is the kinetic energy of the 
electrons and a@;*a, is the number of phonons of wave 
number k. The number of phonons multiplied by the 
energy w which is independent of k gives the total 
energy in the phonon field. The a’s are the usual creation 
and annihilation operators with the commutation rule 
[@x,@x’* ]=5xx. The second term is the coupling of the 
electron to the phonon field. The V’s, which are defined 


by 

iw —) ( 1 ) 

RXV J \2mes ’ 
are the amplitudes for the emission and absorption of 
phonons, while the exponential factors take into 
account the electron recoil. The dimensionless number 
a gives the strength of coupling. In units in which h 
and ¢ are unity, H/w is dimensionless and it is the 
operator H/w which is considered in the following 
discussion. 


Vi= 
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Il. METHOD OF CALCULATION 


The method to be employed is the method of 
moments.’ To employ this method it is necessary to 
calculate the moments H, of the Hamiltonian. These 
are defined by H,,= (¢|H"|¢), where ¢ is an arbitrary 
trial function. The H,, are the coefficients in the poly- 
nomial equation in E: 


Buea Be oe 
ao ay Ry se OB 
Ay H,, Any Kut Aon-1 


and the roots of this equation are then approximations 
to the eigenvalues. Beyond the cubic or quartic equation 
it is impossible to explicitly construct the equation and 
only the quadratic equation can be solved explicitly, 
hence it is necessary to have recourse to numerical 
calculations. A program for extracting the roots of such 
determinants on a digital computer has been con- 
structed. In the present work a quintic equation is 
employed which requires the use of the moments up to 


Fic. 1. The graph that 
represents B~A B*Bt, 





Hy. The details of calculating the moments are de- 
scribed below. 

The Hamiltonian H is the sum of three parts, the 
noninteracting system A, the portion of the interaction 
which creates phonons Bt and the portion which anni- 
hilates phonons B-, H” is the sum over all of the per- 
mutations of n of these quantities. Since of the 3" terms 
in this sum many will have zero matrix elements it will 
be convenient to restrict the terms under consideration 
somewhat. A simple way of doing this is to associate 
each term in the sum with a graph. All lines in the 
graph shall move one unit horizontally. Those lines 
that represent the creation of a phonon (B+) lines also 
move one unit up. The lines representing the destruction 
of a phonon (B-) lines also move down and the lines 
for the noninteracting portion are horizontal. The con- 


‘vention is established that the graphs shall be read from 


right to left, the order in which the factors operate on 
the ket. Thus a line segment that represents B-A B+ Bt 
is as shown in Fig. 1. 

Now it is possible to associate the number of phonons 
in the field at any point with the ordinate in the graph. 
Thus the abscissa represents the bare electron, one 
unit up an electron plus one phonon and so on. In the 
present work the bare electron is the trial state and hence 

’F. R. Halpern, Phys. Rev. 107, 1145 (1957). Professor E. 


Feenberg has very kindly shown the author that similar tech- 
niques were employed by G. Horvay, Phys. Rev. 55, 70 (1939). 
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Fic. 2. (a) The graph that represents B~B-AB*Bt. (b) and (c) 
The two possible matrix elements contained in (a). 


it is necessary to have graphs that connect this state 
to itself. That is there must be as many B~’s as Bt’s 
and thus over-all an even number of B’s. Similarly there 
can never be a line that goes below the abscissa, since 
this would represent a negative number of phonons 
in the field. In this way the number of terms in the 
sum is restricted. 

Each graph may contribute several integrals to the 
total matrix element. This depends on the order in 
which the phonons are created and destroyed. Thus the 
diagram in Fig. 2 contributes the two integrals illus- 
trated by Figs. 2(b) and 2(c). These can to some 
extent be associated with the more conventional inter- 
action diagrams shown in Figs. 3(a) and 3(b). 

All of these various terms must be included in com- 
puting H,,. Each line in the graph can easily be associ- 
ated with a term in the integral. For a phonon of wave 
number k; there must be a factor Bt to create it and a 
factor B~ to destroy it. This pair of factors contributes 
a term | Vx;|? and an integration over k;. The noninter- 
acting portion of the Hamiltonian A contributes a 
factor of the form (p—k,—k.—---—k,,)?/2m+mw, 
where k; through k,, are the momenta of the m phonons 

_is the field at the point where A operates. These rules 
‘permit the writing down of the integrals representing 
the matrix element immediately. There are two im- 
portant simplifications. The first is that if a graph 
touches the abscissa at any point then the value of the 
matrix element associated with it is the product of the 
matrix elements associated with the two graphs on 
either side of this point. It is the analog of the reducible 
diagram in the conventional theory. Secondly, any 
diagram which represents the factor B~Bt or has this 
factor in it can be simplified by commuting this pair to 
B-B++>|V;|?. In terms of diagrams the two rules 
are shown by Fig. 4. 

The theory enjoys a symmetry property which con- 
tributes a further simplification. The matrix elements 
are all real so that they are equal to their complex con- 
jugates which may be represented by another diagram. 
By using these rules, the first ten moments of the 
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Fic. 3. The two conventional interaction diagrams that 
correspond to Figs. 2(b) and 2(c). 
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Frc. 4. A graphical illustration of two of the reduction 
formulas occurring in the polaron problem. 








Hamiltonian have been calculated. Ho, H;, H2, and H; 
are listed below and the remainder in the Appendix. 


Ayo=1, H,=0, H2= (2aK/r), 
H;= (2aK/r)(1+4$K"). 


The H,, are polynomials in the three parameters a, 
A, and K. The coupling constant a and the cutoff K 
have previously been defined (here the cutoff is dimen- 
sionless), while A is the expectation value of the 
operator A in the trial state, A= (@| A |¢)= p?/2m. The 
moments calculated above are not (¢|H”|¢) but rather 


n (n 

E (")(-n-elaiaan, 

ko \R 

the central moments. In terms of these moments, the 
solution of the determinantal equation gives the level 
shift rather than the level. 

There are a variety of relationships between the 
coefficients of the above polynomials which appear at 
first glance; these are all provable in general quite 
simply and two of these will be employed in the next 
section. The general form is binomial expansion for the 
terms linear in (2aK/2) and an almost binomial form 
for those of higher order. These relationships suggest 
that the general form of the coefficients might be 
moderately simple and an attempt is being made to 
deduce this form. 

The quadratic equation is given by 


F?— (1+4K?)E— (2aK/x)=0. 
It had the solution 
E=}{(14+$K*)+[(1+$K?)?+4(2aK/z) }}}. 
The cubic equation is 


(20K /x)[— (4/45) K*— (44/945) K*— (20K /m)(1+3K2)] 
—{(4/45)K*+ (k/105)K®+ (4/525) K® 
+ (20K /r)[4+ (8/3)K*]—6(20K/r)}E 
+[(8/45)K*+ (8/105) K*+ (20K /r)6(1+3K?*) JE? 
—[(4/45)K*+2(2aK /x) ]E*=0. 


It is not practicable to solve this equation analytically, 
nor is it useful to obtain the quartic or other equations 
explicitly. An IBM type 650 computer has been used 
to solve the quartic and quintic equations numerically 
and the results are tabulated in Table I for a=1—10, 
K=1-—10, and A=0.1—0.5. 
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Ill. WEAK- AND STRONG-COUPLING LIMITS 


It is of interest to determine the behavior of the 
ground state energy in both the limits as a approaches 
and zero and a approaches infinity. It is possible to 
determine the explicit form of the first term in the 
power series expansion about a=0. This agrees with 
the result computed by all other methods. It has not 
been possible to obtain an explicit form for the second 
and higher terms in this series because of the algebraic 
complications. It does appear though that they will be 
in disagreement with the perturbative expansion. In the 
strong-coupling limit, the dependence of the energy on 
a has been found but the form is unsatisfactory because 
it approaches no limit as the order in which the calcu- 
lation is done approaches infinity. 

In the weak-coupling limit, the moments are of the 


form 
(= ) 
n - . 


n—2 ,n—2 1 2aK 
r=) r 2r+1 T 


The energy level E is assumed to have a power series 
expansion, 


~ 2aK \" 
E= > 1.(—) . 


n=l T 








When these expressions are substituted in the approxi- 
mate characteristic equation and it is expanded in 
powers of (2aK/z), the coefficient of the leading term is 





A3 A, . Ant | 
y | 4c Ae oe Aes | 
ae i “re ee ee re 
Anti Ante Aon 
10 As Anti 
+ A3 Ag Anti : 
Ay Aygss Aont1 





This expression is equated to zero and solved for Aj. 
The determinants can be considerably simplified by 


TABLE I. Ground-state energies for the polaron from the quartic 
and quintic equations measured in units of (—w). The efiective 
masses are small relative to the intermediate-coupling values and 
show a strong +/a dependence. 











a\K 2 4 6 8 10 
Quartic 
2 1.277 1.279 1.132 0.996 0.886 
4 2.358 2.450 2.124 1.875 1.670 
6 3.300 3.389 3.005 2.700 2.410 
8 4.138 4.315 3.579 3.485 3.120 
10 4.870 5.183 3.701 4.228 3.807 
Quintic 
2 1.352 1.412 1.289 1.150 1.020 
4 2.568 2.655 2.426 2.180 1.953 
6 3.657 3.795 3.478 3.139 2.830 
8 4.647 4.858 4.471 4.049 3.667 
10 5.557 5.860 5.417 4.920 4.471 











PHONON-POLARON PROBLEM 


replacing the rows and columns by linear combinations. The appropriate reduction is to the form 








0 K*/3, K*/5 K?*/(2n—3) 
K?/3 B; By Busi 
K‘4/5 B, B; Bruze 
K*"-*/(2n—3) Bast Bro Ben-1 

Ay= ’ 

B; B, Busi 
By Bs Bris 
Buta Bute Bon1 


where B,= K?"-*/(2n—5)+K?"-*/(2n—3). The determinant A*(s) is defined by 


ee 1/3 1/(2s—1) 1/(2s+3) 1/(2n—1) 
Aneel 1/3 1/5 1/(2s+1) 1/(2s+5) 1/(2n-+1)| 
'1/(2n—3) 1/(2n—1) 1/(2n-+2s—5) 1/(2n-+2s—1) 1/(4n—5)| 


The determinants defining A; are now expanded in 
powers of K?, the coefficients in this expansion are the 
determinants A"(s). The correct expression is 


1-2 (—1)! 
Kt 
rae A 





n—1 
Ay SANs) Kr) 


s=t+1 
n—1 
¥ An(s)K2--, 
all 


As n approaches infinity A; approaches — (arc tanK)/K 
so that for small values of a, E is given by 


E=-—(2a/m) arc tank. 


It has not been possible to calculate the higher A except 
for equations of low degree. For the even terms the 
signs appear to be positive. The higher A’s are not 
always well-behaved functions of K. In fact, in the 
fourth-order calculation A» is singular for K=0. It 
seems likely that this singularity exists in all higher 
orders. A; is singular in the third-order calculation and 
also presumably in all higher orders. This singularity 
implies that if the method of moments is convergent, 
then there is no power series expansion about a=0 for 








1 FE? | 
Ho A, Hom 
ici Oe ae 
A, A; Homi 
Dine Si 


The moments of order 2m and 2n+1 have a” as the 
highest power of a. The sum of the orders of the 
moments plus the power of the energy occurring in the 
equation of order 2m is 4m*. This is divided between 











small values of K. It is not clear how large a value of 
K must be chosen before the series is convergent. It 
seems quite likely that the method of moments is con- 
vergent for small values of K. 

The appropriate criterion for convergence is the 
standard deviation.’ If this approaches zero as the 
order n to which calculation is carried out approaches 
infinity then the method is convergent. For very small 
K, the standard deviation of the ground state has the 
form 

o™=n!(2aK/r)"/(n—1)! 


for the first few values of n. If this form is the correct 
general form then the method is certainly convergent 
for small K. The method is more convergent than the 
above formula indicates (see Table II). 

For large a the dependence of the moments on a is 
different for odd and even n, thus it will prove con- 
venient to separate the determinant into four parts, 
two of which contain only odd moments and odd powers 
of E and the other two or which are even. This sepa- 
ration can be achieved by interchanging. rows and 
columns. For example, for order 2m the determinant is 
brought into the form 


bagel Ee 
a, 8, Hom-t 
ic: iin: 5 Maa 
Hi Hin-s 
—— ae 








the coefficient of the term E* which has energy to the 
4m*—s power and the factor E*. Those terms which 
have as many even moments as possible will have the 
highest power of a. Thus the coefficient of EZ?” will be 





1840 


TABLE II. Energy levels and standard deviations for a= K=1 and 
A=0 for the first four orders of approximation. 











Order Energy level Standard deviation 
1 0 0.6366 
2 —0.3731 0.2444 
3 —0.4690 0.0869 
4 —0.4938 0.0175 








of the 4m*—2m power in the energy. Since this is an 
even number it will be possible to partition into all 
even factors. For these partitions there will be terms 
in the coefficient consisting entirely of even moments 
and these terms will then have a factor of a™°"-), The 
other terms for which 24 even moments are replaced by 
2u odd moments will have a factor of a™@"-)-*, The 
coefficient of E*"~— on the other hand must have at least 





1 L 

1 1 

1 1X3 
1X3 1X3xX5 


| 
| . . 
3X «+= (2m—3) 1X3---(2m—1) 


Since the products of the odd numbers are the moments 
of the Gaussian, the polynomial in L that is generated 
is an Hermite polynomial. The sequence of largest 
roots of the Hermite polynomials approach no finite 
limit. Thus the form for £ is 


E~Ca?, 


where C approaches infinity with n. The same results 
obtain if an equation of odd order is considered. 


IV. CONCLUSIONS 


The present numerical calculations have not been 
carried far enough to improve the existing approxima- 
tions to the energy levels. There are no analytic but only 
computational difficulties involved in the extension of 
the method and presumably this extension will yield 
arbitrarily good values for the ground state energy. 
There is a strong suggestion that the method is con- 
vergent for small a and K (see Table IT) and that the 
region of applicability in the a,K plane increases as the 
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one odd moment in its coefficient so that it also has 
a™@m—2) as its leading term in a. However, as E£ itself 
will vary as some positive power of a, the term with 
E* is of higher order than the term in E?""!, The same 
argument can be carried out for all powers of E and it 
is clear that only the even powers of a and the even 
moments should be retained. The leading term in @ in 
the 2nth moment is simply 


How~1X3X5X7X ++» K (2n—1)(2aK/x)*. 


If this form is substituted into the determinant, it is 
seen that E? has the asymptotic form 


E°~L(2aK/z). 


With this assumption, the approximate characteristic 
equation is 


lL” 
1X ---(2m—1) 
1X-+-(2m+1)|_ 
1X ---(2m+3)| 
1X ---(4m—3) 








order of the calculation is increased. The questions 
relating to the power series expansion for small values 
of the cutoff need considerably more exploration. 
Finally, although it had been expected that the higher 
roots of the determinant would represent the higher 
levels of the system this has only been partly borne out. 
The numbers do indeed suggest that they correctly 
represent the excited state but it is not at all clear from 
the present formalism how to construct the conventional 
scattering states. A modification which will permit the 
construction of state vectors that satisfy appropriate 
boundary conditions is required. 
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APPENDIX 


The moments H, to H, are listed below: 
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no (E)fivoow tert) 


T T 





2aK | Kk? K* Ké 2aK \ 2 Fk? 
a.-(—) 1+ (3+44)—+ (34-44)—+—|+-10(—) (1+), 
wr JL 3 5°87 3 











PHONON-POLARON PROBLEM 1841 
2aK KR 16 \Ké K* Ks 
A= (—) 1+(4+84A)—+ (6+ 16A +<A*)—+ (4+8)—+—| 
: 3 ae ae 


2aK \? =) 2aK \# 
+(“= wa) [25+ (604204) +(—) ~|+(—) 


T 





2aK R K+ K* 40 \K® Kw 

H;= ( —) f+ +(s+—4 et (10+40A-+16A2)}—+ (10+40A +1642)—+ (s+—4)—+— 

. ae 5 7 3 11 J 
+(=) 


392 \K® 4016 3248 \K* 2128, K°® 2aK KR 
se (150s ($18 EE (ED, (EY os), 
3 3 27 27 5 45 
2aK Kk K* 64 K® 
-(= ) [1+ +204)—+-05-+804 +48A*)— —+( 2041204 +9644+—A*) — ; + (15+80A +48A?) — 
T 


Ké 
a” &* 2aK \? 1624 \K* 5714 80912 50288 K* 

+(6+204)-—+—]+(—) [119+ (476+—4)—+( + A+ a) 
See 








- 3 oe 405 5 
2044 7336 \K* /94581\K*) /2aKy? K? /10990\K*) /2aK\¢4 
+ —+—-1 )—+( (=) 90+ (980-+2804)—-+(——)—]+(=) -105, 
ie hy 875 / 9 . 3 2/5 7 


2aK KR? K* K* 
Hy= (=) [1+ (7-+284)—+ (2141404 +1124?)-—-+ (35-+2804 +3364*+ 644%) — 
T < / 


. 





K8 10 Is 4 
+ (35+280A seentaireis” de (21+140A +1 ‘uml Miak (7+28A) < +] 


2aK \? K* 19972 409808 4782944 \K* 10732 25037 
+(—) [246+ (1230+ 18244)—+-( + A+ a)—+( 4. A 
T 3 9 81 405 5 5 5 











72 


—) 1918+ (5778+31924)— 


T 








11 


30304. \K*® 1010362 1570544 \K*® 14045 488\ kK” 2aK \* 
re er ya ere 
9 


43 306 76104 \K* /1785 826, K® 2aK 
(a (EEE (8) (ie) 
9 27 5 1215 7 7 


25 7 875 875 51 975 














PHYSICAL REVIEW 


VOLUME 109, 





NUMBER 5 MARCH 1, 1958 


Permutation Symmetries of Generalized Beta Interactions* 


R. FINKELSTEIN 
Department of Physics, University of California, Los Angeles, California 
(Received November 4, 1957) 


The permutation symmetries of the even and the odd beta couplings are investigated for 2"-rowed spinors. 
In the usual four-rowed case there are two quadratic forms which are independent of the order of writing 
the spinors. In the usual even case these are 2 C,*|g,|? and |gs+4ga—gp|?; in the odd case, 2 C,*|1¢|? 
and $|us+up|*+6|ur|*. For eight-rowed spinors with even couplings there are two completely antisym- 
metric forms; with odd couplings there is again only one. 





HE permutation symmetries of the even beta 
couplings have been discussed by many authors; 
the corresponding formulas for the odd couplings have 
been given by Caianiello.! In view of the failure of 
parity conservation and the necessity of introducing 
simultaneously both kinds of coupling, some additional 
discussion of these symmetries may be of interest. We 
shall also extend these results to eight-rowed spinors 
for the following reason. 

The elementary particles appear to have degrees of 
freedom and symmetries which cannot be described in 
the frame of the Lorentz group. When this group is 
correctly extended, it is possible that the irreducible 
wave functions corresponding to spin } have more than 
four rows. We investigate here the next simplest case, 
where there are eight rows, and in another note discuss 
a possible connection of the new dichotomic variable 
with strangeness. Various other suggestions leading to 
an eight-rowed algebra have been made; according to 
one, the eight-rowed spinors provide a representation 
for the conformal group in space-time; according to 
another an eight-rowed algebra is the natural way to 
accommodate the apparent fact that strangeness and 
parity do not commute.’ Not surprisingly the permuta- 
tion symmetries of the four- and eight-rowed cases are 
rather different; for example, in the latter case there 
are two completely antisymmetric even forms, only one 
of which may be simply related to the familiar Wigner- 
Critchfield form. If the irreducible wave functions are 
indeed eight-rowed, one would expect these new 
interactions to be more significant than the Wigner- 
Critchfield form. 


GENERAL FORM 


Consider the 2n-dimensional case in which the 
spinors have 2"-rows. There are 2n+1 even invariants: 


E® (abcd) => ,(a@E,b)(cE,d), o=0---2n (1) 


built out of any four spinors: a, b, c, d. Here aE,“b 
indicates the pth component of a tensor of rank oc. The 
corresponding odd couplings are 


O® (abed) = 2 ,(aE,b) (cE,Qd), o=0---2n, (2) 


* Supported by the National Science Foundation. 
1E. R. Caianiello, Nuovo cimento 8, 749 (1951). 
2S. Watanabe, Nuovo cimento 6, 187 (1957). 


where 


Q=I1 x. (2a) 


In the usual four-dimensional case, n=2, the spinors 
have four rows, there are five invariants, and Q= 75. 
The general interaction is 


F=E+0, (3) 
where 
2n 
E=> g£.E®, (3a) 
0 
Qn 
O=> 4,0. (3b) 
0 


Any interaction is specified by the coefficients (g.,t%,) 
and the order (abcd). The same interaction may be 
expressed in two ways 


F(g,,tt¢,abcd) = F(g,',u.' P(abcd)), (4) 


where P is any permutation of abcd. 

The interactions E and O may be regarded as 
(2n+1)-dimensional vectors according to (3a) and 
(3b), which are expressed in different coordinate 
systems according to (4). The components of £, for 
example, are then changed when the basis is altered 
from E™ to PE as follows: 


Lge PE =) gE“, (5) 
PE®=¥ EW P(6',0), 6) 
go=L P(o,0') ge’. (7) 


The even and odd parts transform differently and of 
course independently. 

There are 4! permutations in general. However, in 
the case of even couplings four of these correspond to 
the unit matrix, namely : J;= (a) (0) (c) (d), J2= (ab) (cd), 
I3= (ac) (bd), I4= IIs. Thus there are only 3! different 
matrices and these provide a representation of 3, the 
permutation group on three objects: that is, 3 and 
its 3 cosets in x4 have the same representation. 

The odd couplings, on the other hand, provide a 
representation of the full group on four objects, m«. 
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There is the following generalization of (2). If 
cE,Q) d is a tensor of rank +7, the analog of (2) is 


L» (aE, Qy-"b) (cE, OQ 'd). 


tr! +r! =r 


Fy” = 


These also provide a basis for a representation of 1, 
and have been completely worked out by Michel* for 
the usual case, n= 2. We are here concerned with only 
scalar and pseudoscalar cases, but for arbitrary n. 


EVEN COUPLINGS 


The elements of +3 may be denoted as follows: J, A, 
B,C, AB, BA, These fall into three classes, the identity 
I, the transpositions A, B, C, and the two elements of 
period 3: AB and BA. Hence the following matrices 
commute with every member, P, of 73: 


R,=A+B+C, 
R,=AB+BA, 
R,PR;'=R.PRz=P. 


(8a) 
(8b) 


The following quadratic forms are therefore independ- 
ent of the order of the spinors a, 6, c, d: 


R= Li (Ri ishi*hj, (8c) 
Ro= Lo (Ro) shi*hj, (8d) 


where the A; are the components of £ in a unitary 
representation. 

One also has C= ABA. Therefore all elements may 
be generated from the noncommuting matrices A and 
B, any two transpositions. Let us take A= (ab) and 
B= (bd). 

Choose a Hermitian representation in which y,* 
=++y, where the asterisk means complex conjugate. 
Let p be the number of y, which are pure imaginary. 
Then in this representation A is diagonal, and‘ 


A (c,0’) = (- )Pe (c+ p)i(o,0’), (9) 


where 
e(o) = (=), (10) 
and 
B(o,0’) =2-"e(a+0’)[o!o"!}(2n—c)!(2n—0’)!}! 
XL(e,0’), (11) 
where 
nS ee 
X (o’—m) !m!}"(—)™. (11a) 


The basis of this representation has been chosen to be 
(C,2")E© and in this respect differs slightly from 
reference 4. With this normalization the representation 
is unitary. It is also real and hence the transposition 
matrices are symmetric. 


§L. Michel, J. phys. radium 12, 793 (1951). 
4R. Finkelstein, Nuovo cimento 1, 1104 (1955). 


PERMUTATION SYMMETRIES 
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The matrix B can also be written conveniently in 
terms of new indices (r,s) defined by 


o=n-+r, (12a) 
o’=n+s. (12b) 
Then 
B(r,s)=2-"e(r+5)[(n+r) !(n+s)! 
X (n—r)!(n—s)!]*f (1,5), (13) 
where 
fr) =SL(ntu-r—s) ru) 
X(s—n) (m+n) !F"(—)*. (13a) 
One has 
B(r,s)= B(s,r), (14a) 
B(—r, s)=(—)*t**"B(s,r), (14b) 
B(—r, —s)=B(r,s). (14c) 


The eigenvectors of B may be obtained by noting 


A=C"'BC, (15) 
Since A is diagonal, the eigenvectors of B are the 
columns of C. However, C may be calculated directly 
as the product A BA. The eigenvectors corresponding to 
the —1 eigenvalue are a generalization of the familiar 
forms S—~T+P, V—A, and S—A—P to spinors with 
more than four rows. With our normalization, the 
Wigner-Critchfield interaction is 


W=(1002—-1). (16) 


The invariants ®; and ®2 have a simple interpreta- 
tion. By explicit calculation, we have 


— (RitRe) =D | he|?=L C.?"| ge|?. 


This invariant is the square of the “length” of E. 
The binomial coefficients appear when the h, are 
rewritten in terms of the usual components g,. It is 


(17) 


‘well known that this invariant determines the lifetime 


of the muon (with the neglect of m./m,) 


r= A[> C,4|g.|7], (18) 
A=m,'C'/96n°h’. (18a) 
For ®&; one finds, when n= 2, 
Ri= —4|hot2hs—hy|? (19a) 
=—}|gst+4ga—gp|’, (19b) 
or by (16) 
Ri=—}|>d A.W.|?. (19c) 


The components of the Wigner-Critchfield form W, 
change sign under all permutations. Hence the linear 
form in the preceding equation changes sign but its 
square is an invariant ; ®, measures the projection of an 
arbitrary interaction onto the Wigner-Critchfield inter- 
action. 
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There are three irreducible representations of 23: two 
of these, I'y. and I'_, are one-dimensional ; and the third 
is two-dimensional. I', and I are completely symmetric 
and antisymmetric, respectively. Projection operators 
associated with irreducible representations may be 
constructed as follows: 


é;= (n:/g)>_ xi*(P) ‘P, 


where x;(P) is the trace of P in the irreducible repre- 
sentation I';; m; is the dimensionality of I';, and the 
summation is extended over the whole group; g is the 
order of the group. One has 


(20) 


> e=1. (21) 


In addition the number of times, c;, an irreducible I; 
is contained in any given representation is 


c=g) y xi*(P)x(P)=n7 Tre;. 


The projection operators associated with I',, I, and 
I’, are 


€:€j=€ 05, 


(22) 


€+=$(1+Ri+R:), (23a) 
e_=%(1—Ri+R,), (23b) 
e2= 3(2—R2). (23c) 


In the usual application to four-rowed spinors, the 
associated five-dimensional representation of 7; contains 
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I’; once and I’; twice. There is no completely symmetric 
form, i.e., e,;=0, in agreement with (17). 


EVEN COUPLINGS, EIGHT-COMPONENT SPINORS 


Here n=3; there are six dimensions and seven in- 
variants. For this application it is necessary to fix p 
again. We choose p= 2 corresponding to the six-dimen- 
sional signature + + + + — —. Then according to 
(9) and (11) the character system of the associated 
seven-dimensional representation is x(J)=7, x(A)= 
—1, x(AB)=1. By (22), 


Co=1, c_=c.=2. (24) 


The two-rowed representation again appears twice; 
the completely antisymmetric representation also 
appears twice and the completely symmetric repre- 
sentation once. 

It has already been remarked that the eigenvectors 
of B are the columns of C. One quadrant of the matrix 
8C may be displayed as follows: 


16 15 4/20 
—4 4/10 0 
mt /id (25) 
0. 


It may be completed with the aid of Eq. (14). One 
obtains the four eigenvectors associated with eigen- 
value —1, written as row vectors. 


vy: 1 AVS fo vi. 1, 

V2: 4/6 —4 4/10 0 —4/10 4 —/6, 

iif a <1 / ee oe (26) 
¥.:. ces OM RE 


Any linear combination > ;‘ a,;V; is antisymmetric in B. 
Requiring also antisymmetry in A one gets a com- 
pletely antisymmetric form, the same as one obtains 
by application of e_ to an arbitrary form. One finds for 
two independent and completely antisymmetric forms: 


W:: 0100 eo =1°¢ 
W.: -1 00 0 W/15 4/6 0. 


If the eight-rowed matrices are re-expressed as the 
outer product of Dirac and Pauli matrices, then it 
becomes clear that the first of these forms, W,, is 
simply related to the usual Wigner-Critchfield form. 


(27) 


ODD COUPLINGS 


It has already been remarked that the odd couplings 
provide a representation of the complete group 7, 
since (ab) and (cd) are no longer equal. A represen- 
tation of 3 can be generated from A = (ab) and B= (6d) 
alone. Similarly a representation of x, can. be generated 
from A, B, and A= (cd). 

It is easily checked that A and B are the same for 





the odd and even cases. However, A is different from A. 


A (o,0')= (—)"€(p+2n—«)8(c,0’), (28a) 
A (0,0) = (—)?€(p+0)6(0,0’). (28b) 
Therefore 
eo 
Define the class functions as usual: 
K=Lif), 
Pat i (29) 
Ss=L (ij) (Al), 
Su=L (ijkl). 
We also record the character table: 
B28 we Be 
ie 1 2 3 3 
S; 1 —1 0 1 —1 
Sz 1 1 -1 oo (30) 
S31 1 2-1 -1 
Ss 1 —1 0 -1 i. 








PERMUTATION SYMMETRIES 


There are five irreducible representations: the one- 
dimensional representations I',. and '_, symmetric and 
antisymmetric, respectively; a two-dimensional repre- 
sentation Iz, and two which are three dimensional, I’, 
and I). The corresponding projection operators are 
given by the equations: 
24¢4=1+S)+S2t+S3tSu, 
24e_ = 1 — $1: +S2t+S3— 4, 
24¢,= 3(3+5:+0—S3—S4), 
24¢,= 3(3—S,+0—S3+S,). 


(31) 


When the spinors are four-rowed, the character system 
of the associated five-dimensional representation is 
x(1)=5, x(Si)=—1, x(S2)=—1, x(Ss)=1, x(Se)=1. 
One finds 


C4=C_=C=0, C=c=1, 


T=le+Ts. 


(32a) 
(32b) 


In this case there is neither a completely symmetric nor 
a completely antisymmetric representation. All the S; 
lead to invariant quadratic forms but they are related 
by the conditions 

(33) 


All the S; can therefore be expressed in terms of S, as 
follows: 


€4=e_=e,=0. 


S2=—4—25,, S3=3+2S,, Sy=—Si, (34) 
It follows that 
é2=14+4S;, eo=—$S). (35) 
S; is found by direct calculation to be 
-1 00 0 1} 
0-20 0 O 
Bs vi Girt ceney, (36) 
. -=.0 2. on 
bs 00 O 1 








Just as in the even case the complete representation is 
resolved into two irreducible subspaces, so that there 
are again two invariants, the projections onto these two 
subspaces. 

Let H; be the projection of h onto the space of I’;: 


H;= e:h. (37) 


Then h*H;=h’*e; his an invariant quadratic form, In the 
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even case we had 


h*e_h= | to+2h3— hg’, (38a) 
h*eh=.---, (38b) 
h*(e_+e.)h=h*h. (38c) 

In the odd case we have 
h*esh= h*(1+4.S)h (39a) 
=}|hst+hp|?+|hr|? (39b) 
=}|ustup|?+6|ur|*, — (39c) 
h*e,h= --., (39d) 
h* (¢,+e2)h=h*h. (39e) 


The lifetime of the muon, when there are both odd 
and even couplings, again depends on the “length”: 


t= A[T> C,4|g,|?+> C.4| u,|?]. (40) 


There seems to be no experiment giving a direct 
measurement of a second invariant [see (38a) or (39b) ]. 
Nevertheless this second number is an invariant charac- 
terization of the interaction. 


ODD COUPLINGS, EIGHT-COMPONENT SPINORS 


In the case of eight-component spinors with odd 
couplings, the character system of the associated seven- 
dimensional representation is 


x(D=7, x(S)=—-1, x(S2)=1, 
x(S3)=—1, x(S4)=—1. (41) 
One then finds 
&=0, c=1, g«=a=1, (42a) 
r=f_+Ir,+T;. (42b) 


In this case there appears the single completely anti- 
symmetric interaction and both of the three-dimensional 
representations. The completely antisymmetric form 
is a common eigenfunction of B, A, and A. It may be 
obtained from the antisymmetric forms already found 
for the even case by imposing the additional require- 
ment of antisymmetry in A. A is diagonal and its 
diagonal elements are (1, —1, —1,1,1, —1, —1). It 
follows that only W, [Eq. (27)] satisfies the new con- 
dition: AW=—W. W, is hence the unique completely 
antisymmetric form. 

In the eight-rowed case there are, for both even and 
odd couplings, three invariant quadratic forms in the 
coupling constants, built from three projection oper- 
ators : €;, é_, é2 in the even case; ¢_, ég, ¢, in the odd case. 
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Use of the Chew-Low Equation in Strong Coupling* 
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In charged scalar fixed-point-source theory, the isobar energies and scattering amplitudes in the strong- 
coupling limit are derived by extending the Serber-Lee solution with the aid of perturbation arguments. 





E shall show in this note that in charged scalar 
fixed-point-source theory, all the strong-coup- 
ling (g— ©) results (isobar energies and scattering 
amplitudes)! can be deduced from the “reciprocal” 
Chew-Low equation? plus some perturbation (‘‘Feyn- 
man diagram’’) arguments. By the reciprocal Chew-Low 
equation we mean the equation for the reciprocal of the 
scattering amplitude, due to Chew and Low’ and used 
by Serber and Lee® to solve the charged scalar theory 
in the one-meson approximation ; Castillejo, Dalitz, and 
Dyson‘ noted its use to derive the isobar energy in this 
approximation. 

As was pointed out by Lee and Serber,’ the Chew- 
Low equation is very simple in the charged scalar theory, 
because the crossing relation is simply f*(w) = /~(—w) 
[here f+(w) is the scattering amplitude of a positive 
meson, defined on the w plane cut from — © to —y and 
from p to © ; we shall henceforth write just f for f+). 
Hence there is just one Chew-Low equation, identical 
to the causal dispersion relation, namely 


or(w) 


f(s) =f? (w,)+- -f[—= ei ai 


W—-Wp—ie 4r 





where o7(w)=o7+(w)=o7-(—w); the range of integra- 
tion is where « is real, namely from — © to —y plus 
pu to ©, It is to be noted that from the nature of the 
equation, the only singularities of f are those of f?. 
If the coupling is so weak that there are no (stable) 
isobars, then the only singularity of f is at w=0, the 
“Yukawa bound state” pole. Then f® is just the Born 
approximation (lowest order) scattering amplitude, the 
renormalized coupling constant being used. For scatter- 
ing on a proton, 


f8=f?4=28./w, Be=Qe/4n. (2) 


Following Chew and Low,? we now introduce the 
function 





* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1 The latest paper on this subject is A. Pais and R. Serber, 
Phys. Rev. 105, 1636 (1957). Our coupling a differs from 
theirs; ours is defined by H1=Qraba(0), a 

2G. F. Chew and F. E. Low, Phys. al “OL 1570 (1956). 

*R. Serber and T. D. Lee, private communication quoted in 
reference 4; also private communication in reference 2. 

« Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 
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we note that 
28. Imf KOT 
mg= —————_= — 28,- —. (3) 


w| f|? @ Gel 


If f has no zeros, then g has no poles and can be written 
in the form 


dw Img (w) 
foot —f 


(see Chew and Low,’ also Castillejo et al.,‘ for the argu- 
ment). Using (3) for Img, we have the key equation 


2B. dw x oT 
g(2,)=1-—w, f "2, (5) 
T w(w—wp—ie) cel 


in which the only unknown is the ratio or/o.). If the 
coupling is so weak that there is no stable isobar, then 
there is no charge exchange scattering, so that the only 
contribution to o7—g, is meson production. Thus if 
we neglect meson production (one-meson approxima- 
tion), Eq. (5) is completely known: 


pti i + (wp)! for |o| > 


( )= 1—26. = 6 
sisib Wp +i(u?—w*)! for |w| <u ©) 





as found by Lee and Serber.’ (The subscript 1 stands 
for 1-meson approximation.) 

The crucial remark to be made now, is that Eq. (5) 
for g(w) is completely independent of any singularities 
which f might have,® in addition to the “Yukawa” 
singularity at w=0. In fact, we note that if 8,.>4, g; 
acquires a zero at w=y[8, +18- '}'=A; hence f; has 
a pole at w=A,, and we have 

B2—} 


 ” 
fits) =23 —— | an 
w w—Ay B2+4 


5 An equally crucial comment on our use of Eq. (5) is that we 
assume that as the coupling becomes strong / continues to have 
no zeros; for if this were not so, singular terms, @ priori unknown, 
would have to be added to the right-hand side of Eq. (5). We 
bolster our assumption by an appeal to a principle of “conserva- 
tion of zeros” : as we vary Q, zeros of f can only move around, they 
cannot be created. As a contrary example suppose that, when 
taking (7) as the “bound term” of (1), A and ) were arbitrary 
(fixed) numbers unconnected with £,, i.e., that in weak coupling 
there were particles V,, and N_ in addition to p and n. Then in 
the weak-coupling limit f would have a zero at w=A/(1—X), and 
for stronger coupling f would still have a zero somewhere; this f 
would then be qualitatively entirely different from fi, Eq. (6) 
above. 


(7) 














CHEW-LOW EQUATION 


0 X 4 
Fic. 1. Scattering dia- 
grams for f,,54. 
eT PN, ? 


That is, in the “one-meson approximation,” if B.>4 
there exists an N,, isobar with (excitation) energy A; 
and coupling to meson and nucleon of strength (A)! 
times the nucleon-nucleon-meson coupling.’ We con- 
clude that when 6,>4 the correct (‘‘one-meson”) 
Chew-Low equation has (7) as its inhomogeneous term; 
presumably, the original (“‘one-meson”) Chew-Low 
equation [i.e., with f=28./w] has no solution when 
B.>}. 

We now consider the strong-coupling (s.c.) limit, 
§— ©. We take, temporarily, two results from s.c. 
theory: (a) the cross section for meson production goes 
as 1/g? and can thus be dropped in the s.c. limit, (b) 
charge exchange scattering equals elastic scattering in 
the s.c. limit. These facts imply that or/o..=2, and 
thus (5) is again determined: 

uti 
*). (8) 
Wp 


8s.0.(Wp) =1-— 49.( 


Thus, using (3), we have 


If w o 
foc. (wy) -|-- itip)| . (9) 
2L48 


e 


As Be—> ©, fee. —> —}(u+ip)— in agreement with s.c. 
theory. The zero of g,.o. is at 


w=p/2B8.=As.c.(=}A)). (10) 


To compare this isobar energy with s.c. theory, we need 
to know the renormalization of the coupling constant; 
fortunately this is trivial, as shown by Lee.® The argu- 
ment can be given verbally: a clothed proton can emit 
a positive meson only when the core (i.e., the nucleon 


® Actually, when the Q=2 isobar is bound, our ansatz or=ae| 
also vane neglect of the charge exchange processes (+,n)> 
(—,NV4,) and its conjugate (—p)++(+,N_). Clearly, when the 
isobar is almost bound, the corresponding meson production 
processes (+,n)o(—+.,) and (—,p)++(+—,mn) will be im- 
portant; a smooth transition is made as g passes the critical 
“binding” value. 

7 Reference 4, Eqs. (3.4) and (3.5). If 8.<4, A: would be a 
zero of g only if p in (6) were equal to —i(u?—w*)4. This means 
that this pole of {) is found if we go through the cut extending 
from » to © in the w plane, and thus enter the under “physical” 
Riemann sheet. Note that we have “conservation of poles” as g 
is varied: as g is raised, this pole moves out from the under sheet 
and becomes the ‘ ‘physical” isobar pole. Note also that the fact 
that the pole has “imaginary coupling” when 8,<4, according 
to (7), is irrelevant: being unphysical does not make it a ghost, 
in fact precludes that. It is interesting that as g — 0 this second, 
non-Yukawa, pole approaches w=0, i.e., becomes directly “under” 
the Yukawa pole, and has equal residue; whereas in a nonrenor- 
malizable theory the behavior of an isobar pole as g — 0 is quite 
different : the pole approaches a pole of the cutoff function 2,. Iam 
indebted to B. Zumino for an introduction to the concept of 
unphysical poles. 

8 T. D. Lee, Phys. Rev. 95, 1329 (1954). 


fe 


Fic. 2. Scattering dia- 
grams for fex®A. 


line) is a proton; the chance of this is the charge re- 
normalization. As the coupling becomes strong, the 
average number of virtual mesons becomes large, the 
average charge of the core becomes zero, and the proba- 
bility that the core is a proton is just 3. Hence g.=3q, 
B.=48, and (10) becomes 


As.c.= 2u/B, 


in agreement with s.c. theory. 

Along the same lines as above, we can now treat 
states of higher charge. Consider the scattering ampli- 
tude f,,(w) of a positive meson on an N,, isobar. 
Using the above results for the energy and the coupling 
of the Ny, isobar [As.c.=1+0(85*)], lowest order 
perturbation shows that f,,(w) has a pole term? 
f4484=28./(w—A); thus g,,(w), defined as g,4(w) 
= f,,34/f,,, satisfies the equation 


(10’) 


S++ (wp) 


= Wp—A psd 
( <= A)?(w—wyp—ie) oer 


Again putting or/o.1=2, we have 





atip A 
gr+(u,)=1- 48. ), 


Wr—-A i 


where f?=y?— A’. The zero of g,,, which corresponds 
to Nii4, is found at w=A+4u/8.=2A. Since the zero 
of energy is here the energy of V,,, we have E,,,=3A, 
in agreement with s.c. theory.” Also we have f,,~f. 
We can proceed: calling the energy of the charge Q 
isobar Eg, and the amplitude for scattering a positive 
meson on a charge Q—1 isobar fg, we have fg®4 
= 26 .[ w— (Eg1—Eg-2) }"'. Then defining gg= fg®4/fo, 
we find that gg has a zero at wo= Eg_1— Eg2+A; thus 
Eg=wot Eg-1=2Eg-1—Eg-2+A, which implies that 
Eq=30(Q-1)A. 

In order for our arguments to be independent of s.c. 
theory, it remains to establish assumptions (a) and (b) 
above. We sketch the argument, which uses perturba- 
tion theory." Using the above results for A and A, we 


® We abbreviate As.o, by A in all that follows. 

1 Note that the difference in energy between the isobar pole 
and the Yukawa pole system is A, exactly as in the charge 2 
system. One sees this to be true in every charge state. 

1 The circularity of our argument only precludes the establish- 
ment of the uniqueness of the solution; the recourse to perturba- 
tion theory may be frowned upon. But this latter, we feel, is an 
interesting result of the present investigation: namely, that 
perturbation methods (i.e., “Feynman graphs”) can be used 
successfully in the s.c. region in the charged scalar theory. A 
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find in the s.c. limit that the lowest approximation to 
the charge exchange amplitude is u/w*=— /f.,;24 (Figs. 
1 and 2) ; and the one-meson production amplitude is of 
order g~?. It is then seen that these statements hold in 
all higher orders of perturbation. 

Presumably the above techniques can be used to 


further example is that in the s.c. limit there is a two-to-one 
correspondence of charged scalar to neutral scalar self-energy 
diagrams, and this observation immediately leads to the correct 
self energy. 





GOEBEL 


enter the intermediate coupling region; this is being 
investigated. A more interesting question is whether 
the techniques can be used on more complicated theo- 
ries, for example symmetric scalar. Here, as is well 
known, the complication of the crossing relation pre- 
vents the one-meson Chew-Low equation from having a 
trivial analytic solution‘; in the s.c. region the essential 
intractability of such a theory from our viewpoint shows 
itself in the infinity of isobars coupled in any one 
charge state. 
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Admissible Solutions of the Covariant Two-Body Problem* 
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The spectrum of Wick’s two-body problem is examined with respect to normalization conditions and the 
assumptions made in deriving the equation. The problem is considerably simplified by using a formalism 
based on Sakata-Taketani field operators. It is found that the spurious state amplitudes (suitably normal- 
ized) have a behavior inconsistent with the assumptions used by Gell-Mann and Low to derive the bound- 
state equation. Similar results are found for the two-fermion problem if the vertex operator is (1+y;), and 
it is suggested that all spectra of the Bethe-Salpeter equation contain only three quantum numbers. 


I. INTRODUCTION 


HE covariant many-body equation! has been com- 

pletely solved for one problem only: Wick? has 
derived a Bethe-Salpeter (B.S.) equation for a pair of 
scalar particles interacting through a scalar massless 
field and, together with Cutkosky,’ he has obtained 
complete solutions in the ladder approximation. Al- 
though these solutions are labeled by four quantum 
numbers (w,l,m,x), investigations have indicated that 
only the x=0 states correspond to those obtained in 
nonrelativistic theory.2>* It seems plausible that the 
x>0O states are actually spurious”® but no rigorous 
means of eliminating them has been proposed. 

Formal normalization conditions and methods of 
calculating expectation values for all B.S. amplitudes 
have been derived in recent years. These conditions 
are applied here to investigate the origin and signifi- 
cance of the x>0 states. It has been found that con- 


* Supported in part by the U. S. Atomic Energy Commission. 

+ This work performed while one of the authors (H. U.) was a 
visitor at the University of Washington. 

1. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

2G. C. Wick, Phys. Rev. 96, 1124 (1954). 

3R. E. Cutkosky, Phys. Rev. 96, 1135 (1954). 

4F. L. Scarf, Phys. Rev. 100, 912 (1955). 

5D. A. Geffen and F. L. Scarf, Phys. Rev. 101, 1829 (1956); 
R. E. Cutkosky and G. C. Wick, Phys. Rev. 101, 1830 (1956). 

6 K. Nishijima, Progr. Theoret. Phys. Japan 10, 549 (1953) ; 12, 
279 (1954); 13, 305 (1955); S. Mandelstam, Proc. Roy. Soc. 
(London) 233, 248 (1955); G. R. Allcock, Phys. Rev. 104, 1799 
(1956) ; A. Klein and C. Zemach, Phys. Rev. 108, 126 (1957). 


siderable simplification and clarification of the problem 
can be attained if this discussion is carried out in a 
formalism differing from that used by Wick. For 
instance, we observe that one needs four independent 
components (¢,%a,¢s,7») to describe a state of two 
noninteracting scalar particles on a space-like surface, 
and it is natural to infer that the same number is neces- 
sary to describe a bound state. This suggests that 
knowledge of Wick’s one-component amplitude, ® (on a 
space-like surface), is insufficient to describe the system, 
construct expectation values, or determine which states 
are admissible. 

Accordingly, a formalism using two-component 
Sakata-Taketani (S.T.) field operators’ is employed 
to derive a B.S. equation for a four-component am- 
plitude, x. Since the equation is linear in the two 
energies po*, po’, one obtains a Breit equation of the 
form [E—H o*—H,’—V*>ly=0 if retardation is neg- 
lected. Another consequence of this linearity is a 
natural reduction to a one-particle problem when 
m,/M—>® . 

The solution of the new B.S. equation can be ex- 
pressed in terms of the Wick-Cutkosky solutions, 
®,,.'™. It is found that X,, (x, =0) is regular for 


7S. Sakata and M. Taketani, Proc. Math. Phys. Soc. (Japan) 22, 
757 (1940); W. Heitler, Proc. Roy. Irish Acad. 49, 1 (1943). Al- 
though this linear formalism for bosons is not manifestly covariant, 
it is used instead of the Kemmer equations in order to avoid redun- 
dant components. 


SOLUTIONS OF COVARIANT TWO-BODY PROBLEM 


all values of the coupling constant if x=0 but that the 
x>0O amplitudes become ill-behaved for a finite value 
of this constant. The particular form of this irregularity 
is shown to be inconsistent with certain assumptions 
used to derive the bound-state equation in a rigorous 
manner, suggesting that these states are not actual 
solutions of the field theoretical problem. 

Finally, the techniques mentioned above are used to 
solve the B.S. equation for two fermions interacting 
through a scalar massless field with vertex operator 
(1+-75). Again the amplitudes are expressed in terms of 
Wick’s solutions and an identical eigenvalue spectrum 
is found. These results show that the degree of singu- 
larity in the covariant equation is not directly depend- 
ent upon the spin, but is determined by the form of the 
interaction. 


Il. FOUR COMPONENT EQUATION 


The state of a single scalar particle on a space-like 
surface is uniquely determined when the set of vari- 
ables, #(x,/) and (x,t) = ¢*(x,/) is known. In this sense, 
¢(x,/) alone cannot serve as a wave function or suffice 
to construct expectation values since the charge den- 
sity, jo, is constructed using ¢ and x*: 


jo(x,t) = i(mp—o* x"). (1) 


Alternatively, the independent quantities ¢ and w have 
been treated by Sakata and Taketani’ as two com- 
ponents of a vector ¥ so that the charge density is 


given by 
jo(x,t) =P (x,y (x,2). (2) 


This vector can be thought of as a wave function con- 
taining all information about the state. 

Quantization of the scalar field is customarily 
carried out using ¢@ (which obeys the quadratic Klein- 
Gordon or K.G. equation) as a field operator.’ This has 
led to the derivation and solution of a B.S. equation 
for the two-body amplitude 


ba, (%a,X») Be (0 | Pa (a), oo(x»)) |@), (3) 


where |a) is the two-particle state vector, |0) is the 
“physical vacuum” state vector, and P is Dyson’s 
time ordering operator. 

In view of the points already mentioned, it seems 
reasonable to quantize the y field and finally to define 
a two-body amplitude 


Xap (2%a,x0) = (O| Pa(%a), ¥o(%»))|a). (4) 


For noninteracting particles Xx= jo*jo’ and it can be 
inferred that x will be closely related to the concept of 


8h=c=1. 

* Field theoretical calculations involving mesons have been 
carried out using the Kemmer-Duffin formalism [see, for example, 
M. Neuman and W. H. Furry, Phys. Rev. 76, 1677 (1949); R. G. 
Moorhouse, Phys. Rev. 76, 1691 (1949). However, when applying 
these results to scattering problems one has only one independent 
component [oi Ep asi—+-+ © Jand the linear, multicomponent 
formalisms give no new information. 
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a wave function for this relativistic system. The re- 

mainder of this section is concerned with the quantiza- 

tion of the y field, derivation of the appropriate B.S. 

equation and a general discussion of its properties. 
The action principle, 


6 f atte=6 f HEid0—mrs— (p/m)V? Wd‘x=0, (5) 


leads to the equation of motion 
ido = Ho(d)y=[mr73— (p/m) V? ly. (6) 


The adjoint equation is also obtained from Eq. (5) if 
Y=y*r3 and p=73(1—7;)/2, where the 7; are 2X2 
isotopic spin matrices. Furthermore, if ¢ is an ordinary 
function and 


‘ () fof ¢ (7) 
= o@=— ——, 

D~ dot+im/ V2m 
Eq. (6) can be reduced to the K.G. 
(A —m’)o=0. 


Quantization of the y field can be carried out using an 
operator d(@) defined by 


(9)[140— Ho(9) J= (O—m*)I, (8) 


where J is a unit matrix. The commutation relation is 
[y(x), P(x’) |.=id(0)A(x—x’) and the Green’s function 
is given by 


Kp(x,x’) = (0| PW (x), H(«’))|0)=3d(d)Ar(x—x’). (9) 


The operator d(d) is found to be [id9+Ho(0) ] and the 
theory of free fields can be developed in the customary 
manner.!° 

In order to derive the bound state equation, we con- 
sider a Lagrangian density of the form £=Ly° 
+L '+ £°°. The expression 


£L°=)[Yapabet Wop. t H.c. ] (10) 


is equivalent to the ordinary scalar interaction term, 
ALMma|ba|*be+ms| os|*b-+H.c. ] (it is not advantageous 
to describe the virtual field mesons by S.T. operators 
instead of the ¢, since the B.S. equation would be un- 
changed). The two-body equation is obtained by a 
straightforward application of the techniques of Gell- 
Mann and Low." In the ladder approximation it is 
given by 


Fa(p*)Fo(p)Xav(p?,p*) 


in? 
we d'kp*p’A p© (k)Xav(p*+k, p>—k), 


equation, 


(11) 


where F(p)=F(p,po)=[po—tam—(p/m)p’] and d'k 
=dkod*k. The dependence on the total time may be 


10 Our notation is based on the development by H. Umezawa 
in Quantum Field Theory (North-Holland Publishing Company, 
Amsterdam, 1956). 

1M, Gell-Mann and F. Low, Phys. Rev. 84, 351 (1951). 
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eliminated by setting Xa, (p*,p") = exp(iET)Xas(p), where 
T=al*+(1—a)/® (a is arbitrary). Then po*=aE+ po, 
po’=(1—a)E—po, and p*=—p*=p (zero total mo- 
mentum), so that Eq. (11) becomes 


[aE+ po—73°ma— (p/m)*p*] 
xC(1 —a)E—po— 73°my— (p/m)>p? ]Xav(p) 


=i(X/x?) f dkp*p'Ap (p—B)Xes(k). (12) 


It is interesting to examine the limit of Eq. (12) as 
one particle becomes infinitely heavy. If m,/m—, 
we let a—0 so that 4,7. After division by m,, Eq. (12) 
becomes 


[po—13*ma— (p/m)*p* ]L1— 73° Xan 


=i(d./m*) f d'kp*p’ApX,», (13) 


where 
a= lim (A?/m,). 


Mp Peo 


Since (1—73)p(1—7s)= — (1—73), it is possible to pro- 
ject out from Eq. (13) a set of solutions independent of 
particle b. Thus, X,,=}(1—73)*W. will be a solution of 
Eq. (13) if 


po Ho°(p) Walp) 
=~ i(ha/4et) f atiprar'(p—ByA(R). (14) 


Equation (14) clearly describes a single particle (a) 
interacting with the “potential” of a center located at b. 
As in a normal one-body problem, the amplitude X,, has 
only two nonzero components. 

In contrast to the above reduction, Wick’s equation 
(as shown by Cutkosky) does mot lead to a single- 
particle K.G. equation, as m, or m, becomes infinite. 
A further indication of the relevance of Eq. (12) is 
given in Appendix A. With the definition of a suitable 
adjoint amplitude (x= x*r3*73°) a conservation equa- 
tion is derived. In the limit m, or m—© it is shown 
that this reduces to 0,j,=0, where 7, is the single- 
particle charge-current density. 

A final distinction between Eq. (12) and Wick’s 
equation deserves mention. If retardation is neglected, 
Ar“ (p—k) is replaced by [(p—k)*+u2}"'. Defining 
the amplitude at ¢=0, 


Xes(p)= f X.s(p,poddpo, (15) 


2 


and using m=m—ie, Eq. (12) can be integrated with 
respect to po. The resulting three-dimensional equa- 


F. L. SCARF AND H. UMEZAWA 


tion is 
[E—Ho*(p)— Ho°(p) }Xas(p) 
= — (20?/m) [Act (p)Act(p) — Aa” (p) Av (Pp) ] 


x f dkp*p[(p—k)'+uZTXes(k), (16) 


where 
A*+(p) =[E(p)+Ho(p) ]/2E(p) 


and E(p)= (p?+m*)!. Equation (16) is of the form of a 
Breit equation, [E—Ho*—Ho’—V**]x=0, with an 
energy-independent potential. If the same approxima- 
tion is made in Wick’s equation, one finds that V*? is 
strongly energy-dependent, and hence the analog of 
Eq. (16) is not of the Breit form. 

The fact that x(p) obeys a Schrédinger equation 
suggests that it is closely related to the concept of a 
wave function, however Eq. (16) is unsatisfactory in 
certain respects. Upon multiplication by x(p), one sees 
that the left-hand side is self-adjoint while the right- 
hand side is not, since 


[Aat(p)Act(p)—Aa~(p)As-(p) Joe” 
=43[r3°m,/Ea(p)+73°m,/E,(p) |o%p® 


is non-Hermitian. One reason for this is that Ho, as 
defined above, is not a true Hamiltonian (r73Hpo is 
Hermitian) ; an alternative, Hermitian form of Ho can 
be used to eliminate this effect.” A further difficulty, 
due to the vertex operator, is also present in the two- 
fermion problem when the magnetic interaction (i.e., 
the a*-a? term) is retained.* Chraplyvy™ has pointed 
out that this non-Hermiticity, which arises from the 
presence of matrices connecting positive and negative 
frequency states, can be eliminated by a series of 
canonical transformations. 


III. SOLUTION OF THE B.S. EQUATION 


In configuration space, Eq. (12) is 


Fq(da)Fo(0e)Xa(x) =Ar© (x)p*p’Xan(x). (17) 
As an ansatz we set 
Xav(x) ee (1/mam»)da(a)do( dv) 74°74 Pav(x), (18) 


where 74 =43(1+7;) and @ is a single-component func- 
tion. Since pr,=0, this can be reduced to 
Xab(x) = — (100° + maT") 
X (i00>+- mors") 74°74 "Dao(x)/mame, (19) 

which in matrix form becomes [see Eq. (7) ] 

DOD DDO 

Xap(x) v7 ( 
DOD,» DOD@© 
1K. M. Case, Phys. Rev. 99, 1572 (1955). 


13 E. E. Salpeter, Phys. Rev. 87, 328 (1952). 
4 Z, V. Chraplyvy, Phys. Rev. 91, 388 (1953) ; 92, 1310 (1953). 


eas) (20) 
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or x=D,@D,®. This last form shows explicitly how 
Eq. (18) reproduces the results found above for the 
static limit. For example, if m— , then a=0, 100*= 100, 
109°= E—idym, and 


iD, 0 
lim xai(e)=( ) lim ,5(x). (21) 
mp0 iD, QO/ ™-= 


Thus, x is connected to ® just as in the one-particle 
problem and is indeed an eigenfunction of the projec- 
tion operator }(1—7;°). 

To find @ in general, we insert the trial solution into 
Eq. (17), observe that Fd= (0) —m’)/, pdr =mr,, etc. 
and obtain 


(Oa—,’) (0 b— My?) Pas (x) 


=NmamAr(x)Pan(x) (22) 


[it can be shown that Eqs. (22) and (18) give all solu- 
tions of Eq. (17) ]. In momentum space this becomes 


(pa?-+-m.") (po?+-mi?)Par( p) 
= i(\?/a!) meets f d'k Ap (p—k)bea(k), (23) 


which is precisely the equation derived by Wick for the 
K.G. amplitude defined in Eq. (3) (Wick’s A is equal 
to our \*mam,). This simple connection between x and 
Wick’s ® is not merely a feature of the ladder approxi- 
mation. The transformation, Eq. (18), will reduce x 
to the corresponding ® to all orders in \? for any com- 
pletely covariant interaction involving two scalar par- 
ticles, since each vertex factor on the right-hand side 
will multiply x by the projection operator p. However, 
for noncovariant approximations the S.T. and K.G. 
formalisms lead to different results. 

That this simplification is not restricted completely 
to scalar particle problems is shown in Appendix B, 
where the B.S. equation for a pair of fermions interact- 
ing through a scalar field is considered. For a vertex 
operator p=4(1+~s), a transformation analogous to 
Eq. (18) again reduces the problem to the solution of 
Eq. (23). However, for general p (i.e., p not a projection 
operator) the equation for x leads to a set of coupled 
equations for scalar functions. Furthermore, the inter- 
actions are more singular than in Eq. (23). 

Wick and Cutkosky have obtained the general solu- 
tions ,, /'" (|m| <1, O0<1<n, n=1, 2, 3, «++, «=0, 1, 2, 
+++) of Eq. (23) for u1.=0 and these lead to the set, 
Xn,<'™. To evaluate x on a space-like surface, we can 
(with no essential loss in generality) set ma=m=1, 
n=1+1. Then, if »=£/2, the ® are given by 


®,, (Dp) = Yr"(p) 


Xx f del P+ 2npsti—nt} gs, «(2), (24) 
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where 


(1—2*)g,, «’+2(n—1)2gn, e ‘ 
—[n(n—1)— (1a taf) "Te, «0, 


£n,x«(+1)=0, (25) 


and Y,"(p) is a solid harmonic function of the three 
space components of p. 

Since x contains ® and its first two time derivatives, 
its evaluation on a space-like surface requires knowledge 
of [Pdpo, [ pebdpo, and / po'bdpo. The first of these 
has been investigated for general (n,/,m,x)*; all func- 
tions in this set are bounded and quadratically in- 
tegrable. An integration by parts leads to 


OP, «!™(p,t) ]1mo= const Y,”(p) 
xf dzgn,« (2)[P+1—7+n2}"-4. (26) 


This set is also bounded for all values of the quantum 
numbers and all (A). 
Continuing this process, one finds 


OPP a, '™(p,t) |n0= const Y;"(p) 
1 
xf dzg,,."(2)[p-+1—a-+2T"4, (27) 
re 


and here an important distinction can be made between 
the x=0 and the x>O states. For x=0 (all m,l,m,n), 
0° is finite and well-behaved and the same is true for 
x>0 as long as \?>4. However, when \?=}, all gn, «(z) 
(for x>0) become degenerate; they are given by 


Bn, «(2) = (1—2*) "2h (Z+-3m, i+; 1+n; 1-2"), (28) 


and gp, ./’(z)c~z~! near the origin. Thus, if x>0, dc is 
bounded for \?>4, infinite at \?=} and zero for \?<} 
(these spurious states are not present below \?=}). 

In order to assess these results properly, x must be 
normalized. We define the normalized amplitude 
Xyv=CMy® where (i) is the set (,,m;,1;,x;) and x‘ 
is directly given by Eqs. (18) and (24). The normaliza- 
tion condition follows from an analysis of the connec- 
tion between xX, x, and the expectation value of the 
charge density; it is 


(2m) |? f dex (x) f(2)x(2)=1. (29) 


As shown by Klein and Zemach, f(x)= f(x)=3y0%v0° 
X[Ho*+Ho*—E] for spin } particles and a similar 
operator, containing only spatial derivatives, is ap- 
plicable here. Since x“ is proportional to deb“, it can 
be seen that |C‘(A)|~! and x“?(A) become infinite in 
the same manner (x;>0) as >}. Thus, while dy “—0 
(x;>0) as A243, the limit of Xv (in particular, the 
limit of the term d¢by) is of the form /o. The 
indeterminate quotient may be evaluated by performing 
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each z integration with a cutoff near the origin. One 
sees that Xy“(p) is a bounded function of p (not 
identically zero) for *>4%, while Xvy=0 if \°<} 
(x;>0). 

These results have several serious consequences. 
The two-body propagator, 


K(1,2;3,4)= Xv (1,2)Xw (3,4), (30) 


is certainly discontinuous at \?=} if the normalized 


amplitudes appear in the expansion. Furthermore, 
since all Xv with the same (n,l,m) and x>0O are de- 
generate at \*=4, the sum over «x for fixed (n,l,m) 
diverges. This shows that K is certainly ill-behaved for 
\?=} and indicates that K+ as \*>} from above. 

The situation is even worse when adiabatic variations 
of d are considered. For instance, if 


d(T) =o lim exp(—e| 7), 


then 


oP Ob dE 

—=-—ik¢+lim {— +i] 

aT —0 Lar ad 
and x“ contains, in addition to the above, terms in- 
volving integrals of dg‘/dd, d°g“/dd*. These deriva- 
tives are regular for all x=0 states but for the others 
they are irregular if \” is in the neighborhood of }. In 
fact, dg©/d and d?g“/dd* are infinite at \*=} if 
Wick’s approximate g“(z) are used for the x>0 states. 

Bethe and Salpeter originally suggested’ that one 

should retain only those amplitudes which tend to the 
product of free-particle wave functions as X? is adiabati- 
cally reduced to zero. If this criterion actually had to 
be satisfied, the irregularities noted above would be 
singular enough to eliminate the spurious states. 
However, a more rigorous argument can be based on 
the method used to derive the bound-state equation. 
The inhomogeneous term in the scattering equation 
was eliminated by Gell-Mann and Low using the as- 
sumption that all amplitudes satisfy 


T’ 


jim Late f dT’ > Xn (x,t, Tet F 


2 Pi 


x fata (x 0)Xy' (20) 


=Xy(xp,7) f dx’ Xy(x/0)X~(x',0), (31) 


where 
x @ (x,t,7) a¢ expl— i(E,— Eo) T)x® (x,t) . 


Therefore, in order that solutions of the B.S. equa- 
tion be meaningful, they must satisfy the above for 
all \? (except possibly 4*=0) and Eq. (31) is essentially 
a supplementary condition on x. Consider now Eq. (31) 
with x;=0 and \?=}; the right-hand side is a bounded, 
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regular function of (x,/,7), however the left-hand side 
is infinite for any finite 7. This is so since the sum over 
x; diverges (g,, E, are independent of « for x>0, °=}) 
while the sum over (n,l,m) weights each of the di- 
vergent series differently. Thus, it seems impossible to 
satisfy Eq. (31) at \?=} if the x>0 states are included 
in the summation. 

Even if \?(7’=T7») is not 4, Eq. (31) should hold for 
an adiabatic variation of \ such as 


\*(T") =\j\P+A? lim cose| T’— T»| » 


If A? <}<Ac?+A/? and A;?<A¢’, the interaction is never 
switched off; and yet, the right-hand side is regular 
and bounded while the left-hand side is undefined. This 
analysis suggests that the x>0 states are not solutions 
of the field-theoretical problem [i.e., Eqs. (11) and (31) ] 
and should therefore be discarded (it might be possible 
to retain a finite number of them). The argument is 
based upon the occurrence (for some A?>0) of an 
infinite number of degenerate states having finite 
normalized amplitudes. Since @y‘ is zero when 
'=4 (x;>0), observation of this component alone 
leads to no inconsistency. 

It is reasonable to connect the introduction of spuri- 
ous states (corresponding to a relative time quantum 
number) with the elimination of the inhomogeneous 
term. The scattering equation is asymmetric in space 
and time and essentially three-dimensional because 
of this initial value contribution, and the reduction toa 
bound-state equation must be performed with con- 
siderable caution. 


IV. CONCLUSION 


For \°<i (m,z=m,=1), the solutions of the B.S. 
equation are described by only three quantum numbers 
as in the nonrelativistic case. For \?>}, the appearance 
of an additional quantum number was interpreted by 
Wick as an indication that either the equation or the 
ladder approximation was no longer valid. Our study 
of x indicates that this restriction is not necessary 
since the functional behavior of the spurious state 
amplitudes appears to be incompatible with the auxili- 
ary condition, Eq. (31). 

Although the analysis based on the four-component 
amplitude has clarified many features of the two-body 
problem, the use of S.T. operators was not essential. 
The same results could have been obtained, much less 
directly, in the K.G. formalism, the main point being 
that the components dg and 00° are needed to con- 
struct expectation values. 

The same arguments apply to the two-fermion prob- 
lem discussed in Appendix B. Again x is related to ® 
by a second order differential operator so that Xy“ 
(x;>0) is irregular at \*=} and the final spectrum 
contains only three quantum numbers. 
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APPENDIX A 


By analogy with ordinary wave mechanics, it should 
be possible to derive an expression representing con- 
servation of “two-body charge-current” density from 
the B.S. equation itself. 

If Eq. (12) is written in configuration space and 
multiplied by x= x*73°r3°, it becomes 


xlak+ ido— Ho*(¥*) |x (1 —a)E—-idy— H,*(¥°) | 
= Ar(x)Xexe™ (Al) 


where all differential operators act on x. The adjoint 
equation, 


[(1—a)E+ido— Ho(¥") xlaE—ido— Ho*(¥*) jx 
=)*Ar* (x)p7Xex 


has all differential operators acting on x. Wick has 
shown that Eqs. (Al) and (A2) may be analytically 
continued to the (x,x,) plane. If this is done it can be 
seen that Ar* may be replaced by Ar in Eq. (A2). 
Therefore, when (A2) is subtracted from (A1) and 
spurs are taken, all dependence on \’* vanishes and a 
conservation equation, valid to any order in 2° is 
obtained. 

This equation describes a joint probability density 
and is not directly connected to the single-particle 
charge-current density used by Mandelstam‘® to arrive 
at the normalization integral. For instance, if a=0 we 
have 


(A2) 


iE Spdo(Xx) 
= Sp{Xol (E—ids) 4x ]/me—Z0ex 
— imex (ox) rst imaX7s(Iox) 
+ 1X (O0V?x)p?/my—maxX73(V*x)p7 
—mxp(V°x)73+xX0(V4x)p7/mamo} 


—Sp{adjoint}, (A3) 


where the adjoint terms have id, on x replaced by 
—id, operating on x. The relevance of (A3) can be 
understood if one sets E=m,+m,—B.E., divides by 
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my, and lets m;—>«. Then (A3) becomes 
Sp{9,j,(1—73)} =0, (A4) 


where jo= xx and jx=[ (0X) px—X0(Oxx) | are just the 
single-particle charge and current densities. 


APPENDIX B 


For a pair of fermions interacting with a meson field 
the B.S. equation in the ladder approximation is 


(v¥s"9,.°— Ma) (v.°p,°— m»)X ao(p*,p”) 
=i(N?/x) f dhe C+} x (pe+h, p—k). (BI) 


Consider an interaction having p= (1+-ys5)/2 and set 
Xav(p?,p?) = Cyn *put+ me yu°Pur+ mp | 
X (1+-5*)(1+75°)bav(p*,p"), 


where ® is a single component function. Since 
PY uPu(l +5) =Yupu(1—vys)(1+75)/2=0 and pm(1+7s) 
=m/(1+-7s), the right-hand side becomes 


i(?/x*)mam»(1+-s) 


(B2) 


x faele tu Poalpr th, p’—k). (B3) 


Using (yupy.—m) (Yubutm) = p’—m’, it can be seen 
that Eq. (B2) will be a solution of Eq. (B1) if and only 
if ® satisfies Eq. (23). 

If p were not given by a projection operator such as 
4(1+~s), this simple reduction would not be possible. 
Any transformation similar to Eq. (B2) would yield 
nonvanishing coefficients of (p+) in the numerator of 
the integral so that the interaction would be more 
singular than the above. Furthermore, different 
matrices would appear on the two sides of Eq. (B1) so 
that ® could not be taken to be a single-component 
function. 
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This note is intended to supplement a recent article by Speisman by focusing attention on some points of 
a rather practical nature. In particular, it is shown that the method of Dalgarno and Lewis arises naturally 
as a special case of the present scheme, and that an upper bound to the energy can be obtained almost im- 
mediately once the results of the Rayleigh-Schrédinger theory are known to third order. 





E have been engaged in the study of various 
applications of Brillouin-Wigner (B-W) and 
Rayleigh-Schrédinger (R-S) perturbation theories, using 
an approach which is similar in all essentials to that 
proposed very recently by Speisman.' While there is 
now no longer need to consider the general theory in 
detail, we think that the present note may serve as 
a useful supplement to Speisman’s article by drawing 
attention io one or two points of a rather practical 
nature. 
Using Speisman’s notation, we assume that Hp is a 
Hermitian operator possessing a complete orthonormal 
set of eigenvectors given by 


We assume that £ is nondegenerate and focus attention 
on the calculation of the corresponding eigenvalue E 
and eigenvector y given by 


(E—Ho—V)y=0, (2) 


where V is a Hermitian perturbation. 
Let us introduce the projection operator P defined 
by Pin=£ndno and write 


(1—P) 
=(1—P) 
&—H,y &—Hy 








(i—P), (3) 
which can be taken as a definition of the left-hand side. 
Then [taking (oy) =1], 

¥=fo+(1—P)y, 





( 
= fot (6— Hoy, 
&—Ho 


and by Eq. (2), 
(1—P) 
¥=ho+— (6—-E+ Vy, 
&—H 
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(i—P 





© ) ad 

=> (6—E+V)} fo. (4) 
0 — Ho 

But, from (1) and (2) the energy shift E—Ep is given 


1G. Speisman, Phys. Rev. 107, 1180 (1957). 


by (&,V) and so, from (4) 





© (1—P) n 
B-E-¥(év| on (6-E+9)| t). (5) 


0 — f1o 


The B-W formulas are given immediately by putting 
&=E in (4) and (5). In the R-S case we take 6= Ey and 
use (5) iteratively [starting in the zeroth approximation 
by putting (£,V) for E—Ey] to obtain E—Ep ex- 
plicitly in terms of known quantities. Substituting this 
series into (4) then gives us a series for y. Thus in both 
cases it is possible to derive equations of the type 


¥=5 Kato, (6) 


E-Ey=¥(bV Kati) (7) 


where, in the B-W scheme 


1-P \" 
ng!) 
E-Ho 














1-P 3 1—P 
K=( v) —(toVé0( ian 
E,— Ho Ev— Ho 


Concentrating only on the formulation in terms of 
differential equations (this being more powerful than 
the matrix method), we proceed to evaluate terms of 
the series (6) and immediately encounter an expression 
of the type 





1 
Vio= (1—P)——%o, [v= V—(éo,VEo) ]. 
&—H, 


—™ 420 


The essential step in the evaluation of the latter is 
then to find a suitable function f such that 


vEo= fo. (8) 





™ 4t0 
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Taking the case Hy>= —}5_(V?+U, Eq. (8) gives 
Viéo 
(8— En) f+X0 Nl >» Ve f=. (9) 


In general, the boundary conditions are imposed by 
using (8) to give 


(&4,vE0) 
(&,f&o) = 8 ? 





(i>0), (10) 


although it seems that, at any rate in one-particle cases, 
f can often be obtained uniquely by requiring only that 
fo be quantum-mechanically acceptable. 

In the R-S form (&=£p), the first term of (9) 
vanishes. Then, considering the one-particle case, it 
may be noted that the method is equivalent to that 
introduced by Dalgarno and Lewis,” derived by them 
however from the usual matrix formulation. It will be 
seen that their method arises very naturally as a 
special case of the present treatment. In the B-W case 
(&=£), there is no such simplification and, effectively, 
a solution of (9) must be found as a function of 6. 
However, while the B-W solution then contains the 
R-S case (6= Ep), a merit of this latter method is that 
the vanishing of the first term in (9) leads to a formal 
reduction in the degree of the equation. By way of 
illustration, it may be noted that in one-dimensional 
problems, (9) and all generalizations of (9) encountered 
to any order take the form 


dF 1 dé 


1@F 


+> ~——=g, 


11 
2 dx? GD 


dx &9 dx 


Then, in the R-S case, e=0 and the general solution is 


dx (fgédx) 
r=4+B [—+2 ar, (12) 


f0 fo 


enabling the wave function and energy to be calculated 
by quadrature to any order. No such general solution is 
available in the B-W case (e#0). 


2 A. Dalgarno and J. T. Lewis, Proc. Roy. Soc. (London) A233, 
70 (1955). See also A. Dalgarno, Proc. Phys. Soc. (London) A69, 
784 (1956) and A. Dalgarno and A. L. Stewart, Proc. Roy. Soc. 
(London) A238, 276 (1956). 
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However, in more general problems, while higher 
terms in the series (6) can be dealt with by using a 
procedure similar in principle to the above, it turns out 
usually, at a-very early stage, that the solution of the 
appropriate generalization of (9) cannot be found. As 
illustrated by the simple one-dimensional case, it 
usually happens that the R-S method can be carried 
at least as far as, and often further than, the B-W 
scheme. It may be noted, however, that a knowledge of 
only the first m terms of (6) allows the first (2m—1) 
terms of (7) to be computed, since all our operators are 
Hermitian. This means that the B-W method will 
yield an upper bound to the ground-state energy, as 
may be verified directly by inserting the first m terms 
of (6) in the variational integral. 

It frequently happens that it is only possible to 
evaluate Kof) and Kyo of the series (6) and that the 
effect of the higher terms is very difficult to assess. 
The merit of the B-W scheme seems then to be that, 
at least, we obtain an upper bound to the energy. As 
there is no such bound property in the usual R-S 
theory, it would seem desirable to be able to obtain one 
with the few terms at our disposal. This can be done 
with very little further calculation by taking Kofo+K igo 
as a variational function as follows. 

We suppose that 


(Eo— Ho) ffo= v&0, 


and since, by (1), f is indeterminate to the extent of an 
additive constant, we may assume that (£, fg) =0. The 
R-S energy to third order is then given by 


E=Eot (&0,V &)+ (&0,0fE0) + (Eo,fofto)+---. (14) 


To obtain a bound we write Y= (1+/)& and deduce, 
after a certain amount of manipulation employing 
Eqs. (1) and (13), that 


(¥, (LH+V}¥) 
(v,¥) 


(13) 


(&o,0f£o) + (&0,fofo) 
i+ (&o,f&0) 


and all terms in the latter expression are used explicitly 
in the evaluation of (14). 

One of us (W.H.Y.) wishes to acknowledge the 
award of a Town Trustees Fellowship by the Uni- 
versity of Sheffield. 


= Eot+ (f0,V&o)+ 
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Proposed Negative-Mass Microwave 
Amplifier 


HERBERT KROMER* 


RCA Laboratories, Princeton, New Jersey 
(Received November 11, 1957) 


T high kinetic energies, electrons and holes in semi- 
conductors have negative effective masses. In an 
electric field the current contribution from negative- 
mass carriers is opposite to the electric field, and a semi- 
conductor containing a sufficient number of such 
carriers would have a negative resistance. It could 
thus be used as an active element in an oscillator or 
amplifier,' up to frequencies of the order of the reciprocal 
collision time of the carriers, i.e., up to about 1000 
kMc/sec. 

Any attempt to accelerate normal carriers up into 
the negative-mass energy range faces the difficulty that 
optical-phonon scattering and avalanche ionization 
will, in most cases, prevent the carriers from reaching 
that range. 

We want to point out that negative masses occur at 
energies close to the band edge if the energy contours 
are re-entrant there, as is the case, for example, for the 
heavy holes in germanium. There, the energy contours 
are re-entrant along the six [100] directions of k space? 
(Fig. 1). Along these directions, then, the éransverse 
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> f<const 
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Fic. 1. Schematic energy contours for heavy holes in Ge. 
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effective masses are negative, i.e., along the k, axis, 
2 


- / Oe a / Oe 
mM, = =m,= 
Ok,’ Ok,” 


From the data of reference 2, one calculates 


<0. 








My = m,~ —0.3mo 
for germanium. 

A microwave amplifier, therefore, is proposed, con- 
sisting of a p-type Ge crystal with a strong dc bias 
field, applied in the [100] direction, and the electrical 
rf field of a resonant cavity or a wave guide perpendicular 
to it; the bias field shifts the total hole population away 
from k=0 and toward the inside of the conical region 
of negative transverse mass. The rf field will then be 
amplified if the majority of the holes are brought inside 
this cone. 

In order to make this possible, scattering of the holes 
out of the negative-mass cone must be avoided. A totally 
inelastic type of scattering is desirable where the holes 
after each collision return to nearly k=0. If the collision 
cross section is large enough, optical phonon scattering 
is of this type. Shockley’s interpretation*® of the high- 
field mobility data‘ in Ge suggests that this might be 
the case in Ge at biasing fields of a few thousand 
volts/cm. 

This amplifier principle is not restricted to ger- 
manium, but should hold for all semiconductors with re- 
entrant energy contours and high optical-phonon cross 
sections, such as p-type Si and IIJ-V compounds. 

The detailed theory will be presented elsewhere 
shortly. 

Note added in proof.—Preliminary experiments with 
Ge have rot shown the effect. This is interpreted as 
being the result of Ge’s not having a high enough scat- 
tering cross section, which is likely because the two 
atoms per unit cell are identical. Experiments on com- 
pounds have not been performed yet. 

That space-charge instabilities caused by the nega- 
tive dc conductivity can be avoided, and how, will be 
shown with the detailed theory. 

* Now at Philips Laboratories, Hamburg, Germany. 

1 W. Shockley and W. P. Mason, J. Appl. Phys. 25, 677 (1954). 

? Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


5 W. Shockley, Bell. System Tech. J. 30, 990 (1951). 
4E. J. Ryder, Phys. Rev. 90, 766 (1953). 





Penetration of Magnetic Fields through 
Superconducting Films 
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ARDEEN, Cooper, and Schrieffer! have recently 
formulated a molecular theory of superconduc- 
tivity. Their analysis leads to a nonlocal relation 
between current and field not very different from that 
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proposed originally by Pippard? in analogy with the 
anomalous skin effect theory. The consequences of 
such a relation are quite different from that of the 
London theory when the magnetic field varies rapidly 
with distance, and can be tested experimentally. 

Several years ago, experiments were conducted on 
penetration of magnetic fields through thin cylindrical 
films, in an attempt to measure the penetration depth 
parameter (A) and to determine the law of penetration. 
The films, of tin or lead, were deposited on tubes of 
glass, brass, or plastic, and were ordinarily about 6 cm 
long and 4 mm in diameter. The tubes were rotated 
about their axes by a motor during deposition, and film 
thicknesses were measured by multiple ‘beam inter- 
ferometry. In the experiment, an alternating field 
(~500 cps) was provided by a solenoid outside and 
coaxial with the film, and field penetration was detected 
by a small pickup coil inside the tube. With the aid of 
careful shielding (which is made possible by the favor- 
able geometry) and good amplification, alternating 
fields of the order of 10~° oersted were detectable. The 
experiment was complicated by sudden breakthroughs 
and nonlinear penetration which could be localized to 
particular spots on the films. To ensure linearity it was, 
therefore, necessary to work with external ac fields of 
not more than 1% of the critical field, although super- 
imposed dc fields had very little effect. 

Even with small applied ac fields, the observed 
penetrations were too large for the London theory with 
any reasonable value of \. Therefore measurements 
were suspended before much quantitative data had 
been accumulated. However, this is a situation in which 
the magnetic field varies by a factor of the order of 10* 
in a distance of a few hundred angstroms. Thus a non- 
local theory should give considerably different results, 
and the experiments might give a critical test of this 
theory. 

According to the London theory, 


Ho/H = (r/2d) sinh(d/d), (1) 
where r is the cylinder radius, H; is the magnetic field 
inside the cylinder, H is the field outside, and d is the 
film thickness. 

On the basis of the nonlocal theory, using the solution 
obtained by Peter,’ one finds 


Ho 3rd? g 2d 
—= {in(=) +0.423+-— 
d 3é 


H; 8% 
d? F 
~“In(!)+201]], 
12eL \d 


where £ is the range of coherence, and £» is the range in 
a large, unstrained sample. 

Experimentally, we have data on two films. (1) Tin 
film on brass, r= 2.77 mm, d= 935 A, (a) at T=3.23°K, 
Hy/H;=5.9X10°; (b) at 2.40°K, Ho/H;=141X 10+. 
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(2) Tin film on glass, r= 2.00 mm, d= 660 A; at 2.25°K, 
H)/H;=6.7X 10°. To fit these values with the London 
equation we would need the following values of Xo: 
(la), Ao=1010 A; (1b), Ao=955A; (2), Ao=980A, 
where \o=A[1—(7/T-.)*]}! is the penetration depth at 
absolute zero. These values are impossibly large, and 
do not agree with any of the experimental meas- 
urements. 

On the other hand, if we use the nonlocal theory with 
the experimental value of \o=5.1X10-* cm, and the 
theoretical! )=2500 A, and solve for ~, we obtain: 
(1a), = 1000 A; (1b), = 1260 A; (2), = 1450 A. These 
values of ~ are quite reasonable, and are comparable 
with the normal electron free path in similar films. 

These measurements of field penetration through thin 
films give strong support to the nonlocal theory, but are 
not yet complete enough to investigate the details of 
the relation between current and field. 

I wish to thank E. M. Kelly for evaporating the 
films, G. E. Devlin for his assistance in the experiment, 
and H. W. Lewis, P. W. Anderson, M. Tinkham, 
G. Wannier, V. Van Lint, and M.{Peter for helpful 
discussions. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 


2 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 
3M. Peter, Phys. Rev. 109, 1857 (1958), following Letter. 





Penetration of Electromagnetic Fields 
through Superconducting Films 
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N their new theory, Bardeen ef al/.' arrive at a non- 
local expression for the connection between fields 
and currents in superconductors which has the form of 
a system of integro-differential equations. The equation 
proposed by Pippard? is of this type and has been 
shown to be in fair agreement with the theory of 
Bardeen éé al.: 





3¢ f r’(r’-A)e’é 
d 


Fi 1 
o(4ar)"A 1? : ” 


—j(1)= 
where A=A(r+r’). An approximate solution is given 
below for the case of superconducting films, assuming 
that the electromagnetic field is known on one side of 
the film, and that the integral is to be taken over the 
film only. The calculations apply to the experiments of 
Schawlow’ and also to experiments on transmission of 
plane waves through plane films,‘ if x, is replaced by 
L/2n.5 (We set x,;=inner radius of cylindrical shield, 
L=vacuum wavelength, d= film thickness, \ ,= London 
penetration depth.) Terms of the order d/x, have been 
neglected in the calculations. Thus we obtain Eq. (9) of 
Pippard’s paper,’ but with finite limits of integration: 
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ad’?A 2 d 
2 — i) (—)a (y)dy, 
0 g 


dx? x1 
(2) 
3v3x, 3x1 


16nd? 8&1? 


A» has been introduced because, according to Pippard, 
it has closer correlation with the measured penetration 
depth than \,. A solution of this equation is obtained 
through an iterative method. The function k((x— y)/£) 
is developed in terms of increasing order in x/é, d/é. 
By inserting A“ =H,($x,+) into (2), we obtain 
d?A“)/dx?, and so forth. We obtain: 
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Fic. 1. Penetration of magnetic field difference H (x) and current 
j(x) through superconducting film according to Pippard’s equa- 
tion. H(x)=[H™(x)—H.]/Bd* and j(x)=j‘(x)/Bd are plotted 
in arbitrary units; jz (x) is the current according to the London 
theory, given in the same units as j(x). 
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The fields and currents are finite everywhere. The 
iterative procedure is found to improve the expression 
for the field penetration by three orders of magnitude 
in d/A» in each step. If d/A.. becomes too large, a solu- 
tion can be obtained by approximating (2) by a system 
of linear equations. 

Figure 1 shows [H (x)—H, ]/8d? and j® (x)/@d for 
d/=0.2. For comparison, the current which would 
result from the London theory, jz(x), has also been 
plotted. For larger values of d/é, j(x) is of course no 
longer symmetrical about the film center. 

The author wishes to thank A. L. Schawlow for sug- 
gesting this problem, and D. E. Eastwood, M. Tinkham, 
and L. R. Walker for discussions. 

1 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

? A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

3 A. L. Schawlow, Phys. Rev. 109, 1856 (1958), preceding Letter. 

4R. E. Glover, ITI, and M. Tinkham [Phys. Rev. 108, 243 
(1957) ] have used this geometry. In our case, the substratum is 
very thin compared with ZL; however, our film is not very thin 
compared with \. 

5 Because of the formal analogy of Pippard’s and Sondheimer’s 


equations, the calculations also apply to the anomalous skin 
effect in normal conducting films. 


Lack of Metallic Transition in LiH and 
LiAlH, under Static Pressure*} 


D. T. Griccs, W. G. McMittan, E. D. MIcHAEL, 
AnD C. P. Nasu 
University of California, Los Angeles, California 
(Received January 15, 1958) 


LDER and Christian’? have reported that the 
resistivities of LiAlH,4, I:, and several alkali 
halides of large atomic number decrease by factors of 
about 10° under shock pressures ranging from 50 to 
280 kilobars. Of the ionic substances, LiAIH, exhibited 
the effect at the lowest pressure (50 kilobars). 

Somewhat earlier we had examined the pressure 
dependence of the conductivity of LiH in a primitive 
apparatus patterned after that of Bridgman.* The 
sample in powder form was compressed between two 
Carboloy pistons in the form of truncated cones between 
which the resistance was measured. The resistivity of 
LiH was sensibly unchanged to 80 kilobars. At higher 
pressures a drop in resistance by 10° was observed. 
Subsequent experiments showed that the pistons had 
shorted, so the observed drop in resistance was spurious. 
These early experiments thus provided only a negative 
result to 80 kilobars for LiH. 

After Alder and Christian’s work, it seemed most 
desirable to do static experiments on LiAIH, and to 
extend the range of pressure for LiH. New apparatus‘ 
of the same general type was employed in this second 
series of experiments. This incorporated provision for 
raising the temperature while at high pressure. The 
samples were prepared in a nitrogen atmosphere in a 
dry box by weighing an appropriate amount of materia] 








on a microbalance, then pressing this into a coherent 
pellet in a pill press at 5 kilobars pressure. The pellet 
was then assembled between the pistons with an air- 
tight plastic closure to prevent reaction with water in 
the atmosphere. The sample was surrounded by a 
pipestone ring to act as a mechanical constraint and 
insulator at low pressures. In the room temperature 
experiments at the highest pressures (> 150 kilobars) 
the pipe stone was extruded, but no shorting of the 
pistons occurred. The upper piston was made of grade 
905 or 999 Carboloy with a truncated 140° cone, 
pressed against a flat of K-6 Kennametal. Very small 
permanent deformation of the pistons was observed, 
even at 240 kilobars pressure. The pressure was calcu- 
lated as the force applied divided by the area of the 
piston measured after the run. Since no other element 
of the apparatus supports any of this force, the maxi- 
mum pressure is slightly higher than this calculated 
mean value. Calibrations by Bridgman and in our 
Laboratory show that the difference is probably less 
than 5%. Resistance is measured between the two 
pistons. The shape of the sample changes in an unknown 
way during’ the experiments, so that accurate measure- 
ments of resistivity are not possible. The specific 
resistivity is approximately 30 times the measured 
resistance, and is so plotted. 

Figure 1 shows the resistivity of LiH and LiAlH, at 
room temperature. The LiAlH, does not show the large 
drop in resistance observed by Alder and Christian. 
Two possible explanations were considered: (1) Their 
samples were shock-heated, so that the drop in re- 
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Fic. 1. Approximate resistivity of LiH and LiAlH, 
vs pressure at room temperature. 
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Fic. 2. Approximate resistivity of LiAIH, vs reciprocal tem- 
perature at 70 kilobars. Activation energy corresponding to solid 
curve is 12 kcal/mole. 


sistance observed by them might have been due to the 
elevated temperature. (2) Their LiAlH, contained some 
metallic impurity, which was not present in our ma- 
terial. The LiAIH, which we used was prepared at the 
University of California Radiation Laboratory, Liver- 
more, with great attention to purity, and was kindly 
provided us by Alder and Christian. 

The temperature rise in their 50-kilobar experiment 
is believed to be less than 100°C. Accordingly, we 
investigated the resistivity of LiAlH, at elevated tem- 
perature. Figure 2 shows the apparent resistivity versus 
1/T at 70-kilobars pressure to 350°C. The break in the 
curve is typical of these experiments, but is not under- 
stood. The activation energy derived from the slope of 
the curve is 12 kcal/mole. In this, and other experiments 
at elevated temperature, the LiAIH, was surrounded by 
a narrow pipestone ring. These measurements do not 
distinguish between the conductivity of the sample and 
that of the pipestone ring. One can only be sure that 
the resistivity of the LiAIH, was not less than these 
values. 

Thus, we have found no metallic conductivity in LiH 
to 240 kilobars at room temperature, in LiAlH, to 200 
kilobars at room temperature, or in LiAIH, at 70 
kilobars to 350°C. 

We wish to thank Dr. Alder and Dr. Christian for 
making available their data prior to publication and for 
providing the LiAIH,. Thanks are also due Dr. Edward 
Teller for his interest. 


* Publication No. 95, Institute of Geophysics, University of 
California at Los Angeles, California. 

+ This work was supported by the Office of Ordnance Research. 

1B. J. Alder and R. H. Christian, Phys. Rev. 104, 550 (1956). 

2B. J. Alder and R. H. Christian, Discussions Faraday Soc. 22, 
44 (1956). 

3 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 169 (1952). 

‘D. T. Griggs and G. C. Kennedy, Am. J. Sci. 254, 722 (1956). 
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Photovoltages Larger than the Band Gap 
in Zinc Sulfide Crystals 


S. G. Exus, F. Herman, E. E. Lorsner, W. J. Merz,* 
C. W. Srrucx,f ano J. G. WuiTE 


RCA Laboratories, Princeton, New Jersey 
(Received January 13, 1958) 


ENSAK’ has discovered a photovoltage larger than 
the band-gap voltage in some films of cadmium 
telluride made by vacuum evaporation. A necessary 
condition for the effect is that the vapor be directed 
obliquely at the substrate on which it is condensed. The 
direction of the resulting photovoltage is related to the 
direction of evaporation. 

X-ray diffraction examinations of the films disclosed 
only cubic cadmium telluride and neither x-ray diffrac- 
tion nor polarizing microscope studies were able to 
detect a bulk anisotropy in the films related to the 
direction of vapor arrival. Nevertheless, the hypothesis 
was formed that if stacking faults existed in the film and 
if the normals to the planes of the stacking faults were 
oriented with respect to the direction of arrival of the 
vapor, then there would exist in the films a structural 
vector (the cadmium-tellurium bond vector perpendicu- 
lar to the stacking fault) which could define the direction 
of the electric field produced by illumination. A con- 
sideration of the crystal field would indicate that there 
is a residual dipole layer at each stacking fault, and 
that at successive stacking faults the polarity has the 
same sign. We are therefore led naturally to the con- 
clusion that the photovoltage developed at successive 
stacking faults would be additive, provided that the 
stacking faults are perpendicular to a common axis. 

It was also believed that a clear test of these ideas 
could only be made on large crystals of the same 
structure type. Since suitable zinc sulfide crystals were 
available, the study was transferred to them. 

These zinc sulfide crystals were clear fibers or plate- 
lets grown from the vapor. They contained random 
stacking faults. In some places there were ordered 
arrangements of stacking faults with periodicities of as 
many as 40 double layers. They were single crystals 
only in the sense that the [111] cubic and [0001] 
hexagonal directions were coincident and the boundaries 
between the phases were coherent. X-ray diffraction 
studies by the method of Coster, Knol, and Prins,? 
using tungsten Lg radiation, showed that the growth 
direction was also that of the sulfur-zinc vector in the 
bonds perpendicular to the stacking faults. 

Under ultraviolet illumination many of these crystals 
produce greater-than-band-gap photovoltages. While 
the stacking faults are often too closely spaced to 
permit resolution under the light microscope, the photo- 
voltages were higher in the crystals in which microscope 
and x-ray studies indicated a higher number of stacking 
faults. The photovoltages were, in particular, high for 
crystals containing repetitive stacking faults. At room 
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temperature fields of 100 volts cm™! could be obtained. 
This corresponds to, very approximately, 0.1 volt per 
stacking fault. The direction of the electric field was 
the same as the growth direction, i.e., sulfur to zinc 
across the stacking fault. 

While, historically, the experiments with evaporated 
cadmium telluride films'* led to a successful search for 
a high photovoltage in zinc sulfide crystals, it would be 
incorrect to conclude that the photovoltages observed 
in the films are caused by stacking faults. The possibility 
remains, but there is no direct evidence for it. 

These structural and electrical studies are being 
continued. 

* Now at RCA Laboratories, Ltd., Zurich, Switzerland. 


t At present, National Science Fellow at Princeton University, 
Princeton, New Jersey. 

1L. Pensak, Phys. Rev. 109, 601 (1958). 

2 Coster, Knol, and Prins, Z. Physik 63, 345 (1930). 

3B. Goldstein, Phys. Rev. 109, 601 (1958). 





Chirality Invariance and the Universal 
Fermi Interaction* 


E. C. G. SupaRsHAN, Harvard University, 
Cambridge, Massachusetts 


AND 


R. E. Marsuak, University of Rochester, Rochester, New York 
(Received January 10, 1958) 


E have shown! that the imposition of the require- 

ment of chirality invariance? on each covariant 

in the four-fermion interaction Hamiltonian leads to 
the essentially unique expression? : 


G{(Ay,(1+75)B]'(Cy,(1+75)D]+H.c.} (I) 


where G is the coupling constant and A, B, C, D are 
four Dirac particle fields. In the standard terminology 
of parity-conserving interactions, (I) represents the 
combination V—A (V is vector, A is axial vector). We 
assumed that (I) hulds between any two of the pairs‘ 
np, Ap, uv, ev (i.e., the particles are taken to be the 
neutron, proton, A hyperon, negative muon, neutrino, 
and electron) with the same value of G. Such a uni- 
versal V—A four-fermion interaction is invariant under 
“combined inversion,’® yields a two-component neu- 
trino of negative helicity, leads to conservation of 
leptons, and gives the maximal violation of parity— 
apart from conserving chirality. 

In comparing the predictions of the V— A theory with 
experiment, we pointed out at the Padua-Venice Con- 
ference that the theory could explain all beta-decay 
experiments (allowed as well as forbidden, parity- 
conserving as well as parity-nonconserving) except the 
electron-neutrino correlation® in He® and the electron 
asymmetry from polarized neutron decay,’ all the muon 
experiments except the very preliminary experiment at 
Columbia on the positron polarization from yt decay, 
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the decay of the pion except for the apparent absence 
of the electron mode,’ and all existing results on strange 
particle decays (except for the decay of the = hyperon 
which we discuss below). Since the conference, the 
validity of the He® experiment has been questioned,” 
the polarized neutron experiment has come down to a 
value consistent with the V— A theory" and the helicity 
of the positron from y+ decay has turned out!” to be +1, 
as it should. There has been no change in the experi- 
mental situation with regard to the electron decay of 
the pion but it is clear that this very difficult experiment 
should be redone. 

Since the universal V—A four-fermion interaction is 
faring so well, it is worthwhile to spell out several other 
features of this theory which add to its attractiveness. 
(1) The V—A theory is completely consistent with the 
latest experiment™ on the radiative beta decay of the 
pion since it predicts 80 sec~! for the transition proba- 
bility (which happens to be convergent in lowest order). 
This value is lower by a factor of ~(u/M)? (u is the 
pion mass, M the nucleon mass) than the tensor pre- 
diction,“ which Cassels ef al. found difficult to reconcile 
with their experiment. (2) The V—A theory predicts a 
large negative asymmetry parameter (—0.88) for the 
reaction A>p+_-, a result which is required by experi- 
ment.!® This result follows from the fact that the V—A 
theory yields an equivalent pseudovector coupling 
between the pion and the (Ap) pair.'® A related pre- 
diction of the V—A theory is that the neutral reaction 
A—n-+7° should have the same asymmetry parameter 
as its charged counterpart; this follows from the fact 
that the V—A interaction stays the same whether we 
use the so-called charge-exchange or charge-retention 
order in (I). These results are unaltered by any final 
state interaction of the nucleon and the pion.” The 
qualification in these asymmetry predictions is that 
the meson renormalization effects are approximately 
the same for the V and A parts of the four-fermion 
interaction, a result which is implicit in the nearly 
equal contributions of the V and A interactions in beta 


~o,decay.!® (3) The mesonic decay of the charged = 


hyperons can be explained without postulating direct 
interactions with (+n) pairs; the strong coupling of 
the = to the A via the pion field provides a mechanism 
for the decay without introducing an unsymmetrical 
behavior” in the + and =~. Such an indirect mechanism 
for the decay of the charged = hyperons also opens up 
the possibility of reduced asymmetry parameters for 
these decays, since additional renormalization effects 
enter the calculation”; it is not clear at present whether 
the failure to observe!® an up-down asymmetry in =~ 
decay resulting from the *~+—2-+K?* reaction is 
due to a much smaller polarization of the =~ (than the 
A in the corresponding reaction) or to a much reduced 
asymmetry parameter. (4) To account for the decay of 
the =~ hyperon, we introduce a direct coupling (I) of 
the (=-A) pair (=~ is assumed to be the particle) with 
the other four pairs already considered. The transition 
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probability for the most rapid lepton decay mode: 
= —A+e-+7 is predicted to be 1.2 10* sec, which 
is 25.5% of the observed rate.*! The asymmetry 
parameter for the observed mode 2 —A+7™~ is found 
to be —0.96. (5) We have remarked previously’ that 
the V—A theory possesses the virtue that it will predict 
preponderant muon decay of the K meson even if the 
latter is a scalar particle in strong interactions. The 
evidence on the parity of the K meson is still unclear.” 
(6) Tanikawa’s attempt to develop a renormalizable 
four-fermion interaction by introducing an intermediate 
charged spinless boson™ will not work with the V—A 
theory because, as already stated, V—A in the charge- 
exchange order still remains V—A in the charge-reten- 
tion order. It is therefore necessary to introduce an 
intermediate charged vector boson to derive a V—A 
four-fermion interaction. This does not help with the re- 
normalization™ but there may be some advantage in 
postulating a chirality-invariant interaction between 
each fermion pair and a charged vector boson of large 
mass, as Schwinger®® has done. 

It is a pleasure to acknowledge useful conversations 
with Dr. C. J. Goebel and Mr. S. Okubo. 


* Supported in part by the U. S. Atomic Energy Commission. 
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September, 1957 [Supp]. Nuovo cimento (to be published) ]. 

2 The chirality transform of a Dirac spinor y is ysy (we use a 
Hermitian ys; so that y=+1). S. Watanabe gave the first 
systematic treatment of the properties of the chirality operator 

hys. Rev. 106, 1306 (1959) } although the term originated 
with A. E. S. Eddington [Fundamental Theory (Cambridge Uni- 
versity Press, New York, 1949), p. 111.] 

3R. P. Feynman and M. Gell-Mann [Phys. Rev. 109, 193 
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gradients in the interaction Hamiltonian; however, this theory 
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requiring the invariance of the four-fermion Hamiltonian under 
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asymmetry 0.15+0.08 (private communication from V. L. 
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4S. B. Treiman and H. W. Wyld [Phys. Rev. 101, 1552 (1956) ] 
had already observed this feature of the axial vector theory 
although they did not utilize it because they accepted the He® 
= the same (u/M)? factor is introduced by the vector 
theory. 

15 Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Steven- 
son, and Ticho, Phys. Rev. 108, 1102 (1957); the sign has not 
been determined because the sign of the polarization of the A is 
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18 The absolute renormalization through the strong interactions 
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hyperon (see Feynman and Gell-Mann, reference 3). Our addition 
of the (="A) pair does not lead to the unobserved reaction 
=-—n+7- (see below). 

*” A direct V—A coupling with the (2~m) pair, handled in the 
same way as for the A decay, predicts an asymmetry parameter 
of —0.98; the asymmetry parameter for =~ decay predicted by 
the indirect mechanism is being calculated by F. Salzman. 
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